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CONVERGENCE OF A VECTOR PENALTY PROJECTION SCHEME
FOR THE NAVIER STOKES EQUATIONS WITH MOVING BODY

VINCENT BRUNEAU!, ADRIEN DORADOUX?** AND PIERRE FABRIE?

Abstract. In this paper, we analyse a Vector Penalty Projection Scheme (see [1]) to treat the displace-
ment of a moving body in incompressible viscous flows in the case where the interaction of the fluid
on the body can be neglected. The presence of the obstacle inside the computational domain is treated
with a penalization method introducing a parameter 7 to enforce the velocity on the solid boundary.
The incompressibility constraint is approached using a Vector Projection method which introduces a
relaxation parameter €. We show the stability of the scheme and that the pressure and velocity converge
towards a limit when the relaxation parameter € and the time step dt tend to zero with a proportional-
ity constraint e = Adt. Finally, when 71 goes to 0, we show that the problem admits a weak limit which
is a weak solution of the Navier-Stokes equations with no-slip condition on the solid boundary.
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1. INTRODUCTION

Simulation of complex flows such that Fluid Structure Interaction is a major challenge. Indeed, as the body
moves, the fluid domain is not fixed but time dependent.

The first possibility to deal with this specifity is to move mesh nodes in function of the time, this is used in
the Arbitrary Lagrangian Eulerian (ALE) [12,21] method. It involves remeshing at each time step which can
be very time consuming.

Immersed boundary methods are another way to apprehend the problem. The idea of this kind of methods,
introduced by Peskin [22] to treat flow in a beating heart, is to consider a fixed grid which contains fluid and
solid domains. Equations or discretization operators are then modified to take into account the presence of the
solid in the computational domain. Many of these methods are presented in [19].

Among them, the penalization method adds a term in the Navier-Stokes equations to enforce the velocity in
the solid region. For instance, in [7], the authors studied the coupling between penalized Navier-Stokes equations
and solid dynamics to determine the solid velocity. In [6], fish like swimming is simulated using penalization
and a level set method to localize the structure.

To deal with the incompressibility constraint, two families of methods have been developed. The first one
aims to solve momentum and mass equations simultaneously. The resolution of this optimization problem is
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the Augmented Lagrangian strategy [11]. The second one is composed of scalar projection methods which were
introduced by Chorin [9]. These methods reduce the saddle point problem to two distinct elliptic problems on
the velocity and the pressure. We focus here on the Vector Penalty Projection scheme (V PP). introduced by
Angot et al. [1] which belongs to the second family of methods described above and avoids many drawbacks
of other projection methods. In particular, the pressure scalar does not need to be computed, which does not
impose the resolution of a Poisson type equation that introduce boundary conditions on the pressure. The
divergence of the velocity is controlled by an intrinsic parameter €. In practice, this parameter is chosen as
small as possible in order to approximate a divergence free condition. In [3] the authors obtained a second order
convergence rate for pressure and velocity in space and time for a second order backward temporal scheme. The
convergence towards the Navier-Stokes equations when the penalty parameter (on the divergence) tends to 0
has been studied in [4]. In this last article, the authors considered a continuous (in time) problem in div/curl
formulation. In these two previous works the domain is fixed and no space penalization is included.

Here, the coupling between Vector Penalty Projection scheme and penalization method is analysed in the case
where the solid is animated by its own velocity. We give new convergence results for (V PP). with a penalization
term when the time step 6¢, the VPP parameter € and the penalization parameter n tend to 0. From a stability
result we first prove the weak convergence of the scheme towards the continuous incompressible Navier-Stokes
problem with a penalization term when 0t and € go to 0. In the last section, we treat the convergence of this last
continuous problem when the penalty parameter 1 goes to 0. At the limit process, we recover the Navier-Stokes
equations on the time-dependent fluid domain with a no-slip condition on the solid boundary. It gives a new
proof of an existence result in time dependent domains (see for instance [16,20] for analog results using Galerkin
methods).

1.1. Notations

Let T > 0 and {2 be a simply connected bounded domain of R? (d = 2 or 3) with a smooth boundary 942.
We use in the paper the usual functional setting for the unsteady Navier-Stokes Equations.

e For p > 0, LP = LP({2), the classical Lebesgue space.
e For p >0, L = {veL?; [vdx=0}.
Q

e For p € IR, H? = HP({2), the classical Sobolev space.
o Hj = {ve H' vy, =0}

o H. = {v e H; VgV = O}.

e H={veL?div(v) =0 on £2; (v.v)gn = 0}.

e Hy, = {v € L2; div(v) € LZ}.

e Hyiv, = {v e L? div(v) € L% (v.v)jpn = 0}.

. Gz}veLQ; Jg € HY; v = Vg}.

[}

V = {v € H{; div(v) = 0 on 2}.

where v is the outward unit normal vector on 9f2. For details on the definition of these spaces, we refer to [8].

1.2. Incompressible Navier-Stokes system

In £2, we consider the smooth time dependent solid domain w(t) C 2, t € [0,T], and v, its velocity. We focus
on the incompressible Navier Stokes equation in £2(t) := 2\ w(¢):

% + (v.V)v —div(2uD(v)) + Vp = f on 0(t)

div(v) =0 on 2(t)

v=0 on of

v = Vg on dw(t)

v(0,x) = vo(x) on 2(0) (1.1)
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where D is the strain rate tensor and f is a given source term defined on [0,T] X 2.
The associated penalized Navier Stokes problem reads:

0 1

¢t 09— VD) + X0 - v) +Vp=f om0
div(v) =0 on N

v=_0 on on

v(0,x) = vo(x) on n (1.2)
where X,y is the characteristic function of the solid domain w(t).

Hypothesis.

(H): We suppose that vs is the restriction to |J {t} x w(t) of a function ¢ defined on [0,7] x {2 such that:
t<T

div(y)) =0 on 2
=0 on of2

¥ € L=(0,T[;H?) (1.3)
%—f € L*(10,T[; L?).

The existence of such function is ensured as the regularity of v, is sufficient and the moving body does not
meet 912 (see [20]).

1.3. The Vector Penalty Projection Scheme
Let 6t > 0 be the time step and t" = nét. For p° € L2 and v° = vy € H{ N H, the Vector Penalty Projection
Scheme is a fractional step method:

o A predicted velocity 9”1 is first computed considering the pressure gradient at the previous time step ¢".
At the end of this step, the velocity does not respect the free divergence condition.

e The velocity is then corrected such that div(v"*!) is approximately 0 at the end of the time step.

o The pressure gradient Vp™*! is finally actualized.

For all n € N such that ndt < T, the numerical scheme reads:

ot —on ~n : ~n 1 ~n n n n
st B(v", 5" *) — div(2uD(@" 1)) + ?,xuunﬂ)(v ot 4 vpt = (1.4)
%@”H — ¥V (div(e™+) + div(a™*t)) = 0 (1.5)
1
V(p"tt —p") + gV(<1iv(vn+1)) =0 (1.6)

1
where v = 571 4+ 571 and B(u,v) = (u.V)v + §div(u) v.
It is completed by the following initial and boundary conditions on 942:
"M'=0 on 9R, "Twry=0 on 09N (1.7)
=vg in 0, =0 in (1.8)

The original scheme has been completed by the penalization term which only appears in the prediction step.
Note that since v"T1.v = 0, then div(v"*!) € L and since p° € L2 we can show recursively that p"*! has a
null average on {2 for all n € N, solving (1.6) in the space of null average functions. We finally obtain:

e(p" Tt —p™) + div(v" ) = 0. (1.9)
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Proposition 1.1 (Existence of the iterates).
We suppose that v° € Hy N H, p° € L2 and f € L*(]0,T[;L?). Then, for all n € N such that ndt <
T, (1.4)-(1.9) defined recursively:

(@™, 9™, p") € Hy x HL x L3

with v™ = o™ 4+ o™

Proof. Suppose that (3",9") € H} x HL and show that (3"*1,9"*!) € H} x HL. Equation (1.4) is a linear
advection diffusion problem, therefore we obtain that 9"*! exists and lies in Hj. We now show the existence
of 9", In the space Haiy,, (1.5) is a linear and coercive problem, then 9""! exists and is unique in Hgiy .
Moreover, 9" is a gradient, therefore curl(¢"*!) = 0. We deduce that ¢"*! lies in H} (see Prop. 2.2).

Using (1.6), for p" € L3 we deduce that Vp"*! lies in H™1. As p"*! has a null average on §2, we conclude

using the Poincaré Wirtinger inequality that p"*! € L2. O

1.4. Organization of the article

In Section 3, the stability of the scheme introduced above is demonstrated using a set of energy estimates as
in [2] where no space penalization is included. It gives a bound for the velocity in the space L°°(]0, T[; L?) N
L2(]0,T[; HL). The final inequality is quite similar to the one obtained in [2] but contains an additional term
which is only active in the solid region and ensures that the difference v — v, is of the order 77% for the
L2(]0,T[, L*(w(t)))-norm. We then obtain an upper bound on the velocity divergence which depends on &.
Finally, we give an estimate on the velocity translation in the space H™! which is useful to demonstrate the
strong convergence of the velocity in Section 4.

Section 4 aims to establish the convergence when the parameters € and 6t tend to 0 with the proportionality
constraint € = Adt. To do so, the weak convergence of the velocity is first obtained. The strong convergence is
then demonstrated using a compactness result from Aubin Lions Simon. To the best of our knowledge, there is
no previous convergence result on the discretized (V PP). scheme. Finally, in Section 5 we state a Theorem that
deals with the weak convergence when the penalization parameter 1 goes to 0. At the limit process, the solution
verifies (in the weak sense) the Navier-Stokes equations in the moving fluid domain with no-slip boundary
condition on the solid.

2. MATHEMATICAL RECALLS

In this article, we will need the following standard results and notations. Here and in the following sections,
the different constants are always denoted C.
To deal with the nonlinear convective term, we use the bilinear form B introduced by Temam (see [25,26]).

Definition 2.1. For u € H' and v € H{, we define the bilinear form B by:
1.
B(u,v) = (u.V)v + lev(u)v. (2.1)

Taking the scalar product of B(u,v) by w € H} and integrating by part the second term, we obtain the
associated trilinear form b:

b(u,v,w) = %/(u.V)v.w dx — %/(u.V)w.v dx. (2.2)

0 0

The trilinear form b satisfies the antisymmetry property b(u, v, w) = —b(u, w,v) and b(u,v,v) = 0.
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Proposition 2.2 [10,14]. Under the previous hypothesis and notations, one has the following decomposition:

L’=HaoG,
Ker(curl) = G.

Moreover, there exists a constant C' > 0 depending only on 2 such that:
llulf = [Jullge +[[Vulfz < C (lullfe + lldiv(uw)][ge + lleurl(uw)[[f:) , Yu € Hj,.

Besides, if we suppose that the open set {2 is simply-connected, there exist two constants Ao and A, depending
only on 2 such that:

lullL> < Ao ([div(w)][[Ez + |leurl(u)]lE.) , Vu € H,,
lullt: + [[Vullf> < A ([[div(w)|[L> + lleurl(u)]f2) , Yu € Hy.

Remark 2.3. In the domain (2, a Poincaré-type inequality holds since {2 is simply connected. At the limit
process 7 — 0, we are in the domain 2(t) = £ \ w(t) which is not simply connected anymore and the last
inequality is not verified.

We now recall the discrete Gronwall Lemma (see [13,15,23]).
Lemma 2.4 Discrete Gronwall Lemma [15].

Let (yn), (fn) and (gn) three non-negative sequences such that:

n—1
Yn an+2gkyk for n>0.
k=0

Then,
n—1 n—1
y7z§fn+2fkgkexp Z 9g; fO?" TLEO
k=0 j=k+1

Estimates on inertia terms, developed in Section 4, will use the following interpolation properties between
LP-spaces.

Proposition 2.5 ([8], Thm. I1.5.5). Let I be an interval of IR, let £2 be an open subset of IR, and let py, q1,p2, g2
be four real numbers in [1,+oc0]. If f € LPr(I,L9(§2)) N LP2(1, L92(2)) then for all 6 €]0,1[, the function f
belongs to LP(I,L%(£2)) for p and q defined by

1 0 1-6 1 0 1-6
-=—++ , and —=—+
p D1 b2 q q1 q2

and we have

ez, Loy < F115m (1,L<n(n))|\f||1L;§(1,qu(Q))~

In order to prove the convergence of the velocity we will need the following analysis result ([8], Prop. I1.5.11).
Let X and Y two Banach spaces, let T > 0 and p, g satisfying 1 < p, ¢ < +00. We denote:

E,X,Y)= {u € LP(]0,T[, X), % € L]0, T, Y)} .



1422 V. BRUNEAU ET AL.

Proposition 2.6. Suppose that X is embedded in a continuous and dense way into Y. Any element u of
E, (X,Y) (defined almost everywhere) possesses a continuous representation on [0,T] with values in'Y, and

the embedding of E, 4(X,Y) into C°([0,T],Y) is continuous.
Moreover, for all t1,ts € [0,T] we have:
(tg — U tl /7 dt

where it is understood that we have identified uw and its continuous representation.

Finally, let us formulate an important compactness theorem, which will be useful to prove the strong conver-
gence of the velocity in Section 4.

Lemma 2.7 Aubin—Lions—Simon [5, 24].
Let By C By C By be three Banach spaces. We assume that the embedding of By in By is continuous and
that the embedding of By in By is compact. Let T > 0 and p,r such that 1 < p,r < +o0o. Then,

(i) If p < +o0, the embedding of E, . (Bo, Ba) in LP(]0,T[; B1) is compact.
(ii) If p=+oo and if r > 1, the embedding of E, (Bo, B2) in C(]0,T[; B1) is compact.

3. STABILITY ANALYSIS

In this section the stability of the numerical scheme is obtained considering energy estimates. Then we obtain
an upper bound on the velocity divergence in the space L?(]0,T[; L?).

To each sequence (11’“);€ defined on {2 we will associate a sequence of functions (vs;)s; which are the step
functions in time vs; defined by:

vs(t) = o™ if t € [tF, tF T (3.1)

We denote (-, )2 the usual scalar product on L? and (-, - ) g/ g the duality bracket.

To perform calculus, we need to build a lifting of the velocity. In the following, to the function v (resp. v,
o™, 0™, vs) we will associate the function w (resp. w™, @™, w", ws:) defined by substraction of the function ¢
(resp. ¥™ = (t™)), introduced in (1.3):

w=v—1, w'=v"-—yY" W"=0"-—-yY", W"=0", ws =vs — Y. (3.2)

The system (1.4)—(1.8) becomes:

IDn+1 n

5t_w +B(wn’wn+1)+B(’¢n,wn+1)
1

— v (@uD(E ) e V= P Bt ) (33)

An+1
“’& iV(dw( I (3.4)

1
V"t —p") + gV(ciiv(w"+1)) =0 (3.5)
"t =0 on 90, wty=0 on 02 (3.6)
@° = vy — ° in 2,0°=0 in (3.7)
wn+1 wn

where F7t1 = fr+1 _ +div(2uD (¥ 1)) — By, ).

6t
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Performing estimates on the prediction, the correction and pressure equations respectively given
by (3.3)—(3.5), we establish the following result:

Proposition 3.1 Stability.
Let v9 € H N H, p° € L such that Vp® € L? and f € L?(]0,T[;L?). We assume that hypothesis (H) is
verified. Then, there exists a constant C' > 0 independent of € and dt such that:

(1) wstl|p<qo,rpre) < C-
(1) [l@sellz2qo,rpm1) < C-

ot
(111) ||w5t||L2(]O,T[;H5) <C (1 + E)'

Proof of Proposition 3.1. We prove the result using several energy estimates as in [2] for homogeneous Navier-
Stokes flows. In our estimates, an additional term appears due to the penalization term on the moving body.

Taking @w"*! as a test function in (3.3), we obtain:
1 ~n n ~n ~n ~n 1 -
5 (w o H)LQ + 21 (D(w Y D(w +1))L2 + 5 /Xw(tn+1)|w 12 dx

4 b(wn’ wn+1’ wn+1) 4 b(?ﬁn, ’Jjn+1, ,u~}n+l) 4 (Vpn7 wn+1)
— (FWL+17 wn+1)L2 _ b(,wn7 ,(/Jn—&-l, wn-&-l).

The diffusion term is integrated by parts, the Korn inequality ([8,17,18], Rem. IV.7.3) is then used in Hj, to
obtain the lower bound:

L2

V" L. < 2)ID@" )L

The convective terms b(w™, @™+, @™ 1) and b(y™, @™, w" 1) vanish by antisymmetry of the trilinear form b.
By definition of b given in (2.2) and using Hoélder’s inequality it comes:

2|b(’wn,’(/Jn+1,7I]"+1)| S ‘|(wn-v)'l/)n+1~7~bn+1”L1 4 ||(’LU”.V)1IJ"+1.¢"+1||L1
< " |lea [V e [0 Lz + [[w” e [V ez [ e (3.8)

mce w S rom the Poincaré inequality there exists a constant such that:
Si prtl Hé,f he Poi ¢ inequality th i Cc() h th
@™ L2 < C(Q)||Va™ |-
Going back to (3.8) and using finally Young’s inequality, it yields:
n n ~n n n 'LL ~n n n 'LL ~n
[b(w™, "+ @™ )| < C(2, )| |w" |32 [V [ +35lVe IR + C(w)llw™[Fa "1 E +glVa 2
/”[’ ~n n n n
< SV 2 + C2, )| [w[[f2 (10" R + V" [T -

The part of w"*! in (F ntl 1])”+1) is absorbed thanks to the diffusion term using again the Poincaré inequality.
We finally use the following equality:

(a—b,a) = 2 (llall* — [|Bl]* + [la — b]|*) (3.9)

DN | =

The following estimate is obtained:
1
— ([0 Be — llw"| e + [l — w[22) + £Vt 2.
20t 2
1
i /Xw(t"+1)|wn+1|2 dx + (Vp",@" g2 < C|[F" YL + Oflw"| [z, (3.10)
Q

where C' depends on p, 2 and .
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From (3.4) and (3.5), we have:

5 + V"t —-p") =0. (3.11)
By taking w™*! as a test function in (3.11) and using again (3.9) we obtain:
1 n T n ~n 7 T n
357 ([lw™ M2 = [[@" T [Fe + [Jw™h = @™ [E.) + (Vp" T = Vp™,w +1)L2 = 0. (3.12)
We choose p"*! as a test function in (1.9) and exploit that div()) = 0. The boundary term vanishes in the
integration by part since w" 1. = 0 on 92 and we have:
€ ‘23 n n n n n
5 (" HIEe = 1lp" (2= + 1™ = p"l[E2) = (VP w™ ) . = 0. (3.13)

At last, taking Vp"! as a test function in (3.11) we obtain:

5t .
0 (VP Iz = VP l[F2 + IVp" ' = Vp"[52) + (VP 0™ — @™+, = 0. (3.14)

L2

Finally, these four estimates (3.10), (3.12)—(3.14) are summed up. The sum of the scalar products reduces to
(Vpmtt — Vpm, wtt — "), which is bounded using Young inequality:

_ ot 1 .
(VO = p) =) | < ST = Ot B+ et — e

Therefore,

1

20t
3

+ 5 (P I = [Ip"M1Ee + 12" = p"lIE2)

ot 1 -
+ 5 (VP I = [IVP"IIE:) + 5/xw<tn+1)\w"“\2 dx < CIIF" e + Ollw" [z

(Il = e[ + 16" = w"|iE2) + S11V@" 1

This last equation is multiplied by 26t and written in k instead of n. Finally, the equations are summed from

T
k=0ton—1withn <N =E(

) where E denotes the floor function, and we deduce:

ot
n—1
w32 + Stellp"|I2 + 08| Vp Rz + Y [|0* T — w32
k=0
n—1 n—1 9 n—1
Y SV 30 0~ g 2 S0t [ xgern [0 de
k=0 k=0 M=o
Q
n—1 n—1
< w32 + e8t||p°[F2 + 0t ||VP°[I1F2 +2C Y St FFTYRe +2C > ot w3 .. (3.15)
k=0 k=0
It implies:
n—1

lw"[E2 < fu+ D gullw”|IE:
k=0
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with,

n—1

Fr = 10l + edtl[p°| |22 + 6t [VPOlIE2 +2C ) 8t]|F¥H |2,
k=0

gr = 2C6t.

The discrete Gronwall Lemma 2.4 thus gives the following upper bound on ||w™||pz:
w22 < fu(1+ 20T exp(20T)).

Going back to (3.15), from the assumptions on w’, p°, ¢ and f, we deduce that there exists C > 0, independent
of n < N and §t, such that:

n—1
Stellp" |72 + 02| Vp" |52 + D [[*+ — wh|[fa
k=0
n—1 n—1 9 n—1
Y StV 3. + 2> ot pFT - p*lIRe + ; > at/xw(tk+1)|wk+1|2 dx < C, (3.16)

which demonstrates the two first points of Proposition 3.1.

To prove the last point, we take w**! as a test function in the correction step (3.4) and obtain:

. ot .o ot .o o
[ Iz + Z[ldiv(@™ D[Ee = = (div(@**), div(@™h)) .,
ot .. . ot ..,
< g ldiv(@ D [Ee + o ldiv(@™]E.
We thus deduce an estimate on the corrected velocity w**! and its divergence:

. ot .. . ot ..,
M B+ v [ < 27 div(@ ). (3.17)

W=

Using that for functions of HJ,, the norm || -||g: is equivalent to the norm (|| - [[£. + ||div(:)[|Z. + |[curl(:)]|3.)
(see Prop. 2.2) and curl(w**1) = 0, we obtain:

9 i < O (11" 2 + ldiv ()] 2 )
ot
<C <2€ + 1) || Vak |2,

The previous inequalities are summed up from k£ = 0 to N — 1. The predicted velocity gradient is bounded using
the stability result (3.16). Then, we find the claimed upper bound on the total velocity gradient:

N-—-1 N-1 N-1
(IVwh 320t <23 ot||Var 7. +2 > ot||Vak 7,
k=0 k=0 k=0

N—

St !
) St||[ VT |2,
k=0

2¢

g2<z+‘”>a 0
2e

§2C'—|—20(1+
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Remark 3.2. The bounds found for ws; and ws; are independant of . Equation (3.16) contains the penalization
term which is only active in the solid region. It ensures that the difference between the predicted velocity given
by the scheme and the solid velocity v, is of the order n%:

T
2 .
5/””& — Vs6tl 12wy dT < C. (3.18)

Lemma 3.3. Under the hypothesis of Proposition 3.1, we have:

(i) the divergence of wes; lies in L?(]0,T[; L?) and there exists C > 0 such that for any e > 0,

[|div w(;tHLZ(]O,T[;LZ) < Cy/fe. (3.19)

As 1) is divergence free, the same inequality holds for vsy which implies the strong convergence of div(vst)
towards 0 when € tends to 0.
(i) s is bounded in L?(]0, T[; H™1) with:

N ot
||w§t||%2(]0,T[;H*1) S C(St;

Proof of (i). From the pressure equation (1.9) we have e(p"*! — p") = —div(w™*!). Then we have:
N1
Z atl|div(w" )|[E. =€* Y atllp" T —pP|IEs,
k=0
and we deduce (3.19) exploiting the stability result (3.16). O

Proof of (ii). The second point is proved using the correction equation (3.4). Taking the H™!-norm we obtain:
k+1 TP
12" -1 < —ldiv(w™ )] [re. (3:20)

Therefore, summing the square of this inequality from k = 0 to N — 1 and using the bound of the velocity’s
divergence (3.19), we finally obtain:

N—-1
Cst?
St| [P T3 < : (3.21)
k=0
O
Lemma 3.4. Under the hypothesis of Proposition 3.1, the velocity translation satisfies:
N—-1 5t
>t -t <0 (L +1)- (322)
€
k=0

Proof. The stability result (3.16) gives a bound on the difference between the predicted velocity at the current
time step and the velocity at the previous time step. Using the embedding of L? in H™! we deduce:

N-—-1
S 1 - wk|f < C
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Then, combining it with (3.21) the following inequality holds:

N—1 N—1
Dol =kl <2 [l = @t R ([ ]
k=0 k=0

§C<5t+1)~ O
€

Remark 3.5. The ratio % appears in some bounds found in this section (see Prop. 3.1, Lem. 3.3 or Lem. 3.4).
Therefore, to pass to the limit on ¢, we impose that ¢ and d§t tend to 0 with the proportionality constraint
e = Adt. In fact, it would be sufficient to assume that d¢ = O(e) with e tending to 0.

Remark 3.6. All the results obtained in this section are independent of n and will allow us to pass to the limit
when 7 goes to 0 in Section 5 using the lower semicontinuity of the norm for the weak topology.

4. CONVERGENCE ANALYSIS WHEN € AND df TEND TO 0

A stability result has been obtained in the previous section. The main purpose of this section is to establish
the following convergence theorem, when the parameters ¢ and 6t tend to 0 with the constraint € = Adt, A > 0
fixed.

Theorem 4.1 Convergence when e and §t tend to 0.

Let 2 € R (d =2 ou 3) be a simply connected bounded domain, v° € HyNH and f € L*(]0, T[; L?).

We suppose that hypothesis (H) is verified.

Then, up to a subsequence, (vsy, Pst)st the sequence of step functions defined by (1.4)—(1.8) and (3.1) converges
towards (v, p), weak solution of the penalized Navier Stokes problem (1.2), when € and 0t tend to 0 with € = \dt,
A > 0 fized. Furthermore, v and p satisfy:

ve L*(0, T H) N L*(0, T[ Hy),  pe W (0, T[; Lj).
Moreover, this solution is unique in two dimensional space.

4.1. Weak convergence of the velocity

We first establish the following result:

Lemma 4.2. Under the hypothesis of Proposition 3.1, there exists v € L*(]0,T[; H}) such that, up to a subse-
quence, (vs)st and (Ust)sy weakly converge towards v when € and 6t tend to 0 with € = \dt:

(i) (0st)s; — v weakly in L*(]0,T[; H)
(ii) (vst)s; — v weakly in L*(J0,T[; H}).

Proof. This result directly comes from the stability study. Indeed, the properties of ¢ (1.3) and Proposition 3.1
ensure that (0s:)s, is bounded in L?(]0,T[; H}). Then we can extract a subsequence that weakly converges
towards v in L2(]0, T[; H}).

By definition, vs; = U + Wse, where from Lemma 3.3, when € = \dt, wg; satisfies:

Wet i 0 strongly in L2(]0, T[;H ). (4.1)

Moreover, Proposition 3.1 ensures that s = ws; — ws; is bounded in L?(]0, T[; HL). Therefore, we can extract
a subsequence such that ws; weakly converges in L?(]0, T[; HL). Finally (4.1) implies that this limit is zero and
we deduce the weak convergence of vs; towards v, the limit of ¥s;. O
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4.2. Strong convergence of the velocity

We demonstrate here the strong convergence of ws; towards w = v — . To do so, we shall apply Aubin Lions
Simon’s Lemma 2.7 with By = F, By = H and B, = V' where F = {v € H}; div(v) = 0 on £2}.

In order to perform estimates on the time derivative, we introduce the piecewise linear function w, s; defined
by:
(t _ tk)warl + (tk+1 _ t)wk

ot

Aubin Lions Simon’s Lemma cannot be directly applied to w; s; since it does not belong to H. To bypass
this difficulty, we introduce the orthogonal projection P from L? onto H in order to apply Aubin Lions Simon’s
Lemma on P(ws st). The operator P verifies some continuity properties, there exists C' > 0 such that:

wy 5 (t) = for t € [tF " k< N — 1. (4.2)

I1P(W)llez < Clv]|g: for v € L?
IP@)s1 < Cllolln for v e HY. (43)
Using the Helmhotz—Hodge decomposition [26], there exists ¢s; € L?(]0, T[; H') such that:
w5t = P(wist) + Vse. (4.4)

Proposition 4.3. Strong convergence of the velocity. Let p € [2,4+o00[. Under the assumptions and notations of
Lemma 4.2, if 6t and € tend to 0 with e = \dt, A > 0 then (vs:)s: strongly converges towards v in LP(]0, T[; L?).

Proof. We first consider the case where p = 2.

The proof of the Proposition is composed of three steps. First, we demonstrate the strong convergence of
P(w1 st) towards a function ¢ in L?(]0,7[; L?) when € and 6t tend to 0 using Aubin Lions Simon’s Lemma 2.7.
Then we show that the gradient term of the Helmholtz decomposition tends to 0 in L?(]0, T'[; L2?). We finally
prove that the convergence applies for the step functions ws; and that ¢ = w = v — ¢ so that vs; strongly
converges towards v in L?(]0, T[; L?) when ¢ and 6t tend to 0, e = Ajt, A > 0 fixed.

Step 1. The embedding of F in H is compact. Moreover, we also have H C V’ with continuous embedding
by density of V in H. By continuity of the orthogonal projection (4.3) and according to the stability result

Proposition 3.1, P(w; ) is bounded in L?(]0,T[; F). Finally Lemma A.2 (given in appendix) ensures that

oP
M is bounded in L%(]O7T[; V). Therefore, applying the compactness result from Aubin Lions Simon

Lemma 2.7 with By = F, By = H and B = V', we obtain the strong convergence of P(w ;) towards a
function ¢ in L2(]0, T[; H).

Step 2. Let us establish the strong convergence of Vgs; = wy 5t — P(w1,5¢) to 0 in L?(]0, T[; L?). From (4.4),

we have div(Vgs,) = div(wy 5¢) € L2(]0,T[; L2) so that Vs makes sense in H™2 (9£2). Thus gs, verifies the

following Neumann problem:

— Agsy +div(wr 50) =0 on  [0,7] x (2

(4.5)
(VQ5t.V)39 =0 on [O,T] x 012

Since div(ws:) —>OO in L2(]0, T[; L?) (see Lem. 3.3), then div(ws s:) also tends to 0 in the same space. Thus,
E—>

by ellipticity of the Neumann problem one has g5t — 0 in L?(]0, T'[; H). We finally deduce that wy s strongly
converges towards ¢ in the space L?(]0,T[; L?).

Step 3. The two previous points show that w; s strongly converges towards a function g in the space
L?(]0, T[; L?). Moreover, applying Lemma 4.2 we know that ws; weakly converges to w = v—1 in L2(]0, T[; H')



CONVERGENCE OF A VECTOR PENALTY PROJECTION SCHEME 1429

and from Lemma A.1 (given in appendix) w s; — ws; strongly converges towards 0 in L?(]0,T'[; L?) when 6t
tends to 0. It gives the strong convergence of ws; towards w in L?(]0, T[; L?) when dt tends to 0. Moreover,
sy ot 1. Consequently vs; strongly converges towards v in L2([0, T; L?).

t—

Finally, vs; is bounded in L°°(]0, T'[; L?). Therefore, using Lemma 4.2, the following result holds:
Vst o2 U strongly in L?(]0, T[; L?)
Vst SV weakly- « in L>°(]0, T[; L?).

Therefore, we deduce the strong convergence of vs; towards v when ¢ and §t tend to 0 in L?(]0, T'[; L?) for any
p € [2, +o0[ using interpolation properties. O

4.3. Weak convergence of the inertia terms

We study the convergence of the inertia term B(vs:(- — 0t), U5t (+))-
Lemma 4.4. If §t and € tend to 0 with € = Aot then:
(i) div(ver)ds: tends to 0 in L*(]0, T[;L2).

(ii) (vs:.V)s: weakly converges towards (v.V)v in LP(10,T[;L?), with (p,q) = (3,3) in two dimensions and

(p,q) = (%,2) in three dimensions.

Proof of (i). From Lemma 3.3 div(vs;) tends to 0 in L%(]0, T[; L?). Then (i) is a consequence of the boundedness
of 95 in L2(]0, T[; HY) exploiting the embedding of H! into L°. O

Proof of (il). We distinguish the cases of two and three dimensional spaces.

4.3.1. The three dimensional case

For d = 3, from Holder’s inequalities, we have:
[[(vst-V) Vst 2o,y < Nvsellzee qo, 72y V05t L2 o, 712
and,
[ (vse- V) V1|

pgorpdy S Wstllezqorpne) [[Vosellzgo,rpee).-

Thanks to Proposition 3.1 and Sobolev embeddings in three dimensions, the r.h.s. in the above estimates is
uniformly bounded. Then by interpolation (see Prop. 2.5), we deduce that (vs:.V)0s: is uniformly bounded in
L3 (Jo,TT; L%). Therefore, in this space, the sequence ((vs:.V)0s:)s: weakly converges towards a function g that
remains to determine.

From the convergences of Lemma 4.2 and Proposition 4.3, we deduce the following weak convergence:

(v5¢.V)b5e — (v.V)v in L'(]0, T[; L).
The weak convergence in the smaller space Lz (]0, T[; L?) yields g = (v.V)v and:
(v8:.V)Bsr — (v.V)v weakly in L3 (]0, T[; L?). (4.6)

Thus for d = 3 Lemma 4.4 follows.
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4.3.2. The two dimensional case

For a two dimensional space, we can demonstrate the convergence in a higher regularity space.

Indeed, as vs; € L]0, T[; L2) N L2(J0, T[; H') then by interpolation (see Prop. 2.5), vs lies in L*(]0, T[; H2).
Yet, Hz is embedded into L*, therefore vs; € L*(]0, T[; L4).

Then (vs:.V)Us: is bounded in L3 (0, TF; L%). Using the same arguments as above we deduce:

(v51.V) D5 — (v.V)v weakly in L3 (]O,T[; L%)
and we conclude the proof of Lemma 4.4 in the two dimensional case. O

4.4. Proof of Theorem 4.1

We can now pass to the limit in the numerical scheme. Let ¢ € V. The numerical scheme (1.4)-(1.8) reads in
variational formulation:
d

37 (Vs (t), @) + 20(D(st) : D(9)) + (B(vee(t — 0t), Tse (1)), 0)

+ %m@ (Boe(t) — va(£)). 8) = (F(£)., ).

We multiply by a function 6 € C(0,7T) such that §(T) = 0 and we integrate from 0 to 7. We do not have any
information on the time derivative of the velocity. Therefore, the temporal term is integrated by part so that
the time derivative holds on 6:

T

T
_/(Udt(t);¢) 6'(t) dt — (vse(0), ¢ +2H/ (Us¢(t)) : D(9)) 0(t) dt
0

+ [ ((vse(t — 6t).V)0se(t), &) dt +

N

O\’i o

T
/ div(vse(t — 0t))0se(t), @) O(t) dt
0

4+
=

T
10/ Xo(t) (Use(t) — vs(t)), @) 0(t) dt

(fsr, ) 0(¢) dt. (4.7)

O\H

We pass to the limit 6¢ — 0 in this last equation with £ = Adt using Lemmas 4.2 and 4.4. It gives:

T T

- / (0(t), &) 8'(8) dt — (0, 6) B(0) + 20 / (D(u(t)), D(6)) 6() dt

0
T T
1
+0/((v(t).V)v(t), dt—i—no/ Xty (V(t) —vs(t)), @) O(t) dt
T
— [0 000 at (48)
0

Since € also tends to 0 then from Lemma 3.3 and (1.3), we have at the limit:

div(v) =0 on 0.
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Applying the above equality for 8 € D(0,T), we deduce the following equality in V’:

T T

- / o() (1) dt = / div(2uD(u(8))) 6(t) dt — % / Nty (0(t) — v) 0(2) dt

- / (w(£). V)0 (t) 0(t) dt + / £(1) 0(t) dt. (4.9)

The operator L : u+— div(2uD(u)) (respectively B : (u,v) — B(u,v)) is continuous from V to V' (resp. from
V x V to V’). Therefore, there exists C' > 0 such that:

T T
[ divuD@)llv:dt < € [ flollv dt < OVT|ollagory)
0 0

T

T
/Mwwwvasc/m%&smw@mmw- (4.10
0 0

As (4.9) is valid for any 6 € D(]0,T]) we deduce that v has a weak derivative in time which lies in L(]0, T'[; V')
and for almost every ¢ €]0,T:

1
% — div(2uD(v)) + (v.V)v + Xt (v—vs)=f in V. (4.11)

We now need to recover the initial data. Since % belongs to L1(]0,T[; V') and v belongs to L?(]0,T[; V), we

show using Proposition 2.6 that v is continuous with values in V' for the strong topology. Furthermore, by
hypothesis v(0) = vp in the weak continuity sense with values in V’. Therefore, the initial condition v(0) = vy
is verified in the strong sense because the weak limit is unique.

From De Rham theorem, we can now deduce the existence of the pressure. Let G(t) be defined by:

G(t) = —div(2uD(v)) + (0.V)v + %XW)(U ) - f

Thanks to (4.11), for almost every ¢ €]0,T7,

dv
<dt, ¢>V',V + <G(t)a ¢>H—17H(1] = 0.

We integrate this last equation from 0 to ¢. It gives:

<’U(t), ¢>L2 - <U(O)7 ¢>L2 + </G(T) dT? ¢> =0.

0

It can be written under the form:
(K(t),p)u-1m1 =0,

where
t t t

K(t) =v(t) —v(0) — /div(2uD(v)) dr + / (v.V)vdr + % /Xw(,r)(’l} —vg)dr — /f dr.
0

0 0 0
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Note that K is weakly continuous in time with values in H~!. Therefore, for all ¢ €]0, 7| we deduce from De
Rham theorem the existence of 7(¢) € L such that:

K(t) = —Vr(t).

Following the work of [8] (chapter V), we show that ¢ — 7(¢) is weakly continuous in time with values in L2. In
particular, 7 lies in the space L>(]0, T[; L3). Indeed, if g € L?, there exists h € H} such that div(h) = g —m(g)
where m(g) denotes the mean value of g on 2. Then,

(m(t), )Lz = (7 (t),9 — m(g))r> because m(m) =0
(m(t), dw( )L

—(Vr(t )7h)H*1,Hé

= (K(t)vh)H—l,Hé-

This quantity is continuous because K is weakly continuous in time with values in H~'. We can then introduce

0 0
the distribution p = “" Which lies in the space W—1°°(]0, T'[; L3). Taking test functions under the form 8—?
with ¢ € D(]0, T[x{2), we show that the equation

% —div(2uD(v)) + (v.V)v + %Xw(t)(v —vs)+Vp=f (4.12)

is satisfied in the sense of distributions.

In two dimensional space we can show the uniqueness of solutions of this equation using classical results
(see [8] Chapt. V).

5. CONVERGENCE TOWARDS THE INAVIER-STOKES EQUATIONS

The aim of this section is to study the convergence when 7 tends to 0. To do so, we consider the weak limit
of the scheme when € and 0t tend to 0 which verifies (4.12) and indice the solution by 7.

First, inspired by ([20], Def. 2.1) (see also [16]), let us define a weak solution of (1.1), the Navier Stokes
equation in the moving domain £2(t) = 2\w(t) . We assume that (H) holds and there exists a C*°-diffeomorphism
between |J {t} x £2(t) and a cylindrical domain [0,T] x {2 for some bounded domain 2 C IR?. Then as for

t<T

2 (see Notations in the Introduction), we can define H (resp. V) on {2 and using the pull back by the C'*-

diffeomorphism we also define H; (resp. V) the associated space on £2(t). Moreover, using this diffeomorphism,

we are able to transport any function, any space and any equation on [0,T] X £2 onto |J {t} x £2(t). For ¢ given
t<T

by (H), we will say that v is a weak solution of (1.1) if, for any ¢ € V; and any 6 € C1(0,T), with 6(T) = 0,
the function v — ¢ € L>(]0,T[; H;) N L2(]0, T[; V) satisfies:

T T
/‘ mf—wm¢mem>+2u/YD@mwxlx@»e@>m
0 0

T T
+/meMm@ﬂ@&:/U@wm@a.
0 0

where (-, -); denotes the scalar product in L2(£2(t)).
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Theorem 5.1 Convergence when 7 tends to 0.
Under the above assumptions, when n tends to 0, the sequence (Un)n’ weak solution of the penalized Navier

Stokes problem (1.2) weakly converges towards v a weak solution of (1.1), the Navier Stokes problem on the
time dependent domain Q2(t) = 2\ w(t).

We first prove the following lemma:

Lemma 5.2. For allt €]0,T[, and n €]0, 1], we have:

t
1
/||Un — s |[72(pu(ry) AT < Cn2.
0

Proof. For a.e. t €]0,T],

oy — Us||%2(aw(t)) < Ollvg = vsl| L2 (@) 1vn = Vsl 51 ()

Going back to the fixed domain and using norm equivalence properties (see [16,20]), we show that the constant
C' is uniform in time. We integrate this last inequality from 0 to ¢ and obtain:

t t
/ o — 0] Bs ey 47 < C / 0 — vell 22wy lln — sl 11y AT
0 0

1
2 2

t t
<C /||Un — O[T 2y AT /||”77 = Vsl (o)) AT
0 0

Nl=

t
< { [l = vullEaiary 4 | lnllzzgoran.
0

From Proposition 3.1 (see also Rem. 3.2), ws; is uniformly bounded in L2(]0,T[; H'), with respect to n €0, 1]

t
and to —. Using the lower semicontinuity of the norm for the weak topology, we obtain that w;, is also bounded

€
in H'. Finally, from the energy estimates of Section 3 (see Rem. 3.2), we obtain:

t
/||Un — s |[72(pu(ry T < O O
0
Therefore, when n — 0, the velocity on the immersed boundary dw(t) tends towards the obstacle velocity v = v,
in the space L?(]0, T'[; L?(dw(t))).

Proof of Theorem 5.1. Let ¢ € V; and § € C'(0,T) such that §(T) = 0. Since ¢(t,.) € Hj(£2(t)), it can be
extended to a function ¢ € V such that ¢(¢,.) = 0 on w(¢). Then taking ¢ instead of ¢ in (4.8) we deduce:

T T
- / (0g(£),8) 0 () dt — (v0, $) 6(0) + 20 / (D(v,(1)), D(@)) 6(t) dt
0 0

+

St~

T
(g (£)-F )0y (1), B) () dt = / F@. P00 ds,  (5.0)
0
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where we used that ¢ and Xw(t) have disjoint supports. Let us mention that this above substitutions can be
justified coming back to a fixed cylindrical domain [0, 7] x £2 (see above or [20] for more details).

Now, following the proof of Theorem 4.1 (in particular estimates of Prop. 3.1) we obtain that (vy), is
bounded in L (]0,T[; H) N L2(J0,T[; V) (see also Rem. 3.2). Thus, up to a subsequence, (v,), weakly converge
in L>=(]0, T[;H) N L*(]0,T[; V) to a fonction v which, thanks to Lemma 5.2, satisfies (v — ¥)gu(t) = 0.

We conclude the proof taking the limit as 7 goes to 0 in (5.1) and using that ¢(t,.) being supported in §2(t),
we have (U(t)a ¢(t7 )) = (U(t)a ¢(t7 ))t 0
APPENDIX A.

In this appendix we use the assumptions and the notations of Section 4.2. We prove auxiliary results for the
proof of Proposition 4.3.

Lemma A.1. The difference between the piecewise linear function and the step function wi s — ws strongly
converges to 0 in the space L*(]0, T[; L?), when 8t goes to 0.

Proof. We first show that wy 5 — ws; strongly converges to 0 in L2(]0,T[; H™!) when &t tends to 0. Using
Lemma 3.4 we have:

N-1
|lw1,60 = wstl 720, -1y < Z Ot [ — w3
k=0

IN
Q

0 (A1)
which gives the strong convergence of the difference w5, — ws; to 0 in L2(J0,T[; H™') when 6t goes to 0.
Moreover, as both functions ws; and wy 5; are bounded in L?(]0, 7'[; H') (see Prop. 3.1), the difference w1 5¢ —ws:
is bounded in L?(]0,T[; H'). We then deduce the strong convergence wy 5; — ws; — 0 when dt goes to 0 in
£2(10, T[; L?). O

The following Lemma gives a bound on the time derivative in the space L3 (]0,T[; V’).

Lemma A.2. Using the definition of the piecewise linear functions wi s (4.2), there exists a constant C > 0
such that the time derivative of P(wy s¢) verifies:

<C.

L5 (j0,T[;v")

aP(’ngt)
ot

Proof. To obtain the bound in the dual space of V, we have to show that there exists a constant C' > 0 such

that for any ¢ € V:
T
OP(w
‘/<(8tl&)’¢> dt| < Cl|9]|Lago,rv)-
\ZRY
A ;

Let ¢ € V. We perform estimates on the variational formulation of the problem (3.3)—(3.5). Since ¢ vanishes
on the boundary 9f2 and div(¢) = 0, the pressure cancelled.
The temporal term is decomposed using the orthogonal projection P. There exists a function ¢s; € H' such

that wy ¢ = P(w1,5¢) + Vgse. Since we work at a discrete level, the time derivative of the piecewise linear
k41 k
w —w

function wy s is equal to ————— on each interval [t* t**1[ (k < N — 1) and commutes with P. Then we

can integrate by part the gradient term V¢s; of the Helmholtz decomposition without consideration on the time



CONVERGENCE OF A VECTOR PENALTY PROJECTION SCHEME 1435

derivative. Finally this last term vanishes using again that div(¢) = 0 and ¢ = 0 on the boundary and the
variational formulation reads:

T T T
[ <2 oy v [ Dlw) D)+ [ Blus(o = 60) (1) s
0
0 0
T T 1 T T
+O/B Yse(t — 0t), Wet ). ¢dt+O/B(w5t(t—(5t),¢(t)).¢dt+no/xw(t)u?gt.qﬁdt: O/F.gbdt. (A.2)

We now have to perform estimates on inertia terms. We detail here the estimates for the convective term
b(wst, Wst, @). The same process applies on a simpler way for the two other terms.
Going back to the definition of the convective term (2.2), the trilinear form reads:

B 1 5 1 -
b(wse, Wse, @) = 3 / (wse. V)se.¢p dx + 3 / (ws¢. V) p.abse dx.
5 2

Using Holder’s inequality then Sobolev embeddings H} — H? — L3 and H' — LS for d < 3, there exists a
constant C' > 0 such that:

[[(wse-V)wst-¢l|L1 < Cllwse||ns || Vst ||Lz| |6l Le

1 1 -
< Cllwselga [Vwst || [V st ]2 [[ VYl |z

1
This last inequality is integrated in time using again Holder’s inequality. The factor ||[Vws||f. lies in L*(]0, T'[)
so that we have:

(s 9)se-ll 22 gorinsy < lwsellf o g || (11 Fwstllfs ) | |IVst ]| 22 o, 7o) 16l 23 qorpv)

L*(Jo,T)
4 - ;
< | |w6t | |Loo(]07T[;L2) | |vw6t ‘ |L2(]0,T[;L2) | |V'U)5t| ‘Lz (J0,T[;L?) ‘ |¢| |L4(]O,T[;V) .
Using the same arguments, we obtain a same expression for the second term:

1 1 ~
||(w6t~v)¢‘u~}6t ‘ |L1(]O,T[;L1) < | |w5t | |12/oc(]0’T[;L2) | |vw6t ‘ |ZZ/2(]0,T[;L2) | |V'w5t | ‘Lz(]O,T[;Lz) | |¢| |L4(]O,T[;V) .

Finally, using Proposition 3.1, the following inequality is obtained:
T
wl oL \wy,ét)
/ 2 s o)yve v dt| < Cll9l|ago,riv)-
0

OP(wy st)

which ensures that is bounded in the space L3 (]0, T[; V). O
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