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INVERTED FINITE ELEMENTS: A NEW METHOD FOR SOLVING ELLIPTIC
PROBLEMS IN UNBOUNDED DOMAINS

TAHAR ZAMENE BOULMEZAOUD ! 2

Abstract. In this paper, we propose a new numerical method for solving elliptic equations in un-
bounded regions of R™. The method is based on the mapping of a part of the domain into a bounded
region. An appropriate family of weighted spaces is used for describing the growth or the decay of
functions at large distances. After exposing the main ideas of the method, we analyse carefully its
convergence. Some 3D computational results are displayed to demonstrate its efficiency and its high
performance.
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1. INTRODUCTION

A wide class of problems encountered in physics and engineering are originally formulated in a media with
an infinite extent. Besides electromagnetic problems, these problems concern computational fluid dynamics,
acoustic, geophysics, elasticity, magnetohydrodynamics, astrophysics and several other fields of research. Con-
sequently, the conception of efficient numerical methods which are suitable for unbounded domains is of crucial
importance for the solving and the understanding of such problems. Reviewing the available strategies for solv-
ing PDEs in unbounded domains, we find a variety of methods having various degrees of accuracy, flexibility
and sophistication. However, most of the existing methods rely

— either on an integral representation of the exact solution and the use of Boundary Elements (see, e.g.,
[15,22,23,32,34-36]);

— or on replacing the unbounded domain by a sufficiently large bounded domain enclosed by a Perfectly
Matched Layer (PML) (see [5,6]), or on the boundary of which an artificial boundary condition is
prescribed;

— or on a polar expansion of the solution like in spectral methods (see, e.g., [12,24]) or in infinite elements
methods (see, e.g., [7,11,16,18,19,28]).

Surprisingly, little attention was given to methods which consist in mapping the unbounded domain into a
bounded one. This seems to be due to the appearance of a singularity after mapping.
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Our aim in this paper is to propose a new method which we call Inverted Finite Element Method (IFEM) for
solving elliptic PDEs in infinite domains. The IFE method relies on the partition of the infinite domain into a
bounded sub-domain, in which usual finite elements are used, and an unbounded sub-domain which is mapped
into a bounded region by means of polygonal inversions. The method is of an arbitrary degree and is exactly
conforming. The use of an adequate family of weighted Sobolev spaces for describing the behavior of functions
at large distances is at the heart of our approach. The other ideas of the method are close to those of the finite
element method. Among the advantages of the IFEM, let us underline the absence of artificial boundaries and
artificial conditions. In addition, the method offers the possibility of truncating the computational domain with
polygonal or box-like boundaries. On the other hand, there is no need to know a priori the precise behavior at
infinity of the solution, but only some simple integrability conditions. In practice, the method leads to linear
systems with sparse matrices and whose size and shape are similar to finite elements matrices.

For the sake of simplicity, the Inverted Finite Element Method will be applied here to linear elliptic problems
which admit an abstract variational formulation as follows:

Find v € W such that

Yo e W, a(u, v) = £(v), (1)

where W denotes a weighted Sobolev space whose elements are functions defined on an unbounded region,
a(.,.) is a bilinear form and £(.) a linear form. In Section 2, we show how some usual second and fourth order
problems in unbounded domains (e.g., the whole space, the half-space, exterior regions, etc.) can be written
into form (1), with a(.,.) and ¢(.) satisfying usual well-posedness conditions. In that case, the space W is
often an adequate weighted Sobolev space whose weights are of the form (1 + |x|)%*, o € R. Indeed, this kind
of weighted spaces turned out to be natural for solving successfully elliptic problems and for describing their
solutions in unbounded domains (see [3,4,8-10,22,25,29]). This is due to multiple reasons. The first reason is
the possibility of describing and classifying easily the decay or growth of functions at infinity. Another reason
lies in the fact that they allow to retrieve most of the fine functional properties of Sobolev spaces in bounded
domains, and which are in general lost when the domain is unbounded: Poincaré’s inequality, Green’s formula,
compact imbeddings (see, e.g., [1,13]), etc.
This paper is organized as follows:

— In Section 2, we review the definitions and the basic properties of a family of weighted spaces in un-
bounded domains. Some weighted spaces in bounded regions containing a singularity are also presented.
The treatment of some typical elliptic problems in unbounded domains is displayed throughout several
examples.

— Section 3 contains a presentation of the Inverted Element Method. The notions of polygonal inversion
and polygonal Kelvin transform are particularly detailed.

— In Section 4, we deal with the analysis of the best approximation error. Firstly, we introduce an
interpolation operator corresponding to the mesh of the domain. Then, we give an estimate of the local
and the global interpolation errors.

— In Section 5, we give an estimate of the error of approximation when the method is applied to a
model elliptic problem. We prove in particular that the rate of convergence is the same as the rate of
convergence of Finite elements in a bounded domain.

— In Section 6, we give a general outline of the implementation of the method in the case of the 3D Laplace
equation in the half-space. The computation of the stiffness matrix is treated in detail. The performance
of the method, the validity of the error estimates and the influence of various parameters are investigated
throughout some computational tests.

In the sequel, the notation a < b (resp. a ~ b) means that there exists a constant ¢ (resp. two constants ¢;
and ¢2) independent of the discretization parameter h and the involved functions such that a < c¢b (resp.
c1b < a < eob).
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2. WEIGHTED SOBOLEV SPACES

In all the paper n > 1 denotes a non-negative integer. For any multi-index g = (p1, ..., ptn) € N™ we set
|g| = p1 + ... + pn. For any real number r > 0, B, (resp. S,) is the open ball (resp. the sphere) of R"
of radius r and centered at the origin. Given an integer k > 0, P; denotes the set of all the polynomials in

variables x1,...,x, of degree < k. ]IODk is the subspace of Py formed by all the polynomials p € Py such that
p(0) = 0.

Let Q be an open set of R". We denote by 2() the space of all C* functions with a compact support
included in Q and by 2'(Q) its dual space (the space of distributions). Given an integer m > 0 and a real
number p € [1, +oo[, W™P(Q) denotes the usual Sobolev space of all the functions v € LP(2) whose generalized
derivatives for orders |u| < m satisfy DFu = 91"..0F»u € LP(Q). This space is equipped with its usual
norm ||.|[yym.»(q) and with the semi-norm

1/p
oy =4 3 [ 1Dmapde 2
ul=m
Throughout this paper the basic weight p(r) is defined as
p(r) =01+ |zc|2)1/27 z = (r1,...,2,) € R, (3)

where |z| = (23 + ... + 2)'/2 is the distance to the origin. For any real numbers o and p > 1, H7*P(f) is the
space of all the functions u € L?(Q) whose derivatives for orders || < m satisfy

p(r) T pry e LP(Q).
The space H"™P(Q2) is a Banach space when equipped with the norm

1/p

lllrrey = | 3 /Q p(r) @02 ity e

lu|<m

o M,p

Define also the space H, (€2) as the closure of 2(Q2) in H7?(Q)) and let H:Z”’/(Q) be its dual. The reader
can consult, e.g., [10,22,25,29,30] for a detailed study of all these spaces. Notice that the local properties of
the space H]"P coincide with those of the classical Sobolev space WP,

In order to define the traces of functions of H{"P(R ), one extends the above definitions to real values of
m. The reader can refer to [25] for such a definition which is dropped here for the sake of simplicity. We
retain only that there exists a linear continuous trace mapping v = (70,71, ---; Ym—1) from HI**(R}) (m > 1)

to H;n:_ol H;n_;jj;%/; (R™~1) such that
Yue 2(RY), yu= (u(z',0),du(z’,0), ..., 00 tu(a’,0)).

Moreover, for any u € H}X’El(R’_ﬁ), Yo € Hl_i(Ri) the following Green’s formula holds

/ ﬂvd:n = f/ uﬁdm f/ u(z’, 0)v(2’, 0)da’. (4)
R™ afﬂn n afﬂn Rn—1
¥ i
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Now, let w a bounded open set. We consider the space VP (w) of all the functions u defined a.e. in w\{0} and
whose derivatives for orders |u| < m satisfy

|z|*H I Dy € 1P (w).

This space is equipped with the norm

1/p
[|ul Ve () = Z |$|(a+|u|)p|Duu|pd$
|| <m 7
We set "
u V() = Z |m|(a+m\)p|Duu|pdm
|p|=m 7

In this paper, the spaces VP (w) are often considered when 0 € @. In that case, the origin plays the role of a
singular point. Notice that far from the origin the local properties of the space VP (w) coincide topologically
and algebraically with those of the Sobolev space WP (w).
The following imbedding is useful in this paper (see [13,31]): if T—2+1>0andif B+ > o+ 2, then
1, n , n
My (R")—HP(R"). (5)

When p = 2, the spaces WP (Q), HI¥P(Q) and VP (w) are written H™ (), H2*(2) and V" (w), respectively.
A polynomial function P belongs to H2P(R™), if and only if

deg P < —a — S
p
Similarly, a polynomial P belongs to V,;"*(w), where w is Lipschitz bounded domain and 0 € dw, if and only if

n
#P+ 3+ - >0,
p

where # P denotes the lowest degree of monomials of P. In particular, f”k - Vﬁm’p (w) if

n

8+ —>-—1. (6)

p

In [2] it is proved that: if u € HLP(R™) and % + a # 0 then

lim |2 [u(|2], )| Logs,) = 0. (7)
|&|—+o00

Here S; refer to the unit sphere of R”. In terms of the spaces Vﬁl P this property can be written into the form

Tim (27 (], )L s,y = 0. )

ifue Vﬁl’p(w), w being a bounded open set with 0 € dw, and 8 + n/p # 0. The latter property can be proved
using (7) and Kelvin transform (see Sect. 3.3 and Prop. 1 hereafter).
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Remark 1. In the literature, many authors use the notation
W (@) = {u e 7'(Q); prm e Dru € LP(Q),Vin) < m

instead of the notation HJP(€) which we prefer here for convenience. Of course, the identity WJ"P(Q2) =
HIP (Q) allows the comparison.

a—m

Remark 2. Another family of spaces which is often used for treating problems in infinite regions are homoge-
neous spaces D™P. Recall that D"™P(Q) is defined as the closure of Z(Q2) with respect to the semi-norm

[ullprmr) = Y D" ull o)

ln]=m

The algebraic and topological identity (see [25])

m n m, n ol m
D ’p(]R):H_nf(]R )1f5*g>0

shows that the spaces DP are a particular case of the spaces H”(R") (notice that the elements of D" are
not necessarily distributions if % — I < 0. For example, D™?(R") ¢ 2'(R") if n < 2m, see [27]).

As we said earlier, usual second and fourth order elliptic problems in unbounded regions of spaces can often
lead to a problem of form (1), with W a weighted space and a(.,.) satisfying the classical assumptions of
Lax-Milgram theorem. Let us sketch some illustrative examples:

Example 1 (the Laplace equation with a Dirichlet or a Neumann boundary condition). Let 2 be the half-space
R" = {z, > 0} or the exterior of a bounded Lipschitz open set w. Let us consider the Laplace problem:
Find u € HL,(Q) such that

Au=fin Q, u=0 on 99, 9)

ol
where f € H7'(Q) is given. The latter equation can be written into the variational form (1) with W =H_, (Q)
and

a(u,v) = /QVu.VU dzx, L(v) = (f,v). (10)

The linear form £(.) and the bilinear form a(.,.) are clearly continuous on H!(Q2). Using an adequate Hardy
inequality (see [3] or [10]) we can prove that if n # 2 then

ol 2
vwer , @, [ Sdo s [ [VuPde. (1)
QP Q

Hence if n # 2, a(.,.) is coercive. Existence and Uniqueness of the solution stem from Lax-Milgram theorem.
Moreover, it can be proven (see [22] when  is an exterior domain and [10] when  is the half-space) that
if f € HP(Q) for some integer m > 0, then u belongs to H™ () (the boundary of 2 is assumed sufficiently
smooth).

The same results hold when {2 is whole the space R™ (see [22]).

Similarly, let us consider the Neumann problem:

Find u € H!1,(Q) such that

Au = fin Q, %:gonﬁﬂ, (12)
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where f € HY(Q) and g € H~/?(0w) if Q = R™\@ and g € HI_/E/Q(R”*I) if @ = R’. This problem is equivalent
to a weak problem of the form (1) with W = H!;(Q) and

a(u,v) = /QVu.Vvda:, L(v) = /va—i— (g,v)00- (13)

Since the inequality (11) remains valid in the space H!;(Q) (see the references cited above), this problem
satisfies also the well-posedness assumptions of Lax-Milgram theorem (observe that the constants do not belong
to the space H',(9)).

Remark 3. The above results on the Laplace equation can be extended to second order equations of the form

0 ou )
da; (a”(a})a—x) +e(z)u=fin Q, u=0on 09,

where the coefficients a;; and ¢ are such that

ai; € LOO(Q),
aij&i& > nolé)?, V€ = (&1, ...,&) € R,
—cp < pQC(CU) < ¢ a.e. in Q.

Here 19 > 0, ¢p > 0 and ¢; > 0 are three constants with ¢y sufficiently small.

Remark 4. In studying the Laplace equation in unbounded domains, the case n = 2 arises often as a critical
case for which the weighted space H* () is not really adequate (see [3,22]). Indeed, when n = 2 it appears
more convenient to use the modified space

HL, 0(Q) = {u e D'(Q); m e L*(Q), Vu e LQ(Q)} .

This particularity is inherent to Laplace equation itself (and also to some related problems) and to the functional
framework. The method we propose here is general and is without any restriction on the dimension. However,
to avoid fastidious notations, we consider only the spaces H7?(Q). In fact, the addition of a logarithmic factor

to the weight does not affect seriously the method and could be taken into account without major modifications.
The author will treat this particularity in a forthcoming work.

Example 2 (a vector potential problem). Let w € L?(R%)? such that
. . 3
divw = 0 in Ry,
We look for a vector function v € H:(R%)? satisfying
curlv = w in R}, dive =0 in R}, v.e3 =0 at 23 = 0. (14)

Consider the space
XRY) ={ueH (R}’ ue3=0at z3=0}.
Problem (14) can be written into the form:
Find v € X (R?) such that

J

curlv.curl udz + / dive.divudz = w.curl ude, (15)

+ R R
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for each w € X(R%). Indeed, it is quite clear that each solution of (14) is also a solution of (15). Conversely,
let v € X(R%) be a solution of (15). Then, choosing u = Vi with ¢ € H?,(R%) solution of the Neumann

problem (see [10])
Ayp = dive inRi, a—c'O:Oat r3 =0,
8I3
gives divo = 0. It follows that
/ (curlv — w).curl udx = 0,
=l
for each u € X (R%). Hence,
curl (curlv — w) = 0 in Z'(R%)?

which implies that the vector function curl v — w belongs to the space
Hy(curl; R?) = {<p € L3(R?)3; peurl g € L2(R1)3}.
Then, by means of the Green’s formula (see [10])

(curlp,u) — (p,curlu) = (p A ez, u)

x3=0
which is valid for each uw € HL|(R3)?® and ¢ € H;(curl; R3), we get
(curlv — w) x e3 =0 at 23 = 0.
Hence, the vector field v, = curl v — w satisfies
curlv, =0 in Ri, divv, =0 in Ri, v, X e3 =0 at z3 =0.

Lemma 13 in [10] implies that v, = 0. We conclude that v is solution of (14).
Now, according to ([10], Cor. 8), the semi-norm

1/2
U — </ |curl u|*de +/ |divu|2da:) ,
R3 R3

+ +

is a norm on the space X (R%), equivalent to the norm ||. |1 (&2 )2- Consequently, the problem (15) admits one

and only one solution in X (Ri), thanks to Lax-Milgram lemma.
Notice that the same results hold when 2 is an exterior domain (see [20,21]).

Example 3 (the biharmonic equation). In this last example, we consider the fourth order problem:
Find u € H? 5(RY) such that

ou

2 T3
Afu=finRy, u=0at z3=0, 8—933

=0at a3 =0, (16)

where f € H,?(R3). This problem can be written into the weak form:
02
Find u €H_, (R}) such that
Au.Avdz = (f,v), (17)

vy
02 |
for each v €M, (R3). It is proven in [9,10] that the semi-norm

v HAUHL%Ri),
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02
is a norm on the space H_, (R%) which is equivalent to the norm H.||W32(]R3+). We conclude that problem (17)
admits one and only one solution u and this solution depends continuously on the data.

Remark 5. The choice of the weight is crucial for getting a well posed variational formulation. In fact, the
uniqueness of the solution can be lost if the weighted space contains polynomial functions (the case of the
Neumann problem is detailed in Sect. 6). Similarly, the existence of strongly decreasing (at infinity) solutions
could be lost, unless some compatibility conditions are satisfied by the data. However, there is often an
intermediate case for which existence and uniqueness hold without any condition. In this case, the problem can
in general be written in a weak form satisfying the assumptions of classical theorems (Lax-Milgram theorem,
Babuska-Brezzi theorem, etc.). This is often the case for which the solution has also an integral representation.
The reader can look at the case of the Laplace equation with a Neumann condition treated in Proposition 4
hereafter.

3. INVERTED ELEMENT METHOD

The purpose of this section is to expose the main ideas of the Inverted Finite Element Method. In the
remaining of this paper, (2 denotes an unbounded domain. Some geometrical assumptions on {2 are made in
Section 3.2 hereafter.

Consider a continuous problem written into the abstract form:

Find u € W such that

Yo e W, a(u,v) = £(v), (18)

where W is a given space. Here, we suppose that W is a closed sub-space of H.(Q)* for some integer s,
equipped with the induced norm. This is often the situation when one deals with elliptic equations of second
order. Moreover, the bilinear form af(.,.) and the linear form ¢ are supposed continuous on W and satisfying
the ellipticity condition

Yo e W, a(v,v) > MOHUH%}X(Q)S, (with po > 0).

The Galerkin method for approximating u consists in replacing problem (18) by the finite-dimensional problem:
Find uj, € Wy, such that

V’U}l S me G(U}l,’U}l) = E(Uh)7 (19)

where W}, is finite-dimensional. For simplicity, we shall restrict ourselves to continuous Inverted Elements which
are similar to the classical conforming finite elements. Namely, we require that

Wy, Cc W.

The first idea for constructing the space W} is to divide the domain 2 into two sub-domains; a finite sub-
domain Qg and an infinite sub-domain ... Then, a usual finite element method is used in €y, while the
unbounded region €, is transformed into a bounded region by means of an adequate (but necessarily singular)
mapping. Naturally, it is tempting to consider ()., as the exterior region of a sphere, and to map it into the
interior of sphere by means of a classical inversion of the form x +— ﬁ The drawback of this choice is the
difficulty of ensuring the exact continuity of the method. The use of curved elements near to the spherical
intersection Q. N Qo can be of course a solution to this problem. Here, we prefer another approach based on
the notions of polygonal inversion and polygonal radius introduced in the next subsections. The objective is to
ensure the exact conformity at the intersection Q.. N Qy which will be chosen polygonal.
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FIGURE 1. An example of a 3D infinite simplex.

Py

FIGURE 2. An illustration of the altitude vector, the finite simplex and the supporting hyper-
plane associated to a 2D infinite simplex.

3.1. Some geometrical definitions and properties

Definition 1. Let a; = (a;;)i, j = 0,...,n, be a collection of n + 1 points of R™ which do not belong to the
same hyperplane. Then, the infinite simplex whose vertices are ag, a1, ..., @, is defined as

i=0 =0

n n
T(a07a17"'7a’n) = {CEZZ)\Z‘O@, )\Ogoa )\ZZOfOI'Zzl,,TL,Z)\Z:l}

Figures 1 and 2 show examples of infinite simplices when n = 3 and when n = 2, respectively.
The reference infinite and finite simplices are defined as

T = {a: = (Xl,...,Xn) € R",Xk >0 fork=1,...,n, e > 1},
k=1

K=8= {m (Xl,...,Xn) ERM0< N\, <1fork=1,..,n, ZX’“ < 1}.

Now, let T(ao, a1, ..., a,) be an infinite simplex. Then
— The vertices a, ..., a, are called the real vertices of T.
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— The vertex ag is called the fictitious vertex of T'.
— The finite simplex associated to T is given by

Sr(ao, a1, ... a,) = {wzxiai, 0<A<10<i<n, ZAil}.

=0 =0

— For each i € {0,...,n}, P{(T) denotes the hyperplane containing the vertices (a;)o<j<n, ji- The hyper-
plane P°(T) will be called the supporting hyperplane of T(ag,an, ..., an). Observe that
ag ¢ 7)0 (T)

— The (n — 1)-faces of T are defined as

Li(T)=TNnPYT), 0<i<n.

Note that I'1(T), ..., T, (T) are the unbounded faces of T' while I'y(7") is the only bounded face of T'. The
face T'o(T) is called the supporting face of T. More generally, for each integer k such that 0 < k <n—2,
we call a k-face of T' a k-dimensional intersection of two (k 4 1)-faces of T'. It follows that 0-faces are
nothing but the real vertices of T. A face of T is a k-face of T for some integer 0 < k <n — 1.

— The altitude vector of T', denoted by hr, is defined as hp = wrag — ag where mrag is the orthogonal
projection of the fictitious vertex ag on the supporting hyperplane P°(T). Notice that |hz| is the
distance between ag and P°(T), and hr is a vector normal to P°(T) that points to the half-space
containing T (see Fig. 2).

— The quasi-inversion mapping associated to T is defined as

o7 (T @] ST)\{O,()} — (T @] ST)\{GQ},
|hr*
x = ——————(x — ag) + ao. (20)
[(II) — ao)t.hT]
This mapping keeps the supporting face of T invariant and transforms T into S7\{ao} and conversely.
Moreover, ¢ is invertible and involutive (i.e. d);l = ¢7).
— We denote by Fr the affine mapping which maps the reference infinite simplex T into T. The map-
ping Fr maps also the reference simplex S into the finite simplex S7 associated to T'.
The altitude vector of reference infinite simplex T and its associated quasi-inversion are given by h=n"1 (1,...,1)
and ¢(&) = mi, respectively.
The following lemma is useful in the remaining of this paper.

Lemma 1. Let T(ay, ..., a,) be an infinite simplex. Then,

Frlogr=¢oFrt. (21)
|hT|2 2n
|det(Vor)| = (m) : (22)

Proof.
1. We suppose without loss of generality that ag = 0. The affine mapping Fr can be written in the form

Fr(&) = B, for any & € T'U S,
where B is a n X n constant matrix. The altitude vector hr is given by
|2

_ —tp _ ,
ht = crB "h with er = |B*tfl|2
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Let £ € TU Sy — {0} and set & = F.'(z) = B~'x. Then,

lhr* |hr|*
T =

@t hr” 2 [it Bt gt H}Q (&".h)2
Hence, )
Fr' o dr(e) = Bor(a) = L1—s — 4(a)
(&'.h)2
which ends the proof of (21).
2. We have
|hr|* |hr|* [hr|* |hr|*
det =det| ———5€1 - 2———h2z,..., —————€, —2—————h
et(Vor) = de ((mt.hT)2el (@t hr)3 P (@ )2 T “@thp)
|hT|4n
= —/J

(xt.hp)2n s

where h; = hr.e;, 1 <1 <n, and

h1 hn
Jp = det - 2—x, ..., —2——x | .
’ (el (@ he) " C <wthT>m)
Then, by induction we prove that
Jn = _15
which ends the proof. O

3.2. The sub-division and the mesh of the domain

We suppose that () satisfies the following geometrical assumption:
(H) There exists at least two sub-domains Qo and Qo such that
- Q=QyUQu;
— p is a bounded polygonal domain;
— Q4 is unbounded and can be decomposed into the union of a finite number of infinite simplices 11, ..., Tar
such that
1. ﬁoo = Ué‘ing;
2. T, ..., Ty have the same fictitious vertex ag. Without loss of generality, we suppose that ag = 0;
3. for any £, m < M with £ £ m, the intersection of T; and T}, is either the empty set or a whole face.
The assumption (H) is satisfied by most standard unbounded domains, namely the whole space, the half-space
and the exterior regions of bounded (polygonal) domains (see Figs. 3 and 4 hereafter). Of course, such a
decomposition is not unique in general.
For each i < M, we denote by h;, ¢;, S; and I'; respectively the altitude vector, the quasi-inversion, the finite
simplex and the supporting face of T;. The affine mapping which transforms the reference infinite simplex T
into T; is denoted by F;. We set

o

Q, = (Uf‘ilSl) - {0}, G; = (TZL U Sz) — {0}7 i=1,...,M,
Fr=T1UTU...UTy = N0w.
The polygonal domain €2, will be called the fictitious sub-domain of €. It is important to distinguish it from 2.

We have o
UM G = Q. UQ. — {0}
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Na|

Qo

FI1GURE 3. The partition of the 2D half-space into the union of two infinite simplices T and 75
and a bounded region Q. Here Qg = S1 U Sy — {0} = Q. where Sy and Ss are the associated
finite simplices.

L

=
P

FIGURE 4. The case of an exterior domain = R2: w. Here € is decomposed into the union
of four finite simplices T, T, T3 and Ty. We have Q, = S; U Sy U S3U Sy and Qg = Q,, — w.

3.3. The polygonal inversion and polygonal Kelvin transform

The objective of this section is to introduce some tools which will be used for defining the discrete space.
Firstly, we consider the functions

t
z'.h;
ri(e) = =, i=1,.., M. (23)
Bl
Then, the quasi-inversion mappings associated to the infinite simplices T, ..., Ty are given by

bi(x) = ri(z) .

Observe that
ri(e)=1ifz eT;.

Some simple but useful properties of these functions are stated in the following lemma.

Lemma 2. Leti, j € {1,..., M} such that G; NG, # 0. Then, for each x € G; N G;

ri(e) =r;(x), ¢i(x) = ¢;(x). (24)

We have also
ri(x) ~ |z in Gy i=1,..., M. (25)
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Proof. Suppose that ¢ # j and G; NG, # (. Let aq,...,ar (k < n) be the common real vertices of T; and 7.
We have on the one hand

ap.hi = |hi|?, arh; = b2V 1 <0<k,
since the points aq, ..., a; belong to the supporting hyperplane of T;.
On the other hand, any & € G; NG can be written into the form z = Zif:l Aeag, with Ay > 0 for each ¢ < k
and Zif:l Ae > 0. Hence,

k k
Ve € GiNGj, z.h;= (ZA4> |hil?, x.h; = (ZA4> |h;|2.

=1 =1

Thus,
k
ri(x) = Z)\g =rj(x),
=1

and ¢;(x) = ¢;(x). This ends the proof of (24).
Now, let a1, ..., a, be the real vertices of T; and h; its altitude vector. Let & = ZZ=1 Aeay € G;. Then,
ri(z) = > ), A¢ and

n
ilr(2) < ] < g a3 = eri(o),

which gives (25). d
With help of assertions of Lemma 2 one can define the polygonal radius r(x) in Qs U Q. as follows
r(z) =r(x)if ¢ € G;. (26)
The polygonal inversion associated to the T1, ..., Ths is defined on UM, G; by
Ve € G, ¢(x) = ¢i(z), Yie{l,...,M}.

According to Lemma 2, we have

the function r(z) is globally continuous on Q. U, — {0} and is C* in each sub-domain Gj;

r(z) ~ |z| in Qo U Q. — {0};

— r(z) =1 for each z € T = UM T

= (@) r(é(@) = 1

— ¢ is continuous and one to one from Q. into €2, and ¢~ = ¢. Moreover, ¢ preserves the points of the
polygonal interface I' since r(x) = 1 if ¢ € T

Given a real number v, we define the polygonal Kelvin transform A, as the operator which assigns to each
function u defined on Qo U Q. — {0} the function A,u defined on the same set by

(Ayu)(z) = r(z) T u(o(x)). (27)
Observe that

u(z) = r(o(z))"Ayu(d(z)). (28)
Hence,

u(z) = (Ayu)(x) if z €T
The next proposition describes the image of the weighted space HJ"?({2so) by the operator A,.
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Proposition 1. Let o,y and p be three real numbers with 1 < p < 400. Let u be a function defined in Q.
We set

d=7—a— 2.
p
1. If m € {0,1} and v € H"?(Qse) then Ayu € Vi"P(Q.). Moreover
[ullrm e oy = [[Ayullvmr ). (29)
2. Ifm>0 and u € HJ'P(Qoo). Then, Ayu satisfies
Ayuys, € Vi"P(S;), fori=1,..,M,

and

lullmr ) = [Ayullymrs,y, fori=1,.., M. (30)

The proof of this proposition is given in appendix A.

3.4. The mesh of the FEM domain and the fictitious sub-domain

The last step in constructing the discrete space W}, is the mesh of the domain. More precisely, this consists
in triangulating the bounded sub-domain 2y and the fictitious subdomain . separately. Thus, we consider two
families of triangulations

1. A classical finite element triangulation {K; K € 7} of the region €y into the union of simplices K
satisfying the usual regularity conditions:
(a) the intersection of two adjacent simplices is a whole k-dimensional face, with 0 < k <n —1, or is
empty;
(b) there exists a constant o such that

h
VK € T, “E <5 for every h, (31)
OK

where hx denotes the diameter of K and ox the radius of the inscribed sphere in K.
The (classical) discretization parameter associated to this triangulation is defined as

h= max diam(K). (32)

2. A graded triangulation {K; K € 7~'h} of the fictitious domain 2, satisfying the regularity conditions
above and, in addition, the following refinement assumptions:
(a) forany K € 7)) ={K €T; 0 ¢ K}

hi < hdg ™,
RYH < d. (33)
Here dx denotes the distance between the origin 0 and K, and p > 0 is the gradation parameter
which will be chosen subsequently;
(b) for any K € Tj, — T,
hi S hYH (34)
(c) for any K € Ty, there exists i € {1,..., M} such that K C S;.
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The last condition means that each triangulation of €2, is a conforming union of triangulations of the
sub-domains S;, ¢ = 1, ..., M. Namely, we can write

T _ M i
E*Uizl h»

where for each i < M, ’if is a graded triangulation of S;. Moreover, if S; N.S; # () then the meshes ’if
and Thj must have the same trace on the intersection S; N S;.

All the above assumptions are intrinsic to 7j or to ’fh._In order to ensure that the tringulations 7; and ’fh

induces the same trace on the interface I' = Qoo Ny = Qoo N ﬁ*, we assume the following:
If K1 € 7, and Ko € Ty, then K1 N Ko NT is either empty or a whole face of both of K1 and Ks.

3.5. The discrete space and the interpolation operator
Now, we are in position to construct the discrete space corresponding to the mesh of the domain. This space
depends mainly on

— the choice of the sub-domains €y and Q;

— the mesh parameters h, u;

— the exponent v of the polygonal Kelvin transform;
— the degree k of the shape functions.

Namely, given an integer £ € N* and a parameter 7y, we associate to the above mesh, the following finite
dimensional space

Hipry (Q) = {u € C'(Q); uk € Py(K), VK € Ty,

Aujx € Po(K), VK € T, Aqujx € Po(K), VK € T, — %h*}.

A main feature of the IFE method is to consider h as the only discretization parameter. The parameters, u, v
and the subdomains g, Tp,...,Ts are a priori fixed. Since their choice has a serious influence on the quality of
approximation, we shall call them the adjustment parameters. The choice of the adjustment parameters is not
arbitrary since they are subject to some constraints. Most of these constraints come from the analysis of the
best approximation error. The following lemma gives a first condition on ~:

Lemma 3. Suppose that 1 < p < +o00 and that o + n < 1+4~. Then,
p

Hi ko (Q)—HEP(Q). (35)

Proof. We set § =~ —a — 2%. Then, § + % > —1. Let up € Hp (). Then, (Ayup) ik € V;’I’(K) for each

K € T,,UT,, thanks to (6). The continuity of the functions uj, and r(.) implies that Ayup € Vél’p(Q*). We deduce
that w0, € HyP(Qoo), thanks to Proposition 1. We have also upjo, € WP (Qp). Since up(z) = Ayup(z)
if z € T, we conclude that u, € HLP(Q). O

In the sequel, we shall suppose that the condition
v>a+ o 1,
p
is always fulfilled.

It remains to define the interpolation operator corresponding to the space Hj, i~ (€2). The first step consists
in defining a family of local interpolation operators as follows: let K be an element of 7;, or 7, and a%, ..., a’
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its vertices and consider the set of nodes

n

- , 12 k-1
EK{mi:&a%;E:Ai1andAi€{QE,Eww—?Tnl}}.

i=0 =0

We denote by I the local Py-interpolation operator of type (k) defined as follows: for each function v € C°(K),
IIxv is the only element of P such that

lxv(a) = v(a),
for any vertex a € Y.
If K eT,— ’]N;L* (0 € K), we consider also the local ]?Dk—interpolation operator 10'[K of type (k) defined as: for
each v € C°(K — {0}), Ilxu is the only element of f”k such that

(o)

HKU(a) = U(a),

for any node a € L — {0}.
Under these considerations, one can associate to each function v € CIOOC () its global interpolant vy, defined by

vn g = llgv g for each K € 7Ty,
(Ayvn) e =k [(Ayv) k] for each K € 77,
[e] ~ ~
(Ayvn) i = Ik [(Ayv) k] for each K € T, — T,/ (36)
The global interpolation operator I1, is the operator which assigns to each function v € C{JO c (Q2), its interpolant vy, .
This interpolant is continuous, thanks to the construction above.
Notice that the interpolation operator 1I;, depends on the mesh and on parameters k and ~.

Notice also that IIpv belongs to the space Hp, i () for each function v € CIOOC (©2). The objective of the next
section is to derive an estimate of the interpolation error v — II5v.

4. THE BEST APPROXIMATION ERROR

We state the following:

Theorem 1. Let p, ¢ > 1, o, B four real numbers such that

Dl is0amdg+tsar (37)
D q q p

n n
B+——1<y< B+ —, (38)

q q
k41> 2 (39)

q
Let

B—a+n(:t-1 m

L, (q p) Tmzlu—, for0 <m <k. (40)

:k+1fm+n(%f%)’

Then, for each function u € Hgﬂ’q(ﬂ) the following estimate holds

flu— HhUHH};p(Q) < pllt+n(1/p—1/q)] min(1,71) HuHHZHYG(QOO)Jrthrn(l/pfl/q) HUHWHM(QU)- (41)
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Further, for any nonegative integer m < k, we have

> llu = Tullggme gy S REFTmAn /=170 mi“(l’T”)|\U|\Hg+m(Qx) (42)
KeT,
> lu—=Tgullpg ey S REHmE /P [ullygsrraay): (43)
KEEL

Notice that condition (37) implies the injection HgH’q(Q) C HLP(Q), thanks to (5). The second condition (38)
combined with the first one implies in particular that v > o + % — 1, which ensures the conformity injection (35).
The third condition (39) is imposed to ensure the inclusion

Hi(Q) C Choe(Q), (44)

where C{ () is the space of continuous functions on Q. Note that the inclusion (44) stems from the inclusion
Wk+L4(w) — CO(w) which is valid when w is a bounded domain with a Lipschitz continuous boundary.

As for the finite element method, the proof of Theorem 1 is based on an analysis of the local interpolation
operators.

PROOF OF THEOREM 1

Throughout the proof, assumptions (37)—(39) are supposed valid.
First step. The local interpolation error. The next proposition gives an estimate of the interpolation error in
each inverted element.

Proposition 2. Leti € {1,...,M}. Let m < k be an integer, 1 < p, ¢ < 0o, and §, 8 two real numbers such
that

71<9+Z<0, (45)
and i
Lg,p m,p, P
VI R) VI (R),
! 50+ (fp—1/g
—o+/p—1/q9)n Hm
- T = 2. 46
fim k+1-m+Q/p—1/g)n ™ (46)
Then, for each function u € VLK) the following estimates hold
0
lu — HKU|V(5’"""(K) < plEt1=m+n(1/p=1/q)] min(l’TM)|U|V9k+1,q(K) if K € %h*a (47)
u— Tgculymr ) S h[kﬂ_m"’”(l/p_l/q””"|u|V9k+1,q(K) ifK €T — ,z”—h*, (48)

where, for each K, the operators Il and 19[1( are defined as in Section 3.5.

Proof of Proposition 2. Let K € 7, be a fixed finite simplex and let Fi the affine mapping which transforms
the reference element K into K, and chosen such that Fx (0) = 0 if 0 € K. This mapping is of the form

#€K— Bgk&@+agx €K,

with ax = 0if K € T, — ’]i* If o (resp. ) denotes the radius of the inscribed sphere in K (resp. in K)
Then (see, e.g., [14])

diam (K _ diam(K
B < e, 135 < T

~ ~

| Brll < < hy (49)
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Now, let u be a function in VkH’q (K) and set

Two cases are distinguished:
Case 1. If K € ’fh* Then, Assumptions (33) and (34) give
|z| ~ dg for z € K.

Hence, for any integer m, we have

o= Mgl ey = S / (PO | DF (4 — T ) [Pz
lul=
< dp(6+m) Z / |D*(u — T gu)[Pdz
|ul=

< &™) Bt ™| det B|Ja — gl s )

p(d+m) p —mp+n
S dy hy 4 — KU|Wm,p(f()

< gp(6+m)y —mp+n . s AP
~ dK hK ﬁlélek HU’ p||Wk+1,p(Rv)’

where we used the identity IIxp = p for each p € Py. Using the classical inequality (see [17])
ﬁieanfk 6 = Bllywer, P(K S i, a(R)

and the inequality
il iy < I1Bic 1] det (Bic) |~ ul v
we get
fu = Tculyzmr ) S did™ i " P ).
Moreover,

Ju— Txculyzrcy S didm Ry ™ PO

S+m—0—k—13 k+1—m+(1/p—1/q)n
5 dK hK |U|V9k+l,q(K)

< @m OB G e (o= )
7]

Finally, assumption (33) gives

h[kJrl m+n(1/p—1/q)] min(7y,,

lu — Hgculyme gy < 1)|”u|vk+1 (K

(K)

(51)
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Case 2. If K € ’fh — ’]N;L* Then for each integer s < m

|u—1o'[Ku Ver (k) Z/ |z|P(5+) | pr (u—HKU> Pdz
S
lpl=s
»
<Y Bk 1||pé|detBK|/ Bap®) | D (i~ figa) [ aa
|pl=s

< HB 1||ps||BK||max(O’5+6)p||B_1||7min(o’5+6)p| det BK|

x> / &[0+ D (0 — T ) P d.

lnl=s

Thus,
P

]

P
f(u

w—Igu| oo < KB g (52)
8

‘ o

V;HP(}:”() '

Let p be an arbitrary element of ]IODk (k) Then, since ﬁf(ﬁ = p, we get

—p) — (@ —p)

Jo e

VP (K) VP (K)

< _ N _
~ HI HK"L(VQ’“+1’Q(K) VP (R ||u p”VHl (R

A~ [e]
The extension of the Deny-Lions inequality (51) to the space Vchrl 1(K)/Pk, required at this stage, is given in

the following proposition

Proposition 3. Let k>0, 1 < g < 0o and 6 such that
—1<0+ 2 <. (53)
q

Then,

inof || *pHngﬂ,q(R) < |U|V9k+1,q(f()- (54)
PEPK

We prove Proposition 3 afterward. Proposition 3 is used here as follows:

1/q

la - izl < / (200D | DV |14

lv|=k+1

VP (K)

1/q

S B aBO | 3 [ Bl D e
lv|=k+1

S B[S im0 D ot 004D dot(B) |/l
—0—
5 hK n/q|u|vek+1yf1(K),

where we used (49). Replacing in (52) gives

§—0+n(1/p— 1/<1)|u| g
Vy UK

l[u— HKU| vk < hi
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With assumption (34) we get

< pllt1=m+n(1/p=1/g)}pm

o
||U_HK’U,| Vg"’p(K) /“|’U,|V9k+1,q(K).

This ends the proof of Proposition 2. It remains to prove Proposition 3 used here. 0
Proof of Proposition 3. The starting point is the following lemma (see [26,30]).

Lemma 4. (Hardy’s inequality) Let 1 < g < 400 and 0 € R—{—1}. Let f be a continuous function on [0, +00|
such that

+oo
/ 94| £ (1)|9dt < 4-o0.
0

Set .
—/ FOdE o> —1,
Fiy=14
/ F(t)dt if0<—1.
0
Then,
/+°o 10 F()|dt < ( a )q/+°° £0+9] £ (1)]9dL. (55)
0 —\0+1] 0

Now, For any real § > 0, we set
ks = (K uT)n Bs - {0},
where Bs is the ball of radius §. There exists dg > 0 sufficiently small such that

Ks C Kif § < 8.

Consider the space
ok+l,g kil ~ N
Ve | (Ks) = {veVe URK5): v=0on aBmK}.

We state the following:
Lemma 5. Let k>0, 0 < 6 < &y, and suppose that

0+ 2 & (k. ...0}
+q¢{k, ,0}

Then, the semi-norm

D Dl T
lul=k+1
ok+l,q .
is a norm on the space V, (Ks) which is equivalent to the norm ||.Hvk+1,q(l”(d_)-
0

Proof. Let ¢ be a function in C*°(K )N 1;:“7(1 (K5). Then, necessarily ©(0) = 0, since |z|?¢ € LI(K5) and
0+ % < 0. For any z € Ky, we set ¢ = ro with r € [0,6] and o € S;. Here S} is unit sphere of R™. For each
multi-index p such that |u| < k we set

P =Dl
We have

5 T
ou(x) = pu(ro) = —/ Dy, (to)dt = /0 Dy, (to)dt + ¢,(0).
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If9+|u|+g7é0,then

/k |m|q<9+‘“‘)|D“cp|qd:1::/A |3,,|q(9+|u|)|30M|qda3
L)

Ks

5
:/ (/ rq<9+“)+"_1|gou(7°0')|qdr> do,
w 0

where w = S; N K. Using Hardy’s inequality (55) leads to

5
/A |$|q(9+\u\)|Du@|qdw5/ </ rq(9+|“|+1)+”_1|D,«<p,t(ra)|qdr> do
K5 w 0
< |$|q(9+\u\+1)|Dv (x)|9dz.
> [

lv|=lpl+1

The proof of Lemma 5 is ended by induction and by the density of the space of all the functions ¢ €
- ok+l,q ok+l,g
Cx(Ks)NV, (Ks) in Vg (K5) (see [25,30,33]). O

Lemma 6. Let m > 1 be an integer and 6 and § two real numbers such that
n
—1<0+—-<0, 6§d<dp
q

and set
O - IA{ - IA{(;/Q.

Then, the semi-norm

/ D*udax|

[elypea iy = Tl iy +
1<\,u,\<k+1

is a norm on Vf“’q(f() equivalent to the norm |||y x+1.0 g -
6

Proof. We prove the lemma by contradiction; suppose that there exists a sequence (u,,) such that

1
Ym > 1, HumHvk+1 ARy = =1 and [un]vk+1 “(R) < p—

Since V]H'1 q(f( ) is a reflexive Banach space, there exists a subsequence still denoted (u,,) which converges
weakly in Vkﬂq(K ) to an element u. The lower semi—continuity of the norm [.]VkJrl,q(f() implies that

[u ]ch+1 a(fgy = 0. Hence u = 0 since the condition § + E < 0 yields RN V]H'1 9(K) = {0}.

In the remaining part of this proof, the constants involved in the symbols < and ~ (defined before) do not
depend on m and the functions.
Now, let &y and &; two functions of class C*>° on R" such that

So(z) +&i(z) =1
supp(&o) C Bs,
supp(&1) C R™ — By/a.
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Then, for each m,
U = ufy) + 0l with ul) (2) = o(@)um (@), ul) (€) = & (@)um().
Notice that ug)(w) =0on Bs/s N K. Hence,
||“572L)||V9’“+1f4(k) = ||Ug)||v9k+1vQ(o)-
Since dist(0,0) > 0, the space VHkH’Q(O) is isomorphic to W*t14(0). Tt follows that the sequence wy,

converges weakly to zero in W*+1.4(0). The compactness of the imbedding W*+L:4(O)—W"4(0) implies
that Um Converges Strongly tO 7Zero ln Wk7q(0). Since ln additlon |’U;m|vk+1,q(k) tends tO ZeI“O, we deduce that
0

U, converges strongly to 0 in ‘/'ek+1’q((’)).

Hence, u'y) converges strongly to 0 in VHkH’q(O) = WH+L4(0). Now, we deal with the sequence (us,ll)) Since
ug) =0 on dB; N K5 and by virtue of Lemma 5, we get

||u§71L)||V9k+1,Q(R) ,S |u§71L)|V9k+1,Q(R).

But,
|u%)|(\1/k+m(f(): Z / |$|qw+k+1)|Du“§rll)|qd$
’ |ul=k+17 Ko/2
+ Z /|w|q<9+k+1)|D“u§,{)|qda¢,
|ul=k+1"C
S Y [ e, e
|ul=k+1" Kor2
+ Z /|m|q(9+k+1)|Duu§71L)|qdm.
|ul=k+1"©
Hence,

Hu%)”VO’“*LQ(i{) S |um|v9’“+1fq(f(5/2) + ||Um||v9’“+1vLI(o)-
It follows that

u%) converges strongly to 0 in Vf“’q(f()

since u,, converges strongly to zero in V:gkﬂ’q((?). We deduce that u,, converges strongly to zero in Vekﬂ’q(f()
and we reach the contradiction with the equality ||ty || t+1.9 &) =1
6

We end the proof of Proposition 3 as follows; let u € V:H’q(f(). Since 6 + % > —1, we have I([J”k C Vakﬂ’q(f().

Moreover, for each p € I([;’k we have
l[u— p”VeHLLI(f() Slu— p]ve"“*q(f()'

Choosing p € I%k such that
V1<|u|<k+1 / DHpdx :/ DHudzx
o o

ends the proof. O
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Second step. Global interpolation error. We are now in position to prove Theorem 1. Let k, p, ¢, o and
satisfying the assumptions of that theorem and let u € Hgﬂ’p (Q). We have

M
lu = Thullygn o) S lu—Thullwrr@y) + D llu = Tty (56)

i=1
From the classical theory of the Finite element Method (see [14]), we know that
llu — H%U”WLP(QO) S pk+n(/p=1/q) HUHWHLP(QOy

On the other hand, Proposition 1 implies that for each i < M
M M
P
> = Ml 30 Wt = D)l
P P
< Z [Ayu — HK(A'YU)HVSLP(K) + Z [Ayu — HK(A'YU)HVSLP(K)
KeT,—T; KeTy

h

2 2
with § =y —a — —n. Taking 0 =~v — 3 — il in Proposition 2 leads to
p q

M
= Hhu”’)—[};p(Qx) < plE+n(1/p=1/q) min(r1,1) Z |A’YU|V9’““"’(Si)7

i=1

M
< ple+n(1/p=1/g) min(r:.1) Z |‘“|\H§+I’Q(Ti)’
i=1

where 7 = al and
I

B §—0+nlpt—q") _ B—a+n(gt—ph
I ¥ l—mtnp =g ) ktl-m4np —q 1)
for each m < k. This ends the proof of estimate (41). The second estimate (42) is also a direct consequence of
Propositions 1 and 2. O

5. APPLICATION TO A MODEL PROBLEM

Let us come back to the model variational problem (18). Recall that W is supposed to be a closed subspace
of H.(Q)® for some real v and some integer s, and equipped with the norm |[|.|4: ) (s = 1 if the problem is
scalar, and s = n if the problem involves vector fields). Consider also the corresponding discrete problem (19)
with

WiL=Wn Hhkﬁ(ﬂ)s,
and
n
v>a+ 5 1. (57)

The error u — uj, can be estimated in the norm ||.[|31 (o) using Céa’s lemma

— 1y <inf — 1(Q)s - 58
v = un 7 () th}gwhﬂu vnllH (@) (58)
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If we suppose in addition that u is continuous, and that its interpolant Il u is also in W, then we get
lu — unllr @y S llu = pullp )

Combining the latter with Theorem 1 yields

Theorem 2. Let w € W be a solution of the problem (18) and wuyp, solution of the corresponding discrete
problem (19). Suppose that u belongs to HZH"I(Q) for some real B such that the Assumptions (38), (37)
and (39) are fulfilled with p = 2. Suppose also that W is such that

Yo e WNC.(Q)F, v e W.
Then, the following estimate holds

[ — unl|p () S AET/271/4)] min(l’n)HUHHZM(Q&)Jrhkﬂ(l/%l/q) llullwrsr.aaq), (59)

with T s given by (40) with p =2 and m = 1. In particular, if 0 < p < p1 then

= e oy S B o (60)
Remark 6. Making an analogy with the finite element method, one can suspect the weighted L? error
[u—unl#0 () to converge faster than the error [[u—up |31 (o) (under some usual regularity assumptions). Unfor-
tunately, an examination of this question reveals that the classical duality argument of the Aubin-Nietsche lemma
(see, e.g., [14]) does not give any additional information on the convergence of the error |[u—up|[#o (o). The com-
putational tests shown in Section 6.3 seem to confirm the absence of a superconvergence of the weighted L? error.

6. IMPLEMENTATION OF THE METHOD AND COMPUTATIONAL RESULTS

To assess the validity of the method, we now proceed to use it for solving numerically a 3D test problem.
The problem we choose here is the Laplace equation in the upper half-space of Ri with a Neumann boundary
condition at z3 = 0: Find u € H!,(R%) solution of

ou
—— —0at =0 61
81'3 ab o3 ’ ( )

0 TR3
—Au= fin Ry,
where f is given in HY(R3). As it is underlined in Section 2, this problem admits one and only one solution
and can be written into the variational form (see [10]): Find u € H!;(R3) such that

Yo € HL,(RY), Vu.Vode = foda. (62)

3 3
R3 R%

Given an integer k > 0, we denote by N, kA the space of harmonic polynomials of degree less than or equal to k
and whose normal derivative vanishes at 3 = 0. When k < 0 we set N> = {0}. It can be easily proven
that N, kA is the space of harmonic polynomials which are even with respect to the variable 3.

The half-space satisfies clearly the geometrical assumption of Section 3.2. Consider an integer k£ > 0, a
parameter v € R and a gradation parameter pu > 0, and define the discrete space Hhmk(Ri) as in Section 3.5.
The inclusion Hp, ~,k(R%) C HL (R?) holds if v > —1/2.

The corresponding interpolation operator II, satisfies clearly

wo e HL, (R Nel (R T € HL,(RY),
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for any real a. We set W, = Hhmk(Ri). The discrete problem associated to (61) is: find up, € Wy, such that

Yo € Wy, / Vuy, Vo,dr = fopdz. (63)
R3 R%

We need the following result:

Proposition 4 (10]). Let k > 0 be an integer. For each f in H, (RY), the problem (61) has a solution in
HL_(R3) if and only if [ satisfies
Vg e N2, (f.q)=0. (64)

When it exists, the solution is unique up to an element of./\/'_As_l. Moreover, if f € ’H’;;ll (Rﬁ_) for some integer

k>1, thenu € Hffll (Ri) In all the cases, the solution depends continuously on the data (with respect to the
quotient norm,).

Remark 7. Note on the one hand that if s < 0 then A2, = {0} and the orthogonality condition (64) is trivial.
On the other hand, if s > 0, then N2, | = {0} and the uniqueness holds. The case s = 0 corresponds to the
well posed weak formulation (62) for which existence and uniqueness hold.

Combining Corollary 2 and Proposition 4 yields

Theorem 3. Suppose that k > 1. Let u be a solution of (61) and uy, solution of (63). If f € 'Hf;ll (R%) for
some integer s > 0, and if [ satisfies the orthogonality condition (64). Then u belongs to Hffll (Ri) If in
addition

LS
s— = s+ =
2 =7 2’

then
=l gty S AUl o .

S
h _
wnere 1 %

Now, let us sketch some details concerning the numerical computation of some integrals appearing in the
discretization of (62).

6.1. Sub-division of the domain and generation of the mesh

As explained in Section 3.2, we decompose the half space into the union of a bounded domain Q4 and three
infinite simplices Ty, T» and T5. We choose 2y = RQO where QO is the tetrahedron whose vertices are (1,0, 0),
(V3/2,-1/2,0), (—v/3/2,—-1/2,0) and (0,0, 1) (RS is the set of all the points y of the form Rz with & € Qo).
The parameter R is fixed. The infinite simplices 717, T> and T3 are given by 17 = RTl, T = RTQ, T3 = RTg
where Tl, Ty and Ty are three infinite simplices whose real vertices are given by

Ty : (1,0,0), (v/3/2,—1/2,0), (0,0, 1),
Ty - (V3/2,-1/2,0), (—V3/2,-1/2,0),(0,0,1),
Ts:(1,0,0), (—V/3/2,-1/2,0),(0,0,1).

Figure 5 gives an illustration of this decomposition.

Here R is a free parameter which describes the size of the bounded domain €2y. Namely, the smaller is R the
smaller is the finite elements region €2g. However, inverted elements method does not use R as a discretization
parameter. In others terms, the bounded domain g, the sub-domains 77, ..., T, the parameters v and u are a
priori fixed. According to Theorem 2, the error of approximation and the convergence of the method are, indeed,
controlled by A which is the unique discretization parameter. However, it could be interesting to investigate
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F1GURE 5. The decomposition of the upper half-space into the union of a finite simplex and
three infinite simplices.

the influence of the adjustment parameters v, u and the radius of €2y on the convergence of the method. Recall
that Theorem 2 suggests some restrictive indications on the choice of v and p. All these questions are discussed
in Section 6.3 hereafter.

Now, let us display how the graded mesh of a tetrahedron could be generated.

For the sake of simplicity, we expose here the construction of this mesh in a two dimensional reference triangle
Ky = {(x,y) € Ry x Ry; x4y < 1}. This construction remains valid in the 3D case in which we consider the
test problem (62) and the forthcoming numerical results.

The first step consists to consider the increasing sequence («;);>1 defined by

1—p
Oél:]., Oéi+1:ai+ai .

Then, given an integer N > 2, we set hy = ay, and we consider the finite sequence
R ;
di =o;hy", 1<i<N.

It is worth observing that hy < C,N~'.
The next step consists to consider the segments

D;={(z,y) € Ky; +y=d;}, 1 <i < N.

Then, given an index i < N, we subdivide the segment D, into i equal segments. The final mesh of Ky is
obtained by linking the vertices as in Figure 6. Observe that the diameter of a small triangle K, whose vertices
are on the segments D; and D, 1, satisfies hx ~ d;11 — d; = az_“h}v/“ = dg_“hN

Figure 6 shows the triangulations of K5 with N = 10 and pw=1, u=0.5and = 0.3.

The method is extended without any serious difficulty to the three dimensional reference tetrahedron S. The
mesh of the three virtual simplices Sy, S, S3 associated to the infinite simplices T3, T5 and T3 is then obtained
by mapping the mesh of S via an affine transformation. It is worth noting that the parameters p and N take
the same values for T7, T5 and T5. The mesh of the finite element domain {2 is obtained by a similar manner
and with the same value of N but without any gradation (u = 1). Note that h ~ RN . The total number of
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FIGURE 6. The graded mesh of the reference simplex when N = 10; = 1 (left) (in this case
there is no gradation), u = 0.5 (center), p = 0.3 (right).

degrees of freedom (DOF) we get by such a construction in the case of the 3D half-space is
2 ) 2
DOF:§(N+1)(N+2)(N+3)—(3N +5N+3):§N . (66)

6.2. Computation of the stiffness matrix

Inspecting the various stages of the inverted element method, one can notice that its implementation is quite
similar to that of the finite element method. In particular, it leads to a linear system with a sparse matrix. The
only significant difference relies in the computation of the stiffness matrix which contain some additional but
not fastidious complications. Our purpose here is to show how this matrix could be computed in practice.

Let (M;)i1<i<por be the nodes of the total mesh. Define the family (¢;)1<i<por of the basic functions of
Wy, as

— 1 € Wh;
- ’lﬂi(Mj) = (SiJ‘ if Mj € K for some K C Qg;
- Afywi(Mj) = (SiJ‘ if Mj € K for some K C (..

Each element u € W}, can be decomposed into the form

DOF
u(z) = Z uiths, (67)
i=1
where the coefficients are given by
w - u(M;) if M; € K for some K C Qy,
Ol (Ayw)(M)  if My € K for some K C Q..

The computation of the left hand side of (63) leads to the calculation of the matrix A, whose coefficients are
given by

Qi :/Q[le]tvw]da:

This matrix is sparse since a;; = 0 if the nodes M; and M; do not belong to the same element.
Further, we can write

M
ij = Ao[vwi]t.ijdm+§1 /Tm[qui]t.Vz/;jdm.
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The first term in this expression is a Finite Element term whose computation is quite easy. Hence, we deal only
with the other terms which concern Inverted Elements. For each sub-domain T,,,, m = 1, ..., M, we have

1t . — 1t )
/T ’ [Vipi]t . Vip;da Z /¢ (K)[w)z] Vep;da

KCSm

— Z |det(Bm)|/ » Vet BB Veap;dé

KCS,, (Fm Od))(K)

where for each integer %,
Vi(€) = i(Fn(€)), €€ T.

Here By, the denotes the Jacobian matrix of the affine transformation £}, which maps T into T, Now, we set
Ye(&) = Ye(p(&)) for £ =i or £ = j. According to the chain rule, we have

(Vede) 0 (&) = [Je(67") 0 9(&)|Vare(@

~—

)

where Je(¢~1) = (%i%)lgi,jgn is the Jacobian matrix of 1. Since r(&) = &1 + &2 + &3 and ¢(x) = r(&) 2%,
we deduce that ¢~ = ¢ and

Je(@") 0 9(&) = r(@)*(I — 2c&)),

1 R
where ¢ = (1,1,1)" and &% = r(a‘:)i Thus, det(Je(¢p~!)) = r(£)°® (see Lem. 1). It follows that for each
tetrahedron K C S,,, we have
/ [Vei]' BB, Ve;dé = (&) 2 [Vabi]' A(2+) Var);da,
(Fin' o) (K) Fn (K)

where A(Z.) is the symmetric matrix given by
A(#,) = (I — 2&,.c")B,, B} (I — 2cit).

Here, we used the identity q@o F.1lo¢=F,! proved in Lemma 2.
The function 1; can be written into the form

Yi(®) = (@) wi(@),

where w; is the only function of Py (F,,'(K)) which satisfies w;(M;) = 1 and w; (&) = 0 if £ is another node
of F1(K). When k = 1, this function is of the form w;(z) = a; + al.#, where a; € R and a; € R? are
constants. It is worth noting that a; = 0 if 0 € F,}(K).

Consequently, the integral

IK:/ (@) V] AR Vi dd
Frl (K)

can be decomposed into three terms

3
I = Z Ix,s,
s=1
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with

Ik, = / r(@)%—l){agA(@*)aﬁfﬁ(a;@*)(a;.@*)ctA(az«*)c
Frt (K)

m

+y(0 &) AR ) ety (@) A )l }d:i',

Ik = ’y/ 7“(53)2773{aja’;A(ﬁs*)cdi—i—aictA(i:*)ajdi
Fn' (K)

+yai(od. &) A(#.).cd@+ya;(af.2.) " AR, )c di},

Ik 3 =7 a;a; / (@) AR, ) e di.
P! (K)

m

The expression of these integrals can be simplified since
A(&.)e = —(I — 22.c)B,'B, e

Now, we consider the new variables
5:7’(53) :i'1+i'2+£2'3,0'1 =

Notice that each one of the integrals Ik s, s =1, ...,3 is of the form

/,1 r(z)" f(o1(£), 0o(E))dE,
Fr™ (K)

where f is a polynomial function of total degree less than or equal to 2. In order to compute these integrals
we set
0 = inf r(z), 6= sup r(z).
zEF,, (K) zEF, (K)
These two parameters are easy to compute numerically since their values are reached at one of the vertices
of F,;1(K). For each real , such that 6 < J < d}%, we set

Qrs = {(01,02) eR? & = (001,002,0(1 — o1 — 02)) € Fnjl(?)} .

The set Qi s is convex and is in general either a vertex of the tetrahedron F,, L(K) or an edge or a triangle or
a quadrilateral (see Fig. 7).
The mapping (&1, &2, &3) — (J,01,02) is clearly one to one from S onto U = [0, |ﬁ|] x Ko = [0,1/3] x K,
where
Ky = {(01,02) € R2: 61> 0,00 > 0,01 + 09 < 1}
is the 2D reference triangle. It is also a diffeomorphism between their interiors. Hence, we can write

st

/ (@) (o1 (&), 02(2))dd = / g2 < / f(ol,og)daldcfg) ds.
Fr'(K) Sk Qk.s

The integrals
/ f(O'l,O'Q)ddl(‘lO'Q
QK,s

are calculated exactly since f(o1,02) is a polynomial function of degree less than or equal 2. The integration
with respect to the variable § is done by means of a Gauss-Lobatto quadrature formula.
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i

FIGURE 7. The intersection of a tetrahedron and a plane is either a vertex, an edge a triangle
or a quadrilateral.

6.3. Computational results

In this section, we show some numerical experiments obtained with a 3D code written for solving the Neumann
problem (61). The aim of these tests is to compare the numerical results with the predictions of Theorem 2
and to demonstrate the efficiency of the method. In particular, we study the dependence of the numerical error
with respect to h. The influence of the adjustment parameters p, v and the radius of Qo (here R) on the rate
of convergence is also investigated. The implemented method corresponds to the case k = 1 (P-IFEM).

Define the relative errors on u and on its gradient with respect to the norms H-”HEI(Ri) and H.||L2(R3+) as
follows

[u = unllne | @s) IVu = Vun|r2 s
€1 =

eg =

ullye , m2) IVulpegs )

We consider two examples for the tests
Example 1. f = —Au. and u = u. where

22

1+x2+y2+22)6+2.

ué(x7y’ Z) = (

Here € is a fixed parameter on which depends the behavior at infinity. Notice that f € H}(R?%) and u € HL | (R?)
- 1
if e > —3/4. More generally, f belongs to H%+2 (Ri), while u belongs to H% (R?}) for each 8 < 3 + 2e.

Example 2. We consider the problem (61) with f = —Au, where
2 2 —0.172 -0 1(7"73)2
u(z,y, z) = — arctan(10r°) (e At 4 =0 ) .
T

Notice that f € HR(R") and u € HZ(R’}) for any real (.

6.3.1. Convergence of the method and influence of the parameter p

In this paragraph we fix v = 1 and R = 1 and we study the convergence of the error when h — 0 and its
dependence with respect to the parameter p. It is worth noting that the value of R is taken relatively small
in order to show that the method converges even if the FEM region € is small (the accuracy of the numerical
errors eg and e; can be improved a little bit if R is well chosen. See Paragraph 6.3.3).

In Table 1, we display the relative errors for several values of h and y when v =1 and R =1 (Ex. 1).
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TABLE 1. The relative errors eg and e; when R =1 and v = 1.

p p
1 07 05 04 ] 1 07 05 04

N h DOF The relative error eg The relative error e
10 0.30 791 0.328 0.255 0.220 0.204 | 0.866 0.720 0.565 0.481
20 0.15 5781 | 0.207 0.130 0.087 0.076 | 0.654 0.359 0.205 0.158
30 0.10 18971 | 0.146 0.070 0.040 0.038 | 0.463 0.204 0.104 0.082
40 0.075 44361 | 0.107 0.041 0.025 0.026 | 0.345 0.133 0.067 0.054
50 0.06 85951 | 0.081 0.028 0.020 0.020 | 0.270 0.095 0.049 0.040
60 0.05 147741 0.064 0.022 0.018 0.219 0.074 0.039

The log. slope | 0.86 1.37 148 148 | 0.76 1.30 149 1.54

Figure 8 shows in a logarithmic scale the errors ey and ey versus h for several values of u. Notice that log(eq)
and log(e1) decrease quasi-linearly with respect of logh. Average values of the slope of the curves log(eg)
and log(ey) versus logh are presented in Table 1. One can notice on the one hand that these slopes increase
when p decreases, which confirms the predictions of Theorem 1. On the other hand, the values of the slope
for the error ey are quite close to the values of the slope for the error e, even though e is smaller than e;.
Namely, the weighted L? error |lu — unllo  (ws) does not converge faster than the error |[u —uply  (zs). This
fact confirms the lack of superconvergence of error in weighted L?: [lu — up|30 L(RY):

On the other hand, in order to show that the method is efficient for several kinds of behaviors at infinity, we
display in Figure 9 the exact and the computed solutions for various values of € (Ex. 2). Recall that u ~ p—20+e)
when |z| — +oo and that u € HL, iff € < 0.75.

6.3.2. Influence of the parameter ~y

The only effective constraint on the parameter v is the condition (57) which ensures the conformity. Since
a=—1,n =3 and p = 2, this condition reduces here to

o1
7Ty

The condition (38) of Theorem 1 (which is more restrictive than (57)), indicates a manner of choosing v, once
one knows that the solution belong to the space HZ'H(Q) for some real 3. In Table 2 is given the numerical
error for several values of v when all the other parameters are fixed (R = 1, h = 0.075 (N = 40), p = 0.5. Ex. 1
with € = 0). One can observe that the error varies slowly with v. However, the number of iterations necessary
for the convergence of the CG algorithm (without preconditioning) depends strongly on . That means that ~
has a serious influence on the spectral properties of the matrix A,. Further, one can observe that there exists
an optimal value of v ~ 0.7 for which both the error of approximation and the convergence of the CG algorithm
are optimal.

6.3.3. Influence of the size of the FEM region

Despite the fact that the size of the FEM region R is not meant to be large, it could be useful to study
its influence on the error of approximation. Here, we made some computational tests with the parameters ~,
w and DOF fixed and with R varying from 1 to 14. Example 2 is used in all these tests. Since the number
of degrees of freedom is fixed, the discretization parameter h increases linearly with R. Despite that fact, the
global error of approximation decreases when R is smaller than a value R,p. It increases with R when R > Rop:.
Here R, is an optimal radius for which the error is minimal. This radius depends slightly on the total number
of degrees of freedom. In Figure 10 shows the relative error e; wversus R for N = 40 (DOF = 44361) and
for N = 60 (DOF = 147741) (;+ = 0.5 and v = 1 in both the cases). On the other hand, it is worth noting
that the distribution of the error between the FEM region and the IFEM region depends also on the choice of
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S,
T

The relative error e,

The relative error e,
3
T

FIGURE 8. The relative errors eg and ey versus h for several values of 1 (in a logarithmic scale)
(R=1,v=1and e = 0. Example 1 with ¢ = 0).

u=05, h=006

0.8 T . .
07 solid  : exact solution
T hed : . sol B
FEM IFEM region dashed : comput. solution
region
06 ]

FIGURE 9. The exact and the approximate solutions for several behaviors at infinity. Here
R=1,vy=1+42¢ p=0.5and N =50 (h=0.06).
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TABLE 2. The relative errors and the number of iterations necessary for the convergence of
CG algorithm versus the parameter ~.

v €0 e1  Number of iterations (CG))

-0.5 0.032 0.080 85489

0 0.025 0.071 7689
0.5 0.022 0.066 853
0.7 0.023 0.066 464

1. 0.025 0.067 537
1.5 0.032 0.072 1805

2 0.046 0.081 15333
2.5 0.071 0.095 >100000

n=057y=1
T T

02

The relative error e,
°
=

01

0.05

F1GURE 10. The relative error e; versus the shape parameter R when N = 40 and when N = 60.

the parameter R. In Figure 11 the exact and the approximate solutions are plotted versus the radius r when
x =1y =0 for three values of R: R=2, R=4and R=9.
A. APPENDIX. THE PROOF OF PROPOSITION 1
Proof. Let u be a function in HJ"P(Qs). We set & = A, u. Then, for each i € {1,.., M} we have the formula
[ rwretuwray = [ r@pte i) rda.
T; Si

which follows from (22) and (28). Hence,

)
| wrtrdy = [ @y

~ / ()P0 =2 () |Pde
S

= [ lalla@)rds
S
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R=2,u=057=1,N=60
T T T

T
|
L FEM ! solid : exact solution 4
18 . ! IFEM dashed : comput. solution
region ! region

|

081

04r

0.2

R=5u=057=1,N=60
T

solid : exact solution

181 FEM dashed : comput. solution

1
I
|
|
region |
|
I
! IFEM
141 ! q
! region
|
I
|
|
|
|
I
|

121

081
0.6

041

R=9,1=057=1,N=60
T T T

solid : exact solution
1.8 dashed : comput. solution

161
FEM

region IFEM

gion

08!

06

0.4f N

0.2 s

FIGURE 11. The exact and the approximate solution versus r when R = 2 (left), R = 5 (center)
and R =9 (right) (Ex. 2 with N =60, u = 0.5 and v =1).
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where § = v — a — 2n/p. We have also

o
6$k

() = —r(z)~ 7! ’|lh‘|32ku o ¢ ()

+r(z)" <(;th|4)2 <%) o ¢gi(z)) — Q(SL’f;L';Bhi.ekm.(vu o (;Si(a:)))

for each i € {1,..., M} and = € S;. Thus,

ot

5o (@) S 27 Huly)l + |27 Va(y)),
Tk

where y = ¢(x). It follows that

/ [P+ | Tardz < / (yPlul? + [y P+ [ValP)dy.

7

We deduce that

lallyires,y S lwllprr):
Similarly, we prove that

HUHH};P(T%) S Hﬁ”v;vp(si)-

The proof can be extended by induction to the cases m > 2:

|

virresy = lullsz o or-

Now, suppose that m = 1 and let us prove that u belongs to V;”’ (Q.). This is mainly due to the continuity
of r(z). Indeed, let ¢ € Z(£2,). We set

(@) = p(6(x)) for @ € Que.

Then, y has compact support in €2, and its restriction to each sub-domain T; is ¥°°. Note that
p(z) = x(¢(z)) for = € Q..

Applying the chain rule, we get

2ri(y)
|hil?

(y.Vyx)hi + 7%—(.1/)28—)((21),

Ve € S, Vgp=— By
k

where y = ¢(x) € T;. We get

P R o\y+1—2n _ _ 12, (0 IX
[ i@ gEar = g [ nw) ) | <20 (heen) + i) 5 | dy,
_th.ek/
|hil> Jo,
9
*/ 6—(ri(y)7+QU(y))x(y)dy+2/ ri(y)" P u(y)x(y)ni.epdo,
T; Yk oT;

divy[ri(y)™ > uglxdy — 2(hi.er) /6 ) () (w)y-nado
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where n; denotes the exterior normal of T;. Observe that x = 0 on 97; N 9S; and that x(y)y.n; = 0 on 9T;.
Since the jump of r(x) and u(x) across the unbounded faces of T; is zero, we deduce easily that

5 0
| i@stia= [ uwnwa, (63)
Q. Lk Qoo
where vy, is given by
2h;.ep . B 0
or(y) = K divy [ri ()T 2 uy] — ——(ri(y) u(y)), for y € T,
|hz| ayk

Since r(y) ~ |y| in Qoo and Vu € HLP(Qu), we deduce that

0,
Uk € Ha£2n—(’y+1) (QOO)

Hence, from (68) we get

L Op om0 g 2ol e
[, w@rzida= | re) e oe)ste)e
:/ (Agnvr)(®)p(x)dx.
Q.

As in the case m = 0, we conclude that

ot

0,
a—xk = Agn'Uk S H(sfl(QOO)7

which ends the proof of Proposition 1. O
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