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QUASI-ERGODICITY FOR ABSORBING MARKOV PROCESSES
VIA DEVIATION INEQUALITY

JINWEN CHEN' AND SIQI JIAN?*

Abstract. In this note, taking the killed Brownian motion as an illustrative model, we derive a
conditional deviation inequality for fof V(Xs)ds for certain (unbounded) functions V. Then we apply
it to prove a quasi L'-ergodic theorem for the killed process.
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1. INTRODUCTION

Killed Markov processes constitute an important class of non-ergodic Markov processes. For such a process,
one of the most important topics is its asymptotic behavior before killing. Quasi-stationarity and quasi-ergodicity
are two fundamental problems. It has been shown in [1-3] that for many typical processes, a quasi-stationary
distribution is different from a quasi-ergodic distribution. Using different approaches, quasi-L'-ergodicity for
bounded functions was proved in [1-3] respectively. To handle the case of unbounded functions, in this paper
we take the killed Brownian motion as an illustrative model. We derive a conditional deviation inequality for
(unbounded) functions in the Kato class. Then such inequality is applied to quasi-ergodicity. The arguments
applied to more general processes.

We first introduce the some necessary notations and preliminary results. Let {X;, ¢ > 0} be a standard d-
dimensional (d > 1) Brownian motion (BM) on {2, {.#;}, P}, where 2 = C([0, +00),R?) and .Z; = 0{X,,0 <
s < t}. Let {P,, x € R%} be the corresponding Markov family, and |, denote the expectation under P,. Given
D an open, bounded and connected subset of R? with boundary 9D, its closure is D = D U dD. We define

7(w) =inf{t > 0: X;(w) & D} (1.1)

to be the first exit time of D. The killed Brownian motion we are considering is defined by

X if T>t
D __ ty 3
Xi = { 0, if  7<t. (12)

where 0 is an extra point. We call X the Brownian motion killed outside D. It is well known that the transition
function of X/, denoted by PP(t;-,-), has a density pP(¢; -, -) with respect to the Lebesgue measure on R? which
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admits an explicit expansion in terms of the Dirichlet eigenvalues 0 < A\; < A9 < --- and the corresponding
eigenfunctions {p,,n > 1} of —% on D. To be more precise, we summarize below some well known results
crucial for our discussion.

Proposition 1.1.
(i) ([4], p. 33).
pP(t,z,B) =P (X, € B;T > t) = / pP (t;z,9)dy,z € D,B € B(D),t > 0. (1.3)
B

The density function pP(t;-,-) is symmetric, continuous, strictly positive on D x D, with the following
eTpansion:

P(t;z,y) = Zexp “Anl) o (2)pn (y). (1.4)

(i1)  ([7], p- 123). {¢n,n > 1} forms a complete orthonormal system of the Hilbert space L*(D,dx) and satisfies

2 (z) < exp(Ane) (ﬁ)% , zeD. (1.5)

Furthermore for 0 < e < t,

Zexp —nt)|on (@) en () (%6) Zexp n(t —€)) < 400 (1.6)

(ii) ([6], p. 336). A1 is simple, so Ay < A, for n > 1. Furthermore, 1 is strictly positive and infinitely
differentiable.

We introduce the following notations.

P1(D) := the class of probability measures on D.

Cy(D) := the class of real valued bounded continuous functions on D.

C§°(D) := the class of functions on D which are infinitely differentiable with compact support.

LP(D,dz) = LP(D)(1 < p < o0) be the usual class of real and measurable functions on D, which are pth
integrable with respective to the Lebesgue measure.

Let V and A be the divergence and Laplacian on C§°(D). Let Hg(D) be the completion of C§°(D) with

respect to the norm
1 1/2
g = ([ P@as+g [ vr-vsar)
D D

The deviation inequality we will derive concerns functions in a Kato class J to be defined as follows (refer
to [4], p. 62 for more details). Define

lu|?~4, if  d>3,
g(u) = g(|ul) = § —log|ul, if d=2, (1.7)
[ul, it  d=1.

Let V be a measurable function from R? to [—o00, +oc], then V € J iff

lim
s|0

wp/ l9(y — 2)V (y)[dy| = 0.
ly—z|<s

zER4

In this paper, V is only defined on the domain D, but we can extend it to R? by fixing it to be 0 on R? — D.
For a function in Kato class, we can define the Feynman-Kac semigroup on L?(D).
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Proposition 1.2 ([4], p. 82 and 94. Thms. 3.17 and 3.27). Given V € J, we have the strongly continuous and
symmetric Feynman-Kac semigroup {PY ,t > 0} on L?*(D):

P f(z) =E, {exp Uot V(Xs)ds] f(Xe); > t} , feL*D).
The domain of the generator Ay of the semigroup is
D(Ay) = {f € H}(D) : Af exits weakly and (% + V> fe LQ(D)} ,
and if f € D(Ay ), then

A
Ay f = (3 + V> I
2. THE GOVERNING FUNCTIONAL

In this section, we will introduce the functional which will govern the deviation inequality we are going to
derive. We use the Poincare inequality to get an upper bound of the exponential growth rate of the Feynman—
Kac semigroup. The Legendre transform of this bound will be shown to be just the functional governing the
deviation inequality. By the Fenchel Legendre theorem, this functional can be expressed in a more explicit form.
Following a standard variational approach we provide some sufficient conditions for the functional to achieve a
unique minimum.

For A € R, we define

Hy (%) = sup { [ Awess g eplaw), [ Pac- 1}
= sup {/D <)\Vf2 — %|Vf|2> dz: f € D(Axv), /D fPdx = 1}. (2.1)

The Poincare inequality shows that Hy (\) is an upper bound for the exponential growth rate of the semigroup.
More precisely,

1P (o < et (2.2)
By the next Lemma due to Kato, we see that

Hy(\) < +oc. (2.3)

Lemma 2.1 ([4], p. 91. Thm. 3.25). Given V € J, for any 8 € (0,1), there exists an a > 0, s.t. for any
f € Hy(D):

2 2 2
[ v@lt@is<a [ Pades [ 9P (2.4)

In order to apply the Fenchel Legendre theorem, we give other expressions of Hy (\) by changing the space
of functions. We first recall the following

Lemma 2.2 ([4], p. 100, Prop. 3.29).

Hy()) = sup { / (Avﬁ - §|Vf|2) fecgo), [ - 1} (2.5)
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By the definition of Hg (D), it is not hard to verify the following

Lemma 2.3.
1
Hy ()\) = sup {/ ()\sz - §Vf2) (fe H&(D),/ fPde = 1} (2.6)
D D
We further express Hy in the form of a Legendre transform of certain function Jy on R.
1
Hy()\) = sup {/ ()\Vf2 - 5sz) de: fe H&(D),/ f2dz = 1}
D D

=sup  sup {)\z—/D%szdx:feH&(D),/Dﬁdx:l}

z€R [,V f2de=z

=sup{iz — Jy(2)}, (2.7)
zeR

where

Jv(2) :inf{/ l\vﬁdm i fe H&(D),/ fPdx = 1,/ V fidx :z}. (2.8)
D 2 D D
Lemma 2.4. Jy : R — [A1,00] is a convex function and attains its minimum A1 at
a= / Vduo, (2.9)
D

where

dpo = 1pg?(x)da. (2.10)

Proof. The convexity of Jy can be verified directly from its definition, or regard it as a standard result in large
deviation theory, since H{ (D) is the domain of the Dirichlet form corresponding to the killed BM on D, see,
for example, ([5], p. 135, Exercise 4.2.63).

The last statement is just the variational principle for the first Dirichlet eigenvalue of the Laplacian operator
(6], p- 336). O

By the convexity of Jy, {Jy < +00}° is an open interval (I,m), where —oo <1 < m < 400. We now define
the function Iy as the lower semi-continuous regularization of Jy .

Jv(x), it m<az<l,
Io(@) = Jy (m+), it z=m, 2.11)
Jv(l—), if xTr = l,
00, if T = 00.

In the next section, we will see that Iy is actually the governing functional for the deviation inequality. Now
we study some further properties of Iy .

Proposition 2.5.
(i) For any x € R, we have that

Iy (z) = ilelg{)\x — Hy (M)} (2.12)
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(ii) H is a convex function, and for any b >0

Iv(a+b) = ig%{/\(a+b) — Hy(\)} (2.13)
and
Iy (a—b) zili%{)\(a—b) — Hy (N} (2.14)
Proof.

(i) The result is due to the celebrated Fenchel Legendre theorem.
(ii) We only need to prove (2.13). By the convexity of Jy (Lem. 2.4) and (1.5), we see that H is a convex.

Taking z = a in (1.5), we see that
Hv(>\) Z )\‘(1—)\1.

Thus for A < 0,
AMa+0b) — Hy(A) < A-b+ A < Ap.
But from (2.11) and Lemma 2.4,
lnﬂfkfv(l’) = )\1,
Te

it follows that

Iv(a+b) = ilelrlé{A(a +0b) — Hy(\)} = iti%{)\(a +0b)— Hy(M)} O

The next results are important for the quasi-ergodicity to be discussed in Section 4.

Theorem 2.6. If V € J is bounded and measurable, or V. € J N Lg(D) with d > 3, then Iy achieves its
minimum A\ uniquely at a, that is
A1 = Iy (a) = inf{ly(z) : 2 € R}

Proof. From (2.11) we see that the desired assertion for Iy follows from that of Jy .
For Jy, we first note that

A :inf{/ %\Vf\zd:c:feH(}(D),/ fidr = 1},
D D

and that the infimum is uniquely achieved at ¢1 ([6], p. 336), which gives Jy (a) = A; = inf{Jy(z) : € R}.
Secondly, given z # a, we need to prove that
Jv(z) > AL (2.15)

We can choose a minimizing sequence {f,, € H}(D) : n > 1} such that

Jv(z) = lim D%\an\zdx, /ngdx:L /Dvﬁdx:z.

Since {f, : n > 1} are bounded in H}(D), by Banach—Alaoglu theorem we can extract a subsequence (still
denoted by {f, : n > 1}) such that lim,_ f, = f weakly in Hg (D). Thus

Jv(z) =liminf [ |V f,|?dx
D

n—oo

=liminf | |Vf, — Vf+ Vf|[?dz
D

n—oo

n—o0

= lim inf n 2 n : 2
limin {/Vz‘ V] dw—|—2/(V7‘ V) Vfdw}+/|Vf| dx

Vf2d. .
Z/I flPda (2.16)
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Passing to a subsequence if necessary, the Rellich-Kondrashov compact embedding theorem gives that
limy, o fn = f strongly in L?(D), which implies [, f2dz = 1.
It remains to check that

/ Vfide = 2. (2.17)
D

If V' is bounded and measurable, then

z = lim stdx:/ V f2da.
D D

n—o0

Thus by the definition of Jy and (2.16),
1 2
Jv(z)= | =|Vf|*dz > A1
D 2

If d > 3, the Sobolev inequalities ([6], p. 265, Thm. 3) give that {f,, : n > 1} are bounded in L? (D), where

2% = dszz. IfVelL: (D), passing to a subsequence if necessary, we see that

z= lim Vfgdx:/ V f2dz,
D D

n—oo
which proves the theorem. O

Theorem 2.7. If V € J is such that Iy attends its infimum A1 at a unique z, then for any € > 0, there exists
ay >0, such that ¥b > 0,

Iv(a+e+b) > X\ +10,

and
Iv(a—e—b) > A1+ b,

Proof. 1t is easy to see that Hy is lower semicontinuous and Hy (0) = —A;. Thus

limsup[A(a +€) — Hy (\)] < Aq.
A—0+

From this, Proposition 2.1 and the assumption we see that there is a v > 0 such that

Iv(a+e€) =sup[A(a+¢€) — Hy(N\)] > A

A>y
Now it follows that for each b > 0,
Iv(a+e+b) =sup[A(a+e+b) — Hy(N)] > sup[Ma + e+ b) — Hy (\)] > A + 7b. O
A>0 A>y

3. THE DEVIATION INEQUALITY AND QUASI-ERGODICITY

In this section, we first derive a deviation inequality for % fg V(Xs)ds governed by the functional Iy, v € J.

Then we apply such inequality to quasi-ergodicity.

Let |D|= the Lebesgue measure of D and du; = 1‘%“1‘3” , the main result of this section is the following
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Theorem 3.1. Giwven V € J and v € (D) with v << p1 and Hd” l2 < o0, for any numbert >0 and b > 0,
we have that:

[ / V(Xs)ds —a > b, 7> t] H an 2exp[—tIV(a +b)], (3.1)
p, E/O V(Xs)ds —a < —=b,7 > t} H exp[_tjv(a —b)]. (3.2)

Proof. For any number ¢, b > 0, by Chebychev’s inequality and (2.2),

¢ ¢
P, E/ V(Xs)ds —a> b, > t] < )i\nfo exp[—At(a+ )| E, {exp {/ )\V(Xs)ds] T > t}
0 > 0

‘ dv

< i — av
< inf exp[—At(a +b)] /DEx {exp [/O )\V(Xs)ds} T > t} -
< d_y . inf ex [ /\t( _|_b)]_HP>\V1H
T ldz ]y, A0 exp a t 2

|D] - . lnf exp[—)\t(a +b)] - etHv(>\)}

A>0
H exp {—tsup[A(a +b) — HV(/\)]} . (3.3)
dp ||, A>0

It follows from Proposition 2.5 that

igpo{/\(a +b) - Hy(A\)} =Iv(a+b),

The first assertion follows. The second one follows by replacing V' with —V. g

Remark 3.2. The theorem is motivated by the paper [8], which deals with general conservative Markov pro-
cesses.

The next lemma is to study the absorbing probability. The first Dirichlet eigenvalue characterizes the ab-
sorbing rate for the killed BM.

Lemma 3.3. Ast — 00, > o0, exp(—(An—A1)t)pn(2)pn(y) converges to 0 absolutely and uniformly for (z,y) €
D x D.

Proof. From Proposition 1.1, for 0 < e <t and =,y € D,
> exp(-0h = AOlon @)en ()] < (52 ) expOe) 3 exp(=(hn = M)t =) < .
n=2 n=2

Observing that tlim exp(—(An—A1)(t—¢)) = 0 monotonically and applying the dominated convergence theorem,
— 00
we see that

lim sup {Zexp —Al)t)gon(x)cpn(yﬂ}

t—00 3 yeD

< jim (5] Cexp0ue) 3 expl(—(hn — M)t — ) = 0. O

t—o0
n=2
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Proposition 3.4. Given v € &£1(D), for any number t > 0
P, (7 > t) = C,(t)e M.

where Cy,(t) : (0,+00) — (0,400) is a continuous function such that

lim C,(t) = /cpl(:r)l/(dx)/<p1(y)dy >0 and %g% Cy(t) =1.

t—oo

Proof. 1t follows from Proposition 1.1 that

P, (1 >1) = //pD(t;x,y)dyV(dx)

= [ [ > expl-rt)on(@)en )dum(do)

e [ [er@ntas) [erway+ fije—“ﬂ“t [eatamian) [ my)dy] |

Thus if we define

Co(t) = / o1 (2)(da) / g1 (y)dy + 3 e O / on(2)(dz) / on(y)dy,

(3.5)

(3.6)

Then C,(t) > 0 since P, (7 > t) > 0. The continuity of C,(t) on (0,400) is guaranteed by formula (1.6).

And Lemma 3.3 gives
lim C(t) = /wl(x)l/(dx)/gol(y)dy > 0.

t—o0o
By the continuity of the paths of {X;}+>0, we have that
lim P =1-limP,(r<t)=1
lim (T > ) lim (T < t) ,

which gives that
}irr(l) P,(r>t)=1 and tlir% Cy(t)=1

As a easy consequence, we have the following conditional exponential convergence for % fot V(Xs)ds

Corollary 3.5. Under the same hypotheses on V and p in the Theorem 3.1, for any number t > 0 and b > 0,

we have that
eXp —tIy(a+)]

Cy(t) —A1it ’

t
P, {1/ V(Xs)ds —a>1b
tJo
1 t
P, {;/ V(Xs)ds —a < —b
0

Furthermore, adding the hypotheses on V and p in the Theorem 2.6,

T>t:|

|||, expl—trv(a - b)]
< .
T > t] < Cy (Do 2t

Hoot

lim — logP{ /V ds—a>b

T>t:| S)\1—Iv(a+b)<0,

1 1/
lim —log P, {—/ V(Xs)ds —a < —b
tﬂoot t 0

’7'>t:| §A1—Iv(a—b)<0.

(3.7)
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Proof. A direct application of Theorem 3.1 and Proposition 3.1. g
The following is the quasi-ergodic theorem.

Theorem 3.6. Let V € J be as in Theorem 2.2, and a = [ Vduo. Then for v € P1(D) with v << p and
55 ]l2 < oo,

1t
lim E, H—/ V(Xs)ds —a||T > t] =0.
t—oo tJo

Proof. Given € > 0, let v > 0 be as in Theorem 2.2. Denote

1 t
= ’—/ V(Xs5)ds —a.
t Jo

Then from Theorems 3.1,2.2 we see that

[ [ Vi o

|T>t:| E,[Av,; Ay < 2|7 > t]+ By [Ar,; Ar > 26,7 > ]
<2+ B, [Ar,; Ar > 26,7 >t Py (T > )

§26+ZEV [Ar ke < Ay < (k+1)e,7 >t Py (T > 1)
k=2

o0

<2+ Y (k+1)eP(Ay > ke, > )P, (1 > 1)
k=2

o0

< 2€ + 2¢ e Mtem k=Dt p=1ip 5 )

Letting ¢t — oo and applying Proposition 3.1 we obtain that

limsup E, H / V(Xs)ds —a

t—o0o

|7 > t} < 2e,
completing the proof. O
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