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STOCHASTIC FORMULATIONS OF THE PARAMETRIX METHODI

Arturo Kohatsu-Higa* and Gô Yûki

Abstract. In this manuscript, we consider stochastic expressions of the parametrix method for solu-
tions of d-dimensional stochastic differential equations (SDEs) with drift coefficients which belong
to Lp(R

d), p > d. We prove the existence and Hölder continuity of probability density functions for
distributions of solutions at fixed points and obtain an explicit expansion via (stochastic) parametrix
methods. We also obtain Gaussian type upper and lower bounds for these probability density functions.
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1. Introduction

In this paper, we consider multi-dimensional stochastic differential equations (SDEs) of the form

Xt = x0 +Bt +

∫ t

0

b(Xs)ds, (1.1)

where x0 ∈ Rd, {Bt}t≥0 is a d-dimensional Brownian motion and b : Rd → Rd. We will show that if b belongs
to Lp(Rd) with p > d then Xt admits a continuous density and it satisfies two-sided Gaussian bounds.

The regularity of transition densities for solutions to SDEs has been studied by many researchers and it is well
known that a key property to solve this problem is the regularity of the coefficients of the SDE. For hypoelliptic
SDEs, if the coefficients are sufficiently smooth and have bounded derivatives then Malliavin calculus arguments
work well and the solution admits a smooth density (see e.g. [20, 22]).

In recent years, one of the directions in this area of research is to develop tools to deal with the case of non-
smooth coefficients. In this case, it is not easy to use Malliavin calculus directly. However, in [12], the authors
prove Hölder continuity of densities for bounded non-Lipschitz drift coefficient b by applying Malliavin calculus
in combination with some approximation techniques. This regularity property is obtained via. an estimation of
the integrability order of the Fourier transform of Xt. This result was extended in [13] for drift coefficients in
Sobolev type spaces.

Other results by applying Malliavin calculus for SDEs with non-Lipschitz coefficients are available. See for
example: [16, 17]. In these articles, the main tool used is a combination of Girsanov’s theorem and Malliavin
calculus.
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One of the main purposes of the present paper is to present the link between this technique with the classical
parametrix method in analysis as exposed in [11] and to show that the interaction between these two techniques
may be fruitful for various models in stochastic analysis.

As a possible application, we obtain upper and lower bounds and regularity properties for the density of Xt

when the drift coefficient satisfies that b ∈ Lp(Rd) with p > d. In particular, unbounded drifts are amenable to
this condition and we are interested in finding conditions so that Gaussian bounds can be obtained even if the
drift function, b, may explode at some points.

Historically, this problem is important in applications and one of the first works in the direction of this article
is the book of Portenko [24].

It is well known that Markov type SDEs are associated with second order parabolic type partial differential
equations (PDEs). Especially, transition densities of solutions to SDEs are associated with fundamental solutions
to parabolic PDEs. The parametrix method is a standard approach to fundamental solutions (see Ref. [11]). By
using the parametrix method and its extensions, Gaussian upper and lower bounds for fundamental solutions
have been obtained in a variety of settings.

Certainly, the amount of results in this topic is very large. Other results that fall into this class are [15, 28, 29]
which use Dirichlet forms techniques and give upper and/or lower bounds for the density. Similarly, we refer
the reader to [7, 8, 27] for other results that also show applications of these estimates in order to obtain strong
existence for stochastic equations. For other related results we also refer to [1].

The Hölder regularity of densities for solutions to (1.1) in the case of bounded path-dependent drift coeffi-
cients and constant diffusion coefficient is studied in [3, 4]. The authors show that there exists a density which
is α-Hölder continuous for any α ∈ (0, 1). Also they obtain Gaussian type bounds for these densities.

For path-dependent SDEs with bounded Dini continuous coefficients and non-constant diffusion coefficient
[19] extends a method introduced in [21], showing that the solution of the stochastic equation admits a Hölder
continuous density and it satisfies Gaussian type bounds.

In the above probabilistic results, the Girsanov theorem plays an important role in the proofs. On the other
hand, a probabilistic interpretation of the parametrix method for SDEs with Hölder and bounded continuous
diffusion and drift coefficients is given in [2]. Its application to the Monte-Carlo simulation is also introduced
in [2]. Still, no discussion of its relation with Girsanov’s theorem is introduced in that article.

Our first goal is to find the relation between the above Girsanov method and the parametrix expansion
technique which may be fruitful for other applications. Secondly, we apply the result in order to analyze situations
under which one can still obtain upper and lower Gaussian bounds although the drift coefficient may blow up at
certain points. Thirdly, we would like to understand the possible effects of the irregularity of the drift coefficient
at certain points on the regularity of the density of Xt at these points.

Our arguments will first consider a solution to (1.1) with bounded b and obtain a infinite series expression
of E[f(Xt)] with bounded Borel measurable function f via. the Girsanov theorem (to remove b from (1.1)
). Roughly speaking, we apply the Itô formula for the Girsanov density repeatedly and obtain infinite series
expression for E[f(Xt)] with bounded Borel measurable function f . This probabilistic proof corresponds to the
classical parametrix expansion method.

Next we consider an approximative solution, say X(n), to (1.1) with drift coefficient b(n) ∈ Lp(Rd), p > d.
That is, for each n ∈ N, X(n) is given as the solution to SDE:

X
(n)
t = x0 +Bt +

∫ t

0

b(n)(X(n)
s )ds,

where b(n) is a bounded function from Rd into Rd and converges to b in Lp(Rd). Then we prove that E[f(Xt)]

is given by the same infinite series expression for E[f(X
(n)
t )] with b(n) replaced by b. This will give an expression

for the density function of the law of Xt.
As applications, we obtain the upper and lower Gaussian bounds for the density and the Hölder continuity of

the density. We also remark that our infinite series expression for E[f(Xt)] can be used for an exact Monte-Carlo
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simulation like the one introduced in [2] which is related to an analytical approximation given in [10]. In [6],
the authors discuss generalizations to integrated diffusions.

The article is divided as follows. In Section 2, we give our main notations. In Section 3, we give our probabilistic
interpretation of the parametrix method for bounded drift coefficients.

In Section 4, we start considering the limit arguments needed in order to consider the density function of SDEs
with non bounded drifts. Finally, in Section 5, we consider the properties of the densities deduced in Section
4. In particular, we discuss an important one-dimensional example which clarifies the effect of the irregularity
of the drift on the Hölder continuity of the density function. Some conclusions and future work are given in
Section 6 and we close with some auxiliary results in an Appendix A.

2. Notations

For n,m ∈ N,Mb(R
n; Rm) denotes the space of bounded measurable functions defined on Rn into Rm. For

a bounded function f ∈ Mb(R
n; Rm), the uniform norm is denoted by ‖f‖∞ := ess supx∈Rn |f(x)|, where | · |

stands for the Euclidean norm on Rm. The inner product between two vectors x, y may be denoted by x · y or
〈x, y〉.

For n,m, k ∈ N, Ckb (Rn; Rm) denotes the space of bounded functions defined on Rn into Rm with bounded
derivatives up to order k. Similarly, Ckc (Rn; Rm) denotes the subspace of Ckb (Rn; Rm) with compact support.

For n,m ∈ N and p ≥ 1, Lp(Rn; Rm) denotes the space of measurable functions f : Rn → Rm such that
|f |p is integrable, and as usual, ‖f‖p denotes its corresponding norm. If n = m then we will use Mb(R

n) (and
also for Ckb and Lp) instead of Mb(R

n; Rn).
Given t > 0 and n ∈ N, we define the set

∆n,t := {(s1, . . . , sn) ∈ (0, t)n; sm+1 < sm, for any 1 ≤ m ≤ n− 1} .

For (s1, . . . , sn) ∈ ∆n,t, we sometimes use the simplifying notation sn1 := (s1, . . . , sn). Given a region A ⊂ Rn

and f ∈ L1(Rn; R), we define ∫
A

f(xn
1)dxn

1 :=

∫
A

f(x1, . . . , xn)dx1 · · · dxn.

For each t > 0, x0 ∈ Rn and n ∈ N, the function gt(x0, ·) : Rn → R denotes the density function of Gaussian
distribution with mean vector x0 and the covariance matrix tI, where I is the n× n-unit matrix. If x0 = 0, we
use gt(·) instead of gt(0, y).

Let {an}n∈N be any sequence of real numbers. For n > m, we define

m∏
j=n

aj := 1.

3. The parametrix method VIA the Itô–Taylor expansion

Let (Ω,F , {Ft}t≥0,P) be a complete filtered probability space and {Bt}t≥0 be a d-dimensional {Ft}t≥0-
Brownian motion. We consider the following SDE;

Xt = x0 +Bt +

∫ t

0

b(Xs)ds, (3.1)

where x0 ∈ Rd and b ∈ Mb(R
d). For sufficient conditions for existence and uniqueness for the

equation (3.1), we refer the reader to the traditional results in Section 1.2 in [5].
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In this section, we introduce a parametrix representation for E[f(Xt)] with f ∈ Mb(R
d; R) by using the

Itô–Taylor expansion for the Girsanov density.

3.1. Expansion for the Girsanov density

In this section, we will provide the expansion of the density for the solution of (3.1). The idea is based on
the application of the Girsanov formula, Itô–Taylor expansion and partial Malliavin calculus. This expansion
has allowed the theoretical study of the qualitative properties of the density of the solution to (3.1). This idea
already appeared in [13], where the following discussion is done in the particular case that the test function f
is the complex exponential function. Other applications were also exposed in [16, 17].

Although the calculations at the beginning of this section follow in a similar manner as in Section 5 of [13] we
describe them here in detail for the sake of completeness. This formulation has some connections with the PDE
approach formulated in [30]. The main difference being that the expressions in [30] correspond to the kernels of
the Itô chaos expansion of Xt while ours correspond to the density of Xt.

Fix t ∈ (0, T ] and define the probability measure Q as

d Q

dP

∣∣∣∣
Fu

= exp

(
−
∫ u

0

b(Xs)dBs −
1

2

∫ u

0

|b(Xs)|2ds

)
, u ∈ [0, t]. (3.2)

Then by Girsanov’s theorem,

Wu := Xu − x0, u ∈ [0, t],

is a {Ft}t≥0-Brownian motion under the measure Q. From now on, we denote by E and E the expectations
under P and Q, respectively. Define the following processes for u ∈ [0, t],

Zu := exp

(∫ u

0

b(Ws + x0)dWs −
1

2

∫ u

0

|b(Ws + x0)|2ds

)
. (3.3)

Then we have the following.

Lemma 3.1. Assume that f ∈Mb(R
d; R). Then we have

E [f(Xt)] = E [f(Wt + x0)Zt] .

Proof. Let f ∈Mb(R
d; R). From the definitions of Q and W , we have

E [f(Xt)] = E [f(Xt − x0 + x0)]

= E
[
f(Wt + x0) exp

(∫ t

0

b(Xs)dBs +
1

2

∫ t

0

|b(Xs)|2ds

)]
= E

[
f(Wt + x0) exp

(∫ t

0

b(Ws + x0)dWs −
1

2

∫ t

0

|b(Ws + x0)|2ds

)]
.

Now the definition of Z implies that the last term equals to E[f(Wt + x0)Zt]. This completes the proof.

Itô’s formula applied to (3.3) implies that Z satisfies the following linear SDE;

Zu = 1 +

∫ u

0

ZsdMs, (3.4)
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where M is a square integrable martingale defined by

Mu :=

∫ u

0

b(Ws + x0)dWs, u ∈ [0, t].

Now we define recursively Z
(0)
u := 1 and

Z(n)
u :=

∫ u

0

Z(n−1)
s dMs, u ∈ [0, t], n ∈ N.

Then for any N ∈ Z+, using (3.4), N + 1 times we have

E [f(Wt + x0)Zt] =

N∑
n=0

In(t, x0) +RN (t, x0), (3.5)

where for n,N ∈ Z+, In and RN is given by

In(u, x0) := E
[
f(Wu + x0)Z(n)

u

]
, u ∈ [0, t],

and

RN (t, x0) := E
[
f(Wt + x0)

∫ t

0

· · ·
∫ sN

0

ZsN+1
dMsN+1

· · · dMs1

]
. (3.6)

3.1.1. Estimate for RN

Now we prove that the series in the right hand side of (3.5) uniformly converges in t and x0. To do this, we
first give an estimate for RN .

Proposition 3.1. Let t ∈ (0, T ], x0 ∈ Rd and f ∈Mb(R
d; R). Then for each N ∈ Z+, we have

|IN (t, x0)| ≤‖f‖∞
‖b‖N∞TN/2√

N !
,

|RN (t, x0)| ≤CN‖f‖∞,

where CN :=
√

TN+1eT‖b‖
2
∞

(N+1)! .

Proof. Let t ∈ (0, T ] and x0 ∈ Rd. We will prove the second inequality as the first follows similarly.

Since E[Z2
u] ≤ eu‖b‖2∞ holds for any u ∈ [0, t], we have∫

∆N+1,t

E[Z2
sN+1

]dsN+1
1 ≤

∫
∆N+1,t

esN+1‖b‖2∞dsN+1
1 . (3.7)

We remark that the right hand side of (3.7) is the N + 1th remainder term of the Maclaurin expansion of

the function eu‖b‖
2
∞ . Therefore, we obtain that∫

∆N+1,t

E[Z2
sN+1

]dsN+1
1 ≤ tN+1et‖b‖

2
∞

(N + 1)!‖b‖2(N+1)
∞

.
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Now applying the Hölder inequality and the L2-isometry of the stochastic integral to (3.6), we have

|RN (t, x0)| ≤ ‖f‖∞

√
tN+1et‖b‖

2
∞

(N + 1)!
. (3.8)

Since 0 < t ≤ T , we have that

tN+1et‖b‖
2
∞

(N + 1)!
≤ TN+1eT‖b‖

2
∞

(N + 1)!
. (3.9)

Substitute (3.9) in (3.8) and define CN :=
√

TN+1eT‖b‖
2
∞

(N+1)! . From here, the result follows.

Since CN tends to zero as N → +∞ and
∑
n
‖b‖n∞u

n/2

√
n!

< ∞, we have the following expansion for

E [f(Wt + x0)Zt].

Proposition 3.2. Let t ∈ (0, T ], x0 ∈ Rd and f ∈Mb(R
d; R). Then the following equality is satisfied.

E [f(Xt)] = E [f(Wt + x0)Zt] =

+∞∑
n=0

In(t, x0). (3.10)

The convergence holds uniformly in t ∈ (0, T ] and x0 ∈ R.

3.2. Stochastic parametrix representation

The goal of this section is to rewrite each term In in the expansion (3.10) without the use of stochastic
integrals. This will lead to expressions using instead Lebesgue integrals.

In this sense, the result to follow is linked to the classical parametric method of PDEs (see Ref. [11] for the
analytic argument in the case of PDEs) although the deduction here is completely probabilistic. This section is
different from the one in [13] where a Fourier analysis approach is taken as the interest in that paper was to
study theoretical properties of the density of Xt.

In order to introduce the probabilistic form of the parametrix expansion, we define

H(u, v, x0) :=
〈Wv −Wu, b(Wu + x0)〉

v − u
, (3.11)

for x0 ∈ Rd and u, v ∈ [0, t] with u < v.

Theorem 3.1. For any f ∈Mb(R
d; R), we have

E [f(Xt)] = E [f(Wt + x0)] +

+∞∑
n=1

∫
∆n,t

E

f(Wt + x0)

n−1∏
j=0

H(sj , sj+1, x0)

dsn1 . (3.12)

Proof. The proof can be carried out using Malliavin calculus which was used in [17] and [16]. That argument
required to assume first that f ∈ C1

b (Rd; R) and b ∈ C∞b (Rd) and then take limits in order to assure that they
are valid in general.

The same argument can also be achieved using the Feynman–Kac formulas as in [21] and [19] which use this
argument up to the first order expansion only.
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We will use the second option here. Define recursively for any sequence t = s0 > s1 > s2 > · · · > 0:

u1(s1, x) =E [f(Wt + x0)/Ws1 = x] , s1 ∈ [0, t],

un(sn, x) =E
[
∇un−1(sn−1,Wsn−1

) · b(Wsn−1
+ x0)

/
Wsn = x

]
, sn ∈ [0, sn−1], n ≥ 2.

Note that the differentiability of un follows easily as the transition density of the Wiener process is explicit.
Furthermore un satisfies the heat equation (∂sn + 1

2∂
2
x)un(sn, x) = 0. In fact, one has

∇u1(s1, x) =E
[
f(Wt + x0)

Wt −Ws1

t− s1

/
Ws1 = x

]
,

∇un(sn, x) =E
[
∇un−1(sn−1,Wsn−1) · b(Wsn−1 + x0)

Wsn−1
−Wsn

sn−1 − sn

/
Wsn = x

]
.

In order to obtain an alternative expression for In(t, x0), one uses the above elements and the fact that Z(n)

is a square integrable martingale with mean zero, the Itô’s formula for ui, i = 1, . . . , n and the fact ui satisfies
the heat equation to obtain that

In(t, x0) =E
[
u1(t,Wt)Z

(n)
t

]
=E

[∫ t

0

∇u1(s1,Ws1)dWs1Z
(n)
t

]
.

By calculating the quadratic variation and again use the Itô formula, we have

E
[∫ t

0

∇u1(s1,Ws1)dWs1Z
(n)
t

]
=E

[∫ t

0

∇u1(s1,Ws1) · b(Ws1 + x0)Z(n−1)
s1 ds1

]
=E

[∫ t

0

u2(s1,Ws1)Z(n−1)
s1 ds1

]
.

Finally, one proves inductively that

In(t, x0) =

∫
∆n,t

E

f(Wt + x0)

n−1∏
j=0

H(sj , sj+1, x0)

dsn1 .

From the above, one achieves (3.12).

Further, we can also obtain the following probabilistic representation which may be of independent interest.

Theorem 3.2. Let f ∈Mb(R
d; R) then

E[f(Xt(x0))] = eλtE

f(Wt + x0)

Nt−1∏
j=0

H(τj , τj+1, x0)

 .
Here, N is a Poisson process with mean rate λ > 0 independent of W . The random times τi := t− ηi are such
that ηi is the time of the ith jump of the Poisson process N , where we define η0 = 0.
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Proof. We only need to remark that given that a Poisson process of parameter λ > 0 has n jumps in the interval
[0, t] then the jumps times are distributed as the order statistics of n independent uniform random variables in
the interval [0, t]. This density corresponds to

eλt
∫
∆n,t

f(sn1)
n!

tn
dsn1P(Nt = n) = E[f(τn1 )1(Nt = n)].

From here the result follows.

Remark 3.1. In the case that f ∈ Lp(Rd; R) with E[|f(Wt)|p] < +∞ for some p > 1, the above discus-
sion remains essentially valid, although the estimates in Proposition 3.1 would slightly change. In particular,
Theorems 3.1 and 3.2 hold for a such f .

Remark 3.2. A similar argument may be achieved using Brownian bridges. In fact, if we condition on Wt, we
have

E [Zt/Wt = y − x0] = E
[

exp

(∫ t

0

b(Ws + x0)dWs −
1

2

∫ t

0

|b(Ws + x0)|2ds

)/
Wt = y − x0

]
.

Under the enlarged filtration Fs ∨ σ(Wt), s ≤ t, W is a semimartingale with decomposition

Ws = Vs +

∫ s

0

Wt −Wu

t− u
du.

Here V is a Brownian motion in the enlarged filtration. Then one has that

E [Zt/Wt = y − x0] = E
[

exp

(∫ t

0

b(Ws + x0)
Wt −Ws

t− s
ds

)/
Wt = y − x0

]
.

From here expressions similar to the ones of Theorem 3.1 can be obtained. This idea has been used in [26] and
[25] without obtaining the full expansion as in (3.12).

Another method to obtain the above results is to use Malliavin Calculus in the spirit of [17]. In that framework,
one may also generalize the above result to the case of a drift which is time dependent.

4. A study of non-bounded drifts: the Lp-case.

In this section, we consider the case that b ∈ Lp(Rd).
Let {b(k)}k∈N be a sequence of Lp(Rd) ∩Mb(R

d) which converges to b in Lp(Rd) and almost everywhere.
Now we consider the following SDE:

X
(k)
t = x0 +Bt +

∫ t

0

b(k)(X(k)
s )ds. (4.1)

Note that since b(k) is bounded for each k ∈ N, all results in previous section are applicable. We first prove

that the limit limk→+∞E[f(X
(k)
t )] exists for any measurable function f : Rd → R which is at most polynomial

growth or belongs to Lp(Rd; R). After that we prove the sequence {X(k)
· }k∈N is tight and its weak convergent

limit, say Y , is uniquely determined and is a solution to the SDE:

Yt = x0 +Bt +

∫ t

0

b(Ys)ds.
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4.1. Proof of the existence of limk→+∞ E[f(X
(k)
t )]

Let f ∈ Lp(Rd; R). Then from Theorem 3.1, we have that

E
[
f(X

(k)
t )

]
= Ek [f(Wt + x0)] +

+∞∑
n=1

Ek

f(Wt + x0)

∫
∆n,t

n−1∏
j=0

Hk(sj , sj+1, x0)dsn1

 , (4.2)

where Hk is defined by (3.11) with b = b(k) and Ek[·] denotes the expectation under the measure Qk defined by
(3.2) with b = b(k). By using the Markov property, we have for any n ∈ N,

Ek

f(Wt + x0)

n−1∏
j=0

Hk(sj , sj+1, x0)


=

∫
R(n+1)d

gsn(yn)f

(
n∑
l=0

yl + x0

)
n−1∏
j=0

〈
yjgsj−sj+1

(yj), b
(k)
(∑n

l=j+1 yl + x0

)〉
sj − sj+1

dyn
0 .

Remark 4.1. The above equality corresponds to the n − 1th term in the parametrix expansion for solutions
of parabolic PDEs associated to (3.1) as suggested in Remark 2.2 of [6]. In this sense, the expression given in
Theorem 3.2 is the probabilistic equivalent of the parametrix expansion.

The following estimate will be used later.

Lemma 4.1. For any β ≥ 0 and u > 0, the equation:

sup
y∈Rd

|y|β exp

(
−|y|

2

4u

)
=

(
2βu

e

) β
2

,

holds. In particular, for any d ∈ N, y ∈ Rd, u, v > 0 with u < v and β ≥ 0, we have

|y|βgv−u(y)

v − u
≤ Cβ

g2(v−u)(y)

(v − u)1−
β
2

, (4.3)

where Cβ := 2
d+β
2 (βe )

β
2 .

This proof follows by computing supx>0 x
βe−

x2

4u for u > 0. The proof is omitted and follows by basic

computations of maximum of functions. Here, we remark that we interpret β
β
2 = 1 in the case that β = 0.

The constants Cβ with β = 0, 1 will be used frequently in what follows. We will also use for p∗, the Hölder

conjugate of p > 1, the constant Cg(p∗) := ‖g2‖p∗ = (4π)−
d
2p p
− d

2p∗
∗

We will also use the following explicit expression for a Beta type iterated integral:

∫
∆n,t

s
− d

2p
n

n−1∏
j=0

(sj − sj+1)−
p+d
2p dsn1 = t

n(p−d)−d
2p

Γ (p−d2p )nΓ ( 2p−d
2p )

Γ (n(p−d)+2p−d
2p )

, (t > 0, d ∈ N, p > d). (4.4)

The proof is given in Section A.1 in Appendix A. In the following Lemma we give the basic estimate of a general
term of the parametrix expansion based on the Lp-norms of f and b.
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Lemma 4.2. Let t > 0, p ∈ [1,+∞] and {b(k)}k∈N be a sequence of Mb(R
d). If supk∈N ‖b(k)‖p < +∞ then

for any f ∈ Lp(Rd; R), n ∈ N and sn1 ∈ ∆n,t, we have

∫
R(n+1)d

∣∣∣∣∣∣gsn(yn)f

(
n∑
l=0

yl + x0

)
n−1∏
j=0

〈
yjgsj−sj+1

(yj), b
(k)
(∑n

l=j+1 yl + x0

)〉
sj − sj+1

∣∣∣∣∣∣dyn
0

≤ Cn,b,p‖f‖ps
− d

2p
n

n−1∏
j=0

(sj − sj+1)
− d+p2p ,

where s0 := t and

Cn,b,p := Cn1 C0Cg(p∗)
n+1

(
sup
k∈N
‖b(k)‖p

)n
.

In particular, if p ∈ (d,+∞) then we obtain the following estimate:

E
[∣∣∣f(X

(k)
t )

∣∣∣] ≤ ‖f‖p
t
d
2p

+∞∑
n=0

Cn,b,pt
(p−d)n

2p

Γ
(
p−d
2p

)n
Γ
(

2p−d
2p

)
Γ
(

(2+n)p−(n+1)d
2p

) < +∞,

where Γ is the Gamma function.

Proof. From the Schwartz inequality and (4.3) in Lemma 4.1, we obtain that

∫
R(n+1)d

∣∣∣∣∣∣gsn(yn)f

(
n∑
l=0

yl + x0

)
n−1∏
j=0

〈
yjgsj−sj+1(yj), b

(k)
(∑n

l=j+1 yl + x0

)〉
sj − sj+1

∣∣∣∣∣∣dyn
0

≤
∫
R(n+1)d

gsn(yn)

∣∣∣∣∣f
(

n∑
l=0

yl + x0

)∣∣∣∣∣
n−1∏
j=0

|yj |gsj−sj+1
(yj)

∣∣∣b(k) (∑n
l=j+1 yl + x0

)∣∣∣
sj − sj+1

dyn
0

≤ Λ(sn1)Cn1 C0

∫
R(n+1)d

g2sn(yn)

∣∣∣∣∣f
(

n∑
l=0

yl + x0

)∣∣∣∣∣
n−1∏
j=0

g2(sj−sj+1)(yj)

∣∣∣∣∣∣b(k)
 n∑
l=j+1

yl + x0

∣∣∣∣∣∣dyn
0 .

In order to obtain the last inequality, we have also used the convention

Λ(sn1) :=

n−1∏
j=0

1
√
sj − sj+1

.

Now, the Hölder inequality applied to |f (
∑n
l=0 yl + x0)|

∏n−1
j=0

∣∣∣b(k) (∑n
l=j+1 yl + x0

)∣∣∣ and∏n
j=0 g2(sj−sj+1)(yj) implies that
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∫
R(n+1)d

g2sn(yn)

∣∣∣∣∣f
(

n∑
l=0

yl + x0

)∣∣∣∣∣
n−1∏
j=0

g2(sj−sj+1)(yj)

∣∣∣∣∣∣b(k)
 n∑
l=j+1

yl + x0

∣∣∣∣∣∣dyn
0

≤ ‖f‖p sup
k∈N
‖b(k)‖np‖g2sn‖p∗

n−1∏
j=0

‖g2(sj−sj+1)‖p∗ , (4.5)

where p∗ is a Hölder conjugate for p. Furthermore, using the convention that sn+1 = 0, we obtain that

n∏
j=0

‖g2(sj−sj+1)‖p∗ =

n∏
j=0

(4π(sj − sj+1))
− d

2p p
− d

2p∗
∗ = s

− d
2p

n Λ(sn1)
d
pCg(p∗)

n+1. (4.6)

Then we obtain that

Λ(sn1)Cn1 C0‖f‖p sup
k∈N
‖b(k)‖np‖g2sn‖p∗

n−1∏
j=0

‖g2(sj−sj+1)‖p∗

≤ Cn1 C0Cg(p∗)
n+1 sup

k∈N
‖b(k)‖np‖f‖ps

− d
2p

n Λ(sn1)
d+p
p .

Finally, using the definition of Cn,b,p, the first result follows.
Furthermore, if p ∈ (d,+∞) then from the first result, (4.2) and (4.4), we have

E
[∣∣∣f(X

(k)
t )

∣∣∣] ≤ E [|f(Wt + x0)|] + ‖f‖p
+∞∑
n=1

Cn,b,p

∫
∆n,t

s
− d

2p
n

n−1∏
j=0

(sj − sj+1)
− p+d2p dsn1

≤ ‖f‖p
t
d
2p

+∞∑
n=0

Cn,b,pt
(p−d)n

2p

Γ
(
p−d
2p

)n
Γ
(

2p−d
2p

)
Γ
(
n(p−d)+2p−d

2p

) ,

where Γ is the Gamma function. Now from the Stirling’s approximation and d’Alembert ratio test, we see that
the last series converges absolutely. Therefore we obtain the second stated result.

Corollary 4.1. Under same assumptions in Lemma 4.2, for any f, h ∈ Lp(Rd; R) and t > 0, we have

sup
k∈N

E
[∣∣∣f(X

(k)
t )− h(X

(k)
t )

∣∣∣] ≤ ‖f − h‖p
t
d
2p

+∞∑
n=0

Cn,b,pt
(p−d)n

2p

Γ
(
p−d
2p

)n
Γ
(

2p−d
2p

)
Γ
(
n(p−d)+2p−d

2p

) ,

where Cn,b,p is the same constant which appeared in Lemma 4.2.

From Lemma 4.2, we obtain a representation formula for limk→+∞E
[
f(X

(k)
t )

]
.
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Proposition 4.1. Let p ∈ (d,+∞], b ∈ Lp(Rd) and {b(k)}k∈N be a sequence of Mb(R
d) which converges to b

in Lp(Rd). Then for any f ∈ Lp(Rd; R) and t > 0, we have

lim
k→+∞

E
[
f(X

(k)
t )

]
=

∫
Rd

f(y + x0)gt(y)dy

+

+∞∑
n=1

∫
R(n+1)d

gsn(yn)f

(
n∑
l=0

yl+x0

)
n−1∏
j=0

〈
yjgsj−sj+1

(yj), b
(∑n

l=j+1 yl+x0

)〉
sj − sj+1

dyn
0 .

Remark 4.2. If we consider some suitable probability space (Ω̃, F̃ , P̃) and a d-dimensional Brownian motion
W̃ on this space, the equation in Proposition 4.1 can be written as

lim
k→+∞

E
[
f(X

(k)
t )

]
= Ẽ

[
f(W̃t + x0)

]
+

+∞∑
n=1

Ẽ

f(W̃t + x0)

∫
∆n,t

n−1∏
j=0

H(sj , sj+1, x0)dsn1

 ,
where H is defined by (3.11) with replacing W into W̃ and we put s0 := t. When p = +∞, it corresponds to
Theorem 3.1.

The following result is useful in proving the tightness of the sequence X(k).

Proposition 4.2. Let α > 1 and p ∈ (d,∞). Under same assumptions in Proposition 4.1, for any t > s > 0,
we have

sup
k∈N

E
[∣∣∣X(k)

t −X(k)
s

∣∣∣α] ≤ +∞∑
n=0

Cn,b,p,α(t− s)
α
2 +

(p−d)n
2p

Γ
(
p−d
2p

)n
Γ
(

2p−d
2p

)
Γ
(
n(p−d)+2p−d

2p

) ,

where

Cn,b,p,α := (n+ 1)α−1Cg(p∗)
n+1Cn−11

(
nC1+αC0 + Cα/2C1

)
sup
k∈N
‖b(k)‖np .

Proof. It is enough to estimate the following term:

∫
∆n,t−s

∫
R(n+1)d

gsn(yn)

∣∣∣∣∣
n∑
l=0

yl

∣∣∣∣∣
α n−1∏
j=0

∣∣∣∣∣∣
〈
yjgsj−sj+1(yj), b

(k)
(∑n

m=j+1 ym

)〉
sj − sj+1

∣∣∣∣∣∣dyn
0dsn1 .

Since α > 1, for each n ∈ N, we have

∣∣∣∣∣
n∑
l=0

yl

∣∣∣∣∣
α

≤ (n+ 1)α−1
n∑
l=0

|yl|α .

From the above and Schwartz inequality, we obtain that
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∫
R(n+1)d

∣∣∣∣∣∣gsn(yn)

∣∣∣∣∣
n∑
l=0

yl

∣∣∣∣∣
α n−1∏
j=0

〈
yjgsj−sj+1

(yj), b
(k)
(∑n

m=j+1 ym

)〉
sj − sj+1

∣∣∣∣∣∣dyn
0

≤ (n+ 1)α−1
n∑
l=0

∫
R(n+1)d

gsn(yn) |yl|α
n−1∏
j=0

|yj |gsj−sj+1(yj)

sj − sj+1

∣∣∣∣∣∣b(k)
 n∑
m=j+1

ym

∣∣∣∣∣∣dyn
0 . (4.7)

Now (4.3) implies that

n∑
l=0

∫
R(n+1)d

gsn(yn) |yl|α
n−1∏
j=0

|yj |gsj−sj+1
(yj)

sj − sj+1

∣∣∣∣∣∣b(k)
 n∑
m=j+1

ym

∣∣∣∣∣∣dyn
0

≤
n∑
l=0

Cn,α,l(sl − sl+1)
α
2

∫
R(n+1)d

g2sn(yn)

n−1∏
j=0

g2(sj−sj+1)(yj)√
sj − sj+1

∣∣∣∣∣∣b(k)
 n∑
m=j+1

ym

∣∣∣∣∣∣dyn
0 , (4.8)

where

Cn,α,l :=

{
CαC

n
1 , if l = n,

C1+αC0C
n−1
1 , if l < n.

Since sl − sl+1 ≤ t− s for any 0 ≤ l ≤ n, we obtain that for Cn,α = Cn−11 (nC1+αC0 + CαC1),

n∑
l=0

Cn,α,l(sl − sl+1)
α
2

∫
R(n+1)d

g2sn(yn)

n−1∏
j=0

g2(sj−sj+1)(yj)√
sj − sj+1

∣∣∣∣∣∣b(k)
 n∑
m=j+1

ym

∣∣∣∣∣∣dyn
0

≤ (t− s)α2 Cn,α
∫
R(n+1)d

g2sn(yn)

n−1∏
j=0

g2(sj−sj+1)(yj)√
sj − sj+1

∣∣∣∣∣∣b(k)
 n∑
m=j+1

ym

∣∣∣∣∣∣dyn
0 . (4.9)

Now (4.5) and (4.6) imply that

(t− s)α2 Cn,α
∫
R(n+1)d

g2sn(yn)

n−1∏
j=0

g2(sj−sj+1)(yj)√
sj − sj+1

∣∣∣∣∣∣b(k)
 n∑
m=j+1

ym

∣∣∣∣∣∣dyn
0

≤ (t− s)α2 Cn,αCg(p∗)n+1 sup
k∈N
‖b(k)‖nps

− d
2p

n

n−1∏
j=0

(sj − sj+1)
− d+p2p . (4.10)

Therefore, from (4.7) to (4.10), we obtain that

∫
∆n,t−s

∫
R(n+1)d

gsn(yn)

∣∣∣∣∣
n∑
l=0

yl

∣∣∣∣∣
α n−1∏
j=0

∣∣∣∣∣∣
〈
yjgsj−sj+1

(yj), b
(k)
(∑n

m=j+1 ym

)〉
sj − sj+1

∣∣∣∣∣∣dyn
0dsn1

≤ (n+ 1)α−1Cn,αCg(p∗)
n+1 sup

k∈N
‖b(k)‖np (t− s)α2

∫
∆n,t−s

s
− d

2p
n

n−1∏
j=0

(sj − sj+1)
− d+p2p dsn1 .

Now, as in the proof of Lemma 4.2, we obtain the result.
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4.2. The limit of {X(k)
· }k∈N

We now show that {X(k)
· }k∈N converges weakly and that its limit process, say X̃·, is a solution to the SDE:

X̃t = x0 +Bt +

∫ t

0

b(X̃s)ds . (4.11)

Note that the strong existence and path-wise uniqueness of the solution to (4.11) with b ∈ Lp(Rd) follow
from Theorem 2.1 in [18].

To show this convergence, we first prove the tightness of {X(k)
· }k∈N in C[0, T ].

For this purpose, it is enough (see for example Problem 4.11 in Chap. 2 of [14]) to show that there exist some
positive constants C, α and β such that

sup
k∈N

E
[∣∣∣X(k)

t −X(k)
s

∣∣∣α] ≤ C(t− s)1+β .

From Proposition 4.2, we see that this estimate holds with α = 4 and β = 1, for example. Hence, {X(k)
· }k∈N is

tight in C[0, T ] for any T > 0.

Now we assume that {X(km)
· }m∈N is any convergent subsequence of {X(k)

· }k∈N and X̃· be its limit. Then
using Markov’s property, we have for any 0 < t1 < · · · < tl < T and f ∈ Cc(Rd×m)

lim
m→+∞

E
[
f(X

(km)
t1 , . . . , X

(km)
tl

)
]

= E
[
f(X̃t)

]
.

On the other hand, from Proposition 4.1, the left hand side of the above equality does not depend on a choice

of sub sequence {X(km)
· }m∈N. Therefore {X(k)

· }k∈N weakly converges to a continuous process X̃·.

Lemma 4.3. Let T > 0. Then the sequence of processes {(X(k)
· ,

∫ ·
0
b(X

(k)
s )ds)}k∈N weakly converges to the

process (X̃·,
∫ ·
0
b(X̃s)ds).

Proof. Let us choose any n, k ∈ N and ε > 0 and assume that f : C([0, T ]; Rd)×C([0, T ]; Rd)→ R is Lipschitz
continuous. Then we have∣∣∣∣E [f (X(k)

· ,

∫ ·
0

b(k)(X(k)
s )ds

)]
−E

[
f

(
X̃·,

∫ ·
0

b(X̃s)ds

)]∣∣∣∣
≤
∣∣∣∣E [f (X(k)

· ,

∫ ·
0

b(k)(X(k)
s )ds

)]
−E

[
f

(
X

(k)
· ,

∫ ·
0

b(n)(X(k)
s )ds

)]∣∣∣∣
+

∣∣∣∣E [f (X(k)
· ,

∫ ·
0

b(n)(X(k)
s )ds

)]
−E

[
f

(
X̃·,

∫ ·
0

b(n)(X̃s)ds

)]∣∣∣∣
+

∣∣∣∣E [f (X̃·,∫ ·
0

b(n)(X̃s)ds

)]
−E

[
f

(
X̃·,

∫ ·
0

b(X̃s)ds

)]∣∣∣∣
=: In,k + Jn,k + Ln.

Since f is Lipschitz continuous, there exists some positive constant Cf such that

In,k ≤ Cf
∫ T

0

E
[∣∣∣b(k)(X(k)

s )− b(n)(X(k)
s )

∣∣∣]ds.
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Now by applying Corollary 4.1, we have

Cf

∫ T

0

E
[∣∣∣b(k)(X(k)

s )− b(n)(X(k)
s )

∣∣∣] ds ≤ ‖b(k) − b(n)‖p
+∞∑
m=0

Cm,b,p
T

(p−d)m
2p +1

(p−d)m
2p + 1

Γ
(
p−d
2p

)m
Γ
(

2p−d
2p

)
Γ
(
m(p−d)+2p−d

2p

) .

Note that since p > d and Cm,b,p ≤ Cm for some positive constant C, we can conclude that there exists some
positive constant Cf,b,p,T which depends only on f, b, p and T such that

In,k ≤ Cf,b,p,T ‖b(k) − b(n)‖p .

Similarly, we also obtain that

Ln ≤ Cf,b,p,T ‖b(n) − b‖p .

Since {bm}m∈N converges to b, there exists n0 ∈ N such that for any n, k ≥ n0,

Cf,b,p,T

(
‖b(n) − b‖p + ‖b(n) − b(k)‖p

)
<

2ε

3
.

Now fix such n0 and n ≥ n0. Then since {X(k)
· }k∈N weakly converges to X̃·, there exists n1 ∈ N such that

for any k ≥ n1 Jn,k < ε
3 . Consequently, we obtain that∣∣∣∣E [f (X(k)

· ,

∫ ·
0

b(k)(X(k)
s )ds

)]
−E

[
f

(
X̃·,

∫ ·
0

b(X̃s)ds

)]∣∣∣∣ < ε,

for sufficiently large k. This conclude the proof.

Now we turn to prove that the above limit process X̃· is a solution to (4.11). Let us define Y0 := x0 and

Yt := X̃t −
∫ t

0

b(X̃s)ds, t ∈ (0, T ],

Y
(k)
t := X

(k)
t −

∫ t

0

b(k)(X(k)
s )ds, t ∈ (0, T ], k ∈ N.

Then to prove that X̃· is a solution to (4.11), it is enough to show that Y· is a continuous martingale and for
each t > 0, the quadratic variation of Yt − Y0 equals to t. We first prove that Y· − Y0 is a martingale null at
zero. Let 0 ≤ s ≤ t ≤ T , n ∈ N, h ∈ Cb(Rnd; R). Choose any sequence 0 ≤ s1 ≤ s2 ≤ · · · ≤ sn ≤ s. Then from
Lemma 4.3, we have

E[Yth(Ys1 , . . . , Ysn)] = lim
k→+∞

E[Y
(k)
t h(Y (k)

s1 , . . . , Y (k)
sn )].

Since X
(k)
· is a solution to SDE (4.1), Y

(k)
· is a martingale and hence

E[Y
(k)
t h(Y (k)

s1 , . . . , Y (k)
sn )] = E[Y (k)

s h(Y (k)
s1 , . . . , Y (k)

sn )],

holds for any k. Now by taking a limit for k, we obtain that

E[Yth(Ys1 , . . . , Ysn)] = E[Ysh(Ys1 , . . . , Ysn)].
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This concludes that Y is a martingale null at zero with respect to the filtration {FY
t := σ(Ys; 0 ≤ s ≤ t)}0≤t≤T .

Now, we show that the quadratic variation of Yt − Y0 = t. Let N ∈ N and define the function fN : Rd → R
as the following:

fN (x) :=

{
|x|2, if |x| ≤ N ,
N2, if |x| > N .

Then from Lemma 4.3, for any N ∈ N and s, t ∈ (0, T ] with s < t, we have

E [fN (Yt − Y0)] = lim
k→+∞

E

[
fN

(
X

(k)
t −X(k)

0 +

∫ t

0

b(k)(X(k)
u )du

)]
.

However, since X
(k)
· is a solution to SDE (4.1), we see that

E

[
fN

(
X

(k)
t −X(k)

0 +

∫ t

0

b(k)(X(k)
u )du

)]
= E [fN (Bt)] .

Now letting N → +∞, we obtain that

E
[
|Yt − Y0|2

]
= E

[
|Bt|2

]
= t.

This implies that the quadratic variation of Yt − Y0 equals to t. Summarizing the above, we obtain the
following result.

Theorem 4.1. Let d ∈ N, p > d, b ∈ Lp(Rd), x0 ∈ Rd and Xt be the solution to (1.1). Then for any f ∈
Lp(Rd; R), we have

E[f(Xt)] =

+∞∑
n=0

∫
R(n+1)d

gsn(yn)f

(
n∑
l=0

yl + x0

)
n−1∏
j=0

〈
yjgsj−sj+1

(yj), b
(∑n

l=j+1 yl + x0

)〉
sj − sj+1

dyn
0 .

Remark 4.3. Assume that b = b1 + b2, where b1 ∈ Lp(Rd) and b2 ∈ L∞(Rd). Then by using

(
‖f‖p‖g2sn‖p∗ + ‖b2‖∞

) n−1∏
j=0

(
‖g2(sj−sj+1)‖p∗ sup

k∈N
‖b(k)1 ‖p + ‖b2‖∞

)
,

instead of the upper bound in (4.5), one can show that Theorem 4.1 still holds in this case.

5. Properties of the density

Throughout this section and the rest of the article we always assume that b ∈ Lp(Rd) for p > d. Then
Theorems 3.2 and 4.1 give the following expressions for the density of Xt.

Theorem 5.1. Let us define

θu,v(x, y) :=
〈x− y, b (y)〉

v − u
, u, v ∈ [0, t] with u < v, x, y ∈ R

d,
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and

p̃n,t(x0, y) :=

∫
∆n,t

∫
R(n+1)d

gsn(x0, zn)

n−1∏
j=0

gsj−sj+1(zj+1, zj)θsj+1,sj (zj , zj+1)dzn1dsn1 ,

where s0 = t, z0 := y. Then the density of Xt, denoted by pt(x0, ·), exists and it has the following equivalent
expressions;

pt(x0, y) = eλtE

pτ1,s0(y − x0 −Wτ1)
〈y − x0 −Wτ1 , b(Yτ1 + x0)〉

τ1 − τ2

Nt−1∏
j=1

H(τj , τj+1, x0)

 , (5.1)

and

pt(x0, x) = gt(x0, x) +

+∞∑
n=1

p̃n,t(x0, x). (5.2)

Proof. If the density pt exists then (5.1) immediately follows from Theorem 3.2. Therefore, in the following, we
only prove (5.2). Let f ∈ Cc(Rd; R). Note that Theorem 4.1 implies that

E[f(Xt)] =

+∞∑
n=0

∫
∆n,t

∫
R(n+1)d

gsn(yn)f

(
n∑
l=0

yl + x0

)
n−1∏
j=0

〈
yjgsj−sj+1(yj), b

(∑n
l=j+1 yl + x0

)〉
sj − sj+1

dyn
0dsn1 .

We now turn to calculate the n-th term of the above sum. Apply the change of variables zj :=
∑n
l=j yl + x0 for

0 ≤ j ≤ n, in order to obtain

∫
∆n,t

∫
R(n+1)d

gsn(yn)f

(
n∑
l=0

yl + x0

)
n−1∏
j=0

〈
yjgsj−sj+1

(yj), b
(∑n

l=j+1 yl + x0

)〉
sj − sj+1

dyn
0dsn1

=

∫
∆n,t

∫
R(n+1)d

gt(x0, zn)f (z0)

n−1∏
j=0

〈
(zj − zj+1)gsj−sj+1

(zj+1, zj), b (zj+1)
〉

sj − sj+1
dzn0dsn1 .

Now, we define

pt(x0, y) := gt(x0, y) +

+∞∑
n=1

p̃n,t(x0, y),

where for each n ∈ N,

p̃n,t(x0, y) :=

∫
∆n,t

∫
Rnd

gsn(x0, zn)

n−1∏
j=0

〈
(zj − zj+1)gsj−sj+1

(zj+1, zj), b (zj+1)
〉

sj − sj+1
dzn1dsn1

=

∫
∆n,t

∫
Rnd

gsn(x0, zn)

n−1∏
j=0

gsj−sj+1
(zj+1, zj)θsj+1,sj (zj , zj+1)dzn1dsn1 .

Note that repeated application of Fubini’s theorem implies that p̃n,t(x0, y) and pt(x0, y) are well defined a.e.
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Then from Theorem 4.1, for any continuous positive function f with compact support, we have

E [f(Xt)] =

∫
Rd

f(y)pt(x0, y)dy.

From here, the non-negativity of pt follows and this completes the proof.

We first prove that the density defined in Theorem 5.1 has a Gaussian type upper bound.

Proposition 5.1. Let t > 0, x0 ∈ Rd and Xt is a solution to (4.11). Assume that pt is a density function for
Xt given by (5.2). Then there exists some positive constant Cb,p(t) such that for any y ∈ Rd,

pt(x0, y) ≤ g2t(x0, y)Cb,p(t).

Proof. Fix t > 0 and x0 ∈ Rd. Recall that from the previous theorem, the density function for Xt is given by

pt(x0, y) = gt(x0, y) +

+∞∑
n=1

p̃n,t(x0, y),

where

p̃n,t(x0, y) :=

∫
∆n,t

∫
Rnd

gsn(x0, zn)

n−1∏
j=0

〈
(zj − zj+1)gsj−sj+1

(zj+1, zj), b (zj+1)
〉

sj − sj+1
dzn1dsn1 ,

and we put z0 := y. Note that for any s > 0 and z, w ∈ Rd, it holds that

(gs(z, w))p∗ = (2πs)−
d(past−1)

2 p
− d2
∗ g s

p∗
(z, w).

Then as in the proof of Lemma 4.2, we have

p̃n,t(x0, y) ≤ Cn1 C0‖b‖np
∫
∆n,t

n−1∏
j=0

1
√
sj − sj+1

∫
Rnd

∣∣∣∣∣∣g2sn(x0, zn)

n−1∏
j=0

g2(sj−sj+1)(zj+1, zj)

∣∣∣∣∣∣
p∗

dzn1


1
p∗

dsn1

= C̃n,b,p

∫
∆n,t

s
− d

2p
n

n−1∏
j=0

(sj − sj+1)−
p+d
2p

(∫
Rd

g 2sn
p∗

(x0, zn)g 2(t−sn)
p∗

(zn, y)dzn

) 1
p∗

dsn1 ,

where sn+1 := 0, p∗ is the Hölder conjugate for p and

C̃n,b,p := Cg(p∗)
n−1Cn1 C0‖b‖np .

Therefore, from the Chapman–Kolmogorov property, we have

C̃n,b,p

∫
∆n,t

s
− d

2p
n

n−1∏
j=0

(sj − sj+1)−
p+d
2p

(∫
Rd

g 2sn
p∗

(x0, zn)g 2(t−sn)
p∗

(zn, y)dzn

) 1
p∗

dsn1

= g 2t
p∗

(x0, y)
1
p∗ C̃n,b,p

∫
∆n,t

s
− d

2p
n

n−1∏
j=0

(sj − sj+1)−
p+d
2p dsn1 .
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Since

g 2t
p∗

(x0, y)
1
p∗ = g2t(x0, y)Cg(p∗),

(4.4) implies that

g 2t
p∗

(x0, y)
1
p∗ C̃n,b,p

∫
∆n,t

s
− d

2p
n

n−1∏
j=0

(sj − sj+1)−
p+d
2p dsn1 = g2t(x0, y)Cg(p∗)C̃n,b,pt

n(p−d)−d
2p

Γ (p−d2p )nΓ ( 2p−d
2p )

Γ (n(p−d)+2p−d
2p )

.

Now, define

Cn,b,p := C̃n,b,pCg(p∗)
Γ (p−d2p )nΓ ( 2p−d

2p )

Γ (n(p−d)+2p−d
2p )

,

and then we have

pt(x0, y) ≤ gt(x0, y) + g2t(x0, y)

+∞∑
n=1

Cn,b,pt
n(p−d)

2p

≤ g2t(x0, y)

(
C0 +

+∞∑
n=1

Cn,b,pt
n(p−d)

2p

)
.

Hence we obtain the result by setting

Cb,p(t) := C0 +

+∞∑
n=1

Cn,b,pt
n(p−d)

2p .

This Gaussian type upper bound implies the following lower Gaussian type bound for pt.

Proposition 5.2. Let t > 0, x0 ∈ Rd and Xt is a solution to (4.11). Let pt be the density function for Xt

which is given in (5.2). Then there exists some positive constants L and C such that for any x0, y ∈ Rd,

pt(x0, y) ≥ LgCt(y − x0).

Proof. Let t > 0. From the triangle inequality and (5.2), we have

pt(x0, y) ≥ gt(x0, y)−
+∞∑
n=1

|p̃n,t(x0, y)|,

for any x0, y ∈ Rd. Then from the proof of Proposition 5.1, we see that

pt(x0, y) ≥ gt(x0, y)− g2t(x0, y)

+∞∑
n=1

Cn,b,pt
n(p−d)

2p ,
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for any x0, y ∈ Rd. In particular, if |y − x0| ≤
√

2td log 2 then we have gt(x0, y) ≥ g2t(x0, y). Therefore we have

gt(x0, y)− g2t(x0, y)

+∞∑
n=1

Cn,b,pt
n(p−d)

2p ≥ g2t(x0, y)

(
1−

+∞∑
n=1

Cn,b,pt
n(p−d)

2p

)
,

if |y − x0| ≤
√

2td log 2 holds. Furthermore, as p > d, there exists some positive constant t∗ such that for any
t ≤ t∗,

1−
+∞∑
n=1

Cn,b,pt
n(p−d)

2p ≥ 1

2
.

As a result, for any t ∈ (0, t∗] and |y − x0| ≤
√

2td log 2, we have the following local lower bound for pt:

pt(x0, y) ≥ 1

2
g2t(x0, y). (5.3)

Now we prove a global lower bound by chaining the local lower bounds using the Chapman–Kolmogorov
formula for pt. Let t > 0, R(t) :=

√
2td log 2 and x0, y ∈ Rd . We let M be defined as

M :=

⌊
max

{
2|y − x0|2

td log 2
,

t

4t∗

}⌋
.

Here b·c denotes the floor function. If M = 0 then (5.3) holds. Assume that M ≥ 1. We now define

zi := x0 +
i

4M
(y − x0), (0 ≤ i ≤ 4M).

Then from the Chapman–Kolmogorov equation, we have

pt(x0, y) =

∫
R(4M−1)d

4M−1∏
i=0

p t
4M

(wi, wi+1)dw4M−1
1

≥
∫
R(4M−1)d

4M−1∏
i=0

p t
4M

(wi, wi+1)1Bi(wi+1)dw4M−1
1 , (5.4)

where w0 := x0, w4M := y, c := 3M−1
8Md ,

Bi := {x ∈ R
d; |x− zi| < cR(t/4M)}, (1 ≤ i ≤ 4M),

and 1Bi denotes the indicator function for Bi. Note that 1B4M
(w4M ) = 1 because z4M = w4M = y and that

although the definition of c depends on M , we have that 1
8d ≤ c ≤

3
8d . From the definitions of M , zi, Bi and c,

we see that if wi ∈ Bi, wi+1 ∈ Bi+1, 0 ≤ i ≤ 4M − 1 then

|wi − wi+1| ≤ |wi − zi|+ |zi − zi+1|+ |zi+1 − wi+1|

≤ 2cR(t/4M) +
|y − x0|

4M

≤ 3

4d
R(t/4M) +

√
td log 2

4
√

2M
≤ R(t/4M).
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Hence, from (5.4) to (5.3) and the fact that g t
4M

(x) is a decreasing function on |x|, we obtain that

pt(x0, y) ≥ 2−4M
∫
R(4M−1)d

4M−1∏
i=0

g t
4M

(wi+1, wi)1Bi(wi+1)dw4M−1
1

≥ 2−4M (cR(t/4M))
(4M−1)d

V 4M−1
d G4M

d,M,t, (5.5)

where Vd := π
d
2

Γ ( d2+1)
is the volume of the unit ball in Rd and

Gd,M,t :=

(
2M

πt

) d
2

exp

(
−2MR(t/4M)2

t

)
.

Furthermore, as R(t/4M)24M
2t = d log 2 then

G4M
d,M,t = (πt)−2Md(2M)2Mde−4Md log 2.

Substitute this in (5.5) to obtain that for some appropriate strictly positive constants C and L which depend
on the dimension d, we have

pt(x0, y) ≥ 2−4M (cR(t/4M))
(4M−1)d

V 4M−1
d (πt)−2Md(2M)2Mde−4Md log 2

= 2−4M (c
√
d log 2)(4M−1)dt−d/2π−2Md(2M)d/2e−4Md log(2)

= Cdt
−d/2 exp

(
4Md log(2−1c

√
dπ log 2) +

d

2
log(2M)− 4Md log 2

)
≥ LgCt(x0, y).

In the last inequality, we have used that log(2−1c
√
dπ log 2) < 0, log(x) ≥ −x for x ≥ 2 andM ≤ 2|x0−y|2

td log 2 +1.

Remark 5.1. The method of proof is essentially due to Aronson and based on some crucial estimate by Nash.
We replaced Nash’s estimate with a similar estimate derived directly from the parametrix method. This idea
can be applied to the study of stochastic PDEs (see Ref. [23]). We would like to thank a referee for pointing
this and a mistake in the proof of a preliminary version.

5.1. Lp modulus of continuity of the density of Xt

Now we discuss about the Lp modulus of continuity of the density pt. For p > 1 and b ∈ Lp(Rd), we define
a function h from Rd into [0,+∞) which measures the modulus of continuity of b. That is,

h(r) :=

(∫
Rd

|b(z)− b(z + r)|p dz
) 1
p

.

Then we obtain the following estimate.

Theorem 5.2. Let p > d, t > 0 and b ∈ Lp(Rd). Then there exists a positive constant Cb,p,d,t such that

|pt(x0, x)− pt(x0, y)| ≤ Cb,p,d,t max {|x− y|, h(x− y)} .
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Proof. From the equation (5.2) in Theorem 5.1, we have

|pt(x0, x)− pt(x0, y)| ≤ |gt(x0, x)− gt(x0, y)|+
+∞∑
n=1

|p̃n,t(x0, x)− p̃n,t(x0, y)|.

Since gt is Lipschitz continuous, there exists positive constant Ct,d such that |gt(x0, x)− gt(x0, y)| ≤ Ct,d|x− y|
holds for any x, y ∈ Rd.

Now we turn to estimate for p̃n,t. To do this, we first prepare notations. For each fixed n ∈ N, t > 0 and
x0 ∈ Rd, we define functions Aj and Bj on Rd ×Rnd as follows:

Aj(y; zn1) :=


〈(y−z1)gt−s1 (y−z1),b(z1)〉

t−s1 , j = 0,
〈(zj−zj+1)gsj−sj+1

(zj+1,zj),b(zj+1)〉
sj−sj+1

, 1 ≤ j ≤ n− 1,

gsn(zn − x0), j = n.

Bj(y; zn1) :=


〈−z1gt−s1 (−z1),b(z1+y)〉

t−s1 , j = 0,
〈(zj−zj+1)gsj−sj+1

(zj+1,zj),b(zj+1+y)〉
sj−sj+1

, 1 ≤ j ≤ n− 1,

gsn(zn + y − x0), j = n.

Then from the definition of p̃n,t, we have

|p̃n,t(x0, x)− p̃n,t(x0, y)| =

∣∣∣∣∣∣
∫
∆n,t

∫
Rnd

 n∏
j=0

Aj(x; zn1)

dzn1dsn1 −
∫
∆n,t

∫
Rnd

 n∏
j=0

Aj(y; zn1)

dzn1dsn1

∣∣∣∣∣∣ .
Now applying the change of variables with wj = zj − x for the former integral and wj = zj − y for the latter

one, we have that∣∣∣∣∣∣
∫
∆n,t

∫
Rnd

 n∏
j=0

Aj(x; zn1)

dzn1dsn1 −
∫
∆n,t

∫
Rnd

 n∏
j=0

Aj(y; zn1)

dzn1dsn1

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫
∆n,t

∫
Rnd

 n∏
j=0

Bj(x; wn
1)

dwn
1dsn1 −

∫
∆n,t

∫
Rnd

 n∏
j=0

Bj(y; wn
1)

dwn
1dsn1

∣∣∣∣∣∣
≤

n∑
k=0

∫
∆n,t

∫
Rnd

|Bk(x; wn
1)−Bk(y; wn

1)|
k−1∏
j=0

|Bj(x; wn
1)|

n∏
j=k+1

|Bj(y; wn
1)|dwn

1dsn1 .

Here we use Jensen’s inequality and put w0 := 0 to obtain the last inequality. Furthermore, from the definition
of Bj , we see that the following estimates hold for any x, y ∈ Rd and wn

1 ∈ Rnd.

|Bj(x; wn
1)−Bj(y; wn

1)| ≤


C1

g2(t−s1)(−w1)|b(w1 + x)− b(w1 + y)|
√
t− s1

, j = 0,

C1

g2(sj−sj+1)(wj − wj+1)|b(wj+1 + x)− b(wj+1 + y)|
√
sj − sj+1

, 1 ≤ j ≤ n− 1,

|gsn(wn + x− x0)− gsn(wn + y − x0)| , j = n,
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and

|Bj(x; wn
1)| ≤


C1

g2(t−s1)(−w1)|b(w1 + x)|
√
t− s1

, j = 0,

C1

g2(sj−sj+1)(wj − wj+1)|b(wj+1 + x)|
√
sj − sj+1

, 1 ≤ j ≤ n− 1,

gsn(wn + x− x0), j = n.

Now from the Hölder inequality and the above estimations, we obtain as in the proof of Theorem 4.2 that
for any x, y ∈ Rd and with sn+1 = 0,

n∑
k=0

∫
∆n,t

∫
Rnd

|Bk(x; wn
1)−Bk(y; wn

1)|
k−1∏
j=0

|Bj(x; wn
1)|

n∏
j=k+1

|Bj(y; wn
1)|dwn

1dsn1

≤ nh(x− y)‖b‖n−1p Cg(p∗)
n+1g2t(x0, y)

∫
∆n,t

n∏
j=0

(sj − sj+1)−
d
2pdsn1

+ |x− y|C1‖b‖npCg(p∗)n+1 (g2t(x0, x) + g2t(x0, y))

∫
∆n,t

s
− 1

2
n

n∏
j=0

(sj − sj+1)−
d
2pdsn1 .

Since p > d, we can apply Lemma A.1 for the above integrals and then we have

nh(x− y)‖b‖n−1p Cg(p∗)
n+1g2t(x0, y)

∫
∆n,t

n∏
j=0

(sj − sj+1)−
d
2pdsn1

+ |x− y|C1‖b‖npCg(p∗)n+1 (g2t(x0, x) + g2t(x0, y))

∫
∆n,t

s
− 1

2
n

n∏
j=0

(sj − sj+1)−
d
2pdsn1

≤ Cn,b,p,d,t
(
h(x− y)t−

(p+1)d
2p + |x− y|t−

d+1
2

)
,

where

Cn,b,p,d,t := tn(1−
d
2p )Cg(p∗)

n+1 max

n‖b‖n−1p

Γ
(

2p−d
2p

)n+1

Γ
(

(n+ 1)
(

2p−d
2p

)) , 2C1‖b‖np
Γ
(

2p−d
2p

)n
Γ
(
1
2

)
Γ
(

1
2 + n

(
2p−d
2p

))
 .

Note that Cn,b,p,d,t is summable in n and hence we can conclude that

|pt(x0, x)− pt(x0, y)| ≤ Cb,p,d,t max {h(x− y), |x− y|} ,

where

Cb,p,d,t := t−
d+1
2

+∞∑
n=1

Cn,b,p,d,t.
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5.2. Local Hölder continuity in the one-dimensional case

If d = 1, we can obtain another estimate about the Hölder continuity of the density of Xt. In this case,
Lemma A.2 in Appendix A is a key lemma to obtain our results.

5.2.1. Some definitions and basic inequalities

Before the discussion, we set up some notations. Let x, x0 ∈ R, t > 0 and n ≥ 1. In the following, we define
z0 := x and zn+1 := x0. We define the following three functions.

ϕn,t,x0
(x, zn1) :=

1√
2πt

exp

−
(∑n+1

k=1 |zk−1 − zk|
)2

2t

 ,

Gn,t,x0
(x, zn1) := ϕn,t,x0

(x, zn1)
n∏
k=1

sgn(zk−1 − zk),

hn,t,x0
(x, zn1) :=

{
G1,t,x0

(x, z1), n = 1,
ϕn,t,x0

(x, zn1) sgn(x− z1) sgn(z1 − z2), n ≥ 2.

Then from Lemma A.2, we have

Gn,t,x0
(x, zn1) =

∫
∆k,t

gsk(zk)

k−1∏
j=0

gsj−sj+1(zj − zj+1)

sj − sj+1
dsk1

n∏
k=1

(zk−1 − zk),

for almost every zn1 ∈ Rn. Notice that for any x ∈ R and almost every zn1 ∈ Rn, it holds that

|hn,t,x0
(x, zn1)| = |Gn,t,x0

(x, zn1)| = ϕn,t,x0
(x, zn1).

We also remark that for any x ∈ R and zn1 ∈ Rn, the inequality

ϕn,t,x0
(x, zn1) =

√
2 exp

−
(
|x− z1|+ |z1 − z2|+

∑n+1
k=3 |zk−1 − zk|

)2
4t

ϕn,2t,x0
(x, zn1)

≤
√

2 exp

−
(
|x− z2|+

∑n+1
k=3 |zk−1 − zk|

)2
4t

ϕn,2t,x0
(x, zn1)

= 2
√

2πtϕn−1,2t,x0
(x, zn2)ϕn,2t,x0

(x, zn1). (5.6)

Similarly, it is also holds that

ϕn,t,x0(x, zn1) ≤ ϕn−1,t,x0(x, zn2). (5.7)

5.2.2. Hölder continuity of pt(x0, ·)
Let x ∈ R. In this section, we assume that there exist positive constants α, β ∈ (0, 1) such that

lim
δ↓0

δ−α
∫ x+δ

x

|b(z)|dz < +∞, (5.8)
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lim
δ↓0

δ−β
∫ x

x−δ
|b(z)|dz < +∞. (5.9)

Then the following quantitiesR(x, α) and L(x, α) determine the right or left continuity of the density pt(x0, x).

R(x, α) := lim
δ↓0

δ−α
∫ x+δ

x

b(z)dz, (5.10)

L(x, β) := lim
δ↓0

δ−β
∫ x

x−δ
b(z)dz. (5.11)

Now we have the following result about the continuity of the density pt.

Theorem 5.3. Let d = 1, p > 1, t > 0, x ∈ R, b ∈ Lp(R). Assume that (5.8) holds for some α ∈ (0, 1). Then
for any x0 ∈ R, we have

lim
δ↓0

pt(x0, x+ δ)− pt(x0, x)

δα
= 2R(x, α)pt(x0, x). (5.12)

Similarly, if (5.9) holds for some β ∈ (0, 1). Then for any x0 ∈ R, we have

lim
δ↓0

pt(x0, x)− pt(x0, x− δ)
δβ

= 2L(x, β)pt(x0, x). (5.13)

Proof. We only prove (5.12) because (5.13) can be proved in the similar discussion.
Let δ ∈ (0, 1) and fix x, x0 ∈ R. From the equation (5.2) in Theorem 5.1, we have

pt(x0, x+ δ)− pt(x0, x) = gt(x0, x+ δ)− gt(x0, x) +

+∞∑
n=1

(p̃n,t(x0, x+ δ)− p̃n,t(x0, x)).

From the Lipschitz continuity of gt(x0, ·) and Lemma A.3, we see that

lim
δ↓0

δ−α (gt(x0, x+ δ)− gt(x0, x) + p̃1,t(x0, x+ δ)− p̃1,t(x0, x)) = 2R(x, α)gt(x0, x).

We turn to the case n ≥ 2. From Lemma A.2, we have

p̃n,t(x0, x+ δ)− p̃n,t(x0, x) =

∫
Rn

(Gn,t,x0
(x+ δ, zn1)−Gn,t,x0

(x, zn1))

n∏
k=1

b(zk)dzn1 .

We define

f(zn2) :=

n∏
k=2

b(zk)

n∏
k=3

sgn(zk−1 − zk),
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where zn+1 := x0 Then we can rewrite the previous integral as follows.

∫
Rn

(Gn,t,x0
(x+ δ, zn1)−Gn,t,x0

(x, zn1))

n∏
k=1

b(zk)dzn1

=

∫
Rn−1

f(zn2)

(∫
R

b(z1) (hn,t,x0
(x+ δ, zn1)− hn,t,x0

(x, zn1)) dz1

)
dzn2 .

Lemma A.3 implies that for almost every zn2 ∈ Rn−1, we have

lim
δ↓0

δ−αf(zn2)

∫
R

b(z1) (hn,t,x0
(x+ δ, zn1)− hn,t,x0

(x, zn1)) dz1

= 2R(x, α)f(zn2) sgn(x− z2)ϕn−1,t,x0
(x, zn2)

= 2R(x, α)Gn−1,t,x0(x, zn2)

n∏
k=2

b(zk).

On the other hand, from inequalities (A.2) and (5.7), we have

∣∣∣∣δ−α ∫
R

b(z1) (hn,t,x0
(x+ δ, zn1)− hn,t,x0

(x, zn1)) dz1

∣∣∣∣
≤ δ1−α4

√
π‖b‖p‖g4t‖p∗C1(ϕn,4t,x0

(x, zn2) + ϕn,4t,x0
(x+ δ, zn2))

+ (ϕn,t,x0
(x, zn2) + ϕn,t,x0

(x+ δ, zn2))δ−α
∫ x+δ

x

|b(z)|dz.

From (5.8), the above inequality implies that there exists positive constant C which is independent of δ, n and
zn2 such that

∣∣∣∣δ−α ∫
R

b(z1) (hn,t,x0
(x+ δ, zn1)− hn,t,x0

(x, zn1)) dz1

∣∣∣∣ ≤ C(ϕn,4t,x0
(x+ δ, zn2) + ϕn,4t,x0

(x, zn2))

= C (|Gn−1,4t(x0, x, zn2)|+ |Gn−1,4t(x0, x+ δ, zn2)|) .

Now from Lemma A.2, we see that

∫
Rn−1

(|Gn−1,4t,x0
(x, zn2)|+ |Gn−1,4t,x0

(x+ δ, zn2)|)
n∏
k=2

|b(zk)|dzn2

=

∫
∆n−1,2t

∫
Rn−1

n∏
k=2

|b(zk)|

(
g2sn(x0, zn)

n−1∏
k=1

|zk − zk+1|g2(sk−sk+1)(zk − zk+1)

2(sk − sk+1)

)
dzn2dsn2

+

∫
∆n−1,2t

∫
Rn−1

n∏
k=2

|b(zk)|

(
g2sn(x0, zn)

n−1∏
k=1

|zk − zk+1|g2(sk−sk+1)(zk − zk+1)

2(sk − sk+1)

)
dzn2dsn2 ,

where we put z1 := x and s1 := 2t in the former integral and z1 := x + δ and s1 := 2t in the latter integral.
In the discussion of Section 4, we have already seen that these integrals are finite. Therefore, by applying the
dominated convergence theorem, we obtain that
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lim
δ↓0

δ−α
∫
Rn−1

f(zn2)

(∫
R

b(z1) (hn,t,x0
(x+ δ, zn1)− hn,t,x0

(x, zn1)) dz1

)
dzn2

= 2R(x, α)

∫
Rn−1

Gn−1,t(x0, x, z
n
2)

n∏
k=2

b(zk)dzn2

= 2R(x, α)p̃n−1,t(x0, x),

for all n ≥ 2. This completes the proof.

Example 5.1. Let δ > 0, α ∈ (0, 1) and b(z) := 1
zα 1(0,1)(z). In this case, we see that

R(x, 1− α) =

{ 1

1− α
x = 0,

0 x 6= 0.

Therefore, by applying Proposition 5.3, we have

lim
δ↓0

pt(x0, x+ δ)− pt(x0, x)

δ1−α
=

{ 1

1− α
pt(x0, 0) x = 0,

0 x 6= 0,

for all x0 ∈ R and t > 0. Furthermore, since the density pt(x0, ·) has a Gaussian lower bound (see Prop. 5.2),
1

1−αpt(x0, 0) > 0.
On the other hand, it also holds that L(x, β) = 0 for all x ∈ R and β ∈ (0, 1). Therefore, again from

Proposition 5.3, we see that

lim
δ↓0

pt(x0, x)− pt(x0, x− δ)
δβ

= 0,

holds for all x, x0 ∈ R, β ∈ (0, 1) and t > 0.
These facts tell us that the right Hölder regularity of the density pt(x0, 0) is different from the its left Hölder

regularity. Furthermore, the irregularity point, x = 0, is related to the singular point of b and independent of
the initial value x0 and t.

Remark 5.2. Note that this example and Theorem 5.3 rely on Lemma A.2 which is a one-dimensional result.
Therefore multi-dimensional extensions of this example are non-trivial.

6. Some conclusions

In this article, we have given a presentation which hopefully clarifies the link between the mathematical
expressions for the density or fundamental solution using the classical parametrix method in PDEs and its
stochastic counterpart. We have used this methodology to give an application for the study of densities of SDEs
with drift coefficient which may explode mildly in the sense that b ∈ Lp(Rd).

In particular, we tried to give a first hint towards the question of the existence of upper and lower Gaussian
bounds and the Hölder regularity of the density for such drift coefficients. Note that due to results in [9], one
has that if the drift is smooth at a neighborhood then the density will also be smooth in that neighborhood.

In Section 6.5 of [14], we can find an example of non-differentiable density with discontinuous bounded drift
coefficient and see that the discontinuous point of the drift corresponds with non-differentiable point of the
density. Moreover, one can check that although the density is not differentiable, but Lipschitz continuous.

On the other hand, as we have seen in Example 5.1, if the drift explodes at x = 0 then the density is no
longer Lipschitz at this point, but Hölder continuous. Hence, intuitively, the important factor in this example
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Table 1. Regularity of the density at x = 0 with discontinuous drift at x = 0.

Singularity of the drift at x = 0 Regularity of density Example of drift

(Locally) bounded (Locally) Lipschitz sgn(x)
Locally unbounded and integrable min{1− α, 1− β}-Hölder x−α1(0,1)(x) + |x|−β1(−1,0)(x)

Locally unbounded and not integrable Discontinuous (2x)−1

Locally unbounded and not integrable 2−1(c− 2−1)-Hölder cx−1, c > 2−1

which determines the regularity of the density is the explosion speed of the drift at x = 0 (described in (5.10)
and (5.11)). As it is well known, cases such as b(x) = c

x lead to Bessel processes whose densities have different
properties according to the value of c. In Table 1, heuristic conclusions are expressed. Table 1 also shows the
large amount of problems that need to be tackled in the future.

Still, we believe that there are many possible extensions of this methodology that need to be explored.
For example, by extending it to a larger class of driving processes or by studying fine properties of the density
functions associated to the solution of the corresponding SDE when diffusion coefficients are not elliptic. Another
application is the parametrix expansion of the density in the sense of the Taylor expansions in powers of time.

Furthermore, there is the need to understand better the structure presented in formulas such as (5.1).

Appendix A

A.1 Representations of integrals via Gamma functions

In this manuscript, we often use the equation:

∫
∆n,t

s
− d

2p
n

n−1∏
j=0

(sj − sj+1)−
p+d
2p dsn1 = t

n(p−d)−d
2p

Γ (p−d2p )nΓ ( 2p−d
2p )

Γ (n(p−d)+2p−d
2p )

, (t > 0, d ∈ N, p > d).

In this section, we prove this equality. We first recall the well known equation between Gamma and Beta
functions. Let B(·, ·) be the Beta function and Γ be the Gamma function. Then for any x, y > 0, we have

B(x, y) =
Γ (x)Γ (y)

Γ (x+ y)
.

Lemma A.1. Let α, β ∈ (−∞, 1) and n ∈ N. Then for any t > 0, we have

∫
∆n,t

s−αn

n−1∏
j=0

(sj − sj+1)−βdsn1 = t−α+n(1−β)
n−1∏
j=0

B(1− α+ j(1− β), 1− β)

= t−α+n(1−β)
Γ (1− β)nΓ (1− α)

Γ (1− α+ n(1− β))
. (A.1)

Proof. Choose and fix t > 0 arbitrary. We prove by the induction. For n = 1, (A.1) follows from definition of
the Beta function. Now we assume that (A.1) holds for n = m. Then we have

∫
∆n,t

s−αn

m∏
j=0

(sj − sj+1)−βdsm1 =

∫ t

0

s
−α+m(1−β)
1 (t− s1)−βds1

m−1∏
j=0

B(1− α+ j(1− β), 1− β).
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Therefore, the proof follows from the case n = 1 replacing α by α+m(β − 1) < 1. The second formula follows
by using the relation between the Beta and Gamma functions.

A.2 The Laplace transform of the time convolution of Gaussian densities

Let f : (0,+∞)→ R and
∫ +∞
0

f(t)e−θtdt < +∞. We define the Laplace transform for f by

(L f)(θ) :=

∫ +∞

0

f(t)e−θtdt,

where θ > 0. We also define following two functions.

φy(s) :=
1

s
√

2πs
e−

y2

s 1(0,+∞)(s), s ∈ R, y ∈ R,

ψy(s) :=
1√
2πs

e−
y2

s 1(0,+∞)(s), s ∈ R, y ∈ R.

Then one can show that

(L φy)(θ) =
1

|y|
e−
√

2θ|y|2 , y 6= 0,

(Lψy)(θ) =
1√
2θ
e−
√

2θ|y|2 , y 6= 0.

Then we have the following lemma.

Lemma A.2. Let k ∈ N. If |yj | > 0 for any 0 ≤ j ≤ k then we have

∫
∆k,t

gsk(yk)

k−1∏
j=0

gsj−sj+1
(yj)

sj − sj+1
dsk1 = ψ∑k

j=0 |yj |
(t)

k−1∏
j=0

1

|yj |
.

Proof. We only show that k = 1 case, that is, for any y0, y1 ∈ R \ {0}, we have∫ t

0

gs(y1)
gt−s(y0)

t− s
ds = ψ|y0|+|y1|(t)

1

|y0|
.

In fact, from the definitions of φ and ψ, we have∫ t

0

gs(y1)
gt−s(y0)

t− s
ds =

∫
R

ψy1(s)φy0(t− s)ds = ψy1 ∗ φy0(t)

for any t > 0. Since y1, y2 ∈ R \ {0}, we have that

(Lψy1 ∗ φy0)(θ) = (Lψy1)(θ)(L φy0)(θ)

=
1

|y1|
√

2θ
e−
√

2θ(|y0|+|y1|)2

=
1

|y1|
(Lψ|y0|+|y1|)(θ).

Therefore, the uniqueness of the Laplace transform implies that
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ψy1 ∗ φy0(t) = ψ|y0|+|y1|(t)
1

|y1|

for any t > 0 and y0, y1 ∈ R \ {0}.

Let ϕn,t,x0
(x, zn1), Gn,t,x0

(x, zn1) and hn,t,x0
(x, zn1) be functions defined in Section 5.2.

Lemma A.3. Let d = 1, x, x0 ∈ R, t > 0. Assume that b ∈ Lp(R) and (5.8) holds for some α ∈ (0, 1). Then
for almost all zn2 ∈ Rn−1, we have

lim
δ↓0

δ−α
∫
R

b(z1) (hn,t,x0
(x+ δ, zn1)− hn,t,x0

(x, zn1)) dz1 = 2R(x, α) sgn(x− z2)ϕn−1,t,x0
(x, zn2).

Similarly, if (5.9) holds for β ∈ (0, 1) then we have

lim
δ↓0

δ−β
∫
R

b(z1) (hn,t,x0
(x, zn1)− hn,t,x0

(x− δ, zn1)) dz1 = 2L(x, α) sgn(x− z2)ϕn−1,t,x0
(x, zn2).

Proof. We only prove for the case that (5.8) holds. We first prove that for all sufficiently small δ,

∣∣∣∣∫ x

−∞
b(z1) (hn,t,x0(x+ δ, zn1)− hn,t,x0(x, zn1)) dz1 +

∫ ∞
x+δ

b(z1) (hn,t,x0(x+ δ, zn1)− hn,t,x0(x, zn1)) dz1

∣∣∣∣
≤ 16

√
π‖b‖p‖g4t‖p∗C1δ(ϕn,4t,x0

(x, zn2) + ϕn,4t,x0
(x+ δ, zn2)), (A.2)

holds. From the definition of hn,t,x0
, as long as z1 /∈ [x, x+ δ], we have

|hn,t,x0
(x+ δ, zn1)− hn,t,x0

(x, zn1)| = |ϕn,t,x0
(x+ δ, zn1)− ϕn,t,x0

(x, zn1)| .

Now the mean value theorem yields that

|ϕn,t,x0(x+ δ, zn1)− ϕn,t,x0(x, zn1)|= 1√
2πt

∣∣∣∣∣∣∣
∫ |x+δ−z1|
|x−z1|

d

dy
exp

−
(
y +

∑n+1
k=2 |zk−1 − zk|

)2
2t

 dy

∣∣∣∣∣∣∣
≤
√

2C1δ√
2πt
√
t

exp

−
(

min{|x+δ−z1|, |x−z1|}+
∑n+1
k=2 |zk−1−zk|

)2
4t


=

2C1δ√
t

(
ϕn,2t,x0(x+δ, zn1)1(x+δ,+∞)(z1)+ϕn,2t,x0(x, zn1)1(−∞,x)(z1)

)
.

Furthermore, from the inequality (5.6), we have that

ϕn,2t,x0(x, zn1) ≤ 4
√
πtϕn−1,4t,x0(x, zn2)ϕn,4t,x0(x, zn1).

Hence by applying the Jensen inequality, we obtain that
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−∞
b(z1) (hn,t,x0

(x+ δ, zn1)− hn,t,x0
(x, zn1)) dz1 +

∫ ∞
x+δ

b(z1) (hn,t,x0
(x+ δ, zn1)− hn,t,x0

(x, zn1)) dz1

∣∣∣∣
≤ 2C1δ√

t

(∫ x

−∞
|b(z1)|ϕn,2t,x0

(x, zn1)dz1 +

∫ +∞

x+δ

|b(z1)|ϕn,2t,x0
(x+ δ, zn1)dz1

)
≤8
√
πC1δ(ϕn−1,4t,x0(x, zn2)+ϕn−1,4t,x0(x+δ, zn2))

(∫
R

|b(z1)|(ϕn,4t,x0(x, zn1)+ϕn,4t,x0(x+δ, zn1))dz1

)
.

Now it is clear that the above integral is bounded by 2‖b‖p‖g4t‖p∗ . Therefore we have (A.2). From this upper
bound, we see that

lim
δ↓0

δ−α

∣∣∣∣∣
∫
[x,x+δ]c

b(z1) (hn,t,x0
(x+ δ, zn1)− hn,t,x0

(x, zn1)) dz1

∣∣∣∣∣ = 0.

On the other hand, when z1 moves in [x, x+ δ], it holds that sgn(x+ δ− z1) = 1 and sgn(x− z1) = −1. Therefore
we have ∫ x+δ

x

b(z1) (hn,t,x0(x+ δ, zn1)− hn,t,x0(x, zn1)) dz1

=

∫ x+δ

x

b(z1) sgn(z1 − z2)(ϕn,t,x0
(x+ δ, zn1) + ϕn,t,x0

(x, zn1))dz1,

Except for z2 = x, by taking δ sufficiently small, we see that sgn(z1 − z2) = sgn(x− z2). Therefore we have∫ x+δ

x

b(z1) sgn(z1 − z2)(ϕn,t,x0(x+ δ, zn1) + ϕn,t,x0(x, zn1))dz1

= sgn(x− z2)

∫ x+δ

x

b(z1)(ϕn,t,x0
(x+ δ, zn1) + ϕn,t,x0

(x, zn1))dz1.

Since ϕn,t,x0
is continuous, for any ε > 0, there exists δ0 > 0 such that for any z1 ∈ [x, x+ δ0],

|(ϕn,t,x0(x+ δ0, z
n
1) + ϕn,t,x0(x, zn1))− ϕn−1,t,x0(x, zn2)| < ε.

This implies that

lim
δ↓0

δ−α sgn(x− z2)

∫ x+δ

x

b(z1)(ϕn,t,x0(x+ δ, zn1) + ϕn,t,x0(x, zn1))dz1

= 2R(x, α) sgn(x− z2)ϕn−1,t,x0
(x, zn2).

This completes the proof.
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