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ON THE STEKLOV PROBLEM IN A DOMAIN PERFORATED
ALONG A PART OF THE BOUNDARY *
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Abstract. We study the asymptotic behavior of solutions and eigenelements to a 2-dimensional and
3-dimensional boundary value problem for the Laplace equation in a domain perforated along part of
the boundary. On the boundary of holes we set the homogeneous Dirichlet boundary condition and the
Steklov spectral condition on the mentioned part of the outer boundary of the domain. Assuming that
the boundary microstructure is periodic, we construct the limit problem and prove the homogenization
theorem.
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1. INTRODUCTION

The Steklov spectral problem is well known and it has been studying for several decades (see, for in-
stance [1-16]). In the paper [3] the author constructed leading terms of the asymptotic expansion of solutions
in the case of spectral Steklov-type problem in a thin domain with a nonsmooth boundary. In the paper [6]
the authors prove the connection of the first eigenvalue to a Steklov-type problem in the domain with micro
perforation and the constant in the Sobolev inequality for traces. In [7] it was studied the asymptotic behavior
of the eigenvalues and respective eigenfunctions to the Steklov-type spectral problem in micro inhomogeneous
plane domain. The paper [8] concerns the error in the final elements method for the Steklov-type spectral
problem. In [9] the author considers the Steklov-type problem for the p-Laplacian. In [10] the authors studied
the connection between the Neumann problem for the Hénon equation and the eigenvalues to one Steklov-type
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problem. The paper [11] is devoted to the influence of boundary conditions on the positiveness of the inverse
operator to the biharmonic operator in the case of Steklov-type boundary conditions. In [12] the authors inves-
tigate the Steklov spectral problem in a domain with a peak (degenerated corner point) on the boundary. The
elliptic problem with critical growth and the Steklov-type spectral conditions in bounded domain was considered
in [13]. In the paper [14] the author investigates the homogenization problem with rapidly alternating boundary
conditions (the Dirichlet and the Steklov conditions) in the case of dominating of the Steklov condition in the
limit. The papers [15,16] concern the degenerating case of the Steklov-type problem in domains with rapidly
alternating boundary conditions.

There are numerous papers dealing with homogenization of problems in domains perforated along the bound-
ary (e.g., see [17-34]). In [17] (sce also the short communication [18]), problems in domains were considered
under the assumption that the diameter of holes is much less than the distance between them. In particular, the
homogenization theorem was proved for a boundary value problem with the Neumann boundary conditions on
the exterior boundary and the Dirichlet condition on the boundary of the cavities, the first term of perturbation
theory was constructed, and the deviation of the leading terms of the asymptotic expansion from the solution
of the original problem was estimated. In addition, the spectral properties of such boundary value problem
were analyzed, and the closeness of eigenelements of the original and homogenized problems was estimated. A
degenerate quasilinear Dirichlet problem was considered in [25] in a domain with nonperiodic cavities near a
boundary. In particular, conditions for the existence of a limit problem were derived, and the weak convergence
in Ly was proved. A problem in a domain perforated along a closed curve was considered in ([26], Chap. I,
Sect. 3). It was shown that the solutions of the original problem converge uniformly to the solutions of the limit
problem in compact subdomains that do not contain that curve. The paper [27,28] deals with the Dirichlet prob-
lem in a domain with nonperiodic cavities, of which perforation along the boundary can be viewed as a special
case. The weak convergence of solutions in Lo was proved in terms of the convergence of the harmonic capacity
of cavities. The asymptotic behavior of the solution in a domain perforated randomly along the boundary was
analyzed in [29] (see also [30]). The weak convergence of the solution of the original problem with a random
structure to the solution of the nonrandom problem with homogenized boundary conditions on the boundary
of the domain was proved in the Sobolev space H'. Solutions of boundary value problems in a domain divided
into two parts by a perforated surface of variable thickness were considered in [31,34]. In particular, the weak
convergence of solutions of the original problem to solutions of two independent problems in domains divided by
this surface was proved in Lo. The asymptotic behavior of solutions of the boundary value problem in a domain
perforated along a manifold with various boundary conditions on the boundaries of cavities was analyzed in [32].
The case in which the perforation makes no contribution in the limit was considered. A problem with a random
perforation formed by the union of randomly placed balls of fixed radius multiplied by a small parameter was
studied in [33]. The case of perforation along a curve was also considered. The convergence of the eigenvalues
was proved for the case in which the perforation vanishes in the limit.

In the papers [19-24] the authors consider problems in 2-dimensional domains periodically perforated along
a part of the boundary under the assumption that the Dirichlet boundary condition is set on the boundary
of the cavities. Unlike the results of [17, 18], these papers are devoted to the case, when the diameter of the
cavities and the distance between them are of the same order of smallness. In [19,20] the authors obtain the
limit (homogenized) problem and prove the strong convergence in H! of solutions of the original problem to the
solutions of the limit problem. For this case in [21] the authors construct two-terms asymptotics of a solution to
a boundary value problem. In [22,23] it were constructed the leading two terms of the asymptotic expansion of
eigenvalues converging to a simple and multiple eigenvalues, respectively, of the limit problem. In the paper [24]
the authors study boundary value problem in the case, when the diameter of the cavities and the distance
between them are of the same order of smallness as well as in the case when the ratio between the diameter of
the cavities and the distance between them tends to zero.

In this paper we study spectral problems with Steklov-type boundary condition in 2D and 3D domains
periodically perforated along part of the boundary. Under the assumption that the ratio between the diameter
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FIGURE 1. Structure of the domain (2 ,.

of the cavities and the distance between them tends to zero, we present different cases of the limiting behavior
of eigen-pairs.

The structure of the paper is the following. Section 2 is devoted to the settings and statements of main
results. Next Section 3 is devoted to the auxiliary propositions. In Section 4 we construct a model function in
semistrip and semi-infinite parallelepiped, which we use in the proof of Theorem 2.2. The proof is in Section 5.
Section 6 is devoted to the proof of Theorem 2.3. In Section 7 we prove variational estimate for semistrip and for
semi-infinite parallelepiped with the small hole, which we use in the proof of Theorems 2.5 and 2.6. In Section 8
one can find these proofs.

2. SETTING OF THE PROBLEM AND MAIN RESULTS

Let {2 be a bounded domain in R?, d = 2, 3, situated in the semi-plane x5 > 0 for d = 2 and in the semi-space
x3 > 0 for d = 3. Tts boundary I" consists of two parts: I' = I} U Iy, where I is the segment [0,1] in the axis
29 = 0 for d = 2 and square [0, 1}2 in the plane x3 = 0 for d = 3. For d = 2, the part I is infinitely differentiable
and in a neighborhood of the points (0,0) and (1,0) coincides with lines z; = 0 and z; = 1, respectively. For
d = 3, the part I'; coincides with the lateral faces of the cube [0, 1]? in a small neighborhood of the plane z3 = 0
and in addition it is infinitely differentiable everywhere except the vertical edges.

Then assume that B is an arbitrary bounded domain with Lipschitz boundary. Denote B, = {x : (a’l(xl —
bi),a (w2 —¢)) € B} for d =2, By = {z: (a™ (x1 — b1),a (w2 — b2),a (x5 — ¢)) € B}, j = 1,2, for d = 3,
where 0 < b; < 1, ¢ > 0 are arbitrary fixed numbers, a is sufficiently small positive parameter, such that B,
lies in the semi-strip I7 = (0,1) x (0,00) for d = 2 and in the semi-infinite parallelepiped IT = (0,1)? x (0, 00)
for d = 3.

Denote BX, = {z: (e 'a1 —k,e 'wy) € By}, k€ Zford=2, BX, = {x: (e 'ay — k1,6 'wy — ky,e ') €
B,}, k = (ki,k2), kj € Z for d = 3, B: 4 = UB;"G, I'., = 0B.,. Hereafter ¢ is a small positive parameter,

k

eE=en = %, where N > 1 is a natural number. Define the domain (2 , as 2\ B., (see Fig. 1).

Remark 2.1. In fact we have three scales in the geometry. The magnitude of the diameters of the cavities
has the order O(ag), the distance between consecutive holes is equal to € and the diameter of the domain is of
order O(1).
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Solutions of boundary value problems

—AU; =0 in 2,4, Uso =0 on I},
aUs,a o aUE,a o
W_AUE,G—'_JC on I7, ey =0 on Iy, (2.1)
oU; oU;
—AUy =0 in £, 8—1/0 + 04Ca(B)AUy = AUy + f on I, 8—1/0 =0on Iy, (2.2)
where v is an outer normal, A € R, and eigenfunctions of spectral problems

—Aug o =0 in (2. 4, Ueq =0 onlyg,

%—)\ U on I %—0 on I (2.3)
v = Ag,ale,a 1 v - 2, .
—Aug = 0in 2, % + 04Cq(B)Aug = Aoug on I, % =0on [y (2.4)
v v

are weak (see, for instance, [35], Chap. IV and the next section). Note that A. , and Ao are real.

Hereafter o9 = 27, 03 = 4w, C3(B) = 1 and C3(B) > 0 is the capacity (see [36] and Rem. 4.6 below) of the
domain B. In particular, C3(B) = 1, if B is a unit ball.

The main goal of the paper is to prove the following statements.

Theorem 2.2. Suppose that

1
elna

— A#£ o0 ford=2, g—mﬁl#oo for d =3, (2.5)

f € La(Ih) and X is not an eigenvalue of the problem (2.4).
Then:

1) boundary value problem (2.1) has a unique solution in Wy (£2. ) for any sufficiently small €, and moreover
the following uniform in € estimate:

|Ue,allwy2) < Cllfllacr) (2.6)

holds true, where the function U, , is extended in B, , by zero;
2) for the solution of problem (2.1) the following strong convergence

Usa =, Us in Wy (£2) (2.7)
E—
takes place, if A =0, and the weak convergence

Uea = U0 in W3 () (2.8)
E—

holds true, if A # 0, where Uy is a solution of the homogenized (limit) problem (2.2).

Theorem 2.3.

1. Suppose that the condition (2.5) holds, and the multiplicity of the eigenvalue Ao to the problem (2.4) equals

to n. Then there exist n eigenvalues ,\Q)a of problem (2.3), l = 1,...,n (with respect to their multiplicities)
converging to Ao as € — 0.
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II. Let uSL be orthonormalized in Lo(I7) eigenfunctions of problem (2.3), corresponding to )\SL Then from
the sequence {ej, = %}:Ozl and any sequence {ay}ro, (for which the convergence (2.5) takes place) one can
choose subsequences {ex' }, {aw } such that the convergence

ul) — u! in W} (82) (2.9)
holds, if A =0, and weak convergence
ul) = u! in W} (1) (2.10)

holds, if A # 0, where the functions uSL are extended in B, , by zero, and ul) are orthonormalized in Lo(I7)
eigenfunctions of problem (2.4), corresponding to \o (they depend on the choice of the sequence {ay}r., and
the subsequence).

Remark 2.4. From Theorem 2.3 it follows that if A\g is a simple eigenvalue of the homogenized problem (2.4),
up is the respective normalized in Lo(I1) eigenfunction, the condition (2.5) holds, then A., is the unique
eigenvalue of problem (2.3), converging to Ao, and for corresponding eigenfunction u. , (normalized in Lo(I7)
and extended by zero in Bc ,) up to the sign of u. , (i.e. with right choice of the sign of u. ,) the convergence

llte,a — uollwi (2 0

holds for A =0, and
Uew — ug & Wi (0),

e—0

holds for A # 0.
Theorem 2.5. Assume that

elna — 0 ford=2, RN for d = 3. (2.11)
a
Then the minimal eigenvalue \. o of problem (2.3) converge to 400 as € — 0.

Theorem 2.6. Assume that the condition (2.11) holds, f € Lo(I') and X is fized.
Then for the solution of problem (2.1) the strong convergence

U =, 0 in Wy () (2.12)
E—

holds, where the function U, , is extended in B, , by zero.

Remark 2.7. The assumption (2.5) (in Thms. 2.2 and 2.3) means that the cavities are distributed sufficiently
“rarely” along the part of the boundary. This assumption leads to Neumann or Fourier (Robin) type boundary
conditions on 17 in the homogenized problem.

The asymptotics (2.11) means that the cavities are distributed sufficiently “frequently” along the part of the
boundary. In this case the homogeneous Dirichlet condition is the limit (homogenized) boundary condition on
I . Note that the asymptotics (2.11) differs for d = 2 and d = 3. For instance, in two-dimensional case the
cavities can be very small, i.e. a = O(g?) for any p > 0, unlike the three-dimensional case, where a = O(e?) for
0<o< 1.

The same asymptotics as in Theorems 2.2-2.6 has been studied for similar problems (see [17,18,34,37,38]).
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3. PRELIMINARIES AND AUXILIARY PROPOSITIONS

Let us remind the definition of weak solutions. Assume that f € Lo(I1). The function Uy € W3 (£2) is called
a weak solution of problem (2.2), if for any v € W (§2) the integral identity

/(VUO,Vv)dac—I—adC'd(B)A/Uovds = )\/Uovds—l—/fvds (3.1)
n Iy I Iy

holds true.

Denote by Wi (2. 45 I-4) (by W3 (£2; 1)) the subset of functions belonging to W3 (2. ,) (to W3 (£2)) and
vanishing on I , (on I1).

And finally the function U., € W3 (£2:4;1%,,) is called a weak solution of problem (2.1), if for any v €
W3 (£2-.4; T-.o) the integral identity

/ (VUg o, Vo)dz = A / U qvdz + /fvd:r (3.2)
2,0 Iy Iy
takes place.
Naturally a nontrivial weak solution ug of problem (2.4) is called an eigenfunction of problem (2.4), and the
number )\ is called an eigenvalue of problem (2.4).

Analogously, a nontrivial weak solution . , of problem (2.3) is called an eigenfunction of problem (2.3), and
the number A, , is called an eigenvalue of this problem.

Remark 3.1. Obviously, the function W3 (2. ;I ), extended in B., by zero, belongs to W (£2). Then in
what follows we consider functions from W3 (2. 4; 1% ,) as functions from W3 (£2), keeping for them the same
notation. Bearing in mind this fact, one can rewrite the integral identity (3.2) in the form

/VU&aVvdx :)\/Ugvavds—l—/fvds, (3.3)

respectively.

Remark 3.2. The standard norm in W3 (£2) is equivalent to the norm in [ul| g1 (s), generated by the following
scalar product:

(u, ) 1) = /(Vu,Vv)dac—I— /uvds
0] Iy
(see, for instance, [35], Chap. III, Sect. 5.6).

Note that for any fixed A € R solution of problem (2.1) satisfies the uniform in £ and a a priori estimate

Weallmr o) < € (1W0eallpyryy + 1 liacr) - (3.4)

In fact, substituting in the integral identity (3.3) v = U, , as a test-function and adding HU€7a||2LQ(F1) for both
parts of the identity and using the Cauchy—Bunjakovski—-Schwartz and the Poincaré inequalities and also the
trace theorem, we get

2 2
el ) < € (1 agry Wl zaryy + W0=al iy )

<C (Ifllgacry + 1UsallLyryy) 10ea

i () -

The estimate (3.4) follows from this.
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Lemma 3.3. Assume that {m(k)}32, is an increasing sequence of natural numbers, the sequence {ar}7>, is
converging, U, . ax 15 a solution of problem (2.1) with f = fi,

||U5nL(k)7ak||L2(F1) =1 (3-5)
and the inequality
1Ue iy ax L) > Kl fill o) (3.6)
holds.
Then
I felleacry =2 0 (3.7)

and there exist a subsequence of indexes {k'} and a function U* € W3 (£2) such that the following weak conver-
gence:

Ugm(k/)’ak/ —U" in HI(Q) (3.8)
holds as k' — oo and the strong convergence
Ufm(k,')vak/ —U" in L2(Q) (3.9)
holds, wherein
U Loy = 1. (3.10)

Proof. Due to (3.4), (3.6) and (3.5) it follows that
HU‘E'm(k)vak HHl(Q) g Ol

as k — oo. From this estimate and (3.6) the estimate (3.7) follows. From this estimate, weak compactness
of bounded sets in Hilbert spaces and compact imbedding W3 (£2) in La(£2) (see, for instance, [35], Chap. II,
Sect. 8) one can prove the remaining statements of the lemma. U

4. CONSTRUCTION OF MODEL FUNCTIONS IN SEMI-STRIP AND IN SEMI-INFINITE
PARALLELEPIPED

In accordance with the strategy suggested in [38] for the problem with rapidly changing type of boundary
conditions (see also [24] for the problem in domain perforated along part of the boundary) the following statement
is crucial for the proof of Theorems 2.2.

Lemma 4.1. There ezists a function Wy o(x) from W3 (2 05 Tc0) N W3 (£e.4), such that the relations

Weal o OW.ao|  4nC3(B)a

o | elna for ’ o | € for ’ (4.1)
1 1

11— Wa,aHLg(Q) Ej(’) 0, (4.2)

||AW57a||L2(Qa,Q) Ej(’) 0, (4.3)

11— Weallzo(r) 0 0, (4.4)

aWE a
H d — 0, (4.5)
81/ Lo(I%) e—0

hold, if (2.5) is true.
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In its turn, according to the approach of [24,38] the function W, , is constructed as

Weala) =W (Z),

where W, (&) is 1-periodic in & for d = 2 and 1-periodic in &,& for d = 3. This section is devoted to the
construction of this function W, by the method of matching of asymptotic expansions [24, 39,40].

For d = 2 we denote by Ra_ the semi-plane x5 > 0, and by .T(()k) the points with coordinates z1 = b; + Kk,
x9 = c. Here k € Z. For d = 3 we denote by Ri the semi-space z3 > 0, and by .T(()k) the points with coordinates
zj =bj+kj, j=1,2, x5 = c. Here k = (k1, k2) and k; € Z.

Denote xg := .T(()O), y:=x—x¢pand X :={x: x; € (0,1), 20 =0} ford=2, ¥ :={z: x1,22 € (0,1), 23 =0}
for d = 3. Define Ga(t) := Int, G3(t) := —t L.

Let us remind that IT = (0,1) x (0,00) for d = 2 and IT = (0,1)? x (0, 0) for d = 3.

Lemma 4.2. There exists a 1-periodic in x1 for d = 2 and in x1,z2 for d = 3 function g4 €

Cc= <Ri\ U {x(()k)}>, which satisfies the problem
Kk

Agd:O z'fer\{a:o},
%:a ifeeX

for
o= 0gq, (4.6)

has the differentiable asymptotics
ga(x) =0 (6_2”“) , Tg— +00

and in a neighborhood of xy has the representation

ga(x) = Ga(ly)) + ¢4 (),

where g((il)(w) 18 an infinitely smooth function in the neighborhood of this point including this point.
Proof. Let infinitely smooth cut-off function x(¢) be equal to 1 as t < %T and zero as t > %T, where ¥ =
min{by;1 — by;c} for d = 2 and T = min{by; 1 — by;ba;1 — be; ¢} for d = 3. We look for the function ¢ in IT in
the form )

ga(x) = x (ly) Gally]) + ¢ (). (4.7)

Acting to this function by the Laplace operator we get the problem for functions of g((il)(:r). We have

Agél) =Fy; aszell
Dol (4.8)
awd

=—a aszg=0

where F; € C§°(IT), where C§°(II) is the set of infinitely smooth functions with compact support in I7. Using
the Fourier method of separating variables, it is easy to show that there exists a 1-periodic in z; for d = 2 and
x1,x9 for d = 3 function g((jl) e C> (Ri) with differentiable asymptotics

g((il)(w) =0 (e7?™) | 24— +o0,

which is a solution of boundary value problem (4.8) for some a € R. Hence, using (4.8) we get all the statements
of the Lemma except (4.6).
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Denote by Sj the circle for d = 2 and the ball for d = 3 of the radius 6 < 1 centered in xg. Integrating by
parts the left-hand side of the identity

/ Agqdz =0,
1\ S5

by means of the boundary conditions on g4, we deduce
994
——ds = 0.
/ v s
O(I1\Ss)

Therefore due to (4.7) we get
a—oq4+ 0(5) =0.

Passing to the limit as ¢ — 0, we derive (4.6). O

Corollary 4.3. The differentiable asymptotics
ga(@) = Ga(lyl) + cma+ P ) + O (), y—0, (4.9)
holds, where cpr,q is a constant and Pln’d(y) 1s a homogeneous polynomial of the first order.

Remark 4.4. Note that the existence of a solution to the problem (4.8) can be proved by means of the
variational results (see Prop. 2.2 from [41] or Chap. 5 of the book [42]).

Lemma 4.5. There exist functions Vo(d), Vl(d) e C> (Rd\ﬁ) nc (]Rd\B), being solutions of the problems
AV =0, zeRN\B, VY=0, zcoB,

and having differentiable asymptotics

Vo (@) =lnle| +ep+ Ozl ™), Vo™ (@) = 1= Cs(B)la| ! + PP (@)= + O(J2|*),

Vi) = B @)+ e+ 03l ), WP (@) = P (@) = (P B)la| ™ + O(le]?)
as |x| — oo, where PlB’S(y) is a homogeneous polynomial of the first order.
Proof. Tt is wellknown (see, for instance, [43], Sect. 5.8), that for ¢ € C'(0B) the boundary value problem

Av =0, zeR\B, v=¢, x€0B (4.10)

has a solution v € C*° (R\B) N C (R¥\ B) with differentiable asymptotics

d
(@) = Cla|~ "+ > Ciajla| =+ 0 (|2]77), |2 — oo (4.11)

j=1

Then, the functions VO(2) () =In \x—x3|—|—‘~/0(2)(x , where z g is an arbitrary point from B, Vo(3) (x) = 1—|—I~/0(3) (x),
Vl(d) (z) = P"(z) + 171('1) (x), where 170(2)(1‘), 170(3) (x), 171('1) (x) are above mentioned solutions of the boundary
value problem for o(z) = —In |z — 2|, p(z) = —1, p(x) = —P{"%(z), respectively, satisfy the statement of our
Lemma. (]

Remark 4.6. Note that if d = 3 in (4.10) and ¢ = 1, then the constant C' = C5(B) in (4.11) is called the
capacity (harmonic capacity) of B. If d = 2 in (4.10) and ¢ = —In|z|, then the constant C' = c¢p in (4.11) is
called the logarithmic capacity of B.
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In analogous way as Lemma 4.2 one can prove the following statement.

Lemma 4.7. Let d = 3. Then there exists a 1-periodic in x1,xs function gz € C® <Ri\U{x(()k)}>, which
Kk
satisfies the problem
qu\g, =0 ZfZL' € H\{xo},
%9 —0 ifze s,
has the differentiable asymptotics
g3(x) =0 (6_2”3) , T3 — +00
and in a neighborhood of xy has the representation
~ B.,3 _ ~(1
Galx) = P2 ()l = + 35 (),
where ﬁél)(ac) s an infinitely smooth function in the neighborhood of this point including this point.
Corollary 4.8. The differentiable asymptotics
Gs(@) = PEA)lyl P + e+ O (), y—0, (4.12)
holds.
Denote 11, = IT\B, (see Fig. 2) and define in 11,

()
- 1nax<ayﬁ|) (VO )
Wolo)i= (1= (1)) (14 aCa(B) (a(0) — cra) + 0 (o Blan(e) + ()

+X<|y>(V03)(>+aV (Z)) ford=3. (4.13)

We assume that 8 € (0,1) following the method of matching of asymptotic expansions.
Now, denote BX = {z : (z; — k,22) € Bo}, k € Z for d = 2, B = {z : (v1 — k1,22 — ko,23) € Ba},
k = (ki1,k2), kj € Z for d = 3, B* = |J B¥ and extend the function W, (z) 1-periodically in 7 for d = 2 and in

W iR R)

1
(2) ot (1)

ab

Kk
21,29 for d = 3, keeping the same notation W, (z).

Theorem 4.9. The function W,(z) € C° (Ri\B“) is 1-periodic in x1 for d =2, and in x1,x9 for d =3, has
the differentiable asymptotics

Wa()—l—%(g—cnz-l-()(_zm?)) as ro — oo for d =2,

Wa(z) =1—a (Cg( Jem,s + O( _27””3)) as x3 — oo for d =3

(4.14)

uniform in a, and satisfies the problem

AW, = F, ifzell,
agg"':—li—fl for d =2, a@y =a4nC5(B) ford=3, ifveX,

W, =0 ifxze€dB,,

where F, € C3°(11,).
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F1GURE 2. The cell of periodicity.

Moreover, as a — 0,

1

11— WallL,(s) =O<m> for d =2, 11 —=Wallzozy =0 (a) ford=3, (4.15)

1 1
Hl— (Wa+1—(0B —CH’2)> =0 ( T ) for d =2,
na Loty \lnal (4.16)
38
1= (Wa + aCs(B)ens) | pagm,) =0 (a—f-aT) ford=3,
Bl =0 (s @+ 2) ) pord =2 (117)
| Fallpacrr,y = O (aH%’B Fa2 8y aB’%ﬂ) ford=3. (4.18)

Proof. All the statements of the Theorem except (4.16) and (4.17) follow from the definition (4.13) of the
function W, and Lemmas 4.2 and 4.5.
Let us prove (4.16). Suppose that

W (z) =~ ﬁ (1 - X (%')) 92(),

WéQ)(x) = — LX <|j—ﬂ|) (Vo(z) (%) + aVl(z) (%) +Ina—cp+ cn72> for d = 2,

and
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Then 1
Wo(z) + — (e —cira) — 1 =WV (z) + W (z) for d =2,

Ina (4.19)
Wo(x) + aCs(B)ems — 1 =W (x) + W2 (x) for d = 3.
Due to Lemma 4.2 we get
1
W 11,y =O <m> ford=2,  [W Lo, = O (a) ford=3. (4.20)
Denote
~ 2a°
T, = {x: ly| < LT}
3
Since supp (M) c T,, th
X aB as en
supp W (z) ¢ Ta.
For = € fa, due to Lemma 4.5 we have that
L ey @ (Y _ _ cd—
na (Vo (a) +aV] (a) +Ina—cp —|—cn72) =0(1) asd=2,
and
® (Y G (Y _ . = =
\4 (a) +alf (a) 1+aCy(B)ens) = O(1) asd=3.
Hence, due to the definition of W<§2)(x) we have
W |y, = O (a”) . (4.21)
From (4.19)—(4.21) we derive (4.16).
Since F, = AW,, then the definition of W, leads to
F,=FY + F®, (4.22)
where
1 ||
MWy — _ [~ _ _v@ (Y _ @ (Y Yl
0 == (1= o (o) +om —ema =i (1) - v (2))) ax (1),
1 ||
(2) () — _ ot _ v (Y _ @ (Y i _
F,2(z) 2V <1 na (gg(:r)—l—cB cr2 — V (a) aVy (a)) Vx P for d =2
and

F(2) == (1+aCs(B) (g3(x) — ems) + a* (Ca(P, B)ga(a) + a(@) = Vi (£) = av® (£)) A
F® () = =2V (1+aCs(B) (gs(x) = ems +a* (Ca(P, B)ga(w) + (@) = V¥ (L) —avi® (2))
for d = 3. Keeping in mind

B 2aP
a a
supp Ay (L%) , supp Vy (%) cT, = {x: —T <yl < —T},
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we conclude, that 4
supp Fy, supp F\") C T, (4.23)

also. Bearing in mind (4.9), (4.12) and Lemma 4.5 we deduce

- (1 - ﬁ (92(33) +cB—cm2 — Vo(z) (%) - aVl(Q) (%))) =0 (ﬁ (azﬁ +a1ﬁ)) ,

1 1 _
—2V (1 - (gz(m) +cg—crao— VO(Q) (%) — aVl(Q) (%))) =0 (m (aﬁ +at 25)) forzeT,, d=2

and
—(1+aCs(B) (gs(2) - ems) + a* (Ca(P. B)ga(@) + Ga(@)) = V¥ (£) = av® (£))
—0 (a1+2ﬁ ta4 a?»(kﬁ)) ,
_Qv(l +aC3(B) (g3(2) — cir,3) + a2 (C3(P, B)gs(x) + G3(x)) — V3 (%) —av? (%) )
=0 (' +a* 7 +a>)

for x € T,, d = 3. Then, since

we derive
E9(z) =0 <ﬁ (1+a13ﬁ)> forz € Ty, d =2,
Féi) (x) =0 (a + a2(-0) 4 (13_55) forxeT,, d=3.
Therefore,
”Fa(i)”Lg(T,,,) =0 (|lna| (a” + a125)> for d = 2,
IF Lo,y =O (GH%B L a?’_%ﬁ)) for d = 3.
From this relation, (4.22) and (4.23) we obtain (4.17). O

5. PROOF OF THEOREM 2.2
Before proving Theorem 2.2 we prove two auxiliary propositions.

Proof of Lemma 4.1. Then from the definition of W_ ,(z) and Theorem 4.9 one gets (4.1). Due to (4.16) we
have
2

9 1
Hl - We,a”]&(_(gi’a) < Hl - <Ws,a + m (CB - CH,Q))

Lo(026.a)

2
1
ot s) a2
La(2..0) |Inal [Inal
2
11— WE,U«||L2(QE,Q) <1 = (Weya + aCs(B)en,3) H%z((zm)
+laCs(B)en sl . .y = O (6(a+a¥)2 +a2) for d = 3, (5.1)

+ Hm (cB —cm2)
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Now (4.2) follows from (5.1) for any 5 € (0,1). Using (4.15), we get

1 =Wea

1
|L2(F):O(m) for d = 2, 11 =WeallL,ry = O (a) ford=3,

which leads to (4.4).
Assume

F275::{ac:x1:0,0<x2<€%}u{x:x1:1,0<x2<€%} for d =2,

and
Iy = (0(0,1)2) x (o,e%) for d = 3.

Since g4(x) € C> (II\{zo}), then from the definition of W, ,(x) and (4.14) we obtain

1
—27e” 2 2 1
Han,a _ O 67 7 H(?Wg,a — O % fOI' d: 2’
ov La(Ia\T.0) ¢|lnal ov La(Is..) e?|lnal
1
o () L o) e
Vo llLa (.. € Vo llLare. <

Due to the condition (2.5) we obtain the convergence (4.5).
From the definition of W, ,(x) and (4.17) we have

1AW ol <O ( (@ +a2)) for d— 2

£%|Inal

One can see that due to (2.5) the relations (5.3) imply (4.3) for any 1+ < 3 < 2.

(5.2)

(5.3)

O

Lemma 5.1. Let condition (2.5) hold. Assume also that the function U, , € Wa (£2c.4; o) converges weakly

Uea = U" in Wy (£2).
Then for any functions v € C(£2) the convergences

/ Ue,o(VWe o)dx —>/U*vdw,
Q Q

€,a

/ (VUeray V(0Wea))dz — / (VU*, Vo)dz + 0aCa(B)A / U vday
Pea Q n
take place.
Proof. Since v € C°°(£2), the Lemma 4.1 implies
WWea € Wy (Re.0i [eia) VW3 (2e.0)
Due to (4.2) we have

v(l—Weq) —": 0 in Lo(£2).

The convergence (5.5) follows from this and (5.4).

(5.4)
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Let us show (5.6). Integrating by parts, we get

/(VUS’G,V(UWE’G))d$:— / AvWe o U odx — / 2(Vu, VWe o)Ue odx

Qa,a Qa,a Qa,a (5 7)
— / vAW, U. odx + / @WE wUsz ods + / OWea vU, ods.
e ov T % ’
Qea r r
Since
Av(l1 =W, o) — 0 in La(£2), @(I—Wga)—>0 in Lo(I)
7 e—0 ov T e—0
due to (4.2) and (4.4), then from (5.4) we get
ov N ov__, .
- AvW, o Ue odx + aWS’aUE,ads R AvU*dz + aU ds= [ (VU*,Vv)dzx. (5.8)
E—
Q.0 r n r ?
By means of (4.3) and (5.4) we have
/ VAW, (U, odx = 0. (5.9)
£—
2,0
Bearing in mind that V(W, , — 1) = VW, , and integrating by parts, we derive
/(VU,VWE’G)UE,adx = / (Vo,V(W.q — 1)U odz
c.a 2e.a
=— / (We,a — 1)((VUE,,1, Vo) + Ug,aAv) dz
2.
ov
+ / (We = Uz gds.
r
Using this identity, (4.2), (4.4) and (5.4) we deduce
/ (V'U, ng,a)Ug,adx H—{) 0. (510)
2,0
Due to (4.1) and (5.4) we obtain
oW, 04Cq(B
/ a;’QUU&ads = _%((a)) /’UU&adS — UdCd(B)A/UU*ds. (5.11)
Iy Iy Iy
Finally, (4.5) and (5.4) lead to the convergence
OWe q
/ £y vl qds " 0. (5.12)
I

The convergence (5.6) follows immediately from (5.7)—(5.12). O
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Proof of Theorem 2.2. Since the Fredholm alternative for problem (2.1) holds (see, for instance, [35], Chap. II,
Sect. 3), then it is sufficient to show the estimate (2.6) to prove 1). If U, , = 0 on Iy, then estimate (2.6) follows
from (3.4) due to Remark 3.2.

Otherwise, due to the linearity of problem (2.1) it is sufficient to prove this estimate for normalized in La(I7)
functions U, ,. In this case the proof is based on contradiction. Let the estimate (2.6) be wrong. Then, due to
Remark 3.2 there exists a sequence of natural numbers, such that the conditions of Lemma 3.3 are fulfilled. Due
to the lemma the convergence (3.7) takes place and there exist a subsequence of indexes {k'} and a function
U* € W(12), such that the convergences (3.8) and (3.9) and the identity (3.10) hold as &' — oc.

Hence, using Lemma 5.1 and the convergence (3.7), we get the identity

/(VU*,VU) dz + UdCd(B)A/U*vds = /\/U*vds
9] In I

for any v € C°°(2). From the embedding of C*°(£2) in W} (£2) it follows that this identity holds for any

v € W3(£2). On the one hand U* # 0 due to (3.10), and on the other hand, A is not an eigenvalue of the limit

problem (2.4), hence we have a contradiction. This contradiction proves the estimate (2.6).

Let us now prove the statement 2). Assume that {ax}72,, is a sequence, such that fore = e, a = ap ask — oo
the convergence (2.5) holds, {k'} is an arbitrary subsequence of natural numbers. Then using estimate (2.6),
we conclude that there exist U* € W3 (£2) and a subsequence of this sequence, such that the convergence (5.4)
takes place on this subsequence. Writing down the integral identity (3.2) with the test function equals to vW, ,
with arbitrary function v € C*°(£2), we obtain

/ (VUeay V(0WWe)) dar = A / Vs (vWea) ds + / (oW 0) ds.
20 I I

Then due to Lemma 5.1 the identity
/(VU*,VU) dl“"UdCd(B)A/U*UdSZ/\/U*Uds+/fyd5
9] In I In

holds for any function v € C°°(£2). The embedding of C*°(£2) in W4 ({2) and the uniqueness of the solution of
the limit problem (2.2) gives U* = Uy. This fact, the arbitrariness of the choice of the subsequence {k’'} and
the convergence (5.4) lead to the weak convergence (2.8).
It remains to prove for A = 0 the strong convergence (2.7). Using the integral identity (3.1), weak conver-
gence (2.8) and the compactness of the embedding of W3 (£2) in Ly(£2) and in Ly(I7), we derive
1Ue.a = Uolliys 0y = IV (Uea = Uo)ll7 ) + 100 = UollZ, )

= [|Ue,a — U0||2L2(n) + VU, |iz(n) + ||VU0H%2(Q)

- / (VU. 0, VU) dz — / (VUo, VU.. ) da
02 2

= 1Ue.a = UollZ,(0) + VUesa

|im) + ||VUO\|12(Q) —2/(VUO,VUE,,1) dz
2

Ve = Uoll iy + [+ 00U ds + [+ Ae) e s
Fl Fl

—2/(f—|—/\Uo)Ug7a ds —>OO.
Iy

Theorem is proved. O
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From the proof of statement 2) of Theorem 2.2 one can derive a stronger assertion.

Lemma 5.2. Let the condition (2.5) hold, assume also that A is not an eigenvalue of problem (2.4), U, is the
solution of problem (2.1) for f = fe.a, Uy is the solution of problem (2.2) for f = fo, the weak convergence

fe,a 5j0 fO m L2(F1) (513)

holds.
Then the convergence (2.7) and (2.8) take place.

Obviously the following proposition holds true.

Lemma 5.3. Suppose that the condition (2.5) holds and X is not an eigenvalue of the problem (2.4), Up.cq
is the solution of problem (2.2) for f = fz a4, Uy is the solution of problem (2.2) for f = fo and the weak
convergence (5.13) holds.
Then the weak convergence
Uoea = Uo  in W3 ()

takes place.

Remark 5.4. We use these two statements to prove the convergence of eigenpairs of the problem (2.3). More
precisely, we introduce operators mapping the right-hand side of the equation to the trace of the solution and
prove the operator convergence of them.

6. PROOF OF THEOREM 2.3

Denote by P, and Py operators Pe q, Po : L2(I1) — Lo(I7), mapping f to the traces on I of solutions
to boundary value problems (2.1) and (2.2), respectively, for A = —1. For such lambda these operators are
compact, selfadjoint and positive.

Lemmas 5.2 and 5.3 lead to the following statement.

Lemma 6.1. If condition (2.5) and weak convergence (5.13) hold, then
Ps,afs,a :) POva POfe,a 6?0 POfO m L2(F1)
strongly.
Lemma 6.2. If condition (2.5) holds, then
[Pe,a = Poll — 0
e—0
in the operator morm.

Proof. Assume the contrary. Then, without loss of generality one can say that there exists a number § > 0 and
normalized in Lo (I}) functions f; 4, for which the following estimate:

||P5,afs,a - POfs,a“LQ(Fl) >0 as €—0 (61)

holds. Due to the weak compactness of the Hilbert space Lo(I7) we conclude that for some subsequence of
indexes ¢, a the weak convergence (5.13) takes place. Then using Lemma 6.1 we have

[Peafea = Pofeallisry < IPejafea = Pofollary + 1Pofo = PofeallLacry — 0,

which contradicts (6.1). Lemma is proved. O
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Denote by L. o, Lo : Lo(It) — Lo(I) the operators inverse to Pe o, Po : Lo(It) — Lo(Ih). From Lemma 6.2
and ([44], Chap. 9, Sect. 4) (see also [45], Chap. IV, Thms. 2.25 and 3.16) we easily derive the following
proposition.

Lemma 6.3. Suppose that the condition (2.5) holds, and the multiplicity of the eigenvalue Ag to the operator
Loy equals to n. Then there exist exactly n eigenvalues AQL of the operator L. ,, | = 1,...,n (with respect to

their multiplicities) converging to Ay as e — 0.

Since obviously ASL = SL + 1, Ag = Ao + 1, then the next assertion follows.

Lemma 6.4. Suppose that the condition (2.5) holds, and the multiplicity of the eigenvalue g to the prob-

lem (2.4) equals to n. Then there exist exactly n eigenvalues /\S)a of problem (2.3), 1 =1,...,n (with respect to
their multiplicities) converging to Ao as € — 0.

Proof of Theorem 2.3. The statement [ follows from Lemma 6.4.
The integral identity of problem (2.3) has the form

/(Vug{L,Vv)dx = ASL /uglzlvdas
? Iy

|Lo(ry) = 1, substituting in this identity v = uQL and bearing in mind

Bearing in mind AQL — Ap and HuglL
Remark 3.2, we get

||U£{21HW,§(Q) <C (6.2)
Using this estimate (analogous to the estimate (2.6)) we complete the proof of the statement I7, repeating the

proof of 2) of Theorem 2.2. O

7. VARIATIONAL ESTIMATES FOR THE SEMI-STRIP AND FOR THE SEMI-INFINITE
PARALLELEPIPED WITH SMALL HOLE

Denote I1(t) := X x (0,t). Here and throughout ¢t > 0 and a are such numbers, that I1(t) N B, = B,. Denote
I1,(t) := I1(t)\B,. Define the space H'(II,(t); 0B,) is a completion by the norm

1/2

lwll g (1, )y = / |Vw\2dx+/w2ds (7.1)
170 (t) b

of functions from C'*°(I1,(t)), vanishing on 0B,.
The aim of this Section is to prove the next statement.

Theorem 7.1. There exists a constant C > 0, such that the uniform in a estimate

[ V| de
I1,(t)
= d= 2a
weHl(JIL(t);aBa) [ w2daq [In al for
o 3
) (7.2)
[ [Vw|” dz
I (1)
— >C d=3
wEHl(ll'[a(t);é)Ba) J wdzidzy “ Jor
w0 5

holds.
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We emphasize that it is not necessary to have a — 0.

We use this estimate in the proofs of Lemma 8.1 and Corollary 8.2, which are crucial in proofs of Theorems 2.5
and 2.6.

The Steklov type spectral problem

—Awg =0 asx € I,(t),

we, =0 asx € 0B,

5 (7.3)
Ha =0 asx € I(t)\X,

88% = Aa)w, asz € X,

we consider in a weak sense. That is, a nontrivial element w, from H!(II,(t); 0B,) is called a weak eigenfunction
of problem (7.3), and A(a) is an eigenvalue, if for any v € H'(I1,(t); 0B,) the identity

/ (Vwg, Vv)dz = A(a) /wavds (7.4)

M, (t) 5]
holds true.

Lemma 7.2. The minimal eigenvalue A, of problem (7.3) satisfies the relation

[ |Vw|*dz

. . (t)
A, = f _— . 7.5
“ weHl(lliri(t);aBa) [ w2ds (7.5)
w0

Proof. Define the space H'(II(t)) as a completion by the norm
1/2

fullmiy = | [ 1Vulde+ [utds (7.6)
11(t) b5

of the set of functions from C°°(II(t)). Denote by (u,v)1 and (u, v)o the scalar products in HY(I1(t)) and Lo(X)
respectively. Considering functions from H(II,(t); 0B,) extended in B, by zero, we rewrite the identity (7.4)
in the form

(wavv)l = (Aa + 1) (U}a,’U)o,
which due to the Riesz Theorem (see, for instance, [35], Chap. II, Sect. 3), can be regarded as

(waav)l = (Aa + ]-) (Aawaav)la

where the operator

Aq 2 H'(ILo(t);0B4) — H' (Ia(t); 0Ba)

is defined by the formula
(Agwg,v)1 = (wq,v)o (7.7)

for any v € H*(I1,(t); 0B,). Thus, the minimization problem for the first eigenvalue of problem (7.3) leads to
the problem for the minimal characteristic value y, for the operator A, in H'(I1,(d); 0B,):

Wq = ,ua-Aawa ,
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where
fo = Ag + 1. (7.8)

It is easy to see, that the operator A, defined in (7.7), is selfadjoint nonnegative linear and bounded, and
moreover,

[l A w — .Aaz||%p(n(t)) = (Aqw — Agz, Agw — Ayz)1 = (w — z, Agw — Ag2)o

g Hw - Z‘|L2(2)||Aaw - AQZHL2(2) g Hw - Z”LQ(Z)”Aaw - AGZ”HI(H(t)) -

Hence,

lAaw = Aazll s e, < 10 = 2l as)-

Using this estimate, the boundedness of the operator A,, the equivalence of the norm (7.6) and the standard
norm in Wy (II(t)), and the compactness in L2(X) of the traces of functions bounded in W4 (II(t)) (see, for
instance, [35], Chap. III, Sect. 5, Thms. 5 and 4), we conclude that the operator A, is completely continuous.
Then (see, for instance, [35], Chap. 2, Sect. 5 Thm. 1) keeping in mind (7.7) we get

5 [ |Vwa|? da
= in 7Hwa”Hl(H(t)) = inf L +1
Ha weH (I, (1);0Ba) (AqWa,Wa)1  weH(II.():0B.) [ w2ds ’
w#0 w#0 ¥
Formula (7.5) follows from this and (7.8). O

Due to Lemma 7.2 the minimal eigenvalue A, of problem (7.3) is a monotonically increasing in a function
(not only for small a). Hence, to prove Theorem 7.1 it is sufficient to prove the next theorem.

Theorem 7.3. If a — 0, then

Ay = _i_”a(l +o(1)) ford=2, A, =4rCy(B)a(l+o(1)) ford=S3. (7.9)

The rest of the section is devoted to the proof of this Theorem.
Lemma 7.4. If a — 0, then the minimal eigenvalue A, of problem (7.3) goes to zero.

Proof. In analogous way as it was done in [38] it is easy to show, that for any function v € H*(II(t)) there exist
functions v, € H'(Il,;0B,), such that v, — v in H'(II(t)) as a — 0. Taking v = 1, we have

[ |Vva|? da
I1,(t)

N
Jv2ds a—0
b

Lemma follows from this and (7.5). O

Lemma 7.5. Assume that A(a) is an eigenvalue of problem (7.3), converging to zero as a — 0, w, is the
respective normalized in Lo(X) eigenfunction. Then from any sequence ay, P 0 as k — oo it is possible to

— 00

choose a subsequence {ay }, such that the strong convergence

we — w* in La(X) (7.10)

a—0

holds on this subsequence, where
w =1 or w'=-L (7.11)
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Proof. Substituting v = w, as a test function in (7.4), we get

|wall & (1)) < C-

Keeping in mind the equivalence of the norm (7.6) and the standard norm in W3 (II(t)), we get

|wallwy ey < C.

The weak compactness of bounded sequence in a Hilbert space, the compactness in Lo (X)) of traces of functions
bounded in W3 (I1(t)) lead to the following: from any sequence a, — 0 as k — oo one can choose a subsequence

k— o0
{ak'}, such that the strong convergence (7.10) holds on this subsequence and the weak convergence
we = w' in H*(II(t)) (7.12)
At —
holds.

It remains to prove formulae (7.11). Suppose that v is an arbitrary function from H(II(t)), and functions
vy € HY(I1,;0B,) extended by zero in B,, satisfy v, — v in H'(II(t)) as a — 0. The possibility of construction
of such a sequence follows from the description of the micro inhomogeneous geometry of the domain I7,. Then,
substituting v, as a test function in (7.4) and passing to the limit as @ — 0 bearing in mind (7.10) and (7.12),
we obtain

/ (Vw*,Vv)dz = 0.
I(t)
Due to the arbitrariness of the choice of v we have w* = const. Finally, this fact, the convergence (7.10), and
|wa |l Ly(x) = 1 prove (7.11). O
Next Corollary follows from Lemmas 7.4 and 7.5.

Corollary 7.6. The unique eigenvalue of problem (7.3), converging to zero as a — 0, is the minimal simple
eigenvalue A,, and the respective eigenfunction w, normalized in Lo(X), satisfies Lemma 7.5.

Proof. Assume the contrary, i.e. in addition to the minimum eigenvalue A, — 0, there exists another eigenvalue
Ag # Agy, Ay — 0 and suppose that w, is the respective eigenfunction normalized Lo(Y). Then from (7.4) it
follows that

/ (Vwg, Vi) dz = A(a)/wa@ads, / (Vg, Vw,) dz = /T(a)/zﬂawads
(1) b . (t) b5

and hence, w, and w, are orthogonal in L2(X'), which contradicts with (7.10) and (7.11). Then the statement
of Corollary follows from Lemma 6.3. d

The proof of the next Lemma is completely analogous to the proof of Lemma 4.2.

Lemma 7.7. There exists a function gq € C™ (H(t) \ {w0}>, which satisfies the problem

Aga =0 asxzeIl(t)\{zo},

% =0 asx € 8H(t)\fa

% =o0q asx € X
and represents in a neighborhood of the point xq, in the form
- ~(1
Ga(@) = Ga(ly)) + 73" (@)

where 5((11) 1s infinitely differentiable function in the neighborhood of this point.
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Corollary 7.8. The differentiable asymptotics
ga(x) =Ga(ly)) + cma+ P W) + O (). y—0,

holds, where c7,q is a constant and Pln’d(y) 1s a homogeneous polynomial of the first order.

Proof of Theorem 7.3. Denote

Wa(a) = (1 X (L%)) (1 - ﬁ (g2() +ep — cn,2)>
S (B (@) (1) e

( ('y)) (1 + aCs(B) (3s(2) — cs))
ox () (2 +ar (4) ford =3

Obviously it belongs to WZ(II,(t)). Using Lemmas 7.7 and 4.5, we obtain in analogous way as in the proof of
Theorem 4.2, that the function W, satisfies the problem

—AWa =F, asuz €Il (),

W,=0 asz € dB,,

_ B (7.13)
8;5"' =0 asz€Ill(t)\X,
agzaz—li—”a for d =2, 85/1/"_(147'(03( ) ford=3, ifzek,,
where
N 1 N
||]-_WaHL2(Z) =0 <m> fOI‘dZQ, ||1_WaHL2(Z) :O(a) fOI‘d:S,
F, —0 (1 (a# +a2 for d =2
1Fall 20y =0 { 1 (a” +a'™?) or d = 2,
1Fall oz, 1)) =0 (aH%ﬁ + a*gﬁ) for d = 3.
Suppose that 0 < 8 < % Then
IEall Lorra ey —— 0 Wa =1lLo(z) =, 0 (7.14)

Substituting v = W, and Aa) = A, in (7.4), we get

/ (Vwa,V,V[v/a)dx :Aa/waWads.
II,(t) x

Multiplying the equation in (7.13) by w, and integrating this equation by parts over I1,(t), we derive

__ B __
/ (VW,,Vw,)dz = —M/waWa ds + / F,w,dz.
Gal(a)
o (t) > o (t)
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From these two identities we deduce

(B ) [uTads = [ Fuwads
Gala) 5 1.(1)

The representation (7.9) follows from this, as a — 0, and also from (7.10), (7.11) and (7.14). O

8. PROOF OF THEOREMS 2.5 AND 2.6

Before proving Theorems 2.5 and 2.6 we give one auxiliary proposition.

Lemma 8.1. If the condition (2.11) holds, then there exists a constant C > 0, such that for functions v €
W21 (2,05 Tc.q) the estimate

[llZ,cryy <Cellnal vl g,y  ford=2,
2 (£2:,0)

(8.1)

||’UH%2(['1) gcga/—l”UH%/V?l(sta) fo'f”d:?)
holds.

Proof. For any functions w € H(II,(t); 0B,) due to (7.2) we have

||w\|%2(2) <C|Inal HVU)H%Q(H@)) ford =2,
||U’H%2(2) gca_1||vw||%2(n(t)) for d = 3.
Denote 4
2 ={a: je <ar < (j+ e, 22 = 0} ford—2

Fl(JEZ) =z je<zi <(f+1)e, ie <y < (i+1)e, 3 =0} for d = 3.
From these inequalities we derive for functions v belonging to W3 (£2. 4; I'- o) the following estimates

-1 2 2
€ \|v||L2(F1<Q) < C|lnal IIVUIILQ(FS;X(W),

e M olEyn) < Clmal Vol r¢e) < Clinalllvlfy; g,

for d = 2, and
1,012 -1 2
€ ||UHL2(F¥£’”) < Ca HV,UHL2(F1(YJ.E’”><(OJE))’
e ol < Ca™ IVollZ, (rgrey < Ca_lHUH%VQl(QE,a)
for d = 3.
Finally, the estimate (8.1) follows immediately. U

Corollary 8.2. Suppose that (2.11) is true and the weak convergence

Uea = U i Wi(0) (8.2)

£—

takes place. Then U* € W} (§2;I1).
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Proof of Theorem 2.5. Suppose that the statement of Theorem is not true. Then without loss of generality we
assume that A. , — Ag as € — 0. Due to the integral identity

/(Vu&a, Vo)de = Aeq | ueqvds Ve Wzl(QEﬂ; Ita), (8.3)

2 I

of problem (2.3) we derive that
Vel ) = AesalltcalZyim) = Aea = Ao,

where u. 4 is a normalized in Lo(I1) eigenfunction of problem (2.3). Hence (see Rem. 3.2)

[ve,allwp o) < C.

Then there exists such a subsequence of indexes that the following weak convergence

Usa =5 Us Z£0 in Wy (02) (8.4)
E—

holds on it. Denote by C§° (£2;Iy) the subset of functions from C°°({2), vanishing in a neighborhood of I7.

Assume that v € C§°(2; ). It is easy to see, that v € W) (2 ;[ o) for sufficiently small e. Substituting an

arbitrary v € C§°(£2; I'1) in (8.3), passing to the limit as € — 0 and bearing in mind the convergence (8.4), we

obtain the identity

/(Vu*, Vo) dz = 0. (8.5)
2

The dense imbedding of C§°(£2; 1) into W} (§2;1}) leads to the validity of the identity for any functions
v € W3 (£2;I1). Since u* € W4 (£2; I'1) by means of the convergence (8.4) and Corollary 8.2, substituting v = u*
in (8.5), we derive that v* = 0, which contradicts (8.4). Theorem is proved. O

Proof of Theorem 2.6. To prove the theorem we need the estimate (2.6) for the solution U, , of the problem (2.1)
also in the case (2.11). Due to the linearity of problem (2.1) it is sufficient to prove this estimate for normalized
in Ly(I4) functions U ,. In this case the proof is based on the contradiction. Let estimate (2.6) be wrong.
Then due to Remark 3.2 there exists a sequence of natural numbers, such that the conditions of Lemma 3.3 are
fulfilled. Due to Lemma 3.3 the convergence (3.7) takes place and there exist a subsequence of indexes {k'} and
a function U* € W (£2), such that the convergences (3.8) and (3.9) and the identity (3.10) hold as k' — oc.
And moreover, U* € W} (£2;11) due to Corollary 8.2. Substituting an arbitrary v € C§°(£2; 1) in (3.2) (as
€ = em(wy and a = ay ), passing to the limit as &’ — oo and bearing in mind the convergence (3.7), we obtain
the identity

/ (VU*, Vo) dz = 0. (8.6)
(9]

The dense imbedding of C§°(2; 1) into W3 (£2;11) leads to the validity of the identity for any functions
v € W2(§2;11). On the one hand U* # 0 due to (3.10), and on the other hand from (8.6) we get U* = const
which vanishes on I'1, consequently U* = 0. Hence, we obtain the contradiction. Therefore, the estimate (2.6)
holds.

Assume that {ar}72, is a sequence, such that for € = €4, a = a; as k — oo the convergence (2.11) holds,
{k'} is an arbitrary subsequence of natural numbers. Then, due to estimate (2.6) there exist U* € W} (£2) and
a subsequence of this subsequence, such that the convergence (8.2) is valid on this subsequence, and moreover,
U* € W3(§2; I'1) because of Corollary 8.2.
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Substituting an arbitrary v € C§°(£2; I'1) in (3.2) (as € = e and a = ays), passing to the limit as k' — oo
and keeping in mind the convergence (8.2), we get (8.6). The embedding of C§°(£2; I) into W (§2;I1) leads
to the validity of the identity (8.6) for any functions v € W (£2; I'). Substituting v = U* in (8.6), we conclude
that U* = 0. This fact, the arbitrariness of the choice of the subsequence {k'} and the convergence (8.2) give
the weak convergence

Uea =0 in W, (). (8.7)
Using the integral identity (3.2), weak convergence (8.7) and the compactness of embedding W (§2) into L2 (£2),
we derive

1Ueallfva () =NVUellL, o) + 1UeallZ, 0
Vel oo~ [ FUea de 50,
Q
Hence we have the strong convergence (2.12). Theorem is proved. O
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