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ESTIMATING THE DIVISION KERNEL OF A SIZE-STRUCTURED
POPULATION

VAN Ha Hoang!

Abstract. We consider a size-structured model describing a population of cells proliferating by divi-
sion. Each cell contain a quantity of toxicity which grows linearly according to a constant growth rate a.
At division, the cells divide at a constant rate R and share their content between the two daughter
cells into fractions I" and 1 — I where I" has a symmetric density h on [0, 1], since the daughter cells
are exchangeable. We describe the cell population by a random measure and observe the cells on the
time interval [0, 7] with fixed T. We address here the problem of estimating the division kernel h (or
fragmentation kernel) when the division tree is completely observed. An adaptive estimator of h is
constructed based on a kernel function K with a fully data-driven bandwidth selection method. We
obtain an oracle inequality and an exponential convergence rate, for which optimality is considered.
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1. INTRODUCTION

Models for populations of dividing cells possibly differentiated by covariates such as size have made the
subject of an abundant literature in recent years (starting from Athreya and Ney [3], Harris [18], Jagers [29]).
Covariates termed as ‘size’ are variables that grow deterministically with time (such as volume, length, level
of certain proteins, DNA content, etc). Such models of structured populations provide descriptions for the
evolution of the size distribution, which can be interesting for applications. For instance, in the spirit of Stewart
et al. [34], we can imagine that each cell contains some toxicities whose quantity plays the role of the size. The
asymmetric divisions of the cells, where one daughter contains more toxicity than the other, can lead under some
conditions to the purge of the toxicity in the population by concentrating it into few lineages. These results are
linked to the concept of aging for cell lineage. This concept has been tackled in many papers (e.g. Ackermann
et al. 2], Aguilaniu et al. [1], Lai et al. [23], Evans and Steinsaltz [15], Moseley [28]).

Here we consider a stochastic individual-based model of size-structured population in continuous time, where
individuals are cells undergoing binary divisions and whose size is the quantity of toxicity they contain. A cell
containing a toxicity « € Ry divides at a rate R > 0. The toxicity grows linearly inside the cell with rate a > 0.
When a cell divides, a random fraction I" € [0, 1] of the toxicity goes in the first daughter cell and 1 — I in the
second one. Figure 1 illustrates trajectories of two daughter cells after a division. If I" = 1/2, the two daughters
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FIGURE 1. Trajectories of two daughter cells after a division, separating after the first division
at time ¢7.

both inherit toxicity 2:/2. If the distribution of I" does not concentrate on the singleton 1/2, divisions might be
unequal. Here, we assume that the distribution of I" admits a density h with respect to the Lebesgue measure.
Because the daughter cells are exchangeable, we can assume that h is a symmetric function with respect to
1/2 on [0, 1]. When the density of h is concentrated around 1/2, both daughters contain similar toxicities, close
to the half of their mother’s toxicity. The more h puts weight in the neighbourhood of 0 and 1, the more
unequal the divisions are, with one daughter having little toxicity and the other a toxicity close to its mother’s
one. Modifications of this model to account for more complex phenomena have been considered in other papers.
Bansaye and Tran [6], Cloez [11] or Tran [36] consider non-constant division and growth rates. Doumic et al. [13]
studies a size-structured model in which the division rate depends on size of individuals growing exponential in
time. Robert et al. [30] studies whether divisions can occur only when a size threshold is reached. Our purpose
here is to estimate the density h ruling the divisions, and we stick to constant rates R and « for the sake of
simplicity. Notice that several similar models for binary cell division in discrete time also exist in the literature
and have motivated statistical questions as here, see for instance Bansaye et al. [4,7], Bercu et al. [8], Bitseki
Penda [10], Delmas and Marsalle [12] or Guyon [17].

Individual-based models provide a natural framework for statistical estimation. Estimation of the division
rate is, for instance, the subject of Doumic et al. [13,14] and Hoffmann and Olivier [20]. Here, the density h is
the kernel division that we want to estimate. The interest of estimating h is to see whether the sharing is rather
equal or unequal since the kurtosis of h provides indication on the age of lineage. If we consider that having a
lot of toxicity is a kind of senescence, then, the knowledge of h allows to detect aging phenomena (see Lindner
et al. [25]).

Assuming that we observe all the divisions of cells occurring in continuous time on the interval [0, 7], with
T > 0, we propose an adaptive kernel estimator h of h for which we obtain an oracle inequality in Theorem 2.8.
The construction of & is detailed in the sequel. From the oracle inequality we can infer adaptive exponential

28

rates of convergence exp (—mRT ) with respect to T" depending on 3 the smoothness of the density. Most

of the time, nonparametric rates are of the form n” T (see for instance Tsybakov [37]) and exponential rates
are not often encountered in the literature. The exponential rates are due to binary splitting, the number of
cells i.e. the sample size increases exponentially in exp(RT) (see Sect. 2.2). By comparison, in [20] Hoffmann
and Olivier obtain a similar rate of convergence for the kernel estimator of the division rate when the latter is
not constant. However, their estimator is not adaptive since the choice of their optimal bandwidth still depends
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on the smoothness of the estimated function. The main difficulty for adaptation in their setting comes from the
fact that the number of observations as well as the probability of inclusion of an individual both depend on the
unknown division rate. In this paper, we do not consider these issues, but we aim at adaptivity and the kernel
estimator / still depends on a random number of observations. Our estimator is adaptive with an “optimal”
bandwidth chosen from a data-driven method. We derive upper bounds and lower bounds for the MISE (Mean
Integrated Squared Error) of h. The rate of convergence of our estimator h proves to be optimal in the minimax
sense on the Holder classes.

This paper is organized as follows. In Section 2, we introduce a stochastic differential equation driven by a
Poisson point measure to describe the population of cells. Then, we construct the estimator of h and obtain
upper and lower bounds for the MISE. Our main results are stated in Theorems 2.11 and 2.12. Numerical results
are presented in Section 3. The main proofs are shown in Section 4.

Notation. We introduce some notations used in the sequel.
Hereafter, ||-||1 and ||-||2 respectively denote the L' and L? norms on R with respect to the Lebesgue measure:

I = [ 1@z, 1512 = ( / |f<w>|2dw)l/2.

1flloc = supl f (x)|-
r€ER

The LL*° norm is defined by

Finally, f x g denotes the convolution of two functions f and g defined by
f*glx / fly y)dy, x€R.

2. MICROSCOPIC MODEL AND KERNEL ESTIMATOR OF h

2.1. The model

We recall the Ulam—Harris—Neveu notation used to describe a genealogical tree. The first cell is labelled
by 0 and when the cell j divides, the two descendants are labelled by j0 and j1. The set of labels is

J={0}U G {0,1}™. (2.1)

We denote V; the set of cells living at time ¢, and V; C J.

Let Mp(R;) be the space of finite measures on R, embedded with the topology of weak convergence and
let X7 be the quantity of toxicity in the cell j living at time ¢, we describe the population of cells at time ¢ by
a random point measure in Mg (R4 ):

Ny
dz) = Z(ng (dz), where Ny=(Z,1)= /R Zy(dx) (2.2)

is the number of individuals living at time ¢. For a measure u € Mp(Ry) and a positive function f, we use the
notation {(u, f) = fR+ fdpu. |
We assume that between the birth time of cell j and its splitting time, the toxicity X7 grows linearly with
the constant rate «, 4
dX; = adt. (2.3)
When the cells divide, the toxicity is shared between the daughter cells. This is described by the following
stochastic differential equation (SDE) (2.5).
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Let Zy € Mp(R4) be an initial condition such that
E((Zo,1)) < +o0, (2.4)

and let Q(ds, dj,dv) be a Poisson point measure on Ry x £ := Ry x J x [0, 1] with intensity ¢(ds,dj,dvy) =
Rh()dsn(dj)dy. Here n(dj) is the counting measure on J and ds is the Lebesgue measure on Ry. We de-
note {F;}+>o the canonical filtration associated with the Poisson point measure and the initial condition. The
stochastic process (Z;)¢>o can be described by a SDE as follows (see Bansaye et al. [5]).

Definition 2.1. For every test function fi(z) = f(z,t) € C;’I(R+ x R4, R) (bounded of class C' in t and z
with bounded derivatives), the population of cells is described by:

(Zs, fr) =(Zo, fo) +/0 /]R (0s fs(x) + a0y fs () Zs(dx)ds

i /0 [ rven[f (3L) + 1 (=03 ) - £ (31 Jousaian. 23

The second term in the right hand side of (2.5) corresponds to the growth of toxicities in the cells and the
third term gives a description of cell divisions where the sharing of toxicity into two daughter cells depends on
the random fraction I'. Simulations and results on the stabilization of the mean toxicity using this model are
presented in the author’s Ph.D. thesis (see [19], Sects. 2.2.2 and 2.3.2).

We now state some properties of [V; that are useful in the sequel.

Proposition 2.2. Let T > 0, and assume the initial condition Ny, the number of mother cells at time t = 0,
1s deterministic for the sake of simplicity. We have

(i)  Let T; be the i™ jump time. Then

lim T; =400 and lim Np=+oo (a.s)
1——+00 T—+oco

(ii) When No > 1, N is distributed according to a negative binomial distribution, denoted as NB(Ng,e 1T).
Its probability mass function is then

n—1 N n—N,
P(N; = _ —RT\ Vo 1— —RT 0
(vr=m = (7 )Y = ey
forn > Ny. When Ng =1, Nt has a geometric distribution

P(Np =n)=e BT (1 — e_RT)ni1 .

Consequently, we have ]E[NT] = NyelT.
(ili) When Ny = 1:

When Ny > 1, we have

] (a5 o (£ ()21

k=1

(iv) Furthermore, when No > 1, we have

efRT 1 efRT
<E|—| < .
No {NT] = No—1

The proof of Proposition 2.2 is presented in Appendix.
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2.2. Estimation of the division kernel
Data and construction of the estimator

Suppose that we observe the evolution of the cell population in a given time interval [0,7]. At the i*™® division
time ¢;, let us denote j; the individual who splits into two daughters Xg:o and Xg:'l and define

ngo ngl
Fio == and Fil ==
th_ th_

the random fractions that go into the daughter cells, with the convention % =0.
Observe that I’ and I'! are exchangeable with I'? + I'! = 1, I'? and I'} are thus not independent but the

K3 K3 7 7

couples (I'?, I'!');en- are independent and identically distributed with distribution (I'%, I'*) where I'* has the

K3 7
density h(y) and I'° =1 — Il
The goal is to estimate h. For this purpose, we naturally use kernel estimates. Assume that we observe
(I't,...,I'4y,) where My > 0 is the random number of divisions in [0, 7], we define the kernel estimator of h
as follows.

Definition 2.3. Let K : R — R be an integrable function such that

/ K(z)dz =1 and / Kz(x)dw < 00.
R R
Define

M
ha(y) = MLT S Ky -T}), ve ), (2.6)

1
where Ky(-) = ZK(-/E), £ > 0 is the bandwidth to be chosen.

Remark 2.4. Since Ny # 0, the number of random divisions Mr is different from the number of individuals
living at time T'. More precisely, we have M = Np — Nj.

In (2.6), he depends also on T'. However, we omit 71" for the sake of notation. The estimator h; satisfies the
following properties.

Proposition 2.5. For all v € (0,1), let E[ﬁg(’y)\MT] and Var [ﬁg(’y)|MT] respectively be the conditional expec-
tation and conditional variance given Mp of ;Lg(’}/). We have

(i) A )
E[he(y)|Mr] = K¢ * h(y) and E[he(7)] = K¢ x h(7).

Consequently we have ]E[ﬁg(vﬂMT] = E[ﬂg(y)].

Var [ (7)[Mr] = MLTVar Koy —T1)].
Mr

Var[flg(’y)] =E L\/} } Var [Ky(y — F%)] .

P he(v) = Kexh(v)  (a.s).
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Adaptive estimation of h by Goldenshluger and Lepski’s (GL) method

Let hy be the kernel estimator of ‘h as in Definition 2.3. We measure the performance of he via its L2-loss i.e.
the average L? distance between h, and h. The objective is to find a bandwidth which minimizes this L2-loss.
Since M is random, we first study the L2-loss conditionally to Mr.

Proposition 2.6. The LL2-loss of he given Mrp satisfies:

K]z

VMrl
In the right hand side of the risk decomposition (2.7) the first term is a bias term. Hence it decreases when

{ — 0 whereas the second term which is a variance term increases when ¢ — 0. The best choice of ¢ should

minimize this bias-variance trade-off. Thus, from a finite family of possible bandwidths H which will be defined
later, the best bandwidth ¢ would be

Ellhe — hllz| Mz | < 1 — K« bl + (2.7)

7 . HK||2 }
{ := argmin h— Kyxhl|s+ —= - 2.8
lge {” Y4 H2 Nl ( )

The bandwidth ¢ is called “the oracle bandwidth” since it depends on h which is unknown and then it
cannot be used in practice. Since the oracle bandwidth minimizes a bias variance trade-off, we need to find
an estimation for the bias-variance decomposition of he. Goldenshluger and Lepski [16] developed a fully data-
driven bandwidth selection method (GL method). The main idea of this method is based on an estimate of the
bias term. In a similar fashion, Doumic et al. [14] and Reynaud—Bouret et al. [32] applied this methodology.
To apply the GL method, we set for any ¢, ¢/ € H:

M
o) = 3 3 (Ko K)oy = I = (Kewhr) ().

Finally, the adaptive bandwidth and the estimator of h are selected as follows:

Definition 2.7. Given € > 0 and setting x := (1 + €)(1 + || K1), we define

) : X|K||2}
£ := argmin < A(¢) + , 2.9
deH { @ Mt 29)
where, for any ¢ € H,
- - X||K|2}
Al) = heo — hells — — ¢ 2.10
(0) 5’2%{' e —he2 e S, (2.10)

Then, the estimator A is given by R R
h = h;. (2.11)
An inspection of the proof of Theorem 2.8 which follows the term A(¢) provides a control for the bias
|h — K¢ * |2 up to the term ||K|[1 (see (4.5) and (4.6) in the proof of Thm. 2.8, Sect. 4). Since A(¢) depends
only on hg ¢ and hy, the estimator h can be computed in practice.
We shall now state an oracle inequality which highlights the bias-variance decomposition of the MISE of h.
We recall that the MISE of  is the quantity E {Hiz — hH%}

Theorem 2.8. Let T > 0 and assume that observations are taken on [0,T]. Let Ny be the number of mother
cells at the beginning of divisions and My is the random number of divisions in [0,T]. Define

e—RT+log(RT) f
1 __RT ? NO = 17
o)t = 1—enf (2.12)

eiRT, if Ny > 1.

For large T, the main term in o(T)~ ! is e BT in any case. It is exvactly the order of o(T)~! for No > 1.
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Assume h € L>°([0,1]). Consider H a countable subset of {A7L A =1,..., Apax} in which we choose the
bandwidths and Ayax = [00(T)] for some 6 > 0. Let h be the kernel estimator defined with the kernel K; where

{ is chosen by the GL method. Then, given € > 0

) , K2 B
E|lh - hl3] sclgglg{nm*h—m%%g(ﬂ 1}+029<T> L (2.13)

where Cy is a constant depending on Ny, ||K||1 and € and C3 is a constant depending on Ny, §, €, || K1, || K||2
and ||h||co-
In view of iv) of Proposition 2.2 and Remark 2.4, recall that E[I/NT] <e fT/(Ng—1) and My = Ny — No.

Since o(T')~! is of the order of E[1/Nr], the last term of (2.13) is negligible. Hence the estimate h mimics the
performances of the oracle estimator.

We now establish upper and lower bounds for the MISE. The lower bound is obtained by perturbation
methods (Thm. 2.12) and is valid for any estimator hy of h, thus indicating the optimal convergence rate. The
upper bound is obtained in Theorem 2.11 thanks to the key oracle inequality of Theorem 2.8.

To establish rates of convergence, it is necessary to assume that the density h and the kernel function K
satisfy some conditions introduced in the following definitions.

Definition 2.9. Let 5 > 0 and L > 0. The Holder class of smoothness § and radius L is defined by
H(B,L) = {f : f has k = | 8] derivatives and Vz,y € R, |f(k)(y) — f(k)(x)| < Llx — y\ﬁ*k}.

Definition 2.10. Let 5* > 0. An integrable function K : R — R is a kernel of order * if
o [K(z)dx =1,
o [|z|?|K(x)|dz < oo,
e For k= [3*],V1<j <k, [2/K(z)dz =0.
Then, the following theorem gives the rate of convergence of the adaptive estimator h.

Theorem 2.11. Let 8 € (0,5*) and leth > 1. Let K be a kernel of order 5* and let ¢ be the adaptive bandwidth
defined in (2.9). Then, for any T > 0, the kernel estimator h satisfies

sup  E||h — hl2 < Cso(T) 77T, (2.14)
heH(B,L)
[[Alloo<H

where o(T)~t is defined in (2.12) and Cs is a constant depending on Ny, 6, €, | K||1, | K|2, 8, L and b.
We now establish a lower bound in Theorem 2.12.

Theorem 2.12. For any T'> 0, 3 >0, L > 0 and b > 1, there exists a constant Cyx > 0 such that for any
estimator hr of h

R Qﬁ
sup Ellhr — h||2 > C exp(— RT)- 2.15
e | 12> Cy 5711 (2.15)
I hlloc<b

Contrary to the classical cases in nonparametric estimation (see for instance Tsybakov [37]), the number of
observations My is a random variable that converges to +o0o when 7' — +oco which is one of the main difficulty
here. For functions h in the Holder class such that ||h]e < B, h > 1, Theorem 2.11 shows that the rate of

convergence of h is Q(T)_% = exp (—%RT), when Ny > 1. In this case the upper bound matches the

lower bound in Theorem 2.12. When Ny = 1, the upper bound differs from the lower bound by an additional
logarithmic term. The rate of convergence is thus slightly slower than in the case Ny > 1 and our estimator is
optimal up to a logarithmic factor. Furthermore, Theorem 2.11 illustrates adaptive properties of our procedure:
it achieves the rate Q(T)_% over the class H(5, L) N {||h]lcc < b} as soon as § is smaller than §*. So, our
estimator automatically adapts to the unknown smoothness of the signal to estimate.



282 V.H. HOANG

0.25
I
0.10
1

0.08
1

0.20
I
0.06
1

0.04
1

error
I_GL - |_oracle

0.15
I
0.02
1

0.00
1

0.10
L

-0.02
1

T T T T T T T T T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

epsilon epsilon

(a) (b)

FIGURE 2. (a) MISE’s as a function of e. (b) 0 — loracte as a function of e. The dotted lines
indicate the optimal value of € which is used in all simulations.

3. NUMERICAL RESULTS

We use the R software to implement simulations with two original distributions of division kernel A and
compare with their estimators. On the interval [0, 1], the first distribution to test is Beta(2,2). Beta(a,b)
distributions on [0, 1] are characterized by their densities

xa—l(l — .T)b_l
hBeta(a,b) () = ~ B(a,b)

where B(a, b) is the renormalizing constant.

Since h is symmetric, we only consider the distributions with @ = b. Generally, asymmetric divisions cor-
respond to a < 1 and symmetric divisions with kernels concentrated around % correspond to a > 1. The
smaller the parameter a, the more asymmetric the divisions. For the second density, we choose a Beta mixture
distribution as

1 1
3 Beta(2,6) + 3 Beta(6,2).

This choice gives us a bimodal density corresponding to very asymmetric divisions.

We estimate by using (2.6) and take the classical Gaussian kernel K (z) = (2r)~ /2 exp(—z2/2). For the
choice of bandwidth, we apply the GL method with the family H C {1, 271 |60(T)] *1} for some § > 0 small
enough when o(T) is large to reduce the time of numerical simulation. We have ||[K||; = 1, | K|y = 271/27~1/4
and Kyx Ky = K JETT? hence it is not difficult to calculate in practice iLg,g/ as well as fzg/. Finally, the value
of ein x = (14 €)(1 + || K1) is chosen to find an optimal value of the MISE. To do this, we implement a
preliminary simulation to calibrate € in which we choose € > —1 to ensure that 1+¢€ > 0. We compute the MISE
and ¢ — ly ace as functions of € where £y, qe1e = argmin ;¢ E[HiLe - hHg] and h is the density of Beta(2,2). In
Figure 2a, simulation results show that the risk has minimum value at ¢ = —0.68. This value is not justified from
a theoretical point of view. The theoretical choice € > 0 (see Thm. 2.8) does not give bad results but this choice
is too conservative for non-asymptotic practical purposes as often met in the literature (see Bertin et al. [9] for
more details about the GL methodology). Moreover, following the discussion in Lacour and Massart [24] we
investigate (see Fig. 2b) the difference 0— Loracle and observe some explosions close to e = —0.68. Consequently,
we choose € = —0.68 for all following simulations.
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FIGURE 3. Reconstruction of division kernels with 7" = 13.

Figure 3 illustrates a reconstruction for the density of Beta(2,2) and Beta mixture £ Beta(2, 6) +4 Beta(6,2)
when 7' = 13. We choose here the division rate and the growth rate R = 0.5 and o = 0.35 respectively. We
compare the estimated densities when using the GL bandwidth with those estimated with the oracle bandwidth.
The oracle bandwidth is found by assuming that we know the true density. Moreover, the GL estimators are
compared with estimators using the CV bandwidth and the RoT bandwidth, i.e. the bandwidths obtained by
using the cross-validation (CV) method and the rule of thumb (RoT) respectively. For a random sample of
deterministic size n, I'l,..., )}, the CV bandwidth is defined as follows

. - 2~
leov = argmin {/ hi(y)dy — - Z he,i(Fil)}
i=1

teH

where ﬁg,,i('y) = ﬁ Z#i Ky (Fjl — 7). The RoT bandwidth can be calculated simply by using the formula

Cror = 1.066n~1/5 where 6 is the standard deviation of the sample. More details about these methods can be
found in Section 3.4 of Silverman [33] or Tsybakov [37].

To estimate the MISE, we implement Monte-Carlo simulations with respect to T'= 13,17 and 20. The mean
numbers of observations for each T" are respectively 664, 4914 and 22 025. The number of repetitions for each
time is M = 100. Then, we compute the mean of relative error e = (1/M) Zf\il e; and the standard deviation

o = /(M) M (e — &) where

A9 —hllz
€; T i=1,..., M, (3.1)
and (") denotes the estimator of h corresponding to i™ repetition.

The MISE’s are computed for estimated densities using the GL bandwidth, the oracle bandwidth, the CV
bandwidth and the RoT bandwidth. For a further comparison, in the reconstruction of Beta(2,2), we compute
the relative error in a parametric setting by comparing the true density h with the density of Beta(a, ) where
a is a Maximum Likelihood (ML) estimator of a. The simulation results are displayed in Tables 1 and 2. For
the density of Beta mixture, we only compute the error with 7'= 13 and T' = 17. Boxplots in Figure 4 illustrate
the MISE’s in Table 1 when T" = 17.

From Tables 1 and 2, we can note that the accuracy of the estimation of Beta(2,2) and Beta mixture by the
GL bandwidth increases for larger T'. In Figure 5, we illustrate on a log-log scale the mean relative error and
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TABLE 1. Mean of relative error and its standard deviation for the reconstruction of Beta(2,2).

7 is the average of bandwidths for M = 100 samples.

GL Oracle CV RoT ML method

T=13 e 0.1001 0.0840 0.1009  0.0900 0.0610
oge 0.0585 0.0481  0.0599  0.0577 0.0724
¢ 0.0920 0.0845 0.0824  0.0727

T=17 & 0.0458 0.0397 0.0459  0.0405 0.0166
o. 0.0260 0.0230 0.0297  0.0237 0.0171
¢ 0.0485 0.0497 0.0478  0.0470

T=20 e 0.0261 0.0241 0.0262 0.0245 0.0088
o. 0.0140 0.0114 0.0132 0.00121 0.0091
¢ 0.0377 0.0359 0.0345 0.0354

TABLE 2. Mean of relative error and its standard deviation for the reconstruction of beta
mixture £ Beta(2,6) + 1 Beta(6, 2).

GL Oracle CV RoT

T=13 e 01361 0.1245 0.1379 0.1686
oo 0.0672 0.0562 0.0815  0.0537
¢ 00618 0.0527 0.0522  0.0948
T=17 e 0.0539 0.0534 0.0550  0.0919
o. 0.0180 0.0168 0.0168 0.00223
¢ 0.0309 0.0272 0.0264 0.0590

the rate of convergence versus time 7. This shows that the error is close to the exponential rate predicted by
the theory. Note that here we simulate the division tree with Ny = 1, so the mean relative error is compared

23
. —28 xp(—RT+log(RT) | 26+1
with the rate o(7) 20+1 = (%)

are larger than those of Beta(2,2) with the same T" due to the complexity of its density. In both cases, the error
estimated by using oracle bandwidth is always smaller. The GL error is slightly smaller than the CV error. The
RoT error can show very good behavior but lacks of stability. Overall, we conclude that the GL method has a
good behavior when compared to the cross validation method and rule-of-thumb. As usual, we also see that the
ML errors are quite smaller than those of nonparametric approach but the magnitude of the mean € remains
similar.

Since h is symmetric on [0, 1] with respect to %, the estimator h can be improved and we can introduce

. Moreover, we can observe that the errors of Beta mixture

. 1

h@) = 5 (h@) + (1 - ),

which is symmetric by construction and satisfies also Theorem 2.11. We compute the mean of relative error
for the estimator h with the estimation of Beta(2,2) and Beta mixture. The results are displayed in Table 3.
Compared with the error in Tables 1 and 2, one can see as expected that the errors for the reconstruction of
h are smaller. However, these errors are of the same order, indicating that the estimator h had already good
symmetric properties.

4. PROOFS

In the sequel, when writing [ f, we refer to fR f. Moreover, for functions h having support (0,1), we write
| h()dy instead of fol h(v)dy.



FIGURE 5. The log-mean relative error for the reconstruction of Beta(2,2) compared to the
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TABLE 3. Mean of relative error for the reconstruction of h.

GL Oracle CV RoT
Beta(2, 2) T =13 0.0785 0.0634 0.0762 0.0644
T=17 0.0356 0.0309 0.0356 0.0309
Beta mixture T =13 0.1117 0.0953 0.1030 0.1584
T =17 0.0450 0.0414 0.0417 0.0893
px : . 0 o
s 8
: 3 8
o I :
:
G‘L Ora‘cle C‘V R;T h/:L

FIGURE 4. Errors of estimated densities of Beta(2,2) when T' = 17.
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o
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- - log-mean relative error
— log-rate

log-rate (solid line) computed with 5 = 1.

4.1. Proof of Proposition 2.6

‘We have

E[||lhe — hl|l2|M7] < |h — Ko % hll2 + E[||he — E[hd][|2| Mr].

285
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For the variance term, using that E[he(7)] = E[he(y)|Mr]
B~ B3] =& | [ Jhu(2) — Efhe)] ool
= /Var [BK(V)’MT} dy
_ MLT /Var [Key 1]y
<5 [ B[xE0 - m]an.
By Fubini’s theorem, we get

[E[Rz-rbar= [ [ K26 - whwaud

_ /h(u) (/ K3 (v - u)cw) du

2
= K13 / ) = K12,

~

Then we have

_ e
mizian < I
E (e — EfhelI3IMr] < 77

Hence, applying Cauchy—Schwarz’s inequality, we obtain (2.7). This ends the proof of Proposition 2.6.

(4.1)

4.2. Proof of Theorem 2.8

This proof is inspired by the proof of Doumic et al. [14]. However, our problem here is that the number
of observations Mr is random. To overcome this difficulty, we work conditionally to M7 to get concentration
inequalities.

Recall that

7 7 X”KHQ
A(l) := su heop — hpllo — SF—= .
( ) Zs’ep {| £,0 L ”2 Nl

Step 1. Let us prove that

R 2
e (1 i3] <248 630] + & (106w ni3+ Lo [ L] (42)
where
T (7 L
cr(t) = sup { (e~ Blh]) = (e ~ Bl - 2} (43)

and C is a constant depending on € and || K]||;.
For any ¢ € H, we have R
b= hll2 < Ay + A + As,

where

X[ K2
VMl
X[ K2
VMrl’

Ay = [ =yl < A(E) +

Ag = ||h , = hell2 < A(0) +

A3 = Hilg — h”z
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By definition (2.9) of /, we have

X[ K|
Ay + Ay <24A(0) +2 4.4
1+ A < 24(0) + VTR (4.4)
and
A(6) < gup {1 esr ~ Blhne]) = (s~ Elhe Dl + 180 e] - Blhelle - L2}
veH ’ ’ ’ VMrl)
< &r(0) + sup {|[Elhe.] ~ Efhe]|f (45)
{'eH
with &7 (¢) defined in (4.3).
For the term sup {HEVL&@] — ]E[il(/]“z}, we have
veH
Bl ()] = Blhe ()] = [ (Kex Ke) (o = h(wdu — [ Koy = o)h(o)do
_ //Km ~ = ) Ko ()h(w)dtdu — /Kg, (v — )h(v)dv
= //K@(v —u)Kp(y —v)h(u)dudv — /Kg/('y —v)h(v)dv
= /Kg/ (v —v) (/ Ko(v —u)h(u)du — h(v)) dv
_ / Ko (v — v) (Ko % h(v) — h(v)) dv,
Hence, we derive . .
[E[he,er] = E[he]ll2 = [[ Ko x (K¢ xh = h)|l2 < | K[|1[[ K¢ h = h2, (4.6)
where the right hand side does not depend on ¢ allowing us to take sup in the left hand side.
veH
Thus, (4.3)—(4.6) give
Ay + Ay < 260(0) + 2| K |1 ]| Ko # — Bl + 221512
- /Ml
Then,
2 2 2 2 XIE]3 1
B (A1 + A42)?] < 12EIEH (O] + 12 K1 Ko — pl + 1222 | (4.7)

For the term As, we have from (4.1)

N N . K3 1
E [43] = IElh] - 113 + E (1 — ERIE] < N - al + L2 | ]

Finally, replacing x by (1 +€)(1+ || K||1), we have for any ¢ € H
E[llh - hl3] < 2B [(41 + 42)?] + 2B [43]
< 24E [¢2(0)] +2 (1 + 12| K|[}) [| Ko h — B3

+2(1 120+ 020+ a?) Bl L.

This proves (4.2).
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Step 2. Let us deal with the term E [¢Z(¢)]. We have

A A A A K
er(0) < sup {vw ~Elheella + e — Effe]ll2 - M}
+

veH \/W
) X . . XKl
< penr {lhtz/ — Elhe]ll2l Kl + lhe — Elhe]]l2 - VM |,
X . (1+6)(1+|K||1)|K||2}
< L+ |[K ) he = Elhe]ll2 —
< swp {( VK1) ler — Effoe] NATET .
< (1+||K]}1)ST,
where ( K
. R 14 €)|| K2
S o= he = Elhelll2 = —F7==—1¢ -
o= sup {1 Bl - U
Hence,

E[&(0)] < (L+ |K[1)*E[E[s3]Mr] |

If we show that

1
E[S7|Mp =n] < Coms
then
1
2 < 2 _
El60)] < 0.0+ [K)E | 11|
where C, is a constant.
Step 3. Let us establish (4.9). When Mp = n, Vn € N*| we set
E[X2] = E[S}|Mr = n]
e (1 + oK)
1 + € K 2 }
Yp = su Zo|lo — ———=——=
wi= s {10 - S .
with
. . 1 <
Zo(7) = he(v) = Elhe(v)] = Y Koy —T) —E[Ki(y = I})).
i=1
Then,

E[X}] =E [;gg {IIZellz -

e (14-6)|K||2}2
< P | su Zol|o — ————— > x| de
_/(; [KEB {| KH2 Vng + o

< Z/O+OOP {||z@||2_w}2 zx] dz.

leH

We bound this with Talagrand’s inequality.

(4.8)

(4.9)

(4.10)

(4.11)
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Step 3.1. Talagrand’s inequality provides deviation estimates close to the one needed in (4.11). Let A be a
countable dense subset of the unit ball of 1.2([0, 1]). We express the norm || Z,||2 as

1Zello = sup / a(7) Ze(7)dy
acA
n

= sup 3 [ alo) (Kuly ~ 1) = ElKly — ID)]) o

acA T
Let
1 1 1
Vir = a(V)E (KK(V —I7) —E[K(y - I3 )D dry.
Then V; r, i =1,...,nis a sequence of i.i.d random variables with zero mean. Thus, we can apply Talagrand’s

inequality (see Massart [26], p. 170) to || Z¢|l2 = sup >_.—, Vi r. For all n,z > 0, one has
acA
P (I1Zellz = (1+ nE[| Zella] + V2va + c(n)ba) < e,
where c(n) = 1/3+n71,

1
v=—suplE
N acA

(/ a(v) (Ke(y = I7) = E[Ke(y = I7)]) dv) 2] :

and,

b= sup /G(W) (Ke(y —y) _]E[KZ(V_Fll)D dy.

y€(0,1),a€A

S|

Next, we calculate the terms E[||Z¢||2], ¥ and b. Applying Cauchy—Schwarz’s inequality and using indepen-
dence of variables, we get

1/2

E[|Zella) < (B[ Z()13])""?

IN

. 2
E [/ <%ZKK(’Y_ I —E[K(y — Fz‘l)]> dy

1/2

n 2
2% (/E (ZKz(v—FS) —E[Kz(v—ﬂl)o dy

IN
S|
N
3
—
=
z
%)

I
)
e

o
=2
~
=
[\v]

I

=

D
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For the term v, we have

v< %SEBE [(/ a(y)Ke(y — Fll)dv)Q]

< 2w | [ IRty - iy < [l - ri
< Bl s | [ty - ]
< Iy [ee ity - i) an
|K|1ae,4// DKoy — w)lh(w)dudy
< M (4.12)

For the term b, we have

1
b:— sup ||Ko(- —y) — B[Ke(- — TP)]|l2
yE(O 1)

1 1z 2||K |2
<= sup ||K— +<1EUK2 —FldD < :
- <ye<ol,31) [15e(- = y)ll2 oy —I7)dy o/l

So, for all n,z > 0, we have

[ K2 1/2 2x | K|2x -
Pl Zelo > (1 +n)— + hoé Kl1\/— +2¢(n)——=— ] <e *.
<| oll2 > ( n) i 121271 K] ” (n) o/l

Let Wy be some strictly positive weights, we apply the previous inequality to z = Wy + u for u > 0. We have

HK||2 1/2 HKllez
1Zell2 = (1 +n) == + [AlIZ2] K |11 +2
( v

[2u ([ K|2u W
+ |R)L2 N K1y ) = + 2¢e(n) t—=— | < e Wemv,
A=K - (n) /i

If we set
(Y1 1/2 HKllez
Py = (1+4n) ~+HhH/IIKH :
then,
K|ou
P(12d — ¥ 2 21Ky 2+ 2o < v, (4.13)
Step 3.2. Let

400
A=F {sup (1Zell2 — m)i] - / P {sup (1Zell2 — @) > x} dz.
leH 0 teH
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An upper bound of A is given by
A< Z/ |Z\|2—%) ]dx,
(eH

which we can make smaller than C*/n as follows by using (4.13).
Indeed, let us take u such that

2
et / NI
= flw)? (nhn”mnu/ + 2() wz)

de = 27 (u) (|h|1/2||K|1

So,

1
V2nu

Hence,

as Y [ emnag (inpgl o=+ 2con 22 ) au

leH
<> / e () (IR 2+ 2 L) ot
teH nvt
—226 W‘/ f(u)?e *u" du
teH
<C Z —W HhH ”KH e e Udy + 12112 ||KH2 we%d xl
e 00 I ./ u -
teH
. ", IIKHQ 1
= Y e (Il 12+ 2 ) w2 =
teH

where we see that C* depends on 6, €, |70, || K1, || K2

Step 3.3. We need to choose W, and 7 such that

< A

_el. _ 0+ 9K
E[Z}] =E L?gg {||Z€||2 N }+

For this it is sufficient to prove that ¥, < (1 +¢) ”\I/(l—‘ Let 6 > 0, we choose

eI
2l el K 37

so that we have

K2 61K | ce?IIK]3 1
Vonvi - Pl K17 nt

Obviously, the series ), ; e~ "¢ is finite and for any ¢ € H, since £ < 1, we have

152 e K3 1

V= (1+4+mn)

U < (1+n+0)

Vil PllIER nl
c(m)?|| K3 1 >|K||2
<|(1+n+0+ .
( 1Plloc | K11F VRt ) /nt

291

(4.14)

(4.15)
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Since H C {Afl, A=1,..., Amax}, if we choose Apax = [0n] for some 6§ > 0, then £, = ALl . Moreover,
because |||l > 1 since h is a probability density on [0, 1], we obtain

c(m@?| K|3V6\ |1 K
v, < <1+n+9+ () |1”<||§|2 ) %2. (4.16)

It remains to choose 77 = €/2 and 6 small enough such that

MO IEBVG _

04+ ———==—
I1K|? 2
then %]
Uy < (1l+e 2,
4 ( ) m

and we get from (4.14) and (4.15)

Hence, we get (4.9) and (4.10).

Step 4. Combining (4.2) and (4.10), we obtain

- K2 1 1
E [||h— hH%} < C (|Kg*h— h||3 + I eHZE |:M—T:|) +C.E {E} )

Moreover, since N7 > Ny, we have
1 L Np 1 1 1
El—|=F|—— | =F|—%  ~ | =F S
{MT} [NT—NJ {NT—NO NT] [1_%]\&]
1 1
<E|————
= N,
[1 - NoJorl NT]

< (No + 1)E [NLT} : (4.17)

Then, using (iii) and (iv) of Proposition 2.2 and (4.17), recalling the definition of o(T")~! in (2.12), we obtain
for any £ € H

~ K 2
B (1~ 118 < &5 (1ewn - i3 + 5200y 1) 4 ooty

This ends the proof of Theorem 2.8.

4.3. Proof of Theorem 2.11

We begin with the bias term || K, x h — h||2 in the right hand side of the oracle inequality (2.13). For any
¢e€ H and v € (0,1), let k= [8] and b(y) = K¢ * h(y) — h(7), then we have

(ul)*
(k — 1)1

Since K is a kernel of order 8* and g € (0, 5%), we get

h(y +ul) = h(y) + W (Yul+ - +

1
/ (1= 6)F A9 (y + Bul)dd,
0

o) = [ K [ [ a0 (19 + 0u) - 19 0) a0]
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Set Exo(u) = |K(u)] (Ikuf\lk)l for the sake of notation. Since h € H(B, L) and applying twice the generalized

Minskowki’s inequality, we obtain

-l = [ v < [ ([ Bt [ [ 0-0 1006 4000 - 10 las| av) gy

)[f o
1/2 2
< (/Ek,e(u) V </01(1 — 0)* M) (v + Oue) —h<k>(7)yde>2d7] / du>
< (/Ek,e(u) Vol(l — )kt </|h(’“)(7+9u£) —h(k)(7)|2d7)1/2 del du>2

< (/ By o(u) [/1(1 — 9)k—1L(9uz)ﬂ—kde] du)2
(/K ‘“g‘k {/01(1—9)’€1L(u£)ﬂkde] du>

< Ck,rpl '6,

2

2

2
where Ck 1, 3 = (% [ ul?| K (u)|du)”.
Finally, we have
K13

E [Hh - h||§} < Cleiglf;{ {CK’L,ﬁW + |79(T)1} + Coo(T) 7. (4.18)

Taking the derivative of the expression inside the Zinlf{ of (4.18) with respect to ¢, we obtain the minimizer
€

1
K 2 3B8+1
0 = (726”&'2 5> o(T) 777

Note that the optimal bandwidth /s proportional to £* up to a multiplicative constant. Therefore, by
substituting ¢ by ¢ in the right hand side of (4.18), we obtain

> __28
E[llh - ki3] < Cso(T) 77,

with C'3 a constant depending on Ny, d, €, [|K||1, || K||2, 5, L and b. Here, we notice that the dependence of Cs
on b is deduced from the fact that the constant Cy depends on ||h|| and by using the assumption ||l < b.
This ends the proof of Theorem 2.11.

4.4. Proof of Theorem 2.12

For T' > 0, let us denote by hr the estimator of h. To prove Theorem 2.12, we apply the general reduction
scheme proposed by Tsybakov [37] (Sect. 2.2, p. 79). We will show the existence of a family H,, r = {h@T 1=
0,1,... ,m} such that:

(1) hir € H(B,L) and |[hirlle < b, h > 1.
@) |lhiz — hirll2 > 2ce” 2 8T 0 <i < k< m.
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1
(3) = >, K(P;, Py) < dlog(m) for 0 < ¥ < 1/8. P; and Py are the distribution of observations when the
m

division kernels are h; r and hg, respectively. K (P, Q) denotes the Kullback—Leibler divergence between
two measures P and Q:

1 deP if P
K(P@)z{fogd 1 <

400, otherwise.

Under the preceding conditions 1, 2, 3, Tsybakov [37] (Thm. 2.5, p. 99) show that

f P(h—h > 2ol )>’ 41
Hl hgl{afT |hr — h||3 > c®e” 77+ C (4.19)

where the infimum is taken over all estimators iLT and positive constant C’ is independent of T". This will be
sufficient to obtain Theorem 2.12 by [[37], Thm. 2.7]. The proof ends with proposing a family H,, r and checking
the Assumptions 1, 2, 3.

Construction of the family H,, r:

The idea is construct a family of perturbations around hg which is a symmetric density with respect to %
and belongs to H(%, f3). For simplification, we choose ho(y) = 1(0,1)(7)-

Let co > 0 be a real number, and let v € (0,1), f(y) = LD g (D~v) where g is a regular function having
support (0,1) and [ g(y)dy =0, g € H(3, ), we define

(k-1

D = [eoe?1] and fm:f(v— =

>, k=1,...,D,

where [z] denotes a smallest integer which is strictly larger than the real number z.
By definition, the functions fi’s have disjoint support ((k—1)/D, k/D] and one can check that the functions

fr € H(%,9).

Then, the function h; r will be chosen in

D
D= {hé(V) =ho(v)+ 1Yk fu(v): 6= (31,...,0p) € {0, 1}D},
k=1

where

i ( ! h—1 ) (4.20)
c] = min s .
' "LD=F||g]lc” LD P g][oc

We now check that hs is a density, since [ hs(y)dy = [ ho(y)dy = 1, it remains to verify that hs(y) > 0 V.
We have

(ionlf)hg( ) > 1nf ho — |Clz5kfk”oo
’ k=1

>1- c1LD*ﬁmI?xsup 6klg(Dy — (k — 1))
gl

>1—c1 LD P|g|le >0,

by the choice of ¢;. Thus the family of densities D is well-defined.
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(1) The condition h; r € H(5,L) and |hi 7| < b:
Let us denote ¢ = | 3], using the function f;’s have disjoint support, then for all v,+" € (0,1) we have

h((;l)( ) — h((I)

’h(Q) h((I) )+ Z(;k Q)(,y ))’

<CIZ‘5’€ ‘f((I) Q)( )

< clmgX’f;§Q) () = £2(")
< clLD*ﬁm’?x‘Dqg@(Dy —(k—1)) = DD (Dy — (k1))
18-18)

= clLDLBJ—BDﬁ—LﬁJ Iy — wg_w

ich is s satis i = mi 1 h-1
which is always satisfied with ¢; = min (1, Tl LDfﬁl\gHoc)'

Moreover, we also have by the choice of ¢;

D D
[Bllse = [|ho + €1 > Skfill . < llholloo + [l > Sufrll,
k=1

k=1
<1+¢LD™" max sup 106klg(Dy — (k — 1))
¥

<1l+ ClLD_ﬁ”gHoo
<h.

Thus hs € H(B, L) N {[|h/[oc < b}, b > 1.

(2) The condition ||h; 1 — hyr|s > 2ce” AT,
For all 6,6 € {0,1}P, recalling the function f;’s have disjoint support, we have

12 9 1/2

[ / (o) — s (7))2d7] -1/ 1 ( é(ak - 6;>fk<w>>

1 D 1/2 D 5
=c l/o Z(5k - 52)2f13(7)d7] =c [Z(dk — &) ﬁ_l f/?(W)dW]
k=1 =

k=1

|hs — herl2

1/2

k=1 T

I X 1/2
s [Z(ék —a)? 7 D (D - (k- 1) dw]

I 1/2
= a1 LD~ gl [Z (O — 0) ] =1 LD~ P72 gl|oy/du (5, 67),

where dg(4,0") = Zk 1 {0y # 0.} is the Hamming distance between ¢ and ¢'.
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According to the Lemma of Varshamov—Gilbert (c¢f. Tsybakov [37], p. 104), if D > 8 then there exists a
subset {50, ..., 6(™} of {0,1}P with cardinal (4.21) such that 6 = (0,...,0),

m > 2D/8, (4.21)
and D
dir (5(Z>5’“>)>§ VO<i<k<m. (4.22)

Recall that D = [coe%]. If we choose T* = MT‘H log (%) then we have D > 8 for all T > T*. Furthermore,
we also have by that choice of T

1\*? 5
DP < <1 + ?> e

Then, by setting h; v(v) = hsw (z), i =0,...,m, we obtain by the Lemma of Varshamov—Gilbert

< (2¢0)Pem BT T > 7%,

|hir — hierll2 = clLD P72 gll2\/di (5@, 5(F)

D
> ClLD7ﬁ71/2H9||2\/ 5

ClL
lgll2D~"
\/—

> \f gl

(2¢0)Pe ~ o AT

But,

. 1 h—1 )
min <c <1.
( "Llglle Lllgll

RT
)

Hence, we obtain

i — hirllz > 2¢ e~ 7

where

lgll2 (b — 1)|9||2> (2c0)"
lgllse™  Nlgllos 2/8

(3) The condition L > K(P;, Py) < 9log(m) for 0 <9 < 1/8:
We need to show that for all 6 € {0,1},

¢ = min (L||g|2,

K(Py, o) < 9 log(m),

where

K(Ps. o) = B [log 72 7,(2)].
and where (Z;)icjo,r] is defined in (2.5) with the random measure (Q having intensity q(ds,dj,dy) =
Rhs(v)dsn(dj)dy.

Here, the difficulty comes from the fact that Ny is variable because the observations result from a stochastic
process Z;. The law of these observations is not a probability distribution on a fixed R™ where n would be
the sample size, but rather a probability distribution on a path space. Pj is the probability distribution when
the Poisson point measure @ has intensity Rhs(y)dsn(dj)dy. Thus a natural tool is to use Girsanov’s theorem
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(see Jacob and Shiryaev [22], Thm. 3.24, p. 159) saying that Ps is absolutely continuous with respect to Py on
Fr with

ar,
dPo Fr
where (D?);e(0,7] is the unique solution of the following SDE (see Prop. 4.17 of Tran [35] for a similar SDE):

Y
- ©Ta

o5, _1+/ /@S,ﬂ{jw }GLL&Ew; )Q(ds,dj,dy). (4.23)

Apply It6 formula for jump processes to (4.23), we get

T
log ©} :/ /gﬂ{jSNk} [log (@i - (2285 - 1)©§> —log®@°%_
0

/ /1{j<N }1ogZE iQ (ds, dj,dv) = Zlogh

by definition of (I*,..., I\, ).
Then,

Q(ds,dj, dv)

N-
T hé
K(Ps, Py) = B [log®%] =Es | Y _log - (
j=1

1 1
e[ 0] -t [ o

Here, E[N7] does not depend on hs since the division rate is assumed to be constant and we have E[Np]| =
Noef*T'. Thus, recall the definition of hs(-) and note that log(1 + z) < z for x > —1, we get

1
K (P Po) < Noe™ [ hso)log(hs()d
1 D D
= NoeRT/ (1 ey 6kfk(7)) log (1 +ery 5kfk(7)>d7
0 k=1 k=1
D 5
_ NyeRT Z /71 (14 163 fi (7)) log (1 + 16k fi (7)) dy
1/D
AT Zak / (1+c1f(3)) log (141 f (7)) dy

1/D
< NoeTD /0 (1+erf()erf(M)dy

< NoeRT

1/D 1/D
et LD7P / g(Dy)Ddy + 3 L*D~?8 / g*(Dv)Ddry
0 0

1
< NoePFTEL2D=% | g% (y)dy
0

<NOC§L2H9||2 RT ﬁef%RT

< N0L2||g\|§c0_25 1D since ¢; < 1.
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From (4.21), we have m > 2P/8 then
- 8log(m)
~ log(2)
Hence, if we set for some ¥ € (0,1/8)

b

BNoL?[g[3 7"
B ( 71og(2) )
we obtain K (Pj, Py) < Jlog(m). This ends the proof of Theorem 2.12.

APPENDIX

The proofs of technical results are presented below.

Proof of Proposition 2.2.
i) The proof of (ii) can be found easily in literature. Here we refer to [31], Section 5.3 for this proof.

(

(4) Let us prove that limy_, 4o Np = lim; 400 N7y = 400. Since our model has only births and no death,
(Nt)te 0,7] is a non- decreasing process: Ny, = Ny + 4. All the 7;’s are finite and lim;_, 4o N7, = 400 a.s. From
(

it), we have E[N7] = NoefT. Hence, we deduce from the estimate sup E[N;] < +oo for all T > 0 that
te[0,T]

T; — +oo a.s. Then we have limp_, o N7 = +00 a.s.
1— 400

(i4i) Let p = e T, When Ny = 1, Ny ~ Geom(p). Then we have

NT n=1 n=1
+oo
p (1—p)" P
=1 =y log(p)
p n=1
Replace p with e %7 we obtain E NL] = ?ngﬁi

When Ny > 1, Nr ~ NB(Ny, p). Hence, we have

] S

n=Ny
No oo
D 1 < n—1 ) n
frng _ — 1 _
<1—p> n;%n n — Ng (1-p)
p \"
= — 1-— Al
(%) sa-». (A1)
where f(z) = :OONO %(;’__A}O)x” We can differentiate f(x) by taking derivative under the sum. Then
d =X n-1 1
5/A-p=- > (n—N0>(1 ~p)
’I’L:No
(1-pM 1 X (n-1 No —N, Lol No=1
=5 1—p)m 0:——(——1 :
pho ;I:V n— Ny )P -7 p\p )
=INo

since the sum is 1 (we recognize the negative binomial).
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Hence,

Ny -1\ (=1)F 1
:(_1)N0 [kzl ( Ok. >(pk+)1 +]—)‘| .

Integrating equation (A.2) and notice that f(0) = 0, we get

FOL-p) =) [NZ (M) 2+ 1og<p>]

1 p
o [E ) ()]

Combine (A.1),(A.3) and replace p with e~ 7 this proves (iii).

iv) We first prove the lower bound of iv). From (2.5), taking f;(z) = 1, we have

T
Nt = Ny +/ / Iyj<n,_yQ(ds,dj,dy).
o Je

Applying It6 formula for jump processes (see [21], Thm. 5.1 on p. 67) to (A.4), we obtain

1 .
//<N+1 N,_ )1{j<Ns}Q(d57dJ’d7)
- / /mﬂ{aw 1Q(ds, dj, dv).

Hence,

RN ds

]E{NLT} No / m

Therefore, (A.5) implies that

1 1 T 1
E|l—|>_—— E|—
{NT} ~ No R/o {Ns]ds

; 1 1
Since Ny > Ny, we have TS W

:__R/ [ 1+1]ds'
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(A4)

(A.6)

By comparison of E {NLT] with the solutions of the ODE diTu(T) = —Ru(T') with u(0) = 1/Ny, we finally obtain
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For the upper bound, notice that IE[NLT] <E [ﬁ} for Ny > 1. Then we have

1 X1 n-1
]E — NO 1 _ ’I’L*NO
|:NT—1:| Z n—l(n—No>p ( p)

n=~Ny

+o00
B (n—2)! ) e No
g AT ATV L
. (n—2)! - i~
T No -1 n;VO (n — No)!(Np — 2)!pN (-t
P = (m —1)! N071(1 . )mf(Nofl)
_No—lm:%;fl (m — (No — DNy — 1) — D)1 P

» o—RT

“No—-1 No—1

by changing the index in the sum (m = n — 1) and by recognizing the negative binomial with parameter
(No — 1, p). Hence, we conclude that for Ny > 1

o RT 1 o RT
<E|—| < .
No — Nr Ng—1
This ends the proof of Proposition 2.2. O
Proof of Proposition 2.5.
To prove i), let us remark that the number of random divisions M is independent of I'}, i = 1, ..., Mr, because

the division rate R is constant and because of the construction of our stochastic process. Therefore, we have

My 1
Efhe|Mr] = E[MLT > Kl = FS)IMT] - MTE[KJ&(’TY -]

=E[Ki(y - I)] = K¢ % h(v),

and E[ﬁg] =E {]E VL(‘MTH = Ky * h(). By similar calculations as to obtain (i), we obtain (ii) and (iii).
To prove (iv), by the Strong Law of Large Numbers, we have

1< as
- Y Ki(y-T}) *>5E[Ki(y—IV)]  asn— +oo.
i=1

From i) of Proposition 2.2, we have limy_, ;o Ny = 400 (a.s). Since My = Ny — Ny and Ny is deterministic,
this yields

Mt
]. a.s
T o Ke = 1) S5 E[Kily — 1Y) = Ko wh(y).
i=1

This ends the proof of Proposition 2.5. O
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