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CONVERGENT FINITE ELEMENT DISCRETIZATIONS
OF THE NONSTATIONARY INCOMPRESSIBLE
MAGNETOHYDRODYNAMICS SYSTEM

ANDREAS PROHL!

Abstract. The incompressible MHD equations couple Navier-Stokes equations with Maxwell’s equa-
tions to describe the flow of a viscous, incompressible, and electrically conducting fluid in a Lipschitz
domain Q C R®. We verify convergence of iterates of different coupling and decoupling fully dis-
crete schemes towards weak solutions for vanishing discretization parameters. Optimal first order of
convergence is shown in the presence of strong solutions for a splitting scheme which decouples the
computation of velocity field, pressure, and magnetic fields at every iteration step.
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1. INTRODUCTION

Let © C R? be a bounded polyhedral domain. The magneto-hydrodynamical behavior of liquid metals is
described by the MHD equations

1
ut+(u~V)ufR—Au+Vp+becurlb:g in Qp :=(0,T) x £, (1.1)
e
divu=0  divb=0 in Qr, (1.2)
b, + curl(curlb) — curl(u x b) =0 in Qp, (1.3)
€m

together with the following boundary and initial conditions,

u=0, b-n=0, curlbxn=20 on 00 = (0,T) x 09, (1.4)
u(O, ) = ug, b(O7 ) = by on Q, (15)

where n € R? denotes the outward normal unit vector on 0€2. Three nondimensional numbers appear in
(1.1)—(1.3), which are the Reynolds number Re > 0, the magnetic Reynolds number Re,, > 0, and the coupling

M?

number S = gip= > 0, where M > 0 is the Hartman number. The system (1.1)(1.3) couples the incompressible
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1066 A. PROHL

Navier-Stokes equations with Maxwell’s equations. By formally multiplying (1.1) with the velocity field u,
equation (1.2) with S times the magnetic field b, and integrating over 2, making the sum of both equations
leads to the energy identity, where the energy ensembles kinetic and magnetic energy portions,

S
Re,,

1d
2dt Jg

1
[lul® + S |b|*]dx —l—/ﬂ [ﬁ |Vul? + |curlb|2] dx = /Qg cudx V> 0. (1.6)

A recent summary of known results for the MHD equations, including modeling, analysis, and numerics is [12].
Strong solutions to (1.1)—(1.3) are only known to exist for small times and sufficiently regular data, while weak
solutions exist globally. This difference in notion of solution for (1.1)—(1.3) is reflected in constructing different
numerical schemes. For stationary incompressible MHD equations, there are numerical analyses for schemes
available, whose convergence is shown either in the context of existing weak or strong solutions; cf. e.g. [15,16,25],
and [11].

The numerical analysis of the stationary incompressible MHD problem started with [15], where inf-sup stable
mixed elements are used to discretize velocity fields and hydrostatic pressure, and W'2-conforming elements
for the magnetic field; as is shown in [15], Section 6, solutions of the nonlinear finite element scheme exist, and
converge to weak solutions of the limiting problem, provided that Q C R3 is either a convex polyhedron or
has a boundary which is C!; see [15], Theorem 6.4. As is e.g. known from [9], see also [1,14], the magnetic
field in non-convex polyhedra Q may fail to be in W12(Q), such that nodal finite element discretizations,
albeit stable, may not converge to corresponding magnetization fields. This observation recently motivated the
works [16,25], where a mixed formulation of the stationary incompressible MHD problem based on H(curl)-
conforming (edge) elements to approximate the magnetic field is proposed, and convergence to weak solutions
of the limiting problem is shown for vanishing spatial discretization parameter [25], Corollary 4.1. A different
strategy to achieve convergence in general polyhedral domains is realized in [16], where certain weight functions
to account for possible singular solution components induced by reentrant vertices or edges complement a
W L2(Q)-conforming finite element discretization. For convex polyhedral domains, or domains with a boundary
which is C''!, convergence of a stabilized finite element method based on continuous finite elements is shown
in [11].

The goal of this work is to propose and analyze practical, fully discrete schemes which construct weak solutions
of the evolutionary problem (1.1)—(1.5) for vanishing discretization parameters, as well as efficient space-time
discretizations of (1.1)—(1.5) where iterates approximate regular strong solutions at optimal rates of convergence.
Our focus is to compare the different requirements needed to theoretically validate convergence of the different
schemes.

The remainder of this work is organized as follows. We introduce notation and recall necessary material
in Section 2. A finite element based temporal discretization of (1.1)—(1.3) introduced in [2] is analyzed in
Section 3, which inherits a discrete energy law to the fully discrete setting (Scheme A). The first main result is
Theorem 3.1, which verifies that weak solutions of (1.1)-(1.3) may be obtained from corresponding iterates for
vanishing discretization parameters. A disadvantage of Scheme A is the need to compute iterates for velocity
and magnetic field in a coupled manner, which is cured in the following ways:

(i) A simple fixed point strategy is proposed to decouple the computation of iterates for velocity and
magnetic field (Algorithm A): a restrictive mesh-size constraint enters as a sufficient constraint to
validate convergence of the algebraic solver, and hence verify overall (subsequence) convergence towards
weak solutions of (1.1)—(1.3); ¢f. Theorem 3.2.

(ii) Scheme B is a decoupled variant of Scheme A, where a discrete energy inequality holds only if k =
O(h?) is valid. Overall (subsequence) convergence for vanishing discretization parameters towards weak
solutions of (1.1)—(1.3) is then stated in Theorem 3.3.

These results hold under minimum assumptions with respect to given data, and proposed schemes construct
weak solutions of (1.1)—(1.3) for vanishing discretization parameters in a fully practical manner. A different
viewpoint is taken in Section 4, where optimal rates of convergence for iterates computed by the splitting
Scheme C towards existing strong solutions of (1.1)—(1.3) are verified; ¢f. Theorem 4.1. This strategy allows for
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a fully decoupled computation of iterates of velocity, magnetic field, and pressure, and combines the decoupling
strategy from Scheme B with the projection method of Chorin [8,27]. As is detailed in Section 4, the Scheme C
is much easier to implement, and is based on stabilization strategies to approximate solenoidal velocity and
magnetic fields. Conclusions are drawn in Section 5.

2. PRELIMINARIES

2.1. Functional spaces and notion of weak solution for MHD equations

Let Q € R3 be a bounded polyhedral domain. For simplicity, we assume that €2 is simply-connected, and
that its boundary 02 is connected. Let H(div;Q) ensemble vector fields £ € L?(Q), such that divg € L?(Q);

the space is endowed with the norm [|€||gaiv) :== ([€]132 + ||div£|\%2)1/2. We introduce the following subspaces
Ho(diV;Q) = {{ € H(div; Q) : £ - n=0on 0(2}, and

J = {(£€CP(Q): divé=0in Q},
H = {£cL?(Q): div€ =0 weakly in Q, and £ -n =0},
J = [£eWPP(Q): divEé =0ae. in Q}.

By Helmholtz orthogonal decomposition, a vector field can be written as unique sum of its solenoidal and
irrotational components, i.e., L2(Q) = H® VWY2(Q). Correspondingly, we introduce the space H(curl; Q),
which is endowed with the norm ||9||g(curn) = ([[¥l132 + chrl1/)||i2)1/2, and subspaces Hy(curl; Q) := {¢ €
H(curl; Q) : ¥ x n =0 on GQ}, as well as

w = {1/;6000(5): divzp:OinQ,w-n:Oon@Q},
H = H(curl; Q) N Hy(div; ),
X = {1/)67'[: divep = 0 a.e. in Q}

The space D() of restrictions to O of smooth functions D(R?) is dense, both in H(div;2) and H(curl; Q);
cf. [1], Proposition 2.3. For all ¢ € X, we have Poincare’s inequality ||¢|r2 < C|lcurl®||12 for all ¢ € X, which
implies that || |[gr(cu) and [|curl(-)||g2 are equivalent norms on X. The space Ho(curl; Q) NHo(div; 2) coincides
with W (€); in contrast, explicit counterexamples illustrate that Ho(curl; ) and Ho(div; Q) are continuously
embedded into W12(Q) only if Q C R? is either a convex polyhedron or has a boundary which is C11; cf. [14],
Section 1.3.5, or [1], Section 2.3. The embeddings of H(curl; Q) and H(div;Q) into L%(£2) are not compact;
however, Weber verified compactness of Hg(curl; 2) and Hy(div; Q) into L?(£2) for general Lipschitz polyhedral
domains; the following compactness results may be found in [1], Proposition 3.7, and [25], Proposition 2.3.

Lemma 2.1. Let Q C R3 be a Lipschitz polyhedron.

(i) There exists an exponent s = s(Q) > %, such that H — W*=2(Q) is continuous.

(ii) There ewists a parameter §; = 01(2) > 0 such that the embedding H — L3T91(Q) is compact.
We need the Aubin-Lions’ compactness result for Bochner spaces, ¢f. [12], Lemma 2.8.

Lemma 2.2. Let B be a Banach space, and By and By be two reflexive Banach spaces. Assume By @ B C Bj.
FizT < 0o, and 1 < pg,p1 < co. Then

{v € L (0,T; By) : dyv € LP* (O,T;Bl)} € L*(0,T; B).
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2.2. Weak solutions for the MHD equations
We introduce the notion of weak solutions to (1.1)—(1.3) on bounded polyhedral domains Q C R3.

Definition 2.1. Let g € LQ(O,T;J’)7 and ug,bg € H. The pair (u,b) is said to be a weak solution of
(1.1)~(1.5), if
(i) we L>(0,7;H) N L?(0,T;J), and b € L*(0,T;H) N L*(0,T;X);
(ii) (u, b) is weakly continuous for ¢ > 0, with values in H;
(iii) for every (&,4) € C5°([0,7);T) x C§°([0,T); W), there hold

/OT [f(u,&) T é(Vu, VE) — ((u V), u) s (b X curlb,g)}dt = (up,€) + /OT(g,g)dt,

/OT [—(b,’l/)t) + Rim (curlb, curle) — (u X b,curl’lb)}dt = (bo,®);

(iv) for almost every ¢ € [0, T1,

N | =

trq S
2 2 2 2
u(t, - 2 + b(t, - 2| + — ||Vullf2 + url b|[f2|ds <
[H (t, )”L S|| (t, )”L } /0 [Re || ||L Re,, HC r] ||L } CIS

N =

[uoli2. + S [[bo24] + / g - udxds.

t

In [12], Chapter 2, weak solutions for Q C R?® a convex polyhedron, or a domain with C'!-boundary are
constructed by a general Galerkin method which uses eigenvalues of the Stokes operator A; : J — J’, and the
magnetostatic operator Az : X — X', Here, Aju=f € J' if

(Vu, V&) — (p,divé) = (£,€) V&€ W?(Q), (2.1)

and Asb =g € X' if
(curlb,curly) = (g,9) Vo €X. (2.2)

In this paper, weak solutions for general bounded polyhedral domains 2 C R? are obtained by a practicable
discretization of (1.1)—(1.5) which uses finite elements.

2.3. Strong solutions to MHD equations

Strong solutions for (1.1)—(1.5) are weak solutions of the MHD equations for g € L?(0,T;H), and (ug, by) €
J x X such that

ue L®(0,7:J)NL*(0, T;JNW*2(Q)),  be L>(0,7;X)NL*(0,T; X N W>?(Q)).
As an immediate consequence, we obtain bounds for distributional time-derivatives of solutions of (1.1)—(1.5),

and hence may validate (u7 b) S C’([O7 T;J ) xC ([O7 T X) Local, unique strong solutions have been constructed
in [26], Theorem 3.2 for bounded domains  C R? with regular boundary 9€; necessary tools are regularity

properties of solutions (u,b) € J x X of (2.1) and (2.2), for (f,g) € [L2(Q)]27
(wp) € W22(Q) x W@ NIAQ)],  where  [[ulwes + [plz < C €] (23)
by Cattabriga [6] (see also [14], Thm. 5.4 and Rem. 5.6) for some finite, positive C' = C(Q2), and likewise

be W*2(Q),  where  ||b|lw2: < gL (2.4)
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by Georgescu [10], Theorem 3.2.2 (see also [12], Thm. 2.24]). By using curlcurly = graddive — Agp for all
@ € WH2(Q) we have that a solution b € W12(Q) of (2.2) satisfies in distributional sense

—Ab=g in Q, b-n=0 and curlbxn=0 on 9. (2.5)

2.4. Finite element spaces

Let 75, be a quasi-uniform triangulation of the polygonal resp. polyhedral domain @ C R? into tetrahedra
of maximal diameter h > 0, i.e., Q = UKE'T;L K. Let V}, == {E €Cy(): £ € P(K)VK € Th}, where P;
ensembles polynomials of degree less or equal ¢ > 1. We recall the inverse inequality [5], Lemma 4.5.3, which
holds for £ € Vp,,

€l g < CR™ G @ O e, V1< g g2<o0, 0<m<E
Let Vy, := [V;JB. We define L2(£)-, resp. Wé’Q(Q)—orthonormal projections P9 resp. P}, to Vy,
(z—Phz,€) =0 VEEV,, resp. (V[z—Ppz],V€) =0 VEE V.

Let &, = {x¢}eer denote the set of all nodes of 7,. We define the nodal interpolation operator Zv;, :
C(Q,R3) — Vy, such that Iy, £ = > s, §(2)ps, where {¢, 1 z € £} denotes the nodal basis of V.
For j > 0, consider Ly, := {H €LiQ): e P(K)VK € ’Th} The spaces (V;l,Lh) are chosen such that
the discrete LBB-condition holds, i.e., V, C Wé’Q(Q, R?) and L;, C L3(1) satisfy the discrete inf-sup condition
(divg, D)

sup ——=——= > C'||II|| 2 VII € L. (2.6)
gev, V€L g

Let
Jy:={€eVy: (div§, ) =0foralllT€ L} ¢ J

be the space of discretely solenoidal functions. Let u € J be a solution of Aju = f in Q € R3. The solution
(U, P ) € Jy x Ly, of the discretized incompressible Stokes problem

(VU7V£) - (Pv le&) - (fag) V§ € Vh

satisfies
||11 — UHL2 +h ||11 — U||W1,2 < Ch2 Hu||w2,2.

We define L2- resp. Wé’Q—orthogonal projections to J; via
(z—Q)z,€) =0 VEe€T, resp. (V[z—Quz],VE) =0 V€€,
The following estimates follow from the above error estimates (see also [17]) (i =0, 1),

Ch? ||z|lw22 Vz e JNWH2(Q), (2.7)
Chlzl|lwi> YzeINWH3(Q). (2.8)

|z — QizllL2 + 2| V[z — Qjz]| L

<
|z — Qhzl. <
The following stability bound holds for all 2 < r < oo, see [13],

IVQjz| L VzeINWiT(9Q). (2.9)

L S CHVZ|

To approximate solenoidal solutions of Maxwell’s equation by nodal elements often introduces nonphysical
artifacts [4,9]; ¢f. also [18], Section 4.5. This does not occur for edge elements, which only enforce continuity of
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tangential field components across inter-element boundaries. In below, we use Nédélec’s first family of spaces
(cf. [21]) for the unknown B : Q7 — R3. For every K € 7, and k > 1, let N (K) = [Pk_l(K)]3 ® Dy (K),
where Dy, is given by the homogeneous polynomials p of degree k that satisfy p(x)-x =0 on K € 7;,. Consider
then

Cn, = {ypeH(cul): Y e Ny(K) VK €T},
Sp = {ReW"(Q)NL§(Q): RePy(K) VK €T},

where C;, C H(curl; ), and S;, € WH2(Q)NLE(€2). A well-known example is k = 1, where Cj, = {3 € H(curl) :
Yp=ax+bxgxxon KVK € ’Th} The spaces (Ch, S;l) satisfy the following discrete inf-sup condition,

sup V) S o\vRI.  vReS,. (2.10)

PreCp ||¢HH(CU.1"1)

We may define the interpolation Ry, : H(curl; Q) — Cj,, which satisfies for all z € {Z € W12 : curlz € W2}
that ([21], Thm. 5.41)

|z — Rpz|L2 + |lcurl [z — Rpz]||L: < Ch(HzHW1,2 + chrleW1,2). (2.11)
We introduce the discretely solenoidal function space
X, ={$peCp: (,VR)=0forall Re S} ¢ X.

We have the L?(Q)-orthogonal discrete Helmholtz decomposition C,, = X, @ V.Sj, as well as the discrete
Poincare-Friedrichs inequality ||[¢] 2 < C|lcurle| 2, for all ¢ € Xy; ¢f. [21], Theorem 4.7. We introduce the
L2(Q)- resp. H(curl; Q)-orthogonal projections to X, via

(z — R%z,@b) =0 VyeX, resp. (curl [z — R,llz],curlw) =0 Ve Xy
The following estimates may be found in [7], Theorem 3.5, or [28], Lemma 3.4, and [18], Theorem 4.8,

|z — Riz||p> + ||curl [z — R} z]||L> < Ch (llzllwr2 + [[curlz||wr2) VzeX NW22(Q),  (2.12)
|z — Rjz||r: < Ch? ||curlz]|y: Vz € X, forsome o =o(2)>0. (2.13)

Another link between the spaces X, and X is accomplished by the Hodge mapping H : H(curl; ) — X, such
that

curl H() = curly Ve € H(cwrl; Q).
The following approximation property is shown in [18], Lemma 4.5,

[z — H(z) |2 < Chzt ||curlz|p2 Vz e Xy, forsomeo=oc(Q)>0. (2.14)

Lowest-order edge elements are divergence free inside each element. However, a nonzero divergence in distri-
butional sense arises from discontinuities of the normal component at inter-element boundaries. Since X ¢ X,
the compactness of bounded sequences {9}, C X;, C H(curl; ) is not clear. The following (discrete) com-
pactness property for discretely divergence-free vector fields generalizes the result by Kikuchi in [20]; ¢f. [18],
Theorem 4.9.

Lemma 2.3. Let {¢pp,} C X}, be a sequence of fields, which is uniformly bounded in H(curl; ). Then there
exists a subsequence {4y }n, converging weakly in H(curl;Q), and strongly in L%(Q) to a solenoidal function
P € X.
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2.5. Time discretization

Given a time-step size k > 0, and a sequence {¢?} in some Banach space X, we set d;¢’ := k*1{¢j — cpjfl}
for j > 1. Note that (dep?, 7)) = 2di||@7||?+ % ||dep? ||?, if X is a Hilbert space. Piecewise constant interpolations
of {7} are defined for t € [t;,t;11), and 0 < j < J —1 by

ert) =t e () =,
and a piecewise affine interpolation on [t;,¢;11) is defined by

t—t; tip1—t
gO(t) = k' ]90]+1+ j+k. 90]'

There holds [l¢™ —¢flx + llo~ = ¢llx < 2k ||depl|x.

Consider the Navier-Stokes equations for an incompressible, viscous Newtonian fluid, by formally putting
S =0 in (1.1). Projection methods are efficient time-discretization strategies [8,22,24,27], where iterates for
velocity field and pressure are independently computed at every time-step. The following projection scheme by
Chorin is well-known to compute iterates (u",p") € H x L(Q) from a given u"~! € H, for every n > 1 [8,27]:

1. Let n > 1. Compute " € WJ?(Q2) from
1 ~n n—1 1 ~n n—1 ~n n :
E(u —u") — ﬁAu +u" - Vja" =g in Q. (2.15)

2. Compute (u”,p") € H x L3(Q) from

(W"—u")+Vp"=0 inQ. (2.16)

=

The latter step can be reformulated as a problem for the pressure function only,
n 1. .. .
—Ap" = —Edlvu in Q, Onp =0 on 09.

Hence, each step consists of a decoupled computation of u” € Wé’Q(Q), p" € WH2(Q) N L3(Q), and u* € H
comes from a simple algebraic update.

Inherent error effects due to temporal discretization, and splitting resp. decoupling, which goes along with
unphysical boundary conditions for pressure iterates may be understood by the following reformulation,

1
dya™ — ﬂAﬁ” + [Pga” V@ + V!t = g, (2.17)
diva” —kAp" = 0, and  Opp” =0 on ON. (2.18)

It is due to the decoupling character of the projection method that no discrete energy law is available. However,
for strong solutions

(u,p) € L= (0, T; I N W22(Q)) x L>=(0,T; W*(Q) N L§(Q))
which exist at least locally in time on regular domains Q2 C R3 for ug € JNW22(Q) (cf. Sect. 2.3), the following
result is shown in [22], Chapter 6. We need two assumptions (A1), (A2) with respect to regularity of data,
which are detailed in Section 4.

Lemma 2.4. Let Q C R®, and suppose (A1), (A2). Let {(ﬁ”,p”)}
solutions of (2.15)—(2.16), and

N
n=1

€ W2(Q) x [Wh2(Q) N L3(Q)] be

u® — up|pe + VE[[u® — ugllwr2 < Ck.
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For sufficiently small time-steps k < ko(Qr,Re), there exists a constant C = C(Qr,Re) > 0 such that (7" :=
min{1,¢,})

1

~n |2 n n 2 n 2
5 max, [l ) = @ e + (7 () =" lw-vz) + (VIR ot ) = 9"lsz) |

kQ - ~ni2 k Y ~n1||2 2
+5 > lde[utn,-) —a"[F- + Re > IVuts, ) —a"[f: < CK*.
n=1 n=1

Moreover, the following uniform a-priori bounds are valid,
~n ~n n Y ~n |2 n|(2 1/2
max|[[d@" 2 + 8" lwes + 0" lwrnzg] + (b D0 [l ez + dep”2:]) < C.
n=1

Here, W—12(Q) = [W}3(Q)]', and suboptimal error estimates for the pressure in L2() vs. optimal ones in
W=12(Q) reflect arising boundary layers, which are due to the unphysical boundary data prescribed for the
pressure in (2.18),. We refer to [24] for a sharp local analysis of errors for the pressure in the context of strong
solutions.

3. RELIABLE DISCRETIZATIONS WITH DISCRETE ENERGY PRINCIPLE

We use a discrete Lagrange multiplier R” C Sy, to enforce B” : Q — R? to be discretely solenoidal. Let
k > 0 be the equidistant time-discretization parameter, and 75 be a quasi-uniform triangulation of the bounded
domain © C R3. We set (U% BY) = (QYup, Q)b").

Scheme A. Let n > 1. Find (U”,P”,B”,R”) € Jp X Ly x Xy x Sy, such that

(d, U™, €) + é(vun, VE) + ((U”*I : V)U",&) + %((div U”’I)U",f)

+8 (B! xcwl B, €) — (P, dive) = (8".€)  VEEVi, (31)

(d:B", %) + Ri (curl B”, curlep) — (U” x B"’l,curl'z/:) ~(VR".%)=0 Ve Cy. (3.2)

m
Remark 3.1. In order to enforce (1.2)s, a penalization term ~ (div B”,divﬁ) for v > 0 in the context of
W!2_conforming finite elements is added to the left-hand side of (3.14) in [2], in addition to the magnetic
pressure R™. We refer to [18], Section 6, and [12], Remark 3.3.1, for a discussion of this regularization strategy;
see also Section 4.

Upon choosing ({,zp) = (U”, B”)7 and summing equations (3.1) and (3.2), we obtain the discrete energy
identity

1 n n k n n
Sdi[ U™ 32 + S 1B 13z | + 5 [l4:U™ 12 + S 4B |32
1 S
+ e VU2, + R [curl B"[7. = (g",U"). (3.3)

This fully discrete scheme is based on the same temporal discretization of (1.1)—(1.3) in [2], where its main
motivation is (3.3). Scheme A inherits this property in a fully discrete setting, and is also linear, although
coupled; we may use standard arguments for stable mixed finite element discretizations (see e.g. [1], Sect. 4.1,
for (3.2)) to conclude unique solvability for Scheme A.
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Lemma 3.1. For everyn > 1, let (U”7 pP" B", R”) € Jp X Lp x Xp, X Sy be the unique solution of (3.1)—(3.2).
There holds

N
k2
7 max (U3 + S B ] + 5 )3 (170" 22 + 5 1dB" 2]
o S _ 1 al
3 [ e VU7 I+ 2 e B 2] < [IO°Ys + SIBYIA] + 5 Y (&7, U7).
n=1 m n=1

. . . N
The next assertion controls changes in time of iterates {(U”, B” ) }n:1 from Scheme A.

Lemma 3.2. Let {(U", B”)}i:[:l C Jn x X}, solve Scheme A. There exists r = r(01) > 1, such that

N
B {1400 Gy + 4B [xawezy } < C.
n=1

Proof. To validate the first assertion, choose £ = QYv € Jy, for every v € J N W22(Q). Thanks to (d;U",v —
9v) =0, (3.1), the continuous embedding W'2(Q2) < L5(), and LP-interpolation, we conclude

1 _ . _
(@Um V)| < C[mIVU e + 10" s U s + fldiv U™ 2 U7 s

1
+ 18"l |1 Vel + =1

Ren,
! 1/2 —113/2
< OlRgl VU hee fn{m}z”U” PLITO I + g
x (Ivllwae + hlviiwez) + RTI, (3.4)

where I := | (B"‘1 X curl B",{) | We control this term separately. For this purpose, we use the Hodge mapping
H : X, — X, which satisfies (2.14), for some o = ¢(2) > 0. We may compute

I<|B" = H(B")||re[lcurl B"||p2[|g]lL~ + [HB"")||Ls [curl B"||L2 €] Le.

We use an inverse estimate for the first term, and LP-interpolation together with Lemma 2.1(i) for the second.
Then, there exists 0 < d2 = d2(d1) < 1, such that we find the upper bound

I < C[h”chrlB"_lﬂLz||cur1B”HL2+||Bn_1||6L22HB"_l||%;(‘C§12H1)chrlB"||Lz 1€]lLs
< C{HB"*lHLHHB"*lH 2 Jeurl B 71|50 | [leur] B[z VE e

Thanks to the discrete energy law, the first assertion then follows from (3.4), for some existing r = r(d1) > 1.
To validate the second assertion, choose ¢ = RYw € X, for every w € X N'W22(Q). Note that (d;B", w —
RIw) = 0. We use (3.2), Young’s inequality, and Lemma 2.1(ii),

‘(dtB w ‘< l[eurl B || |curl ||z + 1T,
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where 1] = |(U” x B, curl'g[))‘. We use similar arguments as for I to obtain

1< U e [B™ — H(B™) geflenrlapge + U7 o [H(B™) s leurl e
< C[h feurl B e + B2 1B i [ 107 o lenrl s (3.5)

for some o = o(2) > 0, and 0 < d3 = d2(d1) < 1. In order to control ||curl RYw||r2, we use inverse inequality,
and (2.12) to compute

¢
h
+ leurl[Ryw — w] |2 + [[curl w]|p.2

[curl[Rjw & R w] |2

IN

{Iiw = Riwlea + lw - R}wes |

< c[(1 )| wWlwes + Hcm«lwnm]

In (3.5), we now employ an inverse estimate, and the discrete energy law, to conclude the second assertion of
the lemma for some r = () > 1. O

Let {(U”, P, B", R”) }i\;o C Jp X Ly x Xy, x Sy, solve Scheme A; consider corresponding piecewise affine,
globally continuous interpolants in time {(Ll(t, ), 0(t, ), B(t, ), R(t, ) ) }O<t<T
depending on k, h > 0 in particular. By Lemmas 3.1 and 3.2, for tending (k,h) — 0, there exists a convergent
subsequence of the quadruple, and functions

as defined in Section 2.5, and

ue L>(0,7;H) N L*(0,T;J), b e L>(0,7;H) N L*(0,T;X), (3.6)

such that, for some existing r» = r(d1) > 1, and 61 = 01(Q2) > 0,

U->u in L°°(0,7;L?),
U—u in L?(0, T; WH2) n W (0,T; [V N W22]'),
Ut U —u in L?(0,T; L), V1<¢<6
B=-b in L>(0,T;L%), (3.7)
B—b in L (0, T; H(curl)) N Wh(0,T; [ X N W>2]'),
Bt B—b in L2(O,T;L2).

Weak incompressibility of u as stated in (3.6); follows from (divU" II) = 0 for all IT € Lj: on putting
IT = I x € Ly, for x € C*°(Q), and tending h — 0 validates the assertion. Also, we use Lemma 2.3 to make
sure assertion (3.6)2 that b is divergence-free. We employ Lemmas 2.2 and 2.1(ii) to obtain (3.7)3 and (3.7).
Moreover, from Lemma 3.1 we may conclude that sequences {{} resp. {U*}, as well as {B} resp. {B*} converge
to the same limit as k, h — 0, since for example

N N
U U o paey = SN0~ U2 [ () e = S o2
L2(0,T - A ) t L2
n=1

n=1 tn—1

which tends to zero for £ — 0.
The following result is that (u,b) is indeed a weak solution to (1.1)~(1.5).

Theorem 3.1. Suppose that Q C R? is a bounded polyhedral domain, and T := kN > 0. Let

{(U", P",B",R")}"_ € 34 x Ly x X, x Sy
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be solutions to Scheme A. There exist a convergent subsequence, and (u,b) € (L‘X’ (O,T;H) N L2 (O,T;J)) X
(L°° (O,T; H) N L2 (0, T; X)), such that for k,h — 0, there holds
U-=ua in L~(0,T;L2), B-=b inL>(0,T;L%).

Moreover, (u,b) is a weak solution to (1.1)~(1.5).

Proof. We rewrite (3.1)~(3.2) as follows. For every ¢ > 0, find (U(t,-),B(t,-)) € J5 x X, such that for every
(671/’) € Jh X Xha

U,.€) + i(vutvg) + ((u— . V)w,g) + %((divll‘)lfr,{) +s (B— X curlB+,£) —(£%,8), (3.8)

1
(B, ¥) + e

For every (V,w) € J x W, consider (&,'«/)) = ( v, RYw) € J;, x Xj,. Because of (2.7), (2.12), and inverse
inequalities, there holds for h — 0,

(curlB+,curl'l,[)) - (L{+ X B_,curl'zp) =0. (3.9)

m

(&) — (v,w) in WHP(Q) x {p € H(cur; Q) : curlp € L7} <1 <p< d%d2)

After extending (3.8)—(3.9) to (&,%) € C5°([0,T7);T) x C5°([0,T); W), and integrating by parts in the leading
terms of (3.8) and (3.9), by using convergence results (3.7) we may now easily pass to and identify limits for all
terms, which validates that (u, b) satisfies item (iii) of Definition 2.1 as well.

Properties (ii) and (iv) now follow from standard arguments, and Lemma 3.1. O

The main advantages of Scheme A are its linear character, the discrete energy identity (3.3), and (subse-
quence) convergence of iterates towards weak solutions of (1.1)—(1.5) for vanishing discretization parameters
in a general context of data. However, solutions (U", B”) for every n > 1 are obtained in a coupled manner,
and it is therefore tempting to consider segregated schemes; we refer to [15,25], and also [12], Section 3.6, for a
discussion of decoupling schemes for the stationary problem. The following fixed-point algorithm allows for a
simultaneous computation of new iterates for both, velocity and magnetic field.

Algorithm A. Fix (k,h) > 0. Let (U°, B°) € Jj, x X}, and set n := 1.
1. Set U™V := U ! B™":=B" ! and {=0.
2. Compute (U™¢ Pt B™ R™) € I, x Ly, x Xj, x S, such that

<Un,€ . Un—l

1 1
: ,5) + == (VU™ VE) + (U vy Ug) + 5 ((div UnHun )
+S (B”_l x curlB”’é_l,f) — (P, dive) = (g",€)  VEEV,, (3.10)

7’1,0) + Ri (CurlB”’e, curl’lb) — (U”’e_1 X B”_l,curlil)) — (VR”’E,'l,b) =0 Ve € Cp. (3.11)

k
3. For fixed 6 > 0 stop if

( Bn,é _ Bn—l

e (Bt B [0 0 <

set Un .= Unitl B” .= B™“1 and go to Step 1.
4. Set ¢ :=/{+ 1, and go to Step 2.
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A difficulty to validate convergence of this fixed point strategy is the lack of a priori estimates for iterates,
which are independent of k, h > 0. This problematic nature is shared by other decoupling strategies, e.g., where
the third term in (3.11) is substituted by — (U”ve x B, curh/)). The following result gives sufficient conditions

to validate convergence of solutions { ( U7 B7*) }j , to weak solutions of (1.1)—(1.5).

Theorem 3.2. Suppose that Q C R? is a bounded polyhedral domain, and T = kN > 0. Let

{(Un,f’Pn,l’Bn,é’ Sn,f)} Se SO

be a solution of Algorithm A. There exist C = C(Qrp, S,Re,Rep) > 0, and g < 1 such that (1 <n < N)

[HUn,K—H _ Un’EHLQ + ||Bn,€+1 _

ve] S q[IIU™ U g B B | (02 1), (3.12)
provided that k < Ch*. Moreover, the fized-point algorithm terminates for every n > 1, and corresponding

unique iterates (U”’ZW,B"’Z”) e Jn x Xy, satisfy the perturbed discrete energy law

N
]. n n k mn n
3 (1071 + S 1B7 ] + 5 32107+ 5 14,87

N =

N N
T s . .

+k E [ﬂ VU™ {2 + Re [curl B ||i2] < S [IIU°52 + S IBY[I72] + § : g" u")
n=1 m n=t

N
+COEY B |ge [|\VU"||L2 + ||curan||L2]. (3.13)

n=1
Moreover, (U”’Z”,B"’Z") — (V”,C”) (0 — 0) for every n > 1, where {(V”,C”)}i:[:l
Scheme A, and hence we obtain overall (subsequence) convergence of {(U"’Z",B”’zn )}7]:]21 towards weak solu-
tions of (1.1)~(1.5) for (k,h,8) — 0.
Proof. Step 1: Contraction property. We proceed by induction to derive the contraction property (3.12). Let
Ep’ =@t — =1 for ¢ € {u,b,p,r}, and suppose [|[U" > + [|[B* !> < C for some 1 <n < N. Then

C Jp x X, solves

H(EL6) + oo (VEL, ) + (U7 W)ERE) + 5 ((aiv U )Bu )

+S(B x curl B E) - (Ep dive) =0 VEE V),

(B %) + = (cwrl By curl ) — (B3~ x B' ) cwly) — (VE,9) =0 Ve Cy.

Bl

m

Upon choosing £ = Ef € Jj,, ¢ = Eb € X, yields

1 ¢ 1 ¢
= B 2e + 1D 2 RemncurlEz I3 <
S 1B H|ys |lcurl EpC | B"*1||L6|\cur1E”vf|\L2
1 HA—1 n,f n— n,f
3R chlE” HL2+—HVE 32| + CIIB™ I 1e | Ew (132,

where we use interpolation of L? between L* and LS. By inverse estimate, [|B"~!|ls < Ch™" |[B" |12, which
validates (3.12) for some C > 0, such that k < Ch*.
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Step 2: Owerall convergence. As a consequence, Algorithm A terminates, i.e., there exist finite numbers {Zn}ﬁle
such that the stopping criterion in Step 3. holds for a given thresholding parameter 6 > 0. In particular, iterates
{(U”, B” ) N satisfy

n=1

RN g, . A
(4:0".€) + 2= (VU VE) + (U™ - W)U, ¢) + 5 ((divun ) U™ ¢)
+8 (B x cwlB",¢) — (P",dive) = (g".€)

+8 (B xcwl [B" - B™]€)  VEE Va,

(d:B", ) +

Ri (curl B",curl@b) - (U” X B"_l,curlip) — (VR™, %)
+([Um = Ut x B curlg) =0 Ve Cp,

The estimate (3.13) now follows easily, and (subsequence) convergence of iterates {(U”’Z" , B )}7]:[:1 towards
weak solutions of (1.1)—(1.5) is a consequence of Theorem 3.1. O

The strong coupling of iterates in Scheme A is manifested by the restrictive constraint & < Ch* (and k < Ch?
in a 2D setting) which is sufficient in the decoupling Algorithm A to avoid possible spurious energy transfer
between hydrodynamical and electromagnetic part of the overall system, and validate convergence of iterates
towards weak solutions of (1.1)-(1.5). We remark that no mesh-constraint applies in case | B"~!||s < C would
be available; ¢f. also Section 4, where convergent discretizations of (1.1)—(1.5) for more regular solutions of
(1.1)—(1.5) are discussed.

The following scheme is a variant of Scheme A, and decouples hydrodynamical and electromagnetic part. As
will be clear from the following, solutions again satisfy a slightly perturbed energy law, provided discretization
parameters satisfy k < Ch?3 (and k < Ch? in a 2D setting), which is made possible by the dissipative character
of the implicit Euler method.

Scheme B. Let n > 1. Find (U”,P",B",R") € Jp X Ly x Xy x Sy, such that

(@U"€) + 5 (YU, V8) + (U VU™, £) + 5 (Idiv U U™ 6)
+S (B"—1 x curlB"_1,§> — (P dive) = (g",€) VEEV,, (3.14)
(curl B", curlgp) — (U"*1 x B"L cum/;) ~(VR",9)=0 Ve Cy. (3.15)

" 1
(dtB 71/’) + Re

m

In order to obtain the discrete energy identity (3.3) for Scheme B, we choose (§,¢) = (U"7 B” ) We obtain
for the coupling terms

(B ' x curl B 1, U") — (U™ ! x B" ', carl B") = (B"' x cwrl B" ", U™ )
— (U xB*" L ewlB" ) — k (B" ! x curl B* 1,4, U") + k (U"! x B" ', curld,B")
> — Ck[HB"—lHLoo||curlB”—1||L2|\dtU”||L2 - ||U"—1|\L6||B”—1||L2|\cur1dtB"||L3}
> — Ckh™®/2|B" |12 [||cur1B”’1||LzHdtU”HL2 + ||VU”*1||L2HdtB"||L2}

k 1
> =7 140" gz + g [d:B"[IZ:] + Ckh?B" "L [||curan—1||i2 + ||VU”_1H%2}, (3.16)
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by inverse estimates, and Young’s inequality. We may now proceed by induction to conclude that there exists
C = C(Qr) > 0, such that for sufficiently small & < Ch? there holds

N
k2
5 max, [[U"[2 + S B | + z [1d:0™ 22 + 5 1dB" ]

||cur1B”Hi2} <

N | —

ko . S
5;[— VU + 5o

N
0% + S 1B | + EY (€U ()
m —
Once this estimate is available, we obtain the assertion of Lemma 3.2 as well, and the convergence results in
(3.7). By following the steps in Theorem 3.1, we find that corresponding limits in (3.7) are a weak solution to
(1.1)—(1.5), provided k < Ch? for some C' = C (1) > 0 is respected throughout the limiting process.

Theorem 3.3. Let Q) C R® be a bounded polyhedral domain, and T := kN > 0. Suppose that k < Ch® is
satisfied, for some C' = C(Qr) > 0. Let

{(U", P",B", R")}"_ € Jj x Ly x Xp, x Sy,

be a solution to Scheme B. There exist a convergent subsequence, and (u7 b) € (L°° (0, T, H) N L? (O,T;J)) X
(L°° (0, T; H) N L? (0, T; X)), such that for k,h — 0, there holds

U-=u in L~(0,T;L?), B=b inL>(0,T;L?).

Moreover, (u,b) is a weak solution to (1.1)~(1.5).

Remark 3.2. (1) In [25], a stable finite element discretization of the stationary incompressible MHD system is
proposed, which corresponds to the one employed in Schemes A and B. It is shown in [25], Corollary 4.1, that
approximate solutions converge to weak solutions of the stationary MHD system for h — 0, on general bounded
polyhedral domains Q C R3.

(2) In [15], Section 7, [25], Section 3.4, and [12], Section 3.6, different iterative decoupling strategies for the
stationary case to solve the resulting algebraic problem are reviewed: as is pointed out, decoupling strategies, as
well as Newton’s method often only converge for initial guesses that are sufficiently close to the exact solution,
and depends on the value of Re > 0, in particular.

(3) Sufficient (restrictive) mesh constraints F'(k, h) > 0 are given to verify a contraction property (Algorithm A),
or establish an inductive argument for Scheme B to validate (3.17), which result from using different inverse
estimates. In [3], computational experiments compare the proposed schemes (in a related context), study
necessary mesh-constraints for practical convergence, as well as compare edge elements to W' 2-conforming
elements, which by theory require less restrictive inverse estimates.

4. AN EFFICIENT SPLITTING SCHEME

So far, convergence of the coupled Scheme A (unconditional), the decoupling Algorithm A (conditional), and
the decoupled Scheme B (conditional) towards weak solutions of (1.1)—(1.5) has been shown. The main tool for
this purpose is a discrete energy inequality, which allows to construct weak solutions in a limiting process for
vanishing discretization and thresholding parameters. In this section, we take another stand-point by assuming
that strong solutions of (1.1)—(1.5) exist, and approximating them by efficient schemes. We propose an optimally
convergent scheme which is much simpler if compared to Schemes A and B, and uses nodal elements instead
of Nedelec elements. As a result of these simplifications, no discrete energy law is available any more — which
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leaves unclear whether computed iterates converge in a general context where only weak solutions of (1.1)—(1.5)
are known to exist.

We make the following assumptions below (see Sect. 2.3 for used notation):

(A1) (regularity of the domain) Let Q C R? be a bounded domain, such that unique solutions (u7 b) eJxX

of Aju = f € L*(Q) resp. A;b = g € L?(Q) satisfy (u,b) € [WQ’Q(Q)]Q, and

lullwz2 < C/f|l2 resp. |bllwzz < C|lgllLz-

(A2) (regularity of the data) Let (uo,bo) € [WQVQ(Q)}Q, and g € Wh2 (O,T;LQ(Q)). Moreover, for every
given T' > 0, the tuple (u, b) € [L‘X’ (O,T;W2’2)]2 is strong solution to (1.1)—(1.5).
We remark that additional regularity of @ C R? is needed to make sure that (A1) holds in a general setting;

see the discussion in Section 2.3.
The following Scheme C differs from the above Scheme A in the following aspects:

(i) finite element spaces for velocity field resp. pressure are
Vi={(e€Cy(Q): £ P(K,R® VK €T}, Ly={x€C@Q): xeP(K) YKeT}

which now both use piecewise affine, globally continuous functions;
(ii) a consistent regularization term —yVdivB on the left-hand side of (1.3) is added,;
(iii) W12(Q)-conforming finite elements to approximate the magnetic field b : Q7 — R? are used, where

Cr={9peC@Q):pecP(UR}) VK €T} C Ho(div; ) N W(Q)

now ensembles piecewise affine, globally continuous functions;
(iv) the hydrodynamical and electromagnetic parts are decoupled;
(v) amodification of Chorin’s projection method to solve the incompressible Navier-Stokes equation [8,22,27]
is used.
The computation of iterates for velocity field, pressure, and magnetic field are fully decoupled in the following
scheme.

Scheme C. Let n > 1. 1. For given (U”*I,B"’l) eJy x Ch let U" € V), be a solution of

(" — UL 6) + é (VO™ ve) + ((U”_l : V)fJ”,f) + %((div U"—l)fjn,g)

Bl

+S (B"—1 x curlB"_1,§> = (g".€) VEeV

2. For given U eV, compute (U”7 P”) € Jj, x Ly, from

1 - -
(VP", V) = —E(divU”,X) Vx € Lp,

(U™,€) = (U™,€) +k(p",divE) =0  VEE Vi

3. Let B" € C, solve for all ¢ € Cj, that (y > 0)

(d:B™,¢) + Ri (curl B",curlw) + (div B”, divw) — (ﬁ"il X B”fl,curh/)) =0.

m

The first step allows for a component-wise computation of new iterates of the velocity field. In Step 2, the
new pressure iterate solves a Poisson equation, and the computation of the new discretely solenoidal velocity
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field U™ only requires to invert a mass matrix. The third step couples with updates of the velocity field in an
explicit manner. All steps require to solve linear problems. For every n > 1, a reformulation of this scheme for
iterates (U”,P",B") is

~ 1 - - N 1 - .
(@0",€) + £=(VU", V§) + (U1 V)0, ¢) + = ((div 0"~ U, ¢)

+s (B”_l X curan—l,g) L (VPTLE) = (g7 8) YEEV,, (4.1)

(divO™, x) + k(VP",Vx) =0  VYx& Ly, (4.2)
(curlB”, curl'(,b) + 5 (div B",div'(/)) — (fJ”_l x B curlzp) =0 Vip € Cp. (4.3)

(dtBna "p) +

Equations (4.1)—(4.3) show space-time discretization, semi-explicit treatment of several nonlinear terms, as
well as a perturbation of the (discrete) incompressibility constraint in (4.1), and an explicit treatment of the
related Lagrange multiplier in (4.1). The ‘quasi-compressibility’ equation (4.2) implies that the finite element
discretization based on the P1/Pl-element for the hydrodynamic part is stable, once k > Ch? is satisfied,
cf- [19,22]; LBB-stable pairings with proper approximation properties are suitable as well, and k > Ch? is not

needed there. Unfortunately, the characterization (4.1)—(4.3) of iterates computed from Scheme C does not allow

for a discrete energy estimate. In fact, the following theorem validates convergence of iterates {(ﬁ", B” ) }5:1

of optimal order in terms of discretization parameters k, h > 0, provided strong solutions to (1.1)—(1.5) exist.

Theorem 4.1. Let T = kN > 0, and {(fJ”, pr, B”)}j:[:1 solves Scheme C. Suppose that (A1), (A2) are valid,
as well as

[lu® = U°||pz + |[b° — BO|[g2] + (VE + h) [[[u® — U°|lwrz + [b® — BO||wr2] < C(k+h%). (4.4)

For sufficiently small time-steps k < ko(T), and h < ho(T), there exists C = C(Qr, S,Re,Rey,) > 0, such that
(7" = min{1,¢,})

(a) max [|[u(tn,) = O"llgz + 7" [pltn; ) = P"lw-12 + [B(tn, ) = B" 2] < Clk + ),

1<n<N

0 max Vbl ) - P"||L2+(k2|\v1°ww[< )=o)

1<n<N

2

( Z |VPw1z [b(ts,-) — B"M\LQ)UQ < C(Vk +h).

The proof is split into several steps, each of which accounts for approximation effects due to (semi-implicit)
time-discretization, perturbation of the incompressibility constraint, and spatial discretization. Being provided
with a strong solution of (1.1)—(1.5), where (ug,bg) € [W2’2(Q)]2 and g € W2(0,T;L(Q2)), we may easily
verify the following bounds,

+ el

lall (0.73w22) awte (0,752 ) nw 2 (0,75 W2 ) nw2:2 (0,737 e (0.msw2) w2 (0,7:L3)

+ /b <C. (45)

L= (0,05w22) nw o (0,752 ) nw 2 (0,15W12) w22 (0,15x7) =

In order to verify Theorem 4.1, we start with an error analysis which accounts for temporal discretization
effects. For every 1 < n < N, let (u”,p",b") € W(Q) x [WhH2(Q) N LE(Q)] x [Wh2(Q) N Ho(div; Q)] be
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the solution of
1
(A", €) + = (Vu", VE) + (- V)u,€) + 5 (diva 7€)
+8 (b7 x curlb™ L €) + (V") = (87.6) V€€ WEA(Q), (46)

(divu™, x) +k(Vp",Vx) =0  VyxecW"3(Q)nLi9), (4.7)

n 1
(dtb aw) + R

€m

(curl b", curl'eﬁ) + v (div b", div1/))

_ (unfl x b, curl"p) =0 Vi € Hy(div;Q) N WH?(Q). (4.8)

The following analysis of (4.6)—(4.8) is split into several steps, each of which addresses different approxima-
tion effects due to implicit time discretization, decoupling of hydrodynamic and and electromagnetic part, as
well as splitting the Stokes operator to independently compute velocity field and pressure, and an associated
perturbation of the incompressibility constraint for the velocity field.

Lemma 4.1. LetT = kN > 0, and {(ﬁ",p”,b”)}i\;l solves (4.6)—(4.8). Suppose that (A1), (A2) are valid, as
well as (4.4), with h = 0. For sufficiently small time-steps k < ko(Q2r), there exists C = C(Qr, S,Re,Rey,) > 0,
such that

(a) @LaSXN[IIu(tm =@z + 7 pltn, ) — P lw-12 4 [B(tn, ) — b"||L2] < Ck,
m - ~n 2 1/2
(b) Jax, Vol [p(tn,) = "Iz + (k; Z:l la(ty, ) — ||W172)

N ) 1/2
+ (kz b(tn,-) —b"||wl,2) < Ck.
n=1

In below, we say that the triple {(f”,'zp", x" ) }7]:[:1 - [LQ} % % L3 satisfies property:

(P1) if the following bounds hold uniformly in &k > 0,

max, {16 [wea + [0 wes + I wrang + 1" e + ldip™ e}

2 2 2 1/2
(k3 [ s + I + ldix"13] ) < €

1<n<N

(P2) if the following error estimates are satisfied, for 7" := min{t,, 1},

max {[u(tn,) = €l + [bltn, ) 9" g + 7" [p(ta) = X" =12 + V77 [p(tn, ) = x"]123

1<n<N

N 1/2
V(R 3 [t )~ €l + (e ) 97l ) < On
n=1
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Proof of Lemma 4.1. Step 1: Implicit discretization of (1.1)—(1.5). For every 1 < n < N, let (uZ,pZ,bZ) €
Jx [WE2(Q) N L3()] x [Wh2 N Ho(div; )] be the solution of

(", €) + o (Vu", 98) + (" - V) €
+ 5 (b" x cwrlb™, ) + (V") = (7€) V€€ W*(®), (4.9)

(dib™, ) + (curl b, curlyp) + v (divb”, divep)

—(u”xb”,cur1¢) — 0 Ve Hy(div;Q)NnWH(Q).  (4.10)

Similar to studies for Scheme A, iterates {(u}fl, P4, b’ )}:[ , exist, and verify the discrete energy estimate from
Lemma 3.1. A lengthy, but elementary analysis controls implicit time discretization effects ( =@(tn,)—¢%),

N N

1 k2

5, max [ledllis + leglie] + = Z (e llE + IdiehlIZa] + kD [IVellie + [ Vepllz:] < Ok, (4.11)
SN n=1 n=1

where C' > 0 depends on (4.5), and results from Taylor’s expansion, regularity properties (4.5) of the strong
solution of (1.1)—(1.5), cancellation of coupling terms in (4.9) and (4.10) if correspondingly stated for e, resp. ey
instead of u resp. b, as well as discrete Gronwall’s inequality. The second sum results from the dissipative
character of the implicit Euler scheme, and implies the following bound for the first two terms

[diwii]lLz + [[dib% Lz + [[willwz2 + [IP4llwr2azz + [Phllwe> <C (1 <n < N). (4.12)

The remaining estimates follow from (2.3) and (2.4), where we use the following bounds,

oy Vsl < [l s + oot ) es] [ Vus s
< C(VE+1) [ Vui | s e,

b7 > curl ]|, < (lellle + [ultn, ) les) feurl by lrs
< C(VE+1) b5l 2 D35 2.

lewrl(uy x bY)|lpe < Iwhliwes (leflice + [b(ta, )lee) + D% lwes (lellle + [t )le)
< OV 1) [l e + D545 I |

In order to show k 3, .,y [[ldeua™ |3y 2 +[|dib™|[3y1.2] < C, we use again the error estimates above, for example

?T‘IOO

N N
B Vg2 < k> [IVdiel||2z + [ Vdiu(tn, )lI2] <

n=1 n=1

N
Z |Vel|. + C < 2C.

Properties for pressure iterates given in (P1), (P2) use standard stability properties of the div-operator. Hence
properties (P1) and (P2) hold for (4.9)—(4.10).
Step 2: Decoupling of the implicit discretization (4.9)—(4.10). We change the coupling term in (4.9) to S(b"’1 X
curl b”,&), and in (4.10) to (u"’1 X b"’l,curh/)); solutions of the corresponding scheme are referred to as
{(u%,pE, bR )} €I x WH2(Q) x [Wh2(Q) N Hy(div; Q)].

We may proceed similar to the previous step to validate properties (P1) and (P2) for
{(u%,p%,b% )}7]:]21: in order to verify the discrete energy inequality (3.17), we use integration by parts in
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the third line, and Sobolev inequalities in the fourth line of (3.16) to obtain

(B"_1 X curlB"_l,U") — (U"_1 X B"_l,curlB") > —C’k[HB"_lﬂwz,z||curlB”_1||LsztU”||Lz
+ (U w2 [|B" ™ lwee + HB"_lﬂww||U"_1|\w212)|\dtB"||L2}
1 _ n—
> — = [lld: U2 + RTHdtB”Hiz] +Ck[U Ry + B 322

X

— ool =

B Rz + [0 Ry 2], (4.13)

Now, for every 1 < n < N the error estimate (4.11) carries over to (u%, P, bj ), as well as its consequences
(4.12), and an inductive argument then settles (3.17) for them. The remaining properties of (P1) and (P2) now
easily follow again.

Step 3: Chorin’s projection method. For every 1 <n < N, let (ug,pg,b) € W2 (Q) x [(WH2(Q) N L§(Q)] x
[W12(Q) N Ho(div; Q)] be the solution of

(i &) + = (Vu, VE) + (s V)u,€) + 5 (v yus )
+s (b’gl x curlb%fl,§> (Ve = (g7, 8) VEE WHA(Q), (4.14)

(divug,y) + & (Vpe, V) =0 Vx € Wh2(Q)n L3(©), (4.15)

1
(dibd, ) + o (curl b, curlep) + v (div b, divep)

m

- (ugfl x b, cur11/)> =0 Vi € Ho(div; Q) N W2(Q).  (4.16)

We have b% ! x curlb’% ™t € W12(Q) for every 1 < n < N; by Lemma 2.4, and using el = ¢ — P, we
conclude that

N N

1 2 k2 2 2 2 2

5 max [leGlE: + 5 Zl[ndtegnm +2||Vep||2a] + kzl IVeillze < Ok, (4.17)
n= n=

Therefore, [[p"|lw1.2qpz < C for all 1 <n < N, and because of (4.15), we so we have similar to (4.12),
ldrugllez + [Ipellwrencz + ugllwee <€ (1 <n < N), (4.18)

where the latter result now follows from (4.14), and regularity theory for elliptic problems.
In order to verify results which correspond to those in (4.17), (4.18) for {bZ}, C [W12(2) N Hy(div; )],
we use (4.16) to control {ef}, C [WH2(2) N Hy(div; Q)]: by elementary calculations, on using

n—1 n—1 n—1 n—1 n
(up ' x by —ud !t x b curle)

n—1 n—1 n n—1 n—1 n
(ug™ " xep ' curlep) + (el ™! x byt curl,ef)

IN

(hug e + b5 e ) llep ™ e eurl e e,

Sobolev’s and Young’s inequality, as well as a priori bounds from the previous step, this implies properties (P1)

and (P2) for {(ugvpgvbg)hgngzv'

Step 4:  Recoupling effects caused by Chorin’s projection method. For every 1 < n < N, let
(uh, ph. b ) € Wo(Q) x [WH2(Q)NL3(Q)] x [Wh2(Q) NHo(div; Q)] be the solution of a slight modification
of (4.14)~(4.16), where the coupling term in (4.14) replaced by S(b}5 ' x curlbf, ',€). Let e, = ot — ¥h,
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then the equations for (el e?, el ) € Wy?(Q) x [Wh2(Q) N LE(Q)] x [W2(Q) N Hy(div; Q)] read

(drelt, €) + é(wg,v&) + ([ug™ - Vlet€) = (fea™ - Vien€) — (lea™ - Viu,€)

£ o[ (@ivuyen ) + ((aiveren.€) + ((divey g €)]
+ 5 [(bp ! x curle ™€) — (ep ™! x curle ™€) — (ef ! x curlug ! €)] + (VepL6) =
=8 [ (b5 x e [~ b 1],€) — ([b ! — b ] x curl [by ! — b €)
— (b = b xcurlu )| vEe W),
(divel,x) +k(Ver, Vx) =0  VxeWh"(Q)nLj(Q),
(dref ) + o
+ (e xep ! curly) — (el x bt curlyp) =0 Vo € Ho(div; Q) N WH2(Q).

(curl eﬁ,curh/)) + V(div eﬁfl, divtp) — (ugfl X eﬁfl, curl'l,b)

We choose (f, X,¢) = (eﬁ7 €ps eg), add the three equations, and sum over all time steps 1 < n < N. Because

. N .
of properties (P1) and (P2) for {(uZ,pZ, b%) }n:p most of the terms are simple to control, and we focus here
on only two which cause some difficulties. We start with

(ep ! x curlep ™" elt) — (ep ' x el ™!, curlep).

Similar to (4.13), we may employ cancellation of the terms for equal indices, and a priori estimates (P2) for
{(u’b, P, b’ ) }iv=1 which are available if the above error analysis is embedded into an inductive argument.
The second problematic term is (Ve;}_l, ey) =k (Vey, Veg_l), which can be restated as follows,

k(Vep,Vep ) k|IVepl. — k*(Vep, Vdeel)

1 2
kIVellt: =k (diey, Vey) > k[lIVep |tz — = lldieglIz:],

where we employ again the quasi-compressibility constraint. Thanks to the dissipative character of the implicit
Euler method, the last term may again be control by (d.ell,el) = 2d,|e?||Z, + &/ diel|2.. As a consequence,
we may conclude (P1), and (P2) then easily follows from the previous steps. a

The proof of Theorem 4.1 is an immediate consequence of Lemma 4.1.
Proof of Theorem 4.1. Lemma 4.1 asserts the approximation property (P2) for solutions {(u”,p”, b")}i:[:l
of (4.6)—(4.8). By the method of proof of Lemma 4.1, we may use it to validate property (P2) for solutions
of (4.6)—(4.8) as well.



THE INCOMPRESSIBLE MHD SYSTEM 1085

In order to verify Theorem 4.1, it remains to control spatial discretization effects; for this purpose we
subtract equations (4.1)—(4.3) from (4.6)—(4.8). By conformity of the finite element discretization, we obtain
(En EP.EL) == (w* — O" " — PP b" — B"))

(diEy, B) + é(VEﬁ, VE) + (- VIELE) - ([Ea - VIELE) - (B4 Vu",E)
(e =) + (e BB E) + (B )

+ 5 {(b”_1 X curlEz_l,E) — (Ez_1 X curlEz_l,E)
~ (B xcwlu" L E)| + (VE;LE) =0 ¥YEEV,
(divER A)+k(VE),VA)=0 VA€ L,

(dEp,¥) + Ri(curl Eﬁ,curl\If) + 'y(div Eﬁfl,div \II) - (u”*1 X Eﬁfl,curl\ll)

€m

+ (El ' x EY Y cwl®) — (ER ' x b ! curl ¥) Vi € Cy.

Let (E,A,‘I’) = (Pwl,zEﬁ,Pwl,szgEg,Pwl,zEﬁ) € Vy, x Lp x Cp. A standard error analysis now shows
assertion Theorem 4.1. O

Remark 4.1. (1) The stabilized finite element method introduced in [11] to solve the stationary incompressible
MHD system is related to the Scheme C, in the sense that the (consistent) stabilization procedure in [11] is
based on the quasi-compressibility constraint (e > 0)

divua — eAp = €h in Q,
for some h = h(u,b), and € = O(h?). In the context of Scheme C, we have h = 0, and € = O(k) — which leads
to the mesh-constraint k& > Ch? to apply the results from [19] to circumvent the discrete LBB constraint, and
validate well-posedness of the discrete scheme, as well as optimal convergence behavior.

(2) A well-known drawback of projection methods are arising non-physical boundary layers for pressure iterates;
we refer to [22,24] where modified methods are introduced and studied, which enforce the incompressibility
constraint by projection, and are exempted from this deficiency.

(3) Another statement of (1.1)—(1.3) is the Helmholtz formulation

1 S
ut+(u-V)u—ﬁAu+V(p+§|b|) = Sb-Vb+g
divu=0 divb =
1
b; — Ab+ (u-V)b—(b-V)u+Vg = 0,

Re,,

where ¢ € L3(Q) is a Lagrange multiplier to allow for solenoidal fields b : Q7 — R3. In [23], Sections 6
and 7, different quasi-compressibility strategies are studied which mimic corresponding projection methods in
the context of splitting temporal discretization. However, as is outlined in [12], Section 3.6, the Helmholtz
formulation is not well-suited to implement the natural boundary conditions (1.4), which is the reason to better
discretize (1.1)—(1.5) directly.
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5. CONCLUSIONS

It is well-known that global weak solutions for equations (1.1)-(1.5) and  C R? bounded exist for a general

context of data, while existence of strong solutions is only locally known, and requires a restricted set of data. In
this paper, we propose four different fully discrete schemes which reflect this problematic nature of the problem:

(1) Weak solutions in general polyhedral domains  C R? are approximated by Scheme A, and certain
decoupling strategies (Algorithm A and Scheme B), where H(curl; 2)-conforming edge elements for the
magnetic field, and a discrete energy principle are crucial tools to verify convergence of iterates in the
sense of existing subsequences which converge to weak solutions of (1.1)—(1.5) for vanishing discretization
parameters.

(2) Strong solutions in regular domains  C R? are approximated by iterates from a time-splitting scheme
(Scheme C) which uses nodal finite elements, in the sense of strong convergence with optimal rates.
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