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MULTI-OBJECTIVE OPTIMIZATION PROBLEM
WITH BOUNDED PARAMETERS

AJAY KUMAR BHURJEE! AND GEETANJALI PANDA!

Abstract. In this paper, we propose a nonlinear multi-objective op-
timization problem whose parameters in the objective functions and
constraints vary in between some lower and upper bounds. Existence
of the efficient solution of this model is studied and gradient based as
well as gradient free optimality conditions are derived. The theoretical
developments are illustrated through numerical examples.
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1. INTRODUCTION

In most of the real-life optimization models, the parameters in the objective
function and constraints are not known exactly due to the presence of improper
information in the data set. The lower and upper bounds of the parameters can be
estimated from the historical data. In other words, the parameters are not fixed
and assumed to lie in closed intervals. In that case, the objective and constraint
functions map from real space to the set of intervals. So these functions are interval
valued functions. In this paper, we address these type optimization models with
several conflicting objective functions and call these optimization models as multi-
objective interval optimization problem, in short (MIOP). Such type situation
appears in production planning, portfolio selection, transportation models etc.
Example 1 explains such a model related to portfolio optimization.
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Example 1. Consider a portfolio management problem which has n number of
risky assets. Due to uncertainty in the market, the returns of the assets cannot be
predicted exactly. From the historical data one can estimate the upper and lower
bound of the parameters of the return in a fixed time period. Hence the expected
return can be described in terms of interval parameters for a fixed time period. Let
x; be the proportion of the total fund invested on jth asset. Return of jth asset
lies between % and 7%, (r} < rf*), which is found from previous data. Since the
return of all assets are lying in intervals, so the standard deviation and correlation
between any two of them will also lie in intervals. Suppose Qar = (Qij)nxn denotes
the n X n symmetric covariance interval matrix (Q;; = [qiLj, qg]) corresponding to
tth and jth asset. In this circumstance, the expected return and the variance of the
resulting portfolio z = (z1,22,...,2,)7, are >, [rk, rF]z; and Z” [qu,qg]mimj,
respectively.

In order to maximize the expected return and minimize the risk factor of the
portfolio simultaneously, it is necessary to solve the interval multi-objective opti-
mization problem,

[

min _Z[T'L‘Lvrf]xiv Z[qZLjqulﬂxzxj

i ,J

subject to sz =1, 2;,>20,t=1,2,...,n.

7

This is a nonlinear multi-objective interval optimization model.

Multi-objective optimization problems with interval parameters are studied by
many researchers during last two decades (see [1,3,4,8,9,11]). The optimiza-
tion models of all these papers have linear interval valued functions. Some re-
cent developments in the area of nonlinear multi-objective interval optimization
problem(MIOP) are due to Dunwei Gong et al. [2], Soares et al. [10] and Wu [13].
Dunwei Gong et al. [2] have suggested an interactive evolutionary algorithm for
(MIOP). This algorithm periodically provides a set of non-dominated solutions.
GL Soares et al. [10] have considered a robust multi-objective optimization prob-
lem with interval valued function as an inclusion of real valued function. In both
the papers conditions for the existence of solution of (M IOP) has not been stud-
ied. Wu [13] has studied the conditions for the existence of solution of a (MIOP)
whose objective functions are interval valued functions and all constraints are real
valued functions. This paper discusses the conditions for the existence of solution
of (MIOP) model whose objective functions as well as constraints are nonlinear
interval valued functions. For this purpose approach of this paper is different from
above approaches. The existence results use the concept of convexity and differen-
tiability of a general interval valued function and derives the sufficient optimality
conditions for the existence of I<-Efficient solution of (MIOP).

Development of the paper is explained in several sections. Section 2 discusses
some prerequisites on interval analysis. In Section 3, sufficient optimality condition
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for (MIOP) and the existence of solution is studied. The theoretical developments
are illustrated in several numerical examples.

The following notations are used throughout the paper.

Bold capital letters denote closed intervals; I(R)= The set of all closed
intervals in R; (I(R))*= The product space I(R) x I(R) x ...x I(R). Ck=

k times
k-dimensional column vector, whose elements are intervals; C* € (I(R))*, Ck =

(C1,Ca,...,Cp)T, C; = [cf,cf]; ch,cf €R, je A A ={1,2,...,k}; The
degenerate interval 1) is denoted by 7 = [, 7], where 7 is a real number.

2. PRELIMINARIES
For two real vectors a = (ay,as,...,a,)", b= (b1,bs,...,b,)T in R", we denote
azvb@)ai Zb“ agvbéai <bj; a>,bsa; >b; a<,bsa; <bi, ieA,.

Let * € {+,—,-,/} be a binary operation on the set of real numbers. The binary
operation ® between two intervals A = [al, a®®] and B = [b¥, b%] in I(R), denoted
by A ® B is the set {a*b: a € A,b € B}. In case of division (A @ B), it is
assumed that 0 ¢ B. These interval operations can also be expressed in terms of
parameters. Any point in A may be expressed as a(t) = a* +t(af* —a%), t € [0,1].
An interval A is said to be positive interval if a(t) is positive for every t. Algebraic
operations of intervals may be explained in parametric form as follows.

A@B:{a(tl)*b(t2)| t1,te € [0, 1]} (21)
An interval vector C¥ € (I(R))* may be expressed in terms of parameters as
Ch = {e(t)] et) = (cr(t1), ea(t2), ., cu (b))
where t = (t1,ta,... ,tk)T,cj(tj) € Cj,
ilty) = ef +t(cf — )ty € [0,1],5 € A}

The set of intervals I(R) is not a totally order set. Partial ordering between two
intervals can be represented in parametric form. For A,B € I(R),

A=<Bifa(t) <bt), Vte[0,1] and A < B ifa(t) <b(t), Yte[0,1] (2.2)

A =B if a(t)=b(t), Vtelo1]. (2.3)

Note that A < B is not same as B & A = 0. For example [2,5] < [3,7], but
3,716 (2,5 = [-2,5] £ 0.

Next we summarize interval valued function and some of its properties below
which are due to [1].
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For c(t) € C¥, let f.) : R" — R. For a given interval vector C%, an interval
valued function Fer : R" — I(R) can be expressed in the parametric form as

Foi(@) = { fe (@) | fuw : R" = Roc(t) € CL}. (2.4)

For every fixed =, if f.q(v) is continuous in ¢ then min,cjgqx fer) () and
maxyco,1)r fe(r)(7) exist. In that case

Fo) = | i, o) sy, feo)]-
If fe(y(w) is linear in ¢ then min,co 1)» fe(r)(z) and max,epo 1)r fe(r) () exist in the
set of vertices of C}. If fe)(x) is monotonically increasing in ¢, then Fex () =
[fe(0) (%), fe(y(@)]. The partial derivatives of For : R™ — I(R) at z* is calculated
as follows.

OF ¢ (%) _ {afc(t)(fv*)

k k
dx; O, ‘ for every t € 0,1]", c(t) € CU}.

If é’f%;(m) is continuous in ¢ then

i

OF i () {

. Ofe(x¥) Of et (x*)]
= mm — max ——| .
a.’bi

te[o,1)  Ox;  Ttefoa)r  Ox;

The gradient of an interval valued function, Fcr @ R" — I(R) at © = z* is an
interval vector,

OFci(z*) OFcr(z") OF g (95*)>T

VFC'IE(m):< Oxy = Oxy T Oz,

Using the representation of the partial ordering and interval valued function we
can define interval valued convex function as follows.

Definition 2.1. Interval valued convex function.

Suppose D C R™ is a convex set. For given CF € (I(R))*, the interval valued
function Fer @ D — I(R) is said to be convex with respect to =< if for every
r1, 12 € Dand 0 < A <1,

FCf,’ Az1 + (1 = N)azg) = )‘FC,IE (1) ® (1 — )‘)FC@' (22).

Remark 2.2. From (2.2) and definition of interval valued convex function, one
may observe that F» is convex with respect to < means f;) Ax1+ (1 —=Naxo) <
Moy (1) + (1 = X) foqy (22), for all ¢ € [0,1]%. So we can conclude that Fcy is
convex “lfgith respect to < if and only if f.;) () is a convex function on D for every
t € [0,1]".
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The following separation theorem is needed to prove the existence of the solution
of (MIOP).

Proposition 2.3 [6]. Let f be a m-dimensional convexr vector function on the
convex set I' C R™. Then either

(I) f(x) <, 0 has a solution x € I or (IT) p* f(x) > 0 for all x € I for some
p 24 0, p € R™ but never both.

3. METHODOLOGY

We propose a general multi-objective interval optimization problem as,

(MIOP) min F(z)

subject to G’l’)znp () < (or =)B,, p € A, (3.5)

T
where F(z) = (Fl o (@) F2,, (2), ...,ngm(m)) L Fi Gl R = I(R),
i € Ay, partial ordermgs in the constraints (3.5) are as deﬁned in (2.2).
Using expression (2.4), the interval valued functions FZc ., can be represented

in the parametric form as
cml”j (@) = {fcii(ti)(x) | fcii(tz-) tR" = R, ci(t;) € Cﬁ}

Using Expression (2.4) and Inequality (2.2) the constraints of (MIOP) can be
expressed as

[0 e R"GE,, (2) < B, } = {w e R"gh ) (@) <b(t))}, (3.6)

where g @y BT = R, dp(t)) € D,”, b(t]) € By,
P\"p
Throughout this section, we consider t = (t1,to, ..., t,)7, t; = (t5,t2...tF)T,
1€(0,1),j € Ag,, i € A, 17, € [0,1].
The feasible set for (M IOP) can be expressed as the set,

S = {m € R"|GP ., (x) < (or =)By, p € Aq}

- N {x € R™gh, (@) < (or 2)by(t}), ), € [0,1}}.

PEA

Using expression (2.4), (MIOP) can be rewritten as

min { (£ () (@), S,y (@)s s £20 0y (@)les(ti) € CEi € A |

z€eS

Since (MIOP) has several interval valued conflicting objective functions, so ex-
act solution of (MIOP) may not exist which minimizes all objective functions
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simultaneously. Like general multi-objective problem, solution of (MIOP) is a
compromise/ Pareto optimal/ efficient solution. For every x, the objective value
of (MIOP) is an interval vector. So, for any two different feasible points x and
y, the objective values F(x) and F(y) can be compared componentwise like real
vectors. We denote this by

F(z) =0 F(y) & F, (2) 2 F, (y) Vi € Ay,
A partial ordering can not compare all intervals. Due to the complexities associ-
ated with partial orderings, involved at different stages of (MIOP), it is difficult
to derive the efficient solution of (MIOP) directly like general vector optimiza-
tion problem. To avoid these complications, (M IOP) is transformed to a general
optimization problem in the subsequent sections. Some gradient free and gradient
based results are established to study the existence of efficient solution of (M IOP)
through the solution of the transformed problem. We accept the partial ordering <
as defined in (2.2) to prove these results and call an efficient solution of (MIOP)
with respect to < as I<-Efficient solution. (Several partial orderings in I(R) exist
in literature (see [5,7]). The results of this paper are based on the partial ordering
in the parametric form. However, similar theory may be developed with respect to
any other partial ordering.) Like vector optimization problem, /<-Efficient solution
and properly I<— Efficient solution of (MIOP) may be defined as follows.

Definition 3.1. 2* € S is called an I<-Efficient solution of (MIOP) if there is
no z € S with
FC (x )<Fz ( "),i € Ay, and for at least one j # i, F c" (x )<F] S (@)
(3.7)

v 'u

Definition 3.2. z* € S is called a properly I<-Efficient solution of (MIOP) if
z* € S is an I<-Efficient solution and there is a positive degenerate interval 7 so
that for some i € A,, and for every x € S with cmk (x) < F’ck (z*), at least one

J # 1 exists with Fékj (z*) < F]Ck] (z) and

—u - =1. (3.8)
Example 2. Consider the problem ming, ,,)es{F1(x1,22), Fo(21,22)}, where
Fl(l‘l,xg) = [1,2]$1 D [1,3], F2($1,$2) = [1,3]$2 ©® [1,2] and S = {(l‘1,$2)

R 2% + 23 <1}
(7, 25) = (—@ —1)is properly I<-Efficient solution of (MIOP).
Fy(af,zy) =1 — \/_ 3,3 — ] Fy(27,23) = [—3,2]. Any point of the set S

is (27,28) = (—¥2=L 14 ) n € N. Substituting (27, %) in place of z, the

n
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interval inequalities (3.7) becomes

Fy(xf,2h) < ll - V3,3 - \/75] and Fo(z7, z85) < {—%, g] . (3.9)

Using the partial ordering < and < stated in (2.2) and interval operations stated
n (2.1), (3.9) reduces to the following system of real inequalities.

V2n —1 \/_g
2

n

%

and n>2neN (3.10)

The system (3.10) has no solution. Consequently (3.7) has no solution. Hence by
Definition 3.1, (— \f, —1) is an I<-Efficient solution of (MIOP).

Again

Fi(x7,25) © Fi(af, ah) l 2—\/_-1- =V2n — 2—£+%\/ 1]

Fy(at, ay) © Fa(ay, 3) s43 17

For a sequence of intervals {[aX, aZ]}, lim, oo [ak, af] = [lim, o ak,lim, . aff]

(see [12]). Hence

lim

n—oo Fy(xy, 2y) © Fa(a7, x3) 30T

Fy(a},23) © Fi(af,23) l—4 ~2V3 ﬁ—4] _
Fl(rl rz)eFl(rl’ Ty
Fy (a2}, 25 )0 F2 (27,25

)
)
Definition 3.2, z* = (—ﬁ —1) is a properly Ij—Eﬂicient solution of (MIOP).

2

Then we can write

Consider 7 = | 4= 2\/_ 4 2\/_}

Optimality conditions for the existence of I<-Efficient solution of (MIOP) are
established in the following subsections.

3.1. OPTIMALITY CONDITION WITHOUT USING DERIVATIVE

As discussed earlier, it is difficult to find the efficient solution of (MIOP) di-
rectly due to the complexities arising in the partial ordering in the set of intervals.
To address this difficulty, we construct a deterministic form of (M IOP) using some
transformations as follows and prove that an optimal solution of the transformed
problem is an I<-Efficient solution of (MIOP) in the subsequent theorems.

Consider a  vector valued weight function w (or w(t)) =
(wi(t1),wa(t2) ..., W (tm )T, wi(t;) > 0, and p; > 0, 3 € A,,, and construct an
optimization problem

(MIOPY) Hlelgkp() (3.11)
where W(x) = > .., pti(z), and ¢(z) = fkiwi(ti)fé(ti)(m)dti, dt; =

dtlde?...dtf and [, = // /

(ki tlmeb)
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Note. w;(t;) may be treated as a preference weight function, which has to be
provided by the decision maker. Different preference functions can be provided to
estimate the Pareto optimal value of the model. For every i, w;(¢;) = 1 indicates
that the investor’s natural attitude is to estimate the mean. If fol w;(t;)dt; = 1 for
every ¢ then the investor’s inclination is to estimate in between the optimistic and
pessimistic optimal value. In the subsequent results we will see that any selection
of w; with positive value can provide an I<-Efficient solution.

Theorem 3.3. If * € S is an optimal solution of (MIOP¥) for some w >, 0
and p >, 0, then x* is an I<-Efficient solution of (MIOP).

Proof. Let * € S be an optimal solution of (M IOP#), w >, 0 and p >, 0. Assume
that z* is not an I<-Efficient solution of (MIOP). Then by Definition 3.1, there is
some x € S satisfying (3.7). Using (2.2), the inequalities in (3.7) can be rewritten
as follows.

For some z in S and each t; € [0, 1]*:,

Zi(m(w) < féi(ti)(x*) ,i € Ay, and fgj(tj)(x) < fgj(tj)(x*) for at least one j # 1.

Since w;(t;) > 0 and u; > 0, the above relations imply that ZieAm withi(z) <
> ica, Miti(z*). This is equivalent to ¥(z) < ¥(z™), which is impossible since
x* is the optimal solution of (MIOPH). Hence z* is an I<-Efficient solution of
(MIOP).

Theorem 3.4. If z* is an I<-Efficient solution of (MIOP) with G%ZL,, () =B,
and Fggw G%Z"” p € Ay, i € Ay, are interval valued convex functions with respect

to < then there exists a weight function w 2, 0 such that z* is an optimal solution
of (MIOPY) for any p >, 0.

Proof. Here S = {z € R"| G%:n,, (#) 2By, p€ A} =Npeu fz € R"\gsp(t;)(x) <
bp(ty,),t, € [0,1]}. Since G%;np is an interval valued convex function, so by Re-
mark 2.2, ggp(%)(x) is a convex function. Hence S is a convex set. Suppose z* € S
is an I<-Efficient solution of (M IOP). Then there exists no x € S satisfying (3.7).
From Remark 2.2, we can conclude that fcii(ti) is convex on a convex set S for
each t;. Since (3.7) has no solution, so using the concept of partial ordering and
interval valued function in Section 2, we can conclude that, for every ¢; in [0, 1],
the following system has no solution on S.

féi(ti)('r) - f;(ti)(l‘*) <0Vied,
and fgj(tj)(m) o fgj(tj)(x*) <0

for at least one j # i

If we denote F(z,t) = ( gl(tl)(x) —fgl(tl)(x*), s S8 (@) —f;’:n(tm)(x*))T then
above system implies that F(x,t) <, 0 has no solution for every ¢. This implies
that F'(z,t) <, 0 has no solution for every ¢. Hence from Proposition 2.3, there
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exists a real vector u = (u1,us2,...,Un)’, u =, 0 such that u”F(x,t) > 0 is
true for all x € S. Define w; : [0,1]* — R, U {0} by w;(t;) = u;,i € A,,. Then
uTF(z,t) > 0 is same as

w(t)TF(z) >0,Yz e S

This implies that » ;. , wi(ti)féi(ti)(m) > e, wi(ti)fgi(ti)('r*) vV x € S. Hence
for i >0, icq  pithi(x) > 04 pithi(z™) Vo € S. This is equivalent to ¥(z) >
W (z*)Va € S, which implies that 2* is an optimal solution of (M IOP) for w 2, 0,
w >, 0.

Theorem 3.5. If z* € S is an optimal solution of (MIOPY), w >, 0, w; are
continuous functions satisfying fk_ w;(t;)dt; = 1 and p >, 0 then x* is a properly
I<-Efficient solution of (MIOP).

Proof. Suppose x* is not a properly I<-Efficient solution of (MIOP). So either
x* is not an I<-Efficient solution of (MIOP) or z* is an I<-Efficient solution but
does not satisfy the conditions in (3.8).

(I) Suppose z* is not an I<-Efficient solution of (MIOP). Then by Theorem 3.3,
x* is not an optimal solution of (MIOP!) for any choice of w >, 0 and p >, 0,
which contradicts that z* is the optimal solution of (M IOP).

(IT) Let a* be an I<-Efficient solution of (MIOP) but does not satisfy the con-
dition for properly I<-Efficient solution (3.8). One can choose

_ pw; (t5)w; (t5)
n—(m—l)mixtrtnzixt {m} for m > 2,i # j, t;, ; € [0,1]%

Since w; is continuous so 7 exists. Then from Definition 3.2, for some i € A,,, and
some z € S with cmkL (x) < Ficki (z*),

=1, Vj € Am,i # J, (3.12)

with FJ ( ) < FJ ( ) holds for 7 = [n, n].

(3. 12) means for every ti, b,

f; L( z*) — ;({)(x)
7 on@ — 2 o (@)

pyw; (t)w; (t5)
Nzwz(tz) (5)

>z m-1){ b v dniit

which is

pawi () wi () (1 oy (@) = F1 5 (2)) >
(m = gy (t)w; (G)(FL (@) = f2 ¢ (7))
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So
g /k /kj w5 ()W (E3) (£ 1) (@) = J2, (@) Aadlts

Since [, . Wi(t;)dt; = 1, after integrating the above inequality becomes

pi(i(2™) = i) > (m = V(5 () — ¢;(a”))
Hence
S m@i(at) = vil@) > (m—1) Y () —y(a))
JE€EAm,jF#i JEAm, jFi

This implies pi(¢i(2™) — $i(2)) > Djen,, jzii(Vi() — ¥j(27)). Hence
Z]‘eAm ijj(x*) > Z]‘eAm ijj(x)'

That is, ¥(z*) > ¥(z). This contradicts the assumption that z* is the optimal
solution of (MIOP).

3.2. OPTIMALITY CONDITION USING DERIVATIVE

For a feasible point 2* € S, denote J(z*) = {p : G m, (z*) = By, p € Ay}. That
is, J(z*) ={p: g (t,)(x*) = by(ty,),V t;, € [0,1],p € Ay}
Theorem 3.6. Suppose FZ ki and G? pre are differentiable functions and convex
with respect to X at x* € S of (MIOP) satisfying

> niVF, () ® Y wVGH ., (") =0, (3.13)
€A, peJ(z*)
where p; > 0,1 € Ay, and for every p € Ay, v, > 0 if G’l’)mp () X Bp; vp <0 if
Glz)mp( x) = Byp; and v, is unrestricted if p € J(z*). Then x* is an I<-Efficient
solution for (MIOP).
Proof. Suppose F’ck and G’]Dmp are convex at z* with respect to <. From Re-
mark 2.2 it is true that fi () and gsp(t,) are convex functions at z* for every
P
So for all z € S and all ¢;, ¢t/

27 p (2l p?
f;(ti)(x)—f;(ti)(x*) > (z— x*)TVfcii(ti)(x*),v i € Am (3.14)
Gh ) (8) = O ) (@) = (@ = 2TV, o (@) Y pEd,  (315)

From (2.3), Equation (3.13) becomes

Z iV fo iy (%) + Z Z/I,Vggp(t,)( *) =0, Vit (3.16)

1€A, peJ(x*)
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For scalers p; > 0, i € Ay,

Do il @) = flay @) = Y il =)'V (@) (from (3.14))

i€Am i€Am
=— Z vp(z — x*)TVgZP(%)(:E*) (from (3.16))
peJ(*)
> = 3 gl @)= (@) (From (3.15)
peJ(z*)

= Z Vp(ggp(t;)(l‘) - bp(t;)

peEJ(z*)
—gf}p(t;) (") + bp(t;))

From the definition of v, Vp(ggp(t, y(@) = by(ty)) <0,V @ # 2 and for p € J(2),
p

v (ggp(%)(m*) — by(t]))) = 0. Hence the above inequality becomes

Z Nifpi(ti)(x) > Z H’ifgi(ti)(x*)'

€A, 1€ A

Now for any w >, 0, > ;cx pithi(x) > D ic 4 piti(x™). This is same as ¥(z) >
¥ (x*). That is, * is an optimal solution for (M IOP), for w, u >, 0. Hence from
Theorem 3.3, one can conclude that z* is an I<-Efficient solution for (M IOP).

3.3. NUMERICAL EXAMPLES

Some results of Sections 3.1 and 3.2 are illustrated in the following examples.
Example 3 justifies the application of Theorem 3.3 and Example 4 justifies the
application of Theorem 3.6.

Example 3. Consider the following optimization problem whose objective func-
tions and constraints are nonlinear interval valued functions.

(MIOP)  min  {[~2,0]zy,[~1,2]z; © [1,1]z3}
subject to [0.5,1.5]x1 @ [1.5,2.5]xe < [2.5,3.5],
[0.5,1.5]23 @ [1, 1]z2 =< [0.05,0.2],
z1 > 0,20 > 0.

Denote Fél(ml,mg) = [—2,O]m1,F%2 (v1,m2) = [—1,2]z1 & [1,1]23, G}y (x1,22) =
[0.5,1.5]z1 @& [1.5,2.5]z0, G2z (21, 2) = [0.5, 1.5]z% & [1, 1]zs.
Then fgl(tl)(xl,xg) = (=2 + 2t1)x; and f? (t2) (@1, 22) = (=1 + 3t2)71 + 23,

co

where t1,t2 € [0,1]. Consider the weight functions wy(t1) = 1+ ¢1, wa(ta) =

(1 +t2)2 and M1 = %, Mo = % Then w1(l‘1,l‘2) = fol wl(tl)fgl(tl)(x17x2)dtl =
1

—%xl and o (x1,x2) = fo wg(tg)fi(b)(xl,xg)dtg = %xl + %x% Using (3.6), the
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parametric form of G}y (z1,z2) < [2.5,3.5] and GD2 (ml,mQ) =< [0.05,0.2] can be
written as g} ) y(1,22) < (2.5 + 1) vti € [0,1] and ng( 2)(:61,:102) < (0.05 +
0.15t5) Vt5 € [0, 1], respectively, where

gdl( o(@1,22) = (0.5 +t))z1 + (1.5 + ) )xg,gd2( (T, 22) = (0.5 + th)a? + xo.
Hence

S = {(z1,22) € R?|gg, (21, 22) < (2.5 +11), 97, (11 (1, 22) < (0.05 + 0.1585);
th,th € 10,1],21 > 0,22 > 0}
= {(x1,72) € R*0.521 + 1529 < 2.5,1.521 + 2.529 < 3.5,0.52% + x5 < 0.05,
1.52% + 29 < 0.2,27 > 0,29 > 0}.

The deterministic problem corresponding to (MIOP) becomes

25 7
MIOP*) : = 3
(MIOFy) (zlnilzr)les 48 ST 12"

Using LINGO the optimal solution of the above problem is found as (0.3162278,0).
From Theorem 3.3 it follows that (0.3162278,0) is an I<-Efficient solutions for
(MIOP).

This may also be verified using Definition 3.1.

Example 4. Consider the following optimization problem whose objective func-
tions and constraints are nonlinear interval valued convex functions with respect
to <.

min {[1, 2022 @ 2,322 @ [1,2], [2,4]e? @ [4,6]22 & [3, 5]}
2 11 21
subject to [1,6]z1 @ [1,2]ze = [1,12], [1,2]z1 ® [5,1]352 = [E, E} .

Denote Fég (x1,m2) = [1,2]22 & [2,3]23 @ [1, 2], ch (71,22) = [2,4]2% ® [4,6]23 ®
3, 5],

G}Dg (x1,22) = [1,6]x1 & [1,2]z2 and GD2 (x1,22) = [1,2]71 ® [:23, 1]zs.

Then fcll(tl)(ml,xg) = (1+t})z + (2 +t2)m2 + (1 +t}) and f 1) (1, T2) =
(24 2t3)22 + (4 + 2t3)a3 + (3 + 2t3), where ], 1} € [0,1],5 = 1,2,3.

Using (3.6), the parametric form of GD2 (z1,22) = [1,12] and GH, (21, 72) =
[ 21

%, %] can be written as

11
9ay ey (@1, 22) > (14 1187) Yty € [0,1] and g3,y (21, 22) > (E + 275/2) vty € [0, 1],

where gclll(t,l)(:m,mg) = (1 +5t))z1 + (1 + t))za, 932(t'2)(x17$2) = (1 +th)z +
(2 + &t) x2. Following the procedure of Example 3 with w1 (t1,¢3,}) = 1 + t}t3
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and wo(t3,3,13) = 1+ t513¢3 and p1 = 1, 2 = 1, we get an I<-Efficient solution

of this problem as m (ar;17 x5) = (2 3).

Since f! er(t1) 7 02 (t2)’ gdl(t,) and g2 da(t,) Are convex in R? for every ti,to,t],th,
so from Remark 2.2, the interval valued functions Fég, FQCS, GD2 and GD2 are
convex functions with respect to <. Here J(z*) = {2}.

. afcl (z7,x3) afcl (z],x3)
VFL, (2%, 23) = | ming, o, o ma, o g oA
G T T i 0f2 vy (@i sa3) 02 o) (@1 ,23)
t1€[0,1]3 GED yMaXt €[0,13 — gzy
- {mint}e[o,u(l +11) %, max o, (1 + t%)%} - ( [, 38] >
- . - 12 18
[mlntfe[o,l](2 +17) ¢, maxpzc(o.1(2 + t%)%] (5%
[356a752] 2 * * [LQ]
Similarly, VFCS (z7,25) = EX5E VGD%(LUDI'Q) = [% 1)
575 9

Equation (3.13) is equivalent to

11 VF g (27, 23) ® p2VFEs (27, 25) © 11 VG, (2], 23) = 0

o i) o (1) = (42 - (83)

18 36 36 72
= —, — 1,2 0,0
ml—=, =1 @ pel, =1 ®n(1,2] = 0,0],
12 18 24 36 2
d =10,0
and pi[—, =] @ pe[ -, ] @ ul3, 1] = [0,0]
18 36 12 24 2
= —u+ —pz+rv1 =0, and —ul 4+ —ps+ -1 =0 (3.17)
) b) b) 3
p1 = 3.p2 = 3,01 = —2 satisfy (3.17). Hence by Theorem 3.6, (2,2) is an

I<-Efficient solution of the problem.

4. CONCLUSION

In this paper, a multi-objective interval optimization problem is solved after
transforming it to a general deterministic optimization problem, which is free
from interval uncertainty. Relation between the solution of original problem and
the transformed problem is established under some assumptions. As we discussed
earlier, different type of nonlinear multi-objective interval optimization problems
are studied by Dunwei Gong et al. [2], Soares et al. [10] and Wu [13]. Dunwei Gong
et al. and Soares et al. have suggested some evolutionary algorithms for MITOP
but they have not studied the conditions for the existence of solution of MIOP.
Wu has studied the conditions for the existence of solution of a particular type of
MIOP whose objective functions are interval valued functions but all constraints
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are real valued functions. This paper discusses the conditions for the existence
of solution of M TOP model whose objective functions as well as constraints are
nonlinear interval valued functions. This may be treated as an advantage of this
paper. While transforming the original model to a deterministic form, a weight
function is required, which has to be provided by the decision maker. Sometimes
selection of the weight function may create a burden to the decision maker, but
choice of the weight function has no effect on the theoretical developments. Proofs
of the results of this paper require a partial ordering in parametric form. Any
other partial ordering can also be used to develop similar methodologies in the
light of present development. However in case of a different partial ordering the
formulation of the transformed problem and the proof of the theorems may differ.
Duality theory plays an important role for the existence of solution of a general
multi-objective interval optimization problem. In the light of this methodology
duality theory for a general multi-objective interval optimization problem can be
established which is the future scope of the present work.
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