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CONVERGENCE OF A NUMERICAL SCHEME FOR A NONLINEAR OBLIQUE
DERIVATIVE BOUNDARY VALUE PROBLEM

FLORIAN MEHATS!

Abstract. We present here a discretization of a nonlinear oblique derivative boundary value problem
for the heat equation in dimension two. This finite difference scheme takes advantages of the structure
of the boundary condition, which can be reinterpreted as a Burgers equation in the space variables.
This enables to obtain an energy estimate and to prove the convergence of the scheme. We also provide
some numerical simulations of this problem and a numerical study of the stability of the scheme, which
appears to be in good agreement with the theory.
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INTRODUCTION: THE CONTINUOUS PROBLEM

This paper deals with the discretization and the numerical simulation of a nonlinear oblique boundary
condition coupled with the heat equation. Let {2 be a two-dimensional domain of boundary I'. If we denote
respectively by 7 and v the local tangential and inner normal vectors on -y, this boundary condition writes

0,U = KUd,U, (1)

where K is a given positive constant.

This problem arises in the modelling of the plasma opening switch [8] and has been studied mathematically
in [9], in the case Q = {(2,2) € R? : > 0} and I' = {(2,2) € R? : 2 = 0}. The physical problem modelled
by this system is the diffusion of a magnetic field inside a plasma in contact with perfect conductors. In this
context a fast propagation of the magnetic field can be observed near the contact surface. In [9] a qualitative
description of this fast propagation has been achieved and in [1] an analogy with the porous medium equation
has been proved. The motivation of the numerical work presented here was to complete these studies by a
quantitative description of the fast propagation.

More precisely, let 2 be the rectangle

Q={0<z<L, O<z<l}
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The four parts of its boundary I' are labelled as follows:
=T, Ul uTlsUTy,

I={0<z<L, =0}, Ty={z=0, 0<x<I},
I3={0<z<L, z=1}, Tu={z=L, 0<z<l}-

x
I I3

Iy Q Iy
0 Fl L z

FIGURE 1. Calculation domain.

Consider the following scalar problem on €2:

U — AU =0 Q) (2)
0,U =KU0,U (Ty) (3)
U=1 (T') (4)
09U =0 (I's) (5)
U=0 (T4) (6)
U0, z,z) =U%z,z) (Q) (7)

The non homogeneous Dirichlet boundary condition (4) represents a source of magnetic field on I's; there is
no source of magnetic field on I'y (this is modelled by an homogeneous Dirichlet condition) and the Neumann
condition on I'; is an open boundary condition.

This paper is organized as follows. In Section 2, we propose a discretization of the Cauchy problem (2)—(7)
by a finite difference scheme, remarking that the nonlinear condition (3) writes as a Burgers equation in the
variables z and z. Our numerical scheme is a coupling between a standard five points scheme for the heat
equation and the Godunov method for this conservation law.

This choice enables to show that the scheme preserves the discrete maximum principle and is stable in H!,
under some constraints on the gridsteps and on the initial data. These estimates are obtained in Section 3.
Hence we deduce the convergence of the scheme and obtain a weak solution for the continuous problem (2)—(7),
in Section 4. This existence result is completed by a proof of uniqueness.

Finally, in Section 5, we give some numerical results, which highlight the fast propagation of the field at the
boundary. In this section, we also give a numerical study of the stability of the scheme, which is in agreement
with the constraints on the gridsteps found in Section 2.

Let us now make precise the functional framework of this work. We obtain the existence and uniqueness of
weak solutions in L2((0,7), H'(2)) N L*°((0,T) x €2). The study of a better regularity goes beyond the scope
of this paper. The case when €2 is the half-plane was extensively studied in [9]: in this case the solution is C*°.
Moreover, if the domain {2 is bounded and regular then the results of [2,10] apply and indicate that the solution
is regular.
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The most natural weak formulation of (2)—(7) is
d K
—/ U<,0+/VU.V<,0+— 0.(U?) ¢ =0, (8)
dt Q 0 2 I

where ¢ is in the space V = {¢ € H'(2) such that v vanishes on I'y and 'y} and the boundary integral can be
understood in the duality sense

g 3Z(U2) p= <3z (UQ) 790>H—1/2(F1)7H1/2(F1)

(recall that the direction z is parallel to I'1). It is convenient to transform this nonlinear boundary term into a
volume integral, as it is suggested in [7] for linear oblique derivative boundary value problems. Since boundary
conditions are not symmetric on I'y and I's, we introduce the following auxiliary function:

9(:5):1—7-

Hence the boundary term can be written — at least for regular functions —

K
K UazUcp:K/U(aanch—azU3x<P)9+—/UazUcp.
Q Q

r, !

It gives a second weak formulation for (2)—(7):

K
i/U<p+/VU.V¢+K/U(aanZ@—azUameJr—/UazU@:o. )
dt Jq Q Q I Ja

The advantage of this formulation is that it contains no boundary integral so it is easier to deal with.

1. THE FINITE DIFFERENCE SCHEME

1.1. Notations

Let us introduce a regular grid on the domain [0, 7] x Q, of time step At and space steps Az and Az:

For n € N we set " = nAt. The domain Q is subdivided by the grid formed by the (N, + 1) x (N, + 1)
gridpoints, which are labelled by X ;, for 0 < ¢ < N, and 0 < j < N,, and have the coordinates

(Xij) = (iAz, jAz). (10)

The unknowns of the discrete problem are the values U, for0<i< N,,0<j<N,,n>0. They approximate
the gridfunction U(X; ;,t"), where U is the solution of the continuous problem (2)—(7).
In order to treat the Neumann and oblique type boundary conditions, we introduce some fictitious points

outside the domain Q (the white squares in Fig. 2). These are the points

(Xi,—1)o<i<n., (XiN,+1)o<i<N,
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FiGURE 2. The grid.

whose coordinates are also given by (10). The parameter of discretization is denoted by h = (Az, Az, At) and
we introduce the following subset of N:

Qn ={(5,7): 0<i <N, 0<j <N},

[ ={0<i<N,, j=0},
Pop={i=0, 0<j<N.},
L3 ={0<i<N,, j=N.},
Ly ={i=N., 0<j< N},

I'y =T, U9, Ul UTy,,  with

I, ={1<i<N, -1, j=-1},
[f =T%, U, with {

s, ={1<i<N,—-1, j=N;+1}
We have clearly

(17.7) € Qh <~ X’L',j S ﬁ,
(i,j) EToan = X;; €T, fora=1,2,3or 4,
(i,j) € T}, = X;; e R?\ Q.

Finally, if (n,4,j) € N?, k € Z and Uj'; is a gridfunction, we denote the discrete derivatives by

n+k n
Ui " Ul

DU = =
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1.2. Discretization of the continuous problem

Throughout this paper we shall assume that the initial data belongs to L2(Q2) and verifies
0 < U < 1 almost everywhere in Q. (11)

Let U? be a sequence of continuous functions which also verify (11) and tend to Up in L?(£2) as h — 0. For
(i,7) € Qn we set U2, = UP(Xi ).

We now describe our finite difference scheme for (2)—(7). Assume that U}"; is given for a fixed n > 0 and for
all (i,7) € Q.
(a) We first treat the boundary conditions (3) and (5), setting U}"; on the fictitious gridpoints I';. Consider the
nonlinear condition (3). This equation can be seen as a Burgers equation where —z plays the role of the time.
Between the points of I'yy, and I'};,, we will thus apply a scheme adapted to this conservation law, following the
Godunov method (see for instance [3,5]): we set

K Ax )
Uiy = Ul — 55z [(Ul) = (UL1o)°], for1<i<N.—1. (12)

The Neumann condition (5) can be discretized simply by

U'n,y1=Ul'n,, for1<i< N, -1,

3

(b) Next we can define the discrete solution Ul";' ! for (i,§) € Q. The Dirichlet conditions (4) and (6) fix its
values on 'y, and T'yp:

Ugt';l:l, for 0 < j < Ny U}\}jlj:(), for 0 < j < N,.
Finally we discretize the heat equation by the five points explicit scheme. For (4, j) € Qp \ T'ap \ Tap, we set

n+1
Uij ' ~Ui _ Ul £ UG =207, Ul + Uy = 207 (13)
At (Ba)? Az)?

Using the discrete derivative operators Dy o and Dy introduced in the previous section, this finite difference
scheme can be rewritten in a more compact way:

(a) for (i,j) €Tipand 1 <i < N, =1, Do 1 U} = ?D—LO [(Uznj)ﬂ , (14)
for (i,j) €T3pand 1 <i < N, -1, Do 1U"; =0, (15)
(b) for (i,j) € Tan, UM =1, (16)
for (i,5) € Tun, U =0, (17)
for (i,7) € Qn \ Tap \ Tap, U:j_l = Uirfj + At [DO’,l Do 41 Uirfj +D_10D+10 UZTJ] . (18)

The standard results [3,5] on these schemes enable to deduce the following lemma, stated here without proof.

Lemma 1.1. The scheme (14)—(18) is an approzimation of problem (2)—(7) which is consistent and accurate
of order 1.
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2. STABILITY OF THE SCHEME

In this section, we shall obtain some estimates which will be sufficient to prove the convergence of the scheme.

2.1. The discrete maximum principle
The first estimates are obtained thanks to the maximum principle:
Lemma 2.1. If the initial data verifies (11) and if the time and space steps verify
1+1 OKA:U ) At+At<1 (19)
o MY AL Ar?  AzZ2 — 27

then for all (n,i,j) € N x Qp, we have

0< U <1 (20)

Proof. 1f the U}"; are bounded by 1, the CFL condition for the Burgers equation (3) writes

Ax
K— <1. FL
Az — (CFL)

In a first step, we assume that (CFL) is verified. Then (19) becomes

At At 1
<

Ax? + Az2 = 2 (21)

and the proof of the lemma is immediate, since each step of the scheme preserves the discrete maximum principle.
One can for instance refer to [3] for the Godunov scheme and to [4] for the 5-points finite difference scheme for
the Laplacian. Remark indeed that (21) is the classical L*>°-stability condition for this scheme.

Therefore we only treat the case where (CFL) is not verified. In this case the boundary condition on I'y, is
L°°-unstable. Nevertheless this lemma says that the scheme will be stabilized thanks to the equation inside the
domain, under condition (19) which is stronger than (21). We denote

Az At At

A=K— = S 2= 5"
Az’ " Ax? " Az2

With these notations, we have A > 1 and (19) reads
(L A + 202 < 1. (22)

Consider a solution which verifies (20) at step n. Since (19) implies (21), we already have 0 < U{}jl <1 for
(i,7) € Qp \T'14. It remains to show this formula for (¢, j) on the part of the boundary I'y;. Equation (12) reads

A )
UZ}—l: :}Oig(UZ}OiUn—l,O) (U:}0+Uln_1,0), fOI'0<Z<NZ.

3

Then we plug it into (13). For 0 < i < N, we obtain

Ulo + U1 n Ulo +UlL10 n n n
Uig' = <1 =20z = ple — A — 5 Nm) i0 T (ﬂz +A B S— #z) UiZi,0 + 12Uy o + pa Uy -

(23)



A NUMERICAL SCHEME FOR A NONLINEAR OBLIQUE DERIVATIVE BOUNDARY VALUE PROBLEM 1117

To conclude, it suffices to check that the second-hand side is a convex combination of U}, U | o, U/} o and
U!

i1~ By (20) we have

n n
Uiy +Ul 10

Ulo+ U1
2 Ha

and 0<pu+ A

Thus, under Condition (22), the four coefficients in the right-hand side of (23) are nonnegative. One can
conclude the proof since their sum is equal to 1. (I

Lemma 2.2. Assume that the initial data verifies (11) and that (19) is fulfilled. If moreover there exists a real
number A > 0 independent of the grid such that

V(Za]) € Q2 \ F2h; D*l,O US] S A7 (24)
then we have
Y(n,i,7) € N x (2\ ITap), D_1p UZ,I] < A. (25)

One can remark that this condition (25) is formally analogous to the standard condition for entropic shocks of
the Burgers equation. This inequality will be used twice in this paper: for the energy estimate (34) and for the
proof of uniqueness in Theorem 3.3.

Proof. Let

Ur. —unr .

n n __ ] i—1,5
Wi =Dy Ufy = — =1,
Az

i =
for (i,7) € Qn \ I'ap and for (i,7) € 'y, UT'3, such that i > 2. Assumption (24) implies W, < A.
It is straightforward to check that the W;"; verify the following scheme (with the same notations A, p, and
ity as in the proof of Lem. 2.1):

(a) for2<i< N, -1, Wi, 41 =Wiln,
A
Wﬁfl = i7}0 D) [( 30 + Uinfl,O) Wi?o - (Uin—l,o + Uﬁz,o) WﬁLo} )
n+1 n+1
(b) for 0 <j < N,, wnrtt = £ Wit = TNamLi
- - 1,J AZ zyJ AZ

for2<i<N,—-1, 0<j <N,

Wﬁ;rl = (1= 2ps = 2p)W + p (W 5 + Wiy ) + e (W + W)
For 0 < j < N, (20) directly gives

1 1
Wlnj <0 and W]\}jj <0.

Next for 2<i< N, —1and 1 < j < N,, the five-points Laplacian and the discrete Neumann condition on I'sy,
imply Wﬁjﬂ < A. Therefore, as in the proof of Lemma 2.1, the main difficulty consists in proving this inequality

for (Wﬁg‘l)izg, i.e. on the boundary I'1;,. This element is defined by

Wir,l(;rl = (1= 2pz = 2u2)Wo + p Wity o + 1 Wiy o + pa W+ i Wy (26)
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Recall that by assumption we have
o< A Wi <A Wi o< A i <A (27)

Besides for 2 <4 < N — 1 the discrete boundary condition on I'] ;, gives

Wiy =1 = )W/ + W, (28)
with
AL = %( fotULip) and A= %(Uﬁm +UiLs0)-
From (20) and (19) we get
0<AM <1 0<X<), 20 + (14 M)ps <1, 20 + (14 Ao < 1. (29)
Plugging (28) into (26) gives
W;LJI (1= 2pz — (L4 A1) ) Wiy + (prz + A2 i) WSy o+ o Wiy o+ e WY (30)

In order to show that Wi”(;" 1 < A, different cases have to be distinguished:

o If W,y >0and W[, > 0. Since W[y, W/, ,, W[, 5 and W} are bounded by A (by (27)) and their
coefficients in (30) are nonnegative (by (29)), we get

A
Wi?(ii_l <A+ —A)pe)A=(1- 3 Az (Wi +Wikio) ) A < A,
where we used W/, o + W/, > 0.

o If W, <0and W/ > 0. From (28) and (29) we deduce

wi

/L7

(1 — )\1)W 0 < W < A.
Then (26) and (27) give directly the result.
o If Wy <0. By (29) the coefficient of W/, in (30) is nonnegative. Thus, thanks to (29),

WinOJrl < (pz + A2 ) Wz'n—l,o + e Wﬁu,o o Wﬁl
< s+ (14 da)ia) A < A

2.2. H! estimate

Before proving the energy estimate with the assumptions of Lemma 2.2, we state — without proof — two
formulae of discrete integration by parts.
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Lemma 2.3. Let (a; ;) and (8;;) be two families respectively indexed on Qp, UT;, and on Qp. Then we have

1 1
Z (D-1,0 ij) Bij = — Z @i j (D10 Bij) — ~ Zai,j Bij + A Zai,j Bij » (31)

Qp\lap Qn\Tan Tap Typ

Z (DO,fl ai,j) 61',]' = - Z Q4 (DOIB'L] Z Q1 610+_ Z Qi N, 61N
Qp\T2x\Tap Qr\L2n \I3n\Tan
(32)

In the introduction of this paper, we defined V as the set of the functions of H!(2) which vanish on I'y and Ty.
The semi-norm | - |f: is a norm of this space and will be denoted by || - ||y We also denote its dual space by

V*. Let us now introduce the discrete analogous of classical functional spaces. Define firstly the linear space
Vi, of dimension N, x (N, + 1):

Vi, = {(Ui,j)(i,j)th such that v; ; = 0 for (i,5) € T'ap, U F4h} .
Two norms are defined on this space, corresponding respectively to the L2(Q2) and V norms.

1/2
o, s = (Am 5 <azj>2) ,

Qp

1/2

o, = 3580 T (Duraty) 4880 3 (Droa)’
Qn\Tapn Qp\Tan

We denote by || - ||y, the dual norm of || - [|y;, with respect to the scalar product

(i, Bij), = Az Az Zai,j Bij-

Qp

Consider a sequence of elements of V},, denoted by ;. One finally defines the analogous of the L> ((0, tN ) , L2 (Q)) ,
L2 ((0,¢V),V) and L2 ((0,¢Y),V*) norms:
1/2
)"

il oy =, (1oilhe) Tl = (3 2l

1/2
o s o) = (At Znadnv*) |

In the sequel of this paper, we denote by C a constant independent of h = (At, Az, Ax).

Proposition 2.4. With the assumptions of Lemma 2.2, if

At < 1 At < 1 (33)
Az?2 4’ Az2 47
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then for all N we have the following estimates:

||Ui7}J'HL,°L°((O,N),L,2L) + ||Ui7}jHL,2L((0,N),Vh) <G (34)
HD(I)U& L2 ((0,N),V;%) = (35)
Proof. Let us start by proving (34). Setting
ufJ = Ugfj — i,  with ¢, =1-— NLZ,

we remark that it is equivalent to prove the estimate (34) for the u;'; instead of the U/;. We have u;’; € Vi and

(a) for (i,j) € T1p and 0 < i < N, Do —1ui; = §D_1,0 [(UM»)Q} , (36)
for (i,j) € Tsp and 0 <i < N,,  Doul; =0, (37)
(b) for (i,5) € Top, UTyp, up Tt =0, (38)
for (Z,j) € Qh \ th \ F4h, uf’jl = uﬁj + At [D07,1 D0’+1 U?J + D7170 D+1,0 UZ]} . (39)

Take the square of (39) and sum it for (¢,7) € Qp \ T'ap \ Tan:

ooy = > (ufy) 24T + 20t T + AR R, (40)
Qp\T2n\Tan Qp\T2n\Tan
where
Ti= Y, [Do-1DoguiJut;,  Tp= Y [DoioDioufy]uf
Qp\T2n\Tan Qp\I'2p\Tan
and
R= Z (Do,~1Do, ui; +D—1,0D1 0 u?,j)Q-

Qu\T2n\Tan
Remark that the Dirichlet conditions (38) on I'y, and T'yp, imply
1\ 2 2
> @) = > () =0,
TopUTap P2pUTap

thus we have

S =Y (ufy)’ + 20T + 2A8 T, + AR, (41)

i,j 4,9
Qh Qh,

Lemma 2.3 enables to calculate Z; and Z» thanks to discrete integrations by parts, using the discrete boundary

conditions (36)—(38):

R SN ol LR (G | T I SR P,

Qp\T3p Tip Qp\Tan
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(in this formulae, all the terms make sense if we set for instance U_; g = 1 and U_; y, = 0). Denote

( At At)
1 =4 max .

Az2’ Az?

Thanks to (33) we have p < 1. Besides R can be estimated as follows, using (36)—(38):

1 1 1 1 2
Qp\T2n\Tan
8 n 2 8 n 2 4 N1 n 2
< A2 Z (Do,l Ui,j) +A—22 Z (Dl,Oui,j) JrA—xQ Z (DO,fl Uw)
Qp\I'zp Qp\Lan i=1
2p n |2 K? L A2\]2
< At Az Az Huu| v, T A2 rz: {Dq,o ((Um) )]
1h

Therefore (41) becomes

i s = 75 + 200 = A i[5, < —K AtA= Y7 [Doso (U2)°)] u

Tin

N 1{227;2&2 Z [Dq,o ((Uﬁj)Q)r

Cin

It remains to estimate the two terms in the right-hand side of this inequality. These crucial estimates can be
obtained thanks to (20) and (25). Recall that we have:

0<Ur; <1,  —1<ul;<1, DU} <A

?

Let us start with the first term. If for 0 <i < N, we set ®; = (U"_LO + U[}O) uﬁo, then we have 0 <2 —®; <4
and

“KAtAZY [D,LO ((U;}j)Q)} uf; = ~KAtA2Y " [Doio (UF)] @

Tin Tin
= KAtA2Y  [Doyg (U)] (2 @) — 2K AtAz > [D_yo (UF)]
Tin Tin

ur, —yn
< 4AKAtAzNZ+2KAtAzW < CAt.
4

The other boundary term can be treated similarly, setting

& = (U + Uty ) [((Ufj)Q = ( in—lvjﬂ '
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Indeed we have 0 < i%‘ + 2 < 4 and this term writes

K2A2A 2 KA i
Y [ (W))] = E5 S Do ()] &

Tin Tin
K2At? - K2At?
= AT S oo )] (B+2) ~2 2520 S [0 (0]
Tin Tipn
At?
< CA:EA,Z < CuAt.

Finally we get

i 155 = et 17 + 20— mae fut [, < €A,

which yields (34), after a sumon n=0...N; — 1.

To complete the proof of the theorem, it remains to show (35). The proof of this estimate is based on
a discrete variational formulation analogous to (9). Let (y;;) € V. We multiply (18) by ¢; ; and sum on
Qp \ 25 \T'4p. After some discrete integration by parts it gives a first variational formulation (remark that ¢; ;
vanishes on T'ap, U T'yp):

K
3 (D(”Uﬁj) ig==2_ (Do1Ul) (Dori;) =Y, (DroUiy) (Drowis) — 57, (42)
Qp, Qp\I'3n Qp\Tan

where 7 is the following discrete integral on I'yp:
1 n\2
T =55 2 [P0 (@) oo

We shall now transform (42) into a “volumic” formulation, 4.e. without any sum on boundaries. Let

J
O =0(Xig) =1- 3

We have 0; ; =1 on I'y;, and 6; ; = 0 on I'3;,. Hence, applying some discrete integrations by parts, we compute

7= g 2 [P (@) oo

1h

> [D—LO ((Ufjfﬂ (Do (i 0i)]+ [DO,—lD—l,O ((U{Lj)Q)} @i, 0i,5

Qp\L3p Qp\l1p

> [D—LO ((Ufj)Qﬂ (Do (i 0ig)] — Y. [Do,—l ((Ufj)Q)} [D1,0 (#i,5 0i,5)] -

Qn\T'ap Qp\T1r\Tan
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This enables to write the discrete variational formulation of problem (2)—(7):

Z (D(l)Ufj> Vi = —Z (Do Ufj) (Do,1 wij) — Z (D1 U;}j) (D10 ¥i5)

Qp Qn\T'ap Qn\Tapn
K 2
3 2 [D—LO ((Um) )} [Do.1 (45 0i.5)]
Qr\Tzn

-3 > Dot (U)°)] Dro(pi 605))- (43)

Qp\I'1p\Tan
Remark now that we have
D10 ((Ufj)Q) = (Ul + UL1y) D10 Uy, Do ((Ufjf) = (U7 + Uflj-1) Do, 1 Ui
Hence from (20) we deduce
2
H(U{Lj) HV’ < 2|y, -

Besides we have also

1pig 0iilly, < Clleislly, -

Therefore the Cauchy-Schwarz inequality applied to the right-hand side of (43) gives

Z (D(I)Ufj) Pij

Qp

Az Ax

< Clluislly, lleiilly, -

which implies

oo

v < C||uyy

Vi

The proof is complete thanks to (34). O

We now reorganize the different terms of the discrete variational formulation in order to compute all the
two-dimensional sums on the set Q, = Q4 \ I'sp, \ T'4p, which contains exactly N, x N, points. The following
weak formulation will be used for the convergence proof:

Z (D(l)Ufj> Vi =— Z (Do Ufj) (Do,1 ¢i5) — Z (D1 U;}j) (D10 9ij)

an an o
‘e z (D10 ((U75)%)] Dot (9141, 6is1.5)]
h

- %Z {DOJ ((Ufj)Q)} (D10 (#4541 0i41)]
Qn

+ R+ Sn, (44)
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where the two terms of the remainder are

Rn==> (D(I)Ufj) pijs Sa=— Y (DoUfy) (Droviy).
Csn T3p, i<N.

3. CONVERGENCE TO THE UNIQUE WEAK SOLUTION

The aim of this part is to let & tend to 0 in (44) and to show that the limit problem is (9). The method is
standard and consists in reinterpreting the sums in (44) as integral of interpolating functions.

3.1. Interpolation Operators

Let us first introduce some one-dimensional interpolation operators. Consider a sequence u; defined for
i=0...N, and the gridpoints z; = iAz. We define the piecewise constant interpolation operator PY along the
direction z by

Vi < N, Vz € [z, zi01], (Pluw;) (2) = wi
(]P’g ul) (L) = un,

and the piecewise C! interpolation operator P! by

. Zigl — 2 z -z
Vi < N, Vz€ lz,zit1]s (Pi ui) (2) = u; (%) + Uit ( s ) .

We similarly define PO, PL, P and P}.

The domain 2 being a rectangle, we may construct several three-dimensional (one in time and two in space)
interpolation operators as tensor products of these one-dimensional operators. Let U}"; be defined for n > 0
and (i,7) € Qp. We define a piecewise constant interpolation of this sequence on [0, 7] x £ by

PU; = (PY @ PY @ P2) U}
and a piecewise C! function by
P'UY; = (P; @ PL @ P,) UJ;.
We also define a third interpolation operator — discontinuous in time but continuous in space — by
POUY = (P} @ PL @ P)) U}

The following technical lemma, given without proof, states the properties of these operators that we shall use
to pass to the limit as h — 0:

Lemma 3.1. (a) Let u; ; and v; ; be two sequences defined for (i,7) € Qp. Then we have
Az Az Zu” Vi = / (]P’O u”) (]P’O Ui,j) , (45)
o Q
(b) The operators P, P° and P%! are bounded from L} ((0,N),L?) to L2((0,tV),L?(12)),
from L$e((0,N),L2) to L>°((0,tV),L%(Q))
and  from L2((0,N), V;¥) to L2((0,tV), V*).
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(¢) The operator P is bounded from L2((0,N),V;) to L2((0,tN), V).

(d) Let ui; be bounded in L} ((0,N),L}). Then we have

1 0
Py = B0l a0, 22y = OR): (46)
(e) Let uil; be bounded in L ((0, N),Vy"). Then we have
1 0,1 1 0
[P iy — P Uil e oumyveqay I iy = Bl o amy ey = OB (47)

(f) Let uf; be bounded in L? ((0, N),V3). Then we have

0= (B i) =B (D10uly) | aounynagy + 100 (BMuls) =P (Doaui’s) || 2 ounypogy = Oh)- (48)

3.2. The convergence result

The following theorem is the main result of this paper. It states the convergence of our finite difference
scheme and provides a constructive existence proof for problem (2)—(7). It will be completed by a uniqueness
result in next section (Th. 3.3).

Theorem 3.2. Let UY be an initial data in L2(Q) satisfying 0 < U < 1. Assume that there exists a real
number A > 0 such that

0,U°< A a.e. on € (49)

and consider the sequence UJ"; constructed by the scheme (14)~(18). If the gridsteps satisfy (19) and (33) then
for all T > 0 the sequence (Pl Ufj) converges as h — 0 to a weak solution U of (2)~(7). This convergence holds
in the L2((0,T),L2(Q)) norm and almost everywhere on (0,T) x 2. Moreover this solution verifies

UeL?((0,7),H(Q) nC° (0, T],L*()), (50)
0<U<1 and 0.U <A a.e. on (0,T) x . (51)

Proof. Let Uy, = PIU{}j. Remark that 0,U;, = P%! (D(I)U{}j). Hence by Proposition 2.4 and Lemma 45 we
have

Uy, is bounded in L2((0,7), V) NL>=((0,T), L2(12)),
0yUp, is bounded in L2((0,7), V*).

This enables us to apply a standard compactness result [6]. After extraction of a subsequence we have

Up,—U in L2((0,7),L%(Q)) strong,
Up,—U in L2((0,7),H*(Q)) weak and in L>°((0,7),L?(Q)) weak *,
U, — 0,U in L?((0,T),V*) weak.

T
T
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Thanks to Lemma 3.1 we deduce:
POUY, = U in L2((0,T),L%(Q)) strong,
PO (DWU) — 0,U in L2((0,7),V*) weak, (52)
P° (Do, UY;) — 0,U and P° (D o U};) = 9.U in L2((0,T),L2(£2)) weak.

Let us now rewrite (44) by transforming the discrete sums on €, into integrals thanks to Lemma 3.1 (a). Let
¢ € C>(Q) which vanishes on 'y UT;. The sequence ¢; ; = p(X; ;) is in V}, and we have

(B (000)) 7 00s) = = [ (B (D01 02) (B (Do) = [ (@ (D10 02)) (B (D1 1)
S / (PO (UP, + UP 1)) (PO (Dro U)) (B (Dot (915 0i11.5))

K
3 U2+ 0252)) (B (D0 U2) (P (Dro (91 6501)

+ Ry + Sy, (53)
with
N N,—1
R = —AzAzy (D<1>U3j) iy Su=-AzAz Y (D1oUly,) (Drowin,)-
Capn i=0

By (52) and some standard results of approximation (the functions ¢ and 6 are smooth) we can pass to the
limit in the integrals of (53). Note that the strong convergence in L? is required to treat the two nonlinear
terms. It remains to show that the remainders R,, and S,, converge to 0.

Consider first R,, which can be interpolated in time by P). Let ¢(t) € C2°(]0,T[). We have

/OT (]P?ﬁn) () C(t)dt = —AzAx Nil [Z (%tlﬂg %’,j) /ttm C(t)dt]

n=0 LT3p "
L
2 W) [ A=

Note that for At small enough, the discrete integration by parts in time produces no boundary term since ¢
vanishes on [0, At] and on [T" — At, T]. Hence from 0 < U"; <1 we deduce

[ ()

thus ﬁn converges to 0 in D’ (0, tN ). The second term, gn, converges to 0 uniformly with respect to n. Indeed,
an integration by parts gives

<Az T [lollL=]l¢'[|ne < CAz,

N.—-1
S, = AzAz Z Ui'n, (D-10D10¢inN,) + Az Diopon,
=1
< Az ([1022¢lpe + 1001 -
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Finally letting h — 0 in (53) gives

d

T QUga:—/QVU.chJrK/QU(E)ZU) c%(cp@)—K/QU(@zU) (0:0)0 (54)

in the D’(0,tV) sense. By remarking that 0,0, = —1/I, we conclude that U verifies (9). The continuity of U
with respect to time in (50) is deduced from an Aubin-Lions theorem and the estimates (51) can be obtained
easily by passing to the limit in (20) and (25). Actually, we have not proved yet that all the sequence converges,
but only a subsequence of Uy. This result will be deduced from the uniqueness result of Theorem 3.3. O

3.3. Uniqueness of the variational solution

Theorem 3.3. There exists a unique weak solution of (2)—(7)
U e L*((0,7),H'(Q)) NL>((0,T) x )
in the class of the solutions that verify

(0, U)T € L*=((0,T) x Q). (55)
Proof. A weak solution of (2)—(7) verifies (8) for every function ¢ € H!(Q):

K
[ave+ [ TUSo+5 (00, ) goeyy ey =0
Q O 2 1), 1

where 6,U € L2((0,T),V*) and 9, (U?) € L2 ((0,T), H~/2(")).
Let Uy and Uz be two weak solution of this problem which verify (55). We set w = Uy — Us. The idea of the
proof is to take as a test-function a regularization of sign(w). We define the piecewise C' function:

—w—é for w < -6

w2

Ss(w) = 55 for —0<w<4

w——= forw>46
2

then we take p = S§(w) and remark that this function belongs to L2((0,T), V). After some calculations we get

t=T Y - K t=T
/Q Ss(w) + /t:o /Q sy [VuP =~ [ B, (56)

t=0
with
B=(0.(Uy +Us), wRs(w) — R5(w)>H*1/2,H1/2 .

The condition (55) will enable us to estimate B. We remark that

Vo eR, 0<ovRj(v)— Rs(v) <

)

thus we have, almost everywhere on (0,7),

)
B [ (1000 =+ 0.02)" 1) § < €5
Iy
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Uh(tN
FIGURE 3. Initial data.
Therefore, the function S§ being nonnegative, (56) gives [, Ss(w) < C'd. To conclude we let § — 0 in this
inequality thanks to the Lebesgue dominated convergence theorem (we have 0 < Ss(w) < |w| a.e. in Q). O

4. NUMERICAL RESULTS

4.1. Fast propagation at the boundary

The main effect that we wanted to observe was the fast diffusion of the quantity U (the magnetic field in
the application modelled here) near the boundary. In order to show this phenomenon, we provide here several
numerical results obtained for different values of the parameter K.

The functions represented below are the following ones:

— Figure 3: the initial data U%(z, x).

— Figure 4: the solution U(t",z,2) computed for K = 0 at ¢V = 200At. This is the solution of the
one-dimensional heat equation (the function is invariant along the direction x) which can be used as the
benchmark to be compared with the solutions for K > 0.

— Figure 5: the solution U(t", z,2) computed for K = 3 at t = 200At.

— Figure 6: the solution U(t", z,2) computed for K = 10 at t" = 200At.



FIGURE 4. Numerical solution for K = 0.

The common parameters of these computations are

L|I|N,|Ng| At N
2(1|50(25 |2 x 107|200

We recall the L stability criterium (19) and we set

Az At At

The stability condition is fulfilled in the three cases K = 0, 3 and 10, since we have

K| 0] 3|10
v 10.05|0.08]0.16

From these numerical results, one can make the following two observations:

- When K > 0 a propagation from the left to the right can be observed near the boundary = = 0: this

fast propagation of the field.
- The larger is K, the faster is this diffusion near the boundary.

is the
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FIGURE 5. Numerical solution for K = 3.

4.2. Numerical stability

In this section we show — numerically — that the theoretical L>° stability condition (33) is optimal. The
gridsteps Az and Az and an initial data are fixed here. The parameters which vary are K and At. Let

tab(K) = .
) = o e (0, K22 1)) o o

The theoretical L* stability condition (19) writes
At < stab(K).

The following figure represents the stability diagram, where we plotted the theoretical stability condition
stab(K). We applied a grid on the domain in (K, At) and used our numerical scheme for the points of this grid.
In Figure 7, a cross represents a pair (K, At) which lead to a numerical instability. For the sake of clarity of
the figure, we did not represent the pairs that lead to a stable calculation.

Numerically, one can distinguish a stable domain and an unstable domain, separated by a curve. This curve
— the bottom line of the unstable domain represented in Figure 7 — is the numerical stability condition. We
refined the mesh in K and At near this curve. As a conclusion, one can note a very good agreement between
the theoretical stability condition and the numerical results.
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FIGURE 6. Numerical solution for K = 10.
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FIGURE 7. Stability of the scheme.
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