Annales de I’Institut Henri Poincaré - Probabilités et Statistiques

ANNALES
2009, Vol. 45, No. 2, 453-476 N,
DOI: 10.1214/08-ATHP169 HENRI
© Association des Publications de I’ Institut Henri Poincaré, 2009 POINCARE

PROBABILITES
ET STATISTIQUES

www.imstat.org/aihp

Moderate deviations for stationary sequences of bounded
random variables

Jérome Dedecker?, Florence Merlevede®, Magda Peligrad®! and Sergey Utevd

AUniversité Paris 6, LSTA, 175 rue du Chevaleret, 75013 Paris, France
YUniversité Paris Est-Marne la Vallée, LAMA and CNRS UMR 8050, 5 Boulevard Descartes, Cité Descartes-Champs sur Marne, 77 454 Marne
La Vallée Cedex 2, France.
¢Department of Mathematical Sciences, University of Cincinnati, P.O. Box 210025, Cincinnati, OH 45221-0025, USA
dSchool of Mathematical Sciences, University of Nottingham, Nottingham, NG7 2RD, UK

Received 9 November 2007; accepted 3 March 2008

Abstract. In this paper we derive the moderate deviation principle for stationary sequences of bounded random variables under
martingale-type conditions. Applications to functions of ¢-mixing sequences, contracting Markov chains, expanding maps of the
interval, and symmetric random walks on the circle are given.

Résumé. Dans cet article, nous établissons un principe de déviation modérée pour des suites stationnaires de variables aléatoires
bornées sous différentes conditions projectives. Nous appliquons ces résultats aux suites ¢-mélangeantes, a certaines chaines de
Markov contractantes, aux transformations uniformément dilatantes de 1’intervalle, ainsi qu’a la marche aléatoire symétrique sur
le cercle.
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1. Introduction

For the stationary sequence (X;);cz of centered random variables, define the partial sums and the normalized partial
sums process by

[nt]

n
S, = Zx, and W,(t)=n"1? in.
=1

i=1

In this paper we are concerned with the moderate deviation principle for the normalized partial sums process W,,,
considered as an element of D([0, 1]) (functions on [0, 1] with left-hand side limits and continuous from the right),
equipped with the Skorohod topology (see Section 14 in [2]) for the description of the topology on D([0, 1])). More
exactly, we say that the family of random variables {W,,, n > 0} satisfies the Moderate Deviation Principle (MDP) in
DIO0, 1] with speed a,, — 0 and good rate function 7 (-), if the level sets {x, I (x) < «a} are compact for all @ < oo, and
for all Borel sets

— inf I(¢) <liminfa, logP(\/a, W, € I') <limsupay, logP(a,W, € I') < — inf 1 (1). (1)
n n tel’

ter?
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The moderate deviation principle is an intermediate behavior between the central limit theorem (a, = a) and large
deviations (a, = a/n). Usually, MDP has a simpler rate function, inherited from the approximated Gaussian process,
and holds for a larger class of dependent random variables than the large deviation principle.

De Acosta and Chen [5] used the renewal theory to derive the MDP for bounded functionals of geometrically
ergodic stationary Markov chains. Puhalskii [21] and Dembo [10] applied the stochastic exponential to prove the MDP
for martingales. Starting from the martingale case and using the so-called coboundary decomposition due to Gordin
[18] (Xx = My + Zx — Zi+1, where My is a stationary martingale difference), Gao [17] and Djellout [15] obtained
the MDP for ¢-mixing sequences with summable mixing rate. In the context of Markov chains, the coboundary
decomposition is known as the Poisson equation. Starting from this equation, Delyon, Juditsky and Liptser [9] proved
the MDP for n=1/2 ZZ:] H (Yy), where H is a Lipschitz function, and Y;, = F (Y, —1, &), where F satisfies | F(x, z) —
F(y,t)| <«l|x —y|+ L|z —t] with « < 1, and (&,),>1 is an iid sequence of random variables independent of Y.
In their paper, the random variables are not assumed to be bounded: the authors only assume that there exists a
positive 8 such that E(e’lé1l) < oo. They strongly used the Markov structure to derive some appropriate properties for
the coboundary (see their Lemma 4.2).

In this paper we propose a modification of the martingale approximation approach that allows to avoid the cobound-
ary decomposition and thus to enlarge the class of dependent sequences known to satisfy the moderate deviation
principle. Recent or new exponential inequalities are applied to justify the martingale approximation. The conditions
involved in our results are well adapted to a large variety of examples, including regular functionals of linear processes,
expanding maps of the interval and symmetric random walks on the circle.

The paper is organized as follows: In Section 2 we state the main results. A discussion of the conditions, clari-
fications, and some simple examples and extensions follow. Section 3 describes the applications, while Section 4 is
dedicated to the proofs. Several technical lemmas are proved in the Appendix.

2. Results

From now on, we assume that the stationary sequence (X;);cz is given by X; = Xg o T!, where T:2 — Q2 is a
bijective bimeasurable transformation preserving the probability P on (£2, .4). For a subfield Fy satisfying Fy €
T—Y(Fy), let F; = T~ (Fo). By || X||co We denote the L,-norm, that is the smallest # such that P(|X| > u) =0.

Our first theorem and its corollary treat the so-called adapted case, X being Fp-measurable and so the sequence
(Xi)iez 1s adapted to the filtration (F;);ez-

Theorem 1. Assume that | Xo|lco < 00 and that X is Fo-measurable. In addition, assume that
o
> n B 1F0) o < o, )
n=1
and that there exists % > 0 with

Tim [ B($217) — 02, =0. ®

Then, for all positive sequences a, with a,, — 0 and na,, — 00, the normalized partial sums processes Wy(-) satisfy
(1) with the good rate function I, (-) defined by

1 1
Io(h) = > /0 (' () du @)

if simultaneously o > 0, h(0) = 0 and h is absolutely continuous, and I, (h) = 0o otherwise.

The following corollary gives simplified conditions for the MDP principle, which will be verified in several exam-
ples later on.
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Corollary 2. Assume that || Xo|lco < 00 and that X is Fo-measurable. In addition, assume that

> nT VP EX, 1 Fo) |, < oo 5)

n=1

and that forall i, j > 1,
Tim [ECGX1F-) — BOGX )|, =0. (©)
Then the conclusion of Theorem 1 holds with 0% = ZkeZ E(XoX%).

The next theorem allows to deal with non-adapted sequences and it provides additional applications. Let F_o, =
(=0 F—n and Foo =V ez Fi-

Theorem 3. Assume that || Xollco < 00, E(X0|F_00) = 0 almost surely, and X is Fo-measurable. Define the pro-
Jjection operators by P;(X) =E(X|F;) — E(X|F;_1). Suppose that (6) holds and that

> Pox ), < 0. )

jez
Then the conclusion of Theorem 1 holds with o> = Y kez EXoXp).
2.1. Simple examples, comments and extensions

Comment 4 (p-mixing sequences). Recall that if Y is a random variable with values in a Polish space Y and if M
is a o -field, the ¢p-mixing coefficient between M and o (Y) is defined by

$(M,o(¥)) = sup |Pym(A)—Py(a)| . ®)
AeBY)
For the sequence (X;)icz and positive integer m, let ¢, (n) = SUD; . ~.o>iy>n oMo, o(X;,,...,X;,)) and let ¢ (k) =

Doo (k) = limy,_, o0 Py (k) be the usual ¢-mixing coefficient. It follows from Corollary 2 that if the variables are
bounded, the conclusion of Theorem 1 holds as soon as

Zk‘1/2¢1(k) <o and lim ¢(k)=0. )
k=0 e

The condition (9) improves on the one imposed by Gao [17], that is Zk>0 ¢ (k) < 0o, to get the MDP for bounded
random variables (see his Theorem 1.2).

Comment 5 (Application to the functional LIL). Since the variables are bounded, under the assumptions of Theo-
rem 1 or of Theorem 3, the MDP also holds in C[0, 1] for the Donsker process

Dy(t) = Wy () +n~ 2 (nt — [n1]) Xpry41-
Hence, if % > 0, it follows from the proof of Theorem 1.4.1 in [14], that the process
{(20%loglogn)™"* D, (1): 1 € [0, 11} (10)

satisfies the functional law of the iterated logarithm. To be more precise, if S denotes the subset of C[0, 1] consisting
of all absolutely continuous functions with respect to the Lebesgue measure such that h(0) = 0 and fol (W' (t)*dr <1,
then the process defined in (10) is relatively compact with a.s. limit set S. In the case of bounded random variables,
we then get new criteria to derive the functional LIL. In particular, the functional LIL holds for ¢-mixing bounded
random variables satisfying (9).
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Comment 6 (Linear processes). Let (c;)icz be a sequence of real numbers in €' (Z) (absolutely summable). Define
Xi = ez Cisk—i Where (gx)kez is a strictly stationary sequence satisfying (6) and (7). Then, so does the sequence
(Xr)kez» and the conclusion of Theorem 3 holds. In particular, the result applies if &g is Fo-measurable, E(e1|Fo) =
and

Jim [E(e51F-n) = E(e5) [ o, =0-

Comment 7 (Non-mixing in the ergodic sense example). The following simple example shows that Theorem 1 is
applicable to non-mixing in the ergodic theoretical sense sequences. Moreover it covers a strictly larger class of
examples than its Corollary 2. For all k € Z, let Qk+1 = — Qk, where P(Qo = 1) = 1/2 and Xy = Qy + Yy, where
(Yi)rez is an iid sequence of zero mean and bounded random variables, independent of Q¢. We can easily check that
all the conditions of Theorem 1 hold while the conditions of Corollary 2 are not satisfied.

Comment 8 (Stationary ergodic martingales that do not satisfy MDP). Let Yy be the stationary discrete Markov
chain with the state space N and the transition kernel given by P(Y1 = j — 1|Yo = j) =1 for all j > 1 and
P(Y1 = jlYo=0) =P(r = j) for j € N with E(t) < oo and P(t = 1) > 0 which implies that (Y}) is ergodic. Let
Xk = &kl (v, 0) where (&) is an iid sequence independent of (Yi) and such that P(§; = x1) = 1/2. Then X is a sta-
tionary ergodic martingale difference which is also a bounded function of an ergodic Markov chain. Straightforward
computations show that if T does not have a finite exponential moment then there exists a positive sequence a,, — 0
with na, — oo for which (1) does not hold. Thus the MDP principle is not true in general for the stationary sequences
satisfying (5) without a certain form of condition (3). A similar example was suggested in [15], Remark 2.6.

Comment 9 (On Var (S,) and Theorem 1). Note that if 3 oo n=3/2|E(S,|Fo)ll2 < oo, then, by Peligrad and
Utev [19]

Var(S,) o
lim Y=ol = E(Xf) + ZZ_JE(SZ/ (Syj+1 — Szj))-

n— 00 n
Jj=0

On the other hand, we shall prove later on that condition (2) along with (6) are sufficient for the validity of (3).
Therefore the conclusion of Theorem 1 holds under (2) and (6) with o? identified in this remark.

Comment 10 (Sequences that are not strictly stationary). The proof of Theorem 3 is based on the exponential in-
equality from Lemma 22, that was established without stationarity assumption. Therefore, Theorem 3 admits various
extensions to non-stationary sequences. The following slight generalization is motivated by the fixed design regres-
sion problem Zj = 0qy + Xy, where the fixed design points are of the form g = 1/g(k/n), the error process Xy
is a stationary sequence and we analyze the error of the estimator =n"" Y i1 Zkg(k/n). If {Xi}iez satisfies the

conditions of Theorem 3, and if g is a Lipschitz function, then the process W, = {n~1/? ZEZI gi/n)X;,t €10, 1]}
satisfies (1) with the good rate function J(-) defined by

1 ’ 2
J(h):if (h (M)> du, whereUZ=ZE(X0Xk).
0

2
20 8(u) keZ

The proof of this result is omitted. It can be done by following the proof of Theorem 3. To be more precise, we start
by proving the MDP for the process W) =n—1/2 Z[M L) g(i/n)X; where v(t) = o2 fé gz(x) dx. For W, (), the
rate function is I (-) as in Theorem 1. To go back to the process Wy, (-), use the change-of-time W, = W, o v.

3. Applications

In this section we present applications to functions of ¢-mixing processes, contracting Markov chains, expanding
maps of the interval and symmetric random walks on the circle. The proofs are given in Section 4.
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3.1. Functions of ¢-mixing sequences

In this section, we are partly motivated by Djellout et al. [16], Theorem 2.7, who have proved the MDP for

Xi=f Yoo, Yeed) —E(f(Ye, ..., Yeep)),  where Y=Y cigx—i. (11
i€Z

In their Theorem 2.7, Djellout et al. [16] assume that:

(1) (&i)iez is an iid sequence;
(i) (condition on ¢;) the spectral density of Y is continuous on [—1, [;

(iii) (condition on gg) &q satisfies the so-called LSI condition, which implies that E(exp(c?e(z))) < oo for some posi-
tive &, and that the distribution &g has an absolutely continuous component with respect to the Lebesgue measure
with a strictly positive density on the support of p [see their condition (2.1)];

(iv) (condition on f) the functions 9; f are Lipschitz fori =0, ..., £.

By applying our main results, we derive the Propositions 11 and 12. In the case where X is given by (11), the
Proposition 11 will allow us to obtain the MDP for a large class of functions. However, we require a stronger condition
than (ii), that is we assume that the sequence (c;);ez is in £1(Z), and instead of (iii), we suppose that &¢ takes its values
in some compact interval [a, b] (this assumption cannot be compared to the LSI condition (iii)). Our method allows to
link the regularity of f to the behavior of the coefficients (¢;);cz (in that case, the condition (16) given below means
that ), ., w;(2(b —a)lci|) <ooforany j =0,..., ¢, where w; is the modulus of continuity of f with respect to the
Jjth coordinate). In addition, our innovations may be dependent: more precisely, (&;);ez is assumed to be a stationary
¢-mixing sequence.

We now describe our general results. Let (g;);cz = (g0 o T?);cz be a stationary sequence of ¢-mixing random
variables with values in a subset A of a Polish space X. Starting from the definition (8), we denote by ¢.(n) the
coefficient ¢.(n) = p(o(g;,i <0),0(gj,i >n)).

Our first result is for non-adapted sequences, that is satisfying the representation (12). Let H be a function from
AZ to R satisfying the condition

C(A): foranyx,yin AZ, ’H(x) — H(y)‘ < ZAilxi;ﬁyi, where ZA,- < 00.
ieZ ieZ

Define the stationary sequence X; = Xo o T¥ by
Xi = H((ek-)iez) — E(H ((ex—i)iez)). (12)

Note that Xy is bounded in view of C(A).

Proposition 11. Let (Xy)kez be defined by (12), for a function H satisfying C(A). If Y . o ¢« (k) is finite, then the
conclusion of Theorem 1 holds with 6% = Y rez EXoXp).

For adapted sequences, that is satisfying the representation (13), we can assume that H satisfies another type of
condition. Let H be a function from AN to R satisfying the condition

C'(A): for any i >0, sup |H(x) — H(x(i)y)| < R;, where R; decreases to 0,
xGAN,yEAN

the sequence xVy being defined by (xy); = x; for j < i and (x)y); = y; for j > i. Define the stationary sequence
Xk = X() o Tk by

Xi = H((¢k—i)ieN) — E(H ((¢k—i)ieN))- (13)
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Proposition 12. Let (X;)iez be defined by (13), for a function H satisfying C'(A). If

ﬁmzmjﬂg 0o "

= k>t

then the conclusion of Theorem 1 holds with o> = Y kez E(X0Xy). In particular, the condition (14) holds as soon as

Lo Y40 @e(k) <ooand ¥, ok~ '/2Ry < oco.
2. Yoo Re <00and Y gk™ e (k) < oo

Application to functions of linear processes

Assume that ¢; takes its values in a compact interval A = [a, b] of R, and let (¢;);cz be a sequence of real numbers in
Y (Z). Let m =inf, 4z > ;g cixi and M = sup, 4z Y ;7 ¢ix;. For a function f from [m, M1% to R, let w; be the
modulus of continuity of f with respect to the ith coordinate, that is

w;(h) = sup | = F(x@)],

xelm, M2, te[m,M], |x;—t|<h

@1
j

@0

the sequence x ") being defined by x\"" = xj for j #iand x;”"" =t. Assume that

forany x,y in [m, M1%, [ f(x) = f] <D wi(lxi — yil) < oo.
ieZ
Define the random variables Yz =) ; <7 Ci€k—i, and let

X = f((Ye—i)iez) —E(f((Yk=i)iez)) (15)

(note that (15) is a generalization of (11)). Clearly, X3 may be written as in (12), for a function H from AZ to R.
Moreover, H satisfies C(A) with A; <), we(2(b — a)|ci—¢|) provided that

DO w26 — a)lei]) < oo (16)

i€l el

From Proposition 11, if ), ¢.(k) < oo and if (16) holds, then the conclusion of Theorem 1 holds. In partic-
ular, the condition (16) holds as soon as there exist (b;);cz in £'(Z) and « in 10, 1] such that w¢(h) < b¢|h|* and
Y iez lcil® < 0o. Two simple examples of such functions are:

1. f(x) =),z 8i(x;) for some g; such that |g;(x) — g;(y)| < b;|x — y|* for any x, y in [m, M].
2. f(x)= H?:phi(xi) for some h; such that |h; (x) — h;(y)| < K;|x — y|* for any x, y in [m, M].

Now, assume that ¢; = 0 for i < 0, so that ¥ = Zi>0 cigk—i. If f is in fact a function of x through x( only, we
simply denote by w = wy its modulus of continuity over [m, M]. In that case Xz = f(Yz) — E(Yy) may be written
as in (13) for a function H satisfying C'(A) with R; < w(2|b — a|)_;~, Ick|). From item 1 of Proposition 12, if
Y ko0 e (k) < oo and if B

Zn1/2w<2|b—a|2|ck|> <00, 17)
n>1 k>n

then the conclusion of Theorem 1 holds. In particular, if |¢;| < Cp' for some C > 0 and p €10, 1[, the condition (17)
holds as soon as:

/1 w(t) "
——dt < 0.

0 t+/[logt]

Note that this condition is satisfied as soon as w(t) < D|log(z)|~” for some D > 0 and some y > 1/2. In particular,
it is satisfied if f is a-Holder for some « € ]0, 1].
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3.2. Contracting Markov chains
Let (Y,)n>0 be a stationary Markov chain of bounded random variables with invariant measure p and transition

kernel K. Denote by || - [loo,,, the essential supremum norm with respect to u. Let A be the set of 1-Lipschitz
functions. Assume that the chain satisfies the two following conditions:

there exist C > 0 and p €10, I[ such that  sup [ K" (g) — n(g) |, , = Cr", (18)
g€ ’
forany f,g € Ay andany m >0 nli)n;o”K"(me(g)) — ,u(me(g)) ||oo!u =0. (19)

We shall see in the next proposition that if (18) and (19) are satisfied, then the MDP holds in D[O0, 1] for the sequence

Xn=f(Yn) —n(f) (20)

as soon as the function f belongs to the class £ defined below.

Definition 13. Let L be the class of functions f from R to R such that | f (x) — f(y)| < c(]x — y|), for some concave
and non-decreasing function c satisfying

/lidt<oo. 21
o 1+/|logt|

Note that (21) holds if ¢(¢) < D|log(t)|~" for some D > 0 and some y > 1/2. In particular, £ contains the class
of functions from [0, 1] to R which are «-Holder for some o €10, 1].

Proposition 14. Assume that the stationary Markov chain (Y,),>o satisfies (18) and (19), and let X, be defined
by (20). If f belongs to L, then the conclusion of Theorem 1 holds with

o2 =02(f) = u((f —n(H)) +2 > u(K" () - (f = ().

n>0

The proof of this proposition is based on the following lemma which has interest in itself.

Lemma 15. Let u, = SUP,e 4, IK"(g) — w(@)lloo,iu- Let f be a function from R to R such that | f(x) — f(y)| <
c(|x — y|) for some concave and non-decreasing function c. Then

K" () = ()] .0 = €Ctn)-
Remark 16. If u, < Cp" fora C > 0and p €10, 1[, and if c(t) < D|log(t)|~" for D > 0 and y > 0, then
IK" () = ()] s, =O(77).

We now give two conditions under which (18) and (19) hold. Let [a, b] be a compact interval in which lies the
support of . For a Lipschitz function f, let Lip(f) = sup, ye(q,p51 |/ (x) — f(y)I/Ix — y|. The chain is said to be
Lipschitz contracting if there exist « > 0 and p € ]0, 1[ such that

Lip(K"(f)) < kp" Lip(f). (22)

Let BV be the class of bounded variation functions from [a, b] to R. For any f € BV, denote by ||[df] the total
variation norm of the measure df: ||df| = sup{fg df, llgllcc < 1}. The chain is said to be to be BV -contracting if
there exist k > 0 and p € [0, 1[ such that

|dK" ()] < ko™ IS, (23)



460 J. Dedecker, F. Merlevede, M. Peligrad and S. Utev

It is easy to see that if either (22) or (23) holds, then (18) and (19) are satisfied (to see that the condition (23)
implies (19), it suffices to note that it implies the same property for two BV functions f, g (see (52)), and that any
Lipshitz function from [a, b] to R is a BV functions).

Application to iterated random functions
The stationary bounded Markov chain (Y,),>0 with transition kernel K is one-step Lipschitz contracting if there exists
p €10, 1[ such that

Lip(K (f)) < pLip(f).

Note that if K is one-step Lipschitz contracting then (22) obviously holds with k = 1. The one-step contraction is a
very restrictive assumption. However, it is satisfied if ¥;, = F(Y,,—1, &,) for some iid sequence (&;);~o independent
of Yy, and some function F such that

|F(x.e1) = F(y.e1)|, <plx—y| foranyx,yinR. (24)
Remark 17. Under a more restrictive condition on F than (24), namely
|F(x,2) = F(y.0)| < plx —y|+ L|z —1], (25)

Delyon et al. [9] have proved the MDP for X, = f(Y,) — u(f) when f is a Lipschitz function. In their paper, the
chain is not assumed to be bounded. It is only assumed that E(e%') < oo for some § > 0, which implies the same
property for X1 (for a smaller §) by using the inequality (25).

3.2.1. Application to expanding maps
Let T be a map from [0, 1] to [0, 1] preserving a probability 1 on [0, 1], and let

[n1]
Xp=foT" M —u(f),  Wa=Wu(f,iy=n""2Y"(foT" ' —u(f)).

i=1

Define the Perron—Frobenius operator K from L2([0, 1], ) to L2([0, 1], W) via the equality

1 1
/0 (Kh)(X)f()C)M(dX)2/0 h(x)(f o T)(x)pu(dx). (26)

The map T is said to be BV -contracting if its Perron—Frobenius operator is BV -contracting, that is satisfies (23). As
a consequence of Proposition 14, the following corollary holds.

Corollary 18. If T is BV -contracting, and if f belongs to BV U L, then the conclusion of Theorem 1 holds with

o =X () =n((f —uH)’) +2 Y u(f o T (f — u(f)).

n>0

Let us present a large class of BV -contracting maps. We shall say that T is uniformly expanding if it belongs to
the class C defined in [4], Section 2.1, p. 11. Recall that if 7 is uniformly expanding, then there exists a probability
measure w on [0, 1], whose density f,, with respect to the Lebesgue measure is a bounded variation function, and
such that p is invariant by 7. Consider now the more restrictive conditions:

(a) T is uniformly expanding.
(b) The invariant measure w is unique and (7', i) is mixing in the ergodic-theoretic sense.

(c) f—l fu>0 is a bounded variation function.
"
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Starting from Proposition 4.11 in [4], one can prove that if T satisfies the assumptions (a), (b) and (c) above, then it is
BV contracting (see for instance [7], Section 6.3). Some well-known examples of maps satisfying the conditions (a),
(b) and (c) are:

1. T(x) = Bx — [Bx] for B > 1. These maps are called B-transformations.
2. [ is the finite union of disjoint intervals (/x)1<k<n, and 7 (x) = axx + by on Iy, with |ax| > 1.
3. T(x) =a(x~! = 1) = [a(x~! = 1)] for some a > 0. For a = 1, this transformation is known as the Gauss map.

Remark 19. The case where f(x) = x (thatis X,, = T" — u(T)) has already been considered by Dembo and Zeitouni
[11]. However, in this paper, the assumptions on T are more restrictive than the assumptions (a), (b) and (c) above.
In particular, they assume that there is a finite partition (1;)1<j<m of [0, 1] on which T restricted to Iy is C U and
infyey, |T'(x)| > 1, so that their result does not cover the case of the Gauss map (Item 3 above).

3.3. Symmetric random walk on the circle

Let K be the Markov kernel defined by

1
Kf(x)= 5(f(x+a)+f(x—a))

on the torus R/Z, with a irrational in [0, 1]. The Lebesgue—Haar measure m is the unique probability which is invariant
by K. Let (&;);cz be the stationary Markov chain with transition kernel K and invariant distribution m. Let

[n1]
Xp=fE) —m(f),  Wa@=Wy(fit)=n""2Y"(f&) —m(f)). 27)

i=1

From Derriennic and Lin [13], Section 2, we know that the central limit theorem holds for n=1/2 W, (f, 1) as soon as
the series of covariances

o2(f) =m((f —m()’) +23 m(fK"(f —m(f))) (28)

n>0

is convergent, and that the limiting distribution is N (0, o2(f)). In fact the convergence of the series in (28) is equiv-
alent to

7 2
kzez* d(ka, Z)

where f (k) are the Fourier coefficients of f. Hence, for any irrational number a, the criterion (29) gives a class of
function f satisfying the central limit theorem, which depends on the sequence (d(ka, Z))kcz+. Note that a function f
such that

liminfk| fw] >0, (30)

does not satisfy (29) for any irrational number a. Indeed, it is well known from the theory of continued fraction that
if p,/qy is the nth convergent of a, then |p, — gua| < gq,; ! so that d(ka, Z) < k~! for an infinite number of positive
integers k. Hence, if (30) holds, then | f (k)|/d(ka, Z) does not even tend to zero as k tends to infinity.

Our aim in this section is to give conditions on f and on the properties of the irrational number a ensuring that the
MDP holds in D[0, 1].

a is said to be badly approximable by rationals if for any positive ¢,
(31
the inequality d(ka, Z) < |k|~'~¢ has only finitely many solutions for k € Z.
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From Roth’s theorem the algebraic numbers are badly approximable (cf. Schmidt [22]). Note also that the set of badly
approximable numbers in [0, 1] has Lebesgue measure 1.

In Section 5.3 of [8], it is proved that the condition (29) (and hence the central limit theorem for n~12w,(f, 1))
holds for any badly approximable number a as soon as

sup |k|]+5 |f(k)| < oo for some positive €. (32)
k0

Note that, in view of (30), one cannot take & = 0 in the condition (32).
In fact, for badly approximable numbers, the condition (32) implies also the MDP in DI[O0, 1]:

Proposition 20. Suppose that a is badly approximable by rationals, i.e. satisfies (31). If the function f satisfies (32),
then the conclusion of Theorem 1 holds with o> = o2(f).

Note that, under the same conditions, the process {W, (f,1),t € [0, 1]} satisfies the weak invariance principle in
DJO0, 1]. Indeed, to prove Proposition 20, we show that the conditions of Corollary 2 are satisfied, but these conditions

imply the weak invariance principle (see for instance [19]). From Comment 5, we also infer that the Donsker process
defined in (10) satisfies the functional law of the iterated logarithm.

4. Proofs

Since the proofs of our results are mainly based on some exponential bounds for the deviation probability of the
maximum of the partial sums for dependent variables, we present these inequalities, which have interest in themselves.

4.1. Exponential bounds for dependent variables

We state first the exponential bound from Proposition 2 in [20] that we are going to use in the proof of the main
theorem.

Lemma 21. Let (X;);cz be a stationary sequence of random variables adapted to the filtration (F;)icz. Then

1<i<n

" 2
P( max |5 > 1) < 4¢Eexp(—r2/2n [uxl loo +80 ) j | E(S;1F0) Hoo] )

j=1

In the next lemma, we bound the maximal exponential moment of the stationary sequence by using the projective
criteria.

Lemma 22. Let {Yy}rcz be a sequence of random variables such that for all j, E(Y j|F_x) = 0 almost surely and Y
is Foo-measurable. Define the projection operators by P;j(X) = E(X|F;) — E(X|F;_1). Assume that

o
| P j(¥0)| o <pj and D:= )" pj<oo.

j=—00

Let {gi, k € N} be a sequence of numbers and define,

1<j<k

k n
Se=_ g%, My = max S;, Gr=Y gt
i=1 i=1
Then,

[P
Eexp(tM,) <4exp EGnDt .
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In particular,

2
X
P(l‘;lf‘;‘n St 2 x) < 8‘*’“’(‘20702)'

Proof. Start with the decomposition

o0 o0
bjPr_j(Yy)
T SRR pet)
J

j=—00 j=—00

where b; = p;/D > || Pr—j(Yi)lleo/ D, for any j € Z. Then

S, = Z b; ngPk ](Yk)

j=—00

Thus,

P, Y,
b; max k— j(gk k) Z b M’(lj)’

j=—00 =1 j=—00

where M,gj) denotes maxj<m<n Yy 8k Pr—j(Y)/b;.
Since exp(x) is convex and non-decreasing and b; > 0 with 3 jez bj=1,

o0 o0
Eexp(tMn)gEexp( Z bth,(,J)) < Z bjEexp(tM,E])).

j=—00 j=—00

Consider the martingale difference Uy = gx Px—j(Yy)/b;. Since Zy = exp(t(Uy + - -- + Uy)/2) is a submartingale,
Doob’s inequality yields

Eexp(tM,(Lj)) = E( max Zk> < 4EZ2 = 4Eexp(t(U1 +---+ Un))

1<k<n
Applying Azuma’s inequality to the right-hand side, and noting that

| Pr—j (Vi) ll oo

<\ex|D,
b, <lgl

[ Uklloo = 8kl
we infer that

Eexp(tM,(Lj)) < 4exp(%GﬁD2t2).
Since } ;7 b; = 1, we obtain that

1 22,2 1 22,2
Eexp(tMn)SjEZ;bjélexp(EGnDt =4exp( Gy D).

Next, to derive the one-sided probability inequality we use the exponential bound with t = x /(G;; 2D?%), so

2
P(M, = x) < Eexp(t M) exp(—1x) = 4eXp<_ e DZ)'
n
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Finally, to derive the two-sided inequality we observe that the stationary sequence {—Y;} also satisfies the conditions
of the lemma. The proof is complete. g

The next technical lemma provides an exponential bound for any random vector plus a correction in terms of
conditional expectations (see also [23]).

Lemma 23. Let {X;}1<i<n be a vector of real random variables adapted to the filtration {F,},>1. Denote
B=sup;<, | Xilloo- Then, for all § > 0 and ¢ a natural number with cB/n < §/2, we have
)
P| max =~ (33)
1<i<n 4

5%n 1<
- Xu|>d6)<2ex +P| su - E(X ;| Fi-
n Z ) p< 64B2c> <1§i§[lr)z/c] c Z Xl Fi-1e)
Proof. Let c be a fixed integer and k = [n/c] (where, as before, [x] denotes the integer part of x). The initial step of
the proof is to divide the variables in consecutive blocks of size ¢ and to average the variables in each block

j=G—Dc+1
1 .
Yie=- Z X;, i>1l
j=@G@—Dc+1

Then, for all 1 <i <k we construct the martingale,

i

i
Mic=Y (Yje—EclFj-1e) =Y Dje

Jj=1
and we use the decomposition

1j
P| max
I<j<n

;ZXM et

u=1

! M; .| > — d P EY; .| F )
gf';k?' il > I + lfgaf - Z el Fi-e

1)
> _
-4)

5
M| > 4> +P< max ’E(YJ lFii- 1)0)’ >

Next, we apply Azuma’s inequality to the martingale part and obtain,

P max |M; .| > ok <2e ok <2e 5%
X — xp| ——— xp| ———
(o el = 7 | = 2%\ T35 g7 ) = 2P\ Tgacp2

which implies that

8%n 8
P(fé‘?; Xul 2 3) . 26*1’(‘@) +P<f£f‘;‘k‘E(Yf’c'f i-ne)| = z)

proving the lemma. d

1 d
oD

u=1

4.2. Some facts about the moderate deviation principle

This paragraph deals with some preparatory material. The following theorem is a result concerning the MDP for a
triangular array of martingale differences sequences. It follows from Theorem 3.1 and Lemma 3.1 of [21], (see also
[15], Proposition 1 and Lemma 2).



Moderate deviations for stationary sequences of bounded random variables 465

Lemma 24. Let k, be an increasing sequence of integers going to infinity. Let {D; ,}1<j<k, be a triangular ar-
ray of martingale differences adapted to a filtration F; . Define the normalized partial sums process Z,(t) =
n~1/2 Zl[lzlt] D; . Let a, be a sequence of real numbers such that a, — 0 and na, — oco. Assume that |D; pllco =
o(y/nay) and that for all § > 0, there exists 2 > 0 such that

kn

1
=D _E(D],1FG-1.n) —0?

limsupa, log P(
j=1

n—oo

> 5) — 0. (34)

Then, for the given sequence a, the partial sums processes Z, (-) satisfy (1) with the good rate function I, (-) defined
in (4).

To be able to obtain the moderate deviation principle by approximation with martingales we state next a simple
approximation lemma from [12], Theorem 4.2.13, p. 130, called exponentially equivalence lemma.

Lemma 25. Let &,(-) :={£,(¢),t € [0, 1]} and &, (-) := {¢,(2), t €10, 11} be two processes in D([0, 1]). Assume that
forany § > 0,

limsupa, logP<«/a,, sup |En @) — ¢ (t)| > 8) = —00.
1€[0,1]

n—oo

Then, if the sequence of processes &,(-) satisfies (1) then so does the sequence of processes &, ().

In dealing with dependent random variables, to brake the dependence, a standard procedure is to divide first the
variables in blocks. This technique introduces a new parameter, and so, in order to use a blocking procedure followed
by a martingale approximation, we have to establish a more specific exponentially equivalent approximation, as stated
in the following lemma:

Lemma 26. For any positive integer m, let k, ,, be an increasing sequence of integers going to infinity. Let
{d (m }1< j<kam be a sequence of triangular array of martingale differences adapted to a filtration _7-' (m). Define the

normallzed partial sums process Z,gm)(t) n~1/2 i [, '"t] d (m). Let ay, be a sequence of positive numbers such that
a, — 0 and na, — o0o. Assume that for all m > 1

sup ||dj("’? || ( na,,) asn — oo (35)

1<) <kn,m

and that for all § > 0, there exists 02 > 0 such that

kn m

ZE (m) (jm)l) n) _ g2

Let {¢, (), t € [0, 11} be a sequence of D0, 1]-valued random variables such that for all § > 0,

m—o0 »_ 50

lim limsupa, 10gP( > 6) = —00. (36)

lim hmsupa,, logP(a/an sup |§n(t) — Z,(lm) (t)| > 8) = —00. 37
te(0,1]

m—0o0 n—
Then, the processes &y, (-) satisfy (1) with the good rate function I (-) defined in (4).
Proof. Define the functions

A1(8,n,m) = ay log P( sup fea() = 240 >5);
tel0,
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[kn,m1]
Az(a,n,m>=anlogP( s;g)p]]% > E((dy)) 7 ) 17 zé‘);
te[0, =

A3(8,n,m)=log< sup Hd(m)” )—log(a/ann).

1<j<knm
Observe that the functions A;, i = 1, 2, 3 satisfy the conditions of Lemma 30 from the Appendix and so, we can find
a sequence m, — oo such that the martingale difference sequence (d](.":l”)) satisfies the conditions of Lemma 24. We

then derive that the sequence of processes Z,(,m”)(-) satisfies (1) and, by applying Lemma 25, so does the sequen-
ce &n(e). U

4.3. Proof of Theorem 1

Let m be an integer and k = k;, ,,, = [n/m] (where, as before, [x] denotes the integer part of x).
The initial step of the proof is to divide the variables in blocks of size m and to make the sums in each block

im

Xi,m = Z Xj, i>1.
j=G—Dm+1

Then we construct the martingales,

[n/m] [n/m]
M]Em): Z( tm_E(Xtm|~7:(z l)m) Z Dtm

i=1
and we define the process {M,Em)(t): t €0, 1]} by
M (1) == M.

Now, we shall use Lemma 26 applied with d (m) D, and verify the conditions (36) and (37).
We start by proving (36). Notice first that {D, m},>1 is a row-wise stationary sequence of bounded martingale
differences. We have to verify

1 [n/m]

— Y " E(Dj | Fj-1ym) — 0

n

> 5) — _o. (38)

lim limsupa, logP<
m—=>00 p—co0 —

Notice that
2
E(D] | F(j-1m) = E(XF | FG—1m) = (Bl Fi-1ym))
and that, by stationarity

[n/m]

> (Bl FG—im)”

j=1

1

_ IESnF0l%
o m

o]

- Y E(X3 | FG-im) —o

H | [n/m)
j=1

< I B(150) — o2+ (1- 2 )o2

o]
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Consequently

B IE(Sm |1 Fo) 1 N

ol g (5310) — o7)

lim sup
n—oQ

e¢]

| tn/m)
p > E(D},|FG-im) — 0>
j=1

which is smaller than §/2 provided m is large enough, by the first part of Lemma 29 from the Appendix and condi-
tion (3). This proves (38).
It remains to prove (37), that means in our notation that for any § > 0

lim_limsupay, logP( J2% sup [Spuny — M™ (0)] = 5) = —c0. 39)
" tel0.1]

m—00 ,_ s r€[0.

Notice first that

[kz]

ZE(Xi,mlf(i—l)m)

i=1

[nt]

2. X

i=[ktim+1

sup | Spue) — M,Em)(t)| < sup
1€[0,1] 1€[0,1]

+ sup
1€[0,1]

J
> EXim|Fi-tym)

i=1

)

8%m
2(IE(Sm | Fo)lloo + 80 3721 j =/ 2IE(S jm | F0) ll00)? '

< o(a/nan) 4+ max

1<j=[n/m]

Then, by using Lemma 21 we derive that

anlogP(/a—" max
n 1<j=<[n/m]

<ap log(4\/f_:) —

J
ZE(Xi,mU:(i—l)m)

i=1

which is convergent to —oo when n — oo followed by m — oo, by Lemma 29.
4.4. Proof of Corollary 2 and Comment 9

Notice that obviously, by triangle inequality and changing the order of summation, (5) implies (2). So, in order to es-
tablish both Corollary 2 and Comment 9, we just have to show that condition (2) together with (6) imply condition (3).
This will be achieved by using the following two lemmas.

First let us introduce some notations. Let S, , = Sp — S, and set

o o
Aroo= Y 2P [ESIFD) | Ase = |EXNF) L + D27 [ES1 7).
j=r j=0
By Peligrad and Utev [19], ZO,oo < oo is equivalent to (2).

Lemma 27. Assume that X is Fo-measurable and that ||E(X%|.7-‘0)||Oo < 00. Let n, r be integers such that 2" ! <
n <2". Then

1 r—1 ' 2
B <n{|ECRRLE + 3 S eisyil.. ) <nad.
j=0
Moreover, under (2),

Hn_lE(S,ﬂI) - n”oo —0 asn— o0,
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where T is the o -field of all T -invariant sets and
0 .
n=E(X71Z) + > 27TE(Sy (Sy+1 — $1)T).
j=0
In particular, if E(X; X j | F o) = E(X; X ), forany i, j in Z, then
e .
n=02=E(X])+ Y 27TE(S, (Syi+1 — 5,)).
j=0
Proof. The proofs of the first three statements are almost identical to the proof of the corresponding facts in Proposi-
tion 2.1 of [19]. The only changes are to replace everywhere the L-norm ||x|| by the Lyo-norm ||x ||« and the usual
expectation E(X) by the conditional expectation E(X) = E(X|Fp). The last statement follows from Proposition 2.12

in [3], since for all i, j,

E(X; X;|T) =E(E(X; X;|F-)IT) =E(X; X ).
O

Lemma 28. Assume that X is Fo-measurable and that |[E(X 12|,7-'0) lloo < 00. Suppose that the conditions (2) and (6)
are satisfied. Then,

In~"E(S71F0) — 0|, — 0 asn— oo.

Proof. By Lemma 27, it is enough to show that
JE(S31F0) ~B($2) [y >0 asn— oo,

We prove this lemma by diadic recurrence. For 7 integer, denote
Ak = [E(S7IFk) = E(S7) ] -

Then, by the properties of conditional expectation and stationarity, for all # > 1
Aov = [B(S217-k) = E(83) | o = [E(S717-4) — E(S7)

oo

+ | E(S7 51 F—k) —E(S7) ||, + 2| ECS: Sr2e1 Fr) — E(S:St.20) |
< 2| E(SP1Fk) = E(S7) | o + 2 ECS: Sr2e1 7o) | o+ 2[ECS:S1.20)].

Using for the last two terms the bound from Lemma 27, the Cauchy—Schwartz inequality and stationarity, we have
Ak <2A0k + 4" P A |E(SHFO) | -
Whence, with the notation

Bk =2""|E(S3|F_x) —E(S3)

=2 A

by recurrence, for all » > m and all k > 0, we derive

.
Bri < Bro1 i+ 202 AGE(Sy-11F0) || o < Bk + 24800 Y 272 E(Sy 1 F0) | -

j=m
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Therefore
TIE(S3F) (83 )
Now notice that, by stationarity and triangle inequality
[E(S3170) = B(S5) [ = (S 17-4) — B(S3)

and that by Lemma 27

< By + 2800 Am oo (40)

| oo F [E(S3 = SE k42 170) || o (41)

IE(S2 = S22 170) | oo < [E((S2 = S22 170) | L2 E((S2 + St 21F0) |

< ak (1) |2 B (3170)]| 2
< 2 E(XIR)| L A @)

Then, starting from (41) and using (40) and (42), we derive that for r > m + 1,

(S5 170) - E(S3)

As a consequence

172 4

| oo < Bk + 2400 Amoo + 272k |E(X31F0) ||

limsup2™" ||E(S§r |Fo) — E(S%r)

r—>0o0

|oo =< Bm,k +2AooZm,oo

Then, we first let k — oo and by condition (6) it follows that limy_, o By, x = 0. Then, we let m tend to infinity and
by condition (2), we derive

: —r 2 _ 2 _
tim 27 [E(S3170) ~ B(53) |, =0.
To complete the proof of the lemma we use the diadic expansion n = Z;;(l) 2Kay, where a,_1 = 1 and a; € {0, 1} and
continue the proof as in Proposition 2.1 in [19]. |

4.5. Proof of Theorem 3

Fix a positive integer m and define the stationary sequence
Ejm =EXj|Fjym—1) — EX|Fj-m).

Using a standard martingale decomposition we define

2m—2
,m_ZE(s,+,m|f,+m D= Y EEkmlFjrm-1)
t=0 k=0
and observe that
2m—-2 m—1
lBomlloo=] > Y Pi(Xe) <2mZ||Po<Xi)||oo<oo. (43)
k=0 i=k—m+1 ieZ

Then, E(9j+l,m|-7:j+m71) = 9j,m - Sj,m and thus,

k k
D Eim=0um —Oksim+ Y djm, (44)
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where d; ;' =6;11,m — E(@j41,m|Fj+m—1) is a stationary bounded martingale difference.
Moreover,

k k
ij :Zdj,m "l‘Rk,mv (45)
j=1 j=1
where
k
Rim = 01m — Okrtm + Y _[Xj — EXG1Fjim—1) + E(X; |1 Fj-m)].
j=1

First, we show that Ry , is negligible for the moderate deviation principle. We notice that by (43) it is enough to
establish that

k
R =Y [Xj = EXj|Fjym1) + EX;1Fjm)]
j=1

is negligible. Observe that

Xj— EXj|Fjym1) +EX;|Fjom)= Y Pj(X;) and

[t]=m

Y I Po(X ) = EXGIFjm-1) + EXGIF i) | oo < D [ PoX0) | oo =: Do (46)
jezZ |k|=m

Now, the exponential inequality given in Lemma 22 entails that

n 82n
P| max >6 | — ) <8exp| ————= ).
I<k<n an an2nD?,

The last inequality together with (7) and Lemma 25 reduces the theorem to the MDP principle for bounded stationary
martingale difference {d; ; j € Z}.
> 3) = —00.

Then, by Lemma 26, it remains to verify that
In order to prove this convergence, by Lemma 23, applied with B =2(}_,.7 || Po(X 0 lloo)?, it is enough to establish
that

k
ZE[Xj — EXj|Fjtm—1) + E(Xj|-7'-j—m)]

j=

n

1
S (@l F ) o)

j=1

lim limsupay, In P(
m—=>0 p—oo

=0.

o]

m—o0 »_ 500

. . I ¢ 2 2
lim limsup - Z(E(dj’m|.7-"m,1) —0o”)
j=1
Since {d; ;;} is a martingale difference, it follows from the decomposition (44) and (43), that it remains to prove that

2
1 n
tim limsup|-E( [ Y & ‘fm,l _o?
MO n—oo || 11 j=2m—1

=0. (47)

o0

n (N+i)An n

n 2 n n
( > s,»,m) = > 8,42 ) D EmEim 2 D D> EimEim

Jj=2m—1 i=2m—1 i=2m—1 j=i+l1 i=2m—1 j=N+i+1
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Jj+m—1
k=j—m+1

Z Z E(51m51m|-7:m 1)

i=2m—1 j=N+i+1

5% XY |EGEmEimlFan] o

i=2m—1 j=N+i+1

Notice that, since &, =) Pr(X ), we get

n i+m—1
s DD 11001 NI 116 ) NE-D I 116 01 N W 110 O] S
12m 1k=i—m+1 (>N i€l |€|>=N/2

as N — oo, uniformly in 7, and so, (47) is implied by

n (N+i)An
< Z E,m+2 Z Z gtmgjm‘fm 1>_0N

i=2m—1 i=2m—1 j=i+1

lim limsup|l—
m—=0 p—co0

=0, (48)

where 03 =E(X}) + 2E(XoX1) + -+ + 2E(XoXn—_1). Write & ,, = X; + (§,m — X;). By condition (6), we easily
get that

lim limsup|l—
m—=0 p—co0

n (N+i)An
<Z P42 ) Y XX‘]:m 1)

i=2m—1 i=2m—1 j=i+1

o0

hence (48) holds since

1Xi = &imlloo < D [PoX0)] o >0 asm—o0. O

[k|>=m
4.6. Proof of Proposition 11

Let 7 = o(g;,i < k). From Theorem 4.4.7 in [1], there exists (sl/- )i=o distributed as (¢;);~o and independent of Fy
such that

”E(l{ek;és,’c, for some k>n} |F0) ”oo = ¢e(n).

Let (8( ))zeZ be the sequence defined by 8(0) =¢; if i <0 and 81-(0) = elf if i > 0. Let (si(_l))iez be the sequence
defined by 8( D~ =g ifi <O, 8( D= 8 if i > 0 and 8(_1) = x, where x € A. Define now Z; = H((ex—i)icz),

z; O _ g ((s(o) )iez) and Z( Dl ((815 1))16Z) We shall apply Theorem 3. Note first that (7) is equivalent to
ZIEZ | Po(Zi )“oo < . NOW

Po(Zi) =E(2|Fo) —E(Zz V1 F) + E(Zi — 201\ F)) —E(Zi — 27 V1),
Denoting by E; () the conditional expectation with respect to &, we infer from C(A) that
[B(z”170) —E(Z1F-0)| = [Be(H((£2)) ;) = H((eZ}) ;2))| < A

Now, from C(A) again,

o o
E(Zi = Z"1Fo)| = D" AidB(Ly 2| Fo) and E(Zi = Z{7 V|F_1) < A+ Y A kB 1 F-1).
k=1 k=1
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Consequently, by the ¢-mixing property, we obtain the upper bound

Srzol, <23 4 +23 Y A e ),

ieZ i€l ieZ k=1

which is finite provided that ) ; ., A; < oo and ) ;. ¢. (k) < oo. It remains to prove (6). Let X,((O) = Z,(CO) — E(Zl({o)).
We have

|EXeXi1 7o) — EX XD |, < [E(XX[V17) —B(x”X,”)

oo

+ B (X = X[7)1Fo) ~ B(Xe(Xi = X)) |

o]

+[B(x” (X6 = X.)170) = E(X,” (Xi - X)) (49)

Hoo'

Clearly, by C(A) and the ¢-mixing property,

o
|E(X (X0 = X)) — E(Xi (X0 = X)) | <401 Xklloo Y Ar—ie (K,
k=1

which tends to zero as / tends to infinity. In the same way

tim [E(x(” (x4 — X()170) ~ E(x0 (x¢ ~ X)) |, =0

e ¢]

Let Hy = H — E(Z\). Let (;)icz be distributed as (;);cz and independent of ((£;);cz, (£])i=0), and let (n\")icz,

be the sequence defined by 77.(0) =n; if i <0 and n.(o)

1 1
(X, X[ 170) — E(X"X)”) = Ee(Hi((62),c2) (H1((612),2) = H((n12),))
+E. (Hl((nl(g)i)iez)(Hk((gl(co—)i)iez) - Hk((”l@i)iez)))' (50)
Consequently, applying C(A) once more, we have that

[E(a?x%”170) — B X)7) | = 170 204+ 167 Do 4

i>l i>k

= ¢! if i > 0. With these notations, we have

which tends to zero as k and / tends to infinity. This completes the proof.
4.7. Proof of Proposition 12

We shall apply Corollary 2. We use the same notations as for the proof of Proposition 11. With these notations, we
have

E(Xx|F0) = E(X\"|F) + E(Xi — X\ |F).
Now, applying C’(A),
k k
|E(X; — x |Fo)| < Z Ri—iE(Lg, 2¢11F0) + Z Ri—iP(ei #¢]),
i=1 i=1
and by the ¢-mixing property,

k
|E(Xe — XP1F0) | o <2 Re-ighe (). (51)

i=1
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Now, by C’(A) again,

||E(X,((0)|]-'o) loo = ”Es(H((SI@i)iez) - H((”/@z‘)iez))”m = Ry.

Consequently, since ¢, (0) > 0, the condition (5) is implied by (14). It remains to prove (6). We start from the decom-
position (49). By (51),

l
|E(Xk (X — X,”)1F0) — E(Xe(X; — X)) [ o <41 Xklloo Y Ri—ipe(i) and

i=1
k

[E” (X6 = Xi2)1F0) = B(X,” (X = X)) [ o <41 X7 o D2 Riihe ).
i=1

Hence, in view of (14), these two terms converge to zero as k and [ tend to infinity. From (50) and condition C’'(A),
we have that

[EC”x”170) = (G760 | < 1567 Lo Re + 107 | o R

oo

which again converges to zero as k and / tend to infinity. This completes the proof.
4.8. Proof of Proposition 14

It suffices to prove that for any f in L, the sequence X; = f(Y;) — wu(f) satisfies the conditions (5) and (6) of
Corollary 2.

Note first that (6) holds because of (19) and because any continuous function from [a, b] to R can be uniformly
approximated by Lipschitz functions.

From Lemma 15, we have that

[K"(H) = w(P)]|, = (o),

1/2

for some concave non-decreasing function ¢. Consequently (5) holds as soon as ) ,_ ok~ c(Cp*) is finite, which in

turn is equivalent to (21).
4.9. Proof of Lemma 15

Let (¥;);>1 be the Markov chain with transition Kernel K and and invariant measure p. From Lemma 1 in [6], we
know that there exists Y, ,j distributed as Y} and independent of Y such that

sup [ K*(9) = 1(®)] oo, = |E(|Y = Y[1Y0) | -
geA]

For any f such that | f(x) — f(y)] <c(lx — y|), we have
[K5CH = (D |, = [B(S YO 1Y0) = E(£ () 1¥0) |
< [E(e(|¥e = ¥7[)1¥0) | -

Since c is concave and non-decreasing, we get that
K4 = 1 o0 = le®( Y = YE|1¥0)) [ o < c(E(| Yk = YE[1Y0) [ )

and the proof is complete.
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4.10. Proof of Corollary 18

Let (Y¥;);>1 be the Markov chain with transition Kernel K and invariant measure p. Using Eq. (26) it is easy to see
that (Yo, ..., Y,) is distributed as (7”1, ..., T'). Consequently, for f in £, Corollary 18 follows from Proposition 14
and condition (23).

Assume now that f is BV. We shall prove that the sequence X; = f(Y;) — n(f) satisfies the conditions (5) and
(6) of Corollary 2. Since K is BV -contracting we have that

|[EXY0 | o, = IK* () = w(H] o, = [aK* D] < Cotlld s,
so that (5) is satisfied. On the other hand, applying Lemma 1 in [7], we have that, for any / > k > 0,

[E(Xi X11Y0) — E(X X)) |, < CU+CO)pldf 1%, (52)
so that (6) holds. This completes the proof of Corollary 18 when f is BV.

4.11. Proof of Proposition 20

To prove Proposition 20, it suffices to prove that the sequence X; = f (&) — m(f) satisfies the conditions (5) and (6)
of Corollary 2. Let || - ||co,m be the essential supremum norm with respect to m.
Note that |E(X,[80) loc = | K" (f) — m(f)llco,m, and that

K"(f)x) —=m(f)= Y _ cos"(2mka) f (k) exp(2imkx).

keZ*

By assumption, there exists C > 0 such that SUPy 0 k|1 Fe) f (k)] < C. Hence

K" (f) = m(Hlloom _ e x— | cos@2mka)|
<C k —_ (53)
% v P PN

n>0 n>0

Here, note that there exists a positive constant K such that, for any 0 < a < 1, we have Y, _,n~1/?a" < Ka(l —
a)~1/2 (to see this, it suffices to compare the sum with the integral of the function 4 (x) = x~'/2a*). Consequently,
we infer from (53) that

Z“Kn(f)_m(f)”oo,m <CKZ 1
- |k|1+s

~ Jn ot 1 —[cos(2mka)]
1
<CK _ 54
= kEXZ:* k¢ d(2ka. Z) 54

the last inequality being true because (1 — | cos(mtu)|) > n(d(u, 7))2. Since a is badly approximable by rationals, then
so is 2a. Hence, arguing as in the proof of Lemma 5.1 in [8], we infer that for any positive 7, there exists a constant D
such that

oN+1_q

3 L povidasm
d(2ka,Z) ~

=2N

Applying this result with n = ¢/2, we infer from (54) that

Z“Kn(f)_m(f)”oo,mSchDzz(N+2)(l+8/2)N max  k~'"¢ < oo,
ﬁ N0 QNSkSZN'H

n>0

so that the condition (5) of Corollary 2 is satisfied. The condition (6) of Corollary 2 follows from the inequality (5.18)
in [8].
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Appendix

This section collects some technical lemmas.
The proof of the following lemma is left to the reader since it uses the same arguments as in the proof of Proposi-
tion 2.5 in [19] by replacing the L, norm by the L, norm.

Lemma 29. Under condition (2),

IE(S|F0) oo
Jm

1 N E(Sni | F
—0 and —Z%—)O as m — 00.
mi

The following lemma gives a simple fact about convergence.

Lemma 30. Let Aj(x,n,m), j=1,...,J, x >0, be real-valued functions such that for each j,n,m the function
Aj(x,n,m) is non-increasing in x > 0 and assume that, for any x > 0,

limsuplimsup A (x,n,m) = —oo.
m—00 n—oo
Then for any u,, — 00, there exists m, — 0o such that m, < u, and, foranyx >0and j=1,...,J,
limsup A (x,n, m,) = —o0.
n—>0o0

Proof. First, we observe that by considering the function
A(x,n,m)= max A;(x,n,m),
l<j=<J

the lemma reduces to the case J = 1.
Construct strictly increasing positive integer sequences ¥, and ny such that for all n > ny,

1
A<z,n, 1//k> < —k.

Let g(n) =k for ny <n <ng4 starting with k = 1 and g(n) = 1 for n <n. Then, g(n) is non-decreasing, g(n) — oo
and for all n > n such that ny <n <ngy1 (and so g(n) =k).

Ng(n) =Nk <.
Now, let G (n) be a positive integer sequence such that G(n) < g(n) and G(n) — oco. Then,
NGy < Ngn) =Nk <.
Hence, there exists G (n) such that
YGm) < Un, ngm <n and G(n)— oo.
Finally, let m,, = ¥'G(»). Then, obviously
m, <u, and m,; — o0.

On the other hand, for any x > 0 and n such that x > 1/G(n), since A(x, n,m) is non-increasing in x, we have

1 1
Alx,n,my) < A<%, n, mn) = A(Tn), n, 1,0(;(,1))

<-G(n)—> —o©

which proves the lemma. U
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