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SUPERCONVERGENCE BY M-DECOMPOSITIONS.
PART III: CONSTRUCTION OF THREE-DIMENSIONAL FINITE ELEMENTS *

BERNARDO COCKBURN! AND GUOSHENG Fu!

Abstract. We apply the concept of an M-decomposition in the framework of steady-state diffu-
sion problems to construct local spaces defining superconvergent hybridizable discontinuous Galerkin
methods as well as their companion sandwiching mixed methods in R® with tetrahedral, pyramidal,
prismatic, and hexahedral elements.
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1. INTRODUCTION

This is the third of a series of paper in which we develop the concept of an M-decomposition as an effective
tool for devising hybridizable discontinuous Galerkin (HDG) methods, and their companion sandwiching mixed
methods, which superconverge on unstructured meshes of shape-regular polyhedral elements. In the first part
of this series, [6], the general theory of M-decompositions was developed in the frame of steady-state diffusion
problems:

cg+Vu=0 in £2,
V-g=f in (2,
u=g on 042,

where 2 C R? is a bounded polygonal (d = 2) or polyhedral (d = 3) domain, c is a uniformly bounded, uniformly
positive definite symmetric matrix-valued function, f € L?(£2) and g € H'/?(912). In the second part of this
series, [5], the general theory was applied to the two-dimensional case. Here we apply it to explicitly obtain
new ready-for-implementation local spaces admitting M-decompositions for flat-faced pyramidal, prismatic, and
hexahedral elements.

To better describe our results, let us recall the definition of the HDG (and mixed) methods under con-
sideration; we use the notation used in Part I, [6]. The HDG methods seek an approximation to (u,q,ule, ),
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(un, gy, up), in the finite element space Wy, x V', x M}, of the form

n={v e L*T,) :v|lxg € V(K), K €T},
Wi = {w € L*(Th) : w|g € W(K), K € T},
My = {p € L*(&x) : plr € M(F), F € &},

which is determined as the only solution of the following weak formulation:

(cqy, v)7, — (un, V- 0)7, + (Un, v-n)oy, =0,
—(qn, Vw)y, +(q, n,woer, =(f,w)s,,

(@, -, wog,\a0 =0,
(Un, wog = (9, )on;

for all (w,v,u) € Wy, x Vi, x Mp,, where
g, -n=gq;, n+aolu, —u,) on 9Ty

In Part I, [6], it was shown that these HDG methods are superconvergent on unstructured meshes if, for all
elements K € Ty, the local space V(K) x W(K) admits an M (0K )-decomposition, where

M(OK) :={u € L*(0K) : p|lp € M(F) for all faces F of K},

and that the resulting methods are mixed methods, that is, we can take a = 0 since V - V(K) = W(K).
Moreover, the construction of M-decompositions for any space M (9K) was proven to be possible via solving
Laplace equation with certain Neumann boundary conditions on the element K. The actual construction of read-
for-implementation spaces admitting M -decompositions on polygonal meshes, without solving Laplace equations,
was carried out in Part II, [5]. Here, we extend this effort to the three-dimensional case.

As in Part II, [5], we summarize the construction as follows. (From now on, if there is no confusion, we
drop the dependence of the local spaces on the element K.) Given a space of traces M on K containing the
constants, we pick any given space V, x W, satisfying the inclusion properties:

(I1) Vg +9W, C M,
(L2) VW, x V-V, C V, x W,,

where YV, := {v - n|ox : v € V} and v W, := {w|srx : w € W,}. We then construct the three spaces V' x W
admitting M-decompositions described in Tables 1 and 2. The spaces in the top and bottom rows give rise to
(hybridized) mix methods. The two integers in the last column of Table 2 are defined as follows:

In (Vg x Wy) :=dim M — dim{v - nlpx : v € V,,, V-v =0}
— dim{w|ox : w € Wy, Vw = 0},
Is(Vy x Wy) :==dim W, —dim 'V - V.

Here, we carry out this construction for the main flat-faced polyhedral elements involved in three-dimensional
meshing, namely, tetrahedra, pyramids of quadrilateral base, prisms and hexahedra of quadrilateral faces. We
summarize our results in Tables 3 and 4. In Table 3, we consider tetrahedral elements, pyramidal elements with
a square (or parallelogram) base, prisms with parallel faces, and cubes (or parallelepipeds). Therein, Q(K)
denotes the space of tensor product polynomials of degree k defined on K, and Py, (K) the space of the form
Pr(B)®@Pr(e) whenever K is the prism B xe. We denote by Py, (K), respectively, Py, (K) and Qi (K), the vector-
valued functions whose components lie in Py (K'), respectively, Py, (K) and Qx(K). In Table 4, we consider the
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TABLE 1. Construction of spaces V' x W admitting M (0K )-decompositions; we assume that
M (OK) contains the constants. The given space space V, x W, satisfies the inclusion proper-
ties (I). We assume the scalar space W contains the constants Po(K).

vV w
VP =V, @ 0Vaum © 6Vanw W™= T,
Ve =V, & §Vauu Whis.= W,
Vmix 1= Vg ® 0Vaum Whix :=V -V

TABLE 2. The properties of the spaces 0V'.

5V V.V % dim §V
OVaum {0} C M, m’}/‘/gs = {0} I]y[(‘/g X Wg) = dim ’}/5Vﬁ11M
Vanw C Wy, NV -V, = {0} cM Is(‘/g X Wg) =dim V- §Vanw

TABLE 3. Some properties of the spaces V x W admitting an M (0K )-decomposition when K is
a regular polyhedral element: a tetrahedron, a pyramid with a square base, a prism with congruent,
parallel faces, and a cube. If F' is a rectangular face of K, then M (F) := Qi (F); if not, M (F) := Py (F).
Here k£ > 1. The symbol v indicates that the spaces are new.

b A O O

Vy x Wy P x Pi P x Py Tk‘kaPk‘k Qp x Qp
I (Vg x Wy) 0 ik(k+1)+3 k+2 6
Is(Va x Wy)  3(k+1)(k+2) $(k+1)(k+2) k+1 1
ymix o pymix RT[10] v v TNT (7]
yhde 5 pyhde HDG,[8] v v HDG,[8]
Vomix X Winix ~ BDM[2,11] v v

construction for the other elements. Therein, JDg(K ) denotes the homogeneous polynomials of degree £ in K. In
these tables, we restrict ourselves to displaying the dimension of the spaces involved in the construction and in
stating if they are new or already known. When the spaces we obtain are actually new but can be considered
a small variation of already-known ones, we do not mark them as new. We remark that the three old spaces
listed in Table 4 are only defined on a regular polyhedron, though.

Let us give an idea of how do we proceed to obtain our results. The construction of the space 6 Vi is fairly
easy, especially when compared with that of the space §Vgin. To construct 6 Vanw, we proceed in two steps.
In the first, since

v € Vy: Vv =0} C {pe MOK): (u,1)ax = 0},

we have to find a subspace Cpr C M (OK) such that
Cu@{veVy: Vio=0}={neMOK): (u1)ox =0}
In the second step, we find a basis of Cs, Bas, and simply set
0Vaum = span{v, : p € By},

where the function v, is a suitably chosen, divergence-free function which lifts the trace functions of Cyy,
because we have that v, - n|apx = p, into the interior of the element K. These liftings are relatively easy to
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TABLE 4. Some properties of the spaces V' x W admitting an M (0K )-decomposition when K is
an irregular pyramid (of a quadrilateral base), prism or hexahedron (of quadrilateral faces). Here
M(OK) = Pr(0K) and V, x Wy = Px(K) x Pi(K). In all cases, Vinw := x Pi(K). The symbol v
indicates that the spaces are new.

Ly & S

number of pairs number of pairs
of parallel faces of parallel faces
IA[(V_(-; X Wg) 0 1 0 1 2 3
k=0 1 1 1 2 2 2 2
k=1 3 3 3 6 6 6 6
kE>2 3 3 k+2 9 k+T72k+5 3k+3
ymix e ppmix v v v v / v
vhde o wyhde v v v v vV HDGy
Vmix X Wmix v v BDM<k>[4] v v v BDM[k][ ]

get as they have a simple, explicit formula in terms of polynomial or rational functions, or are given in terms
of easily computable piecewise-polynomial functions. On the other hand, the difficulty is the characterization
of the space y{v € V; : V-v = 0}. When it is not possible to get it all at once, we number the faces and
use a sequential, divide-and-conquer strategy to find Cj; which allows us to focus our attention on the normal
traces of the space {v € V; : V-v = 0} on a single face of the polyhedron at a time. As a consequence, our
construction does depend on the way we number the faces. This is a reflection of the fact that the spaces we
are seeking are not uniquely defined.

Now, let us discuss why is it that we only consider some polyhedral elements. To illustrate the idea, we take
Vy = Py. The reason is, roughly speaking, that the space

{vePy: v-nlspg =0, V-v =0},

which we have to know well in order to carry out our construction, is very complicated for an arbitrary poly-
hedron, especially when k is big. Indeed, in two-space dimensions, such space, for the polygon K, can be
characterized as

{(aywv _azw) LweE Tk;Jr](K) and w|8K = 0}

Thus, a basis can be readily computed since the space of H!-bubbles {w € Pj41(K): w|sx = 0} is very easy to
get. However, in three-space dimensions, such a characterization becomes extremely involved for a polyhedron
K, especially as the number of faces increases. Indeed, the space we seek is now

{Vxv:vePrpi(K)and n x (v xXn)lsgx =0},

where n is the normal to the boundary of K. The space of H(curl)-bubbles {v € P11 (K) : nx (vxn)|sx =0}
is very hard to compute. In particular, as we are going to see, it depends on the number of pairs of parallel
faces of the polyhedron, and even on the number of parallel edges. This is why, we restrict ourselves to the
above-mentioned polyhedral elements.

Finally, to highlight the relevance of our approach, let us compare our mixed finite element spaces V™ x Jy/mix
containing the give space V;, x Wy := Pj x Py in Table 3 on the regular pyramid with those of Nigam and
Phillips [12,13]. The first family of high-order accurate, stable mixed finite element spaces on a regular pyramid
was presented in [12]; they were denoted by U®)#+1 5 UG)F+1 Later in [13], the same authors constructed
a second family of pyramidal finite elements, R(2)-#+1 5 RG)E+1 " with significantly smaller space dimension.
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The spaces were constructed by mapping certain rational functions from a reference infinite pyramid to the
physical pyramid. They have the following inclusion property to ensure approximability:

Pi x Pp, C REVFFL 5 REVAFL I B) 441,

While these two pairs of spaces and ours have the same convergence rates, our spaces have significantly smaller
dimension for k£ > 1 (the spaces are identical for k£ = 0), since

dim U A+ _ dim R+ — %k (k + 1)(4k +7),
: 1
dim R+ _ dim ymix = gh(k+ 1k +2)+ k=2,
dim UG A+ _ dim REV A+ — %k (k + 1)(4k + 5),

; 1
dim REHFHL _ qim mix = gk b+ 1)k +2).

We achieve this improvement on the space dimension by directly working with the physical pyramid to augment
P x Pi. with the minimal number of additional basis functions to ensure a space admitting an M-decomposition
rather than using sophiscated mappings from an infinite pyramid as was done in [12,13].

The rest of the paper is organized as follows. In Section 2, we describe and discuss our constructions of
M-decompositions. In Section 3, we show how to compute the composite liftings used in Section 2. In Section 4,
we prove the main results in Section 2. We end in Section 5 with some concluding remarks.

2. THE MAIN RESULTS

In this section, we display and discuss our main results, that is, the construction of the filling spaces d Vanm
and 6 Vayw satisfying the properties in Table 2. We begin by introducing the notation we are going to use and
then proceed according to the shape of the polyhedral element K.

2.1. Notation

We start by setting the notation we need to state our results. After describe the several elements of our
polyhedra K, we introduce two objects needed for the construction of the space Vanw: extensions of a trace
defined in a single face of K into the whole boundary 0K, and liftings of those traces into the interior of the
element K.

Geometry

We begin by displaying in Figure 1 the notation we are going to follow to describe the faces of each of the four
polyhedral elements we are going to consider. The faces are taken to be flat and so the points « on the face
F; lie on the hyperplane \;(x) = 0. The outward unit normal at the face F; is denoted by m; and is parallel
to VA;. When k451 := n; X nj - ng is not equal to zero, we know that there is a unique point v;;;, defined by
Me(vijr) =0, £ € {i,7,k}. In general, v;;;, lies outside the element K, but when it does not, it is nothing but
the vertex shared by the faces Fj, F; and Fj,. We indicate that the face F; is, respectively, is not, parallel to the
face F; by writing, F; || F}, repectively, F; | F;.
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F 4 F3 F1
F,
Fl Fl

FIGURE 1. The faces of a tetrahedron (top left), pyramid (top right), prism (bottom left),
hexahedron (bottom right). The face Fy is the face at the bottom of the polyhedral.

Exzxtensions of traces

To be able to obtain the space of traces Cy; described in the Introduction, we need to define two extensions to
0K of functions defined on a single face F; of K. The extensions are the following;:

on Fj,
I, €
ni(Q)=1q — Tmo1 on Fit1, (2.1a)
' on OK \ (F; U Fiy1),
Jr, G ‘
mGLG) =14 & ene o (2.1b)
0 on 0K \ F;.

Notice for any ¢ € Pp(F;), then pu := 1;(¢) € Px(dK) and [, pds = 0. Similarly properties hold for any
¢ € Pp(Fy),i=1,2 and p := n;(¢1, (o).

Liftings of traces

Finally, we introduce some special functions needed to describe our spaces Vainv. They are devised to lift the
space of traces C)ys into the interior of K. For some elements, those liftings can be polynomial functions but,

just as in the two-dimensional case [5], it turns out that it is not possible to carry out the construction of the
spaces under consideration by using only polynomials for more general elements K, as we see in the next result.

Theorem 2.1. Let K be a polyhedron which is not a tetrahedron, a prism with parallel congruent triangular
bases, or a parallelepiped. If V. x W admits an M -decomposition with M = Pr(0K) for some k > 0 and
Po C W, then V must include some non-polynomial elements.

Because of this result, whose proof is detailed in Section 4, we have to rely on functions we construct as
follows. Given a flat-faced polyhedron K, let us triangulate it by using the non-overlapping tetrahedra {7;}1,.
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For any given k£ > 0, we set the space

Vi (K) = {v e Hy(div;K) : v

7, € Pr(Ti) 1 <i < nt}, (2.2)

where Hy(div; K) := {v € H(div; K) : V-v = 0}. Since the functions in this space are piecewise polynomials, we
call them composite functions, hence the superscript cmp. As we see in the next result, whose proof is provided
in Section 3, we can use these functions as liftings of (normal) traces on 0K.

Theorem 2.2. Let K be a flat-faced polyhedron. Then, for any p € Pr(0K) with faKuds =0, there exists a

function v, in the space V;"1(K) such that

v, Nlox = .

It is easy to see that the tetrahedral triangulation of the polyhedral element K is not unique. This non-
uniqueness leads to the non-uniqueness of the composite lifting function v,. However, as will be clear in the
proof of Theorem 2.2 in Section 3, the lifting function v,, which serves as the building block of our explicit
construction of M-decompositions, can be uniquely computed for a given tetrahedral triangulation. Moreover,
a good criterion to single out a tetrahedral triangulation in practice is to require the number of tetrahedra nt
to be minimal. This leads to nt = 2 for pyramids, nt = 3 for prisms, and nt = 5 for hexahedra.

We are now ready to begin the presentation of our results.

2.2. Tetrahedra

We begin by considering the simplest polyhedron. The following result is well-known in the literature.

Theorem 2.3. Let K be a tetrahedron. Then, for M = Pp(0K) and Vi x Wy := Pp(K) x Pi(K), we have
that
In(VygxWy) =0 and Ig(VygxWy) = (k+1)(k+2)/2.

Moreover, the spaces 6Vanm := {0} and §Vanw = wi’k satisfy the properties in Table 2.

The space V™ x W™ is nothing but the Raviart-Thomas space RT}, of index k, [10], the space yhde  pyhde
is the space HDGy, [8], and the space V ix X Whix is nothing but the space BDMj, of index k, [2,11].

2.3. Pyramids

Here, we consider two cases for which we provide entirely new spaces. In the first, we assume that the base
of the pyramid, Fi, is a parallelogram so that the space of traces there can be taken to be Qj(F;). We then
consider pyramids for which Fj is a general quadrilateral and take the space of traces there to be Py (Fy).

2.3.1. Pyramids with a parallelogram as base

For simplicity, we consider K being a unit pyramid, that is, the pyramid whose base (in the zy-plane) is the
unit square (0,1)2, and whose faces are unit triangles on the x2- and yz-planes. We set

M=z,=r,3=yu=1-cz—2, s=1—y— =z
Our construction is contained in the following result.
Theorem 2.4. Let K be the unit pyramid. Then, for

M(OK) :={pc L*(0K) : plr, € Q(F1), p

F; € Pr(Fy) for 2 <i <5},
and Vg x Wy = Pi(K) x Pp(K) with k > 1, we have that

In(V, x W,) = k(k+1)/2+3 and Is(V, x W,) = (k+1)(k +2)/2.
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Moreover, the spaces

6Viann = Vxspan{ A s T A s VAo 0<a,8<k—1,a+3>k—1}
@ Vx span{é\s v AL ENSTIN VAL EN VAL,
5Vﬁ11W = xi’k(K),

satisfy the properties in Table 2. Here ¢ € HY(K) can be either the piecewise-linear function defined by
E(vigs) =1, €|y, =0, €|, € P1(TR), or the rational function &€ = xy/(1 — 2). Here K = {T;}2_,, with Ty being
the tetrahedron with vertices vi123, V125, V134 and va34 and To being the tetrahedron with vertices v125, V134, V145
and V234.

Note that, for any k£ > 1, most of the functions in the resulting vector space V' =V, @ 6 Vauu are polynomials
except three rational or composite functions. This has to be contrasted with the spaces obtained in [12,13] for
which almost all the basis functions are rational functions. Moreover, as discussed in the Introduction, they
have significantly bigger spaces, for the same accuracy, than ours.

2.8.2. Pyramids with a quadrilateral base

Theorem 2.5. Let K be a quadrilateral-based pyramid. Then, for M := P(0K) and V; x W, = Pp(K) X
Pr(K), we have that

In(Vy x W,) = 1+ 2min{k, 1} and Is(V, x W,) = (k+ 1)(k +2)/2.

Moreover, the spaces

SV = { Vx span{€ V A1 } ifk=0,

Vx span{EXE VAL ENTIN VAL EM V) if k> 1,
(5Vﬁuw = a:@k(K),

satisfy the properties in Table 2. Here ¢ € HY(K) can be either the piecewise-linear function defined by
E(vias) =1, &l =0, €|, € P1(Th), or the rational function & = AaAs/ Ao, where N\g € P1(A2, Aa) N P1(A3, As5).

Again, we notice that most of the basis functions in the resulting vector space V' = V,; © 6 Vauu are polynomials
except for one rational or composite function for & = 0 and three rational or composite functions for & > 1.
Note also that, since piecewise polynomial functions are amenable to simpler numerical integration, perhaps the
choice of £ as a piecewise-linear function could be more advantageous.

2.4. Prisms

For prisms, we have three different cases according whether the bases F3 and F5 are congruent and parallel,
non-congruent and parallel, and not parallel. In the case of congruent and parallel faces, the faces F7, F» and
F; being parallelograms, we consider the case in which the space of traces is Qi (Fj) or Py(F}) for j =1,2,4.
2.4.1. Prisms with congruent, parallel faces

For simplicity, we take K to be the unit prism, that is, the prism whose basis (in the planes z = 0 and z = 1)
are unit triangles, and whose faces on the xz- and yz-planes are unit squares. We set

M=x, =y 3=z,M=1—2z—y,A\s=1—2.

Our first result is for the case in which the space of traces on the rectangular faces is a tensor product, that
is, the case in which M (Fy) = Qi (F1).
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Theorem 2.6. Let K be the unit prism. Then, for
M(OK) :={pc L*(0K) : plr, € Qu(F1), fori=1,2,4, u|lr, € Pu(F;) fori=3,5},
and Vg x Wy = P (K) X Py (K) with k > 1, we have that
Ing(VygxWy) = k+2 and Is(Vy x Wy) = k+ 1.

Moreover, the spaces

OVianm := VX span{zk+1(:rVy —yVvx), vz vz, xz)\4§k,1(x, 2)Vyl,

Vi 1= span{z"t! P (z,y) v 2},
satisfy the properties in Table 2.
With this result, it is also easy to check that the following more symmetric choice of the filling space

Vi := Vx span{z"(z vy —yVz), zi’k(x, yY)(eVy—yva)}

ensures an M-decomposition.
There are two other family of spaces (defining mixed methods) on the unit prism admitting M-decompositions
for the trace space M given in Theorem 2.6 available in the literature. The first was introduced in [4] for k£ > 1

) ) Prik
VixWh:= Prik X Pr_1iks
Tk—l\k-&-l

and the second, which is a RT-like variation of the first, was recently presented in [9] for k& > 0,

2\ ~
VI W P ® (y) Pr(x,y) Qi?k(z) X P

Since P x Py & V1 x W1, the approximation properties of V! x W is expected to be worse than that for
the resulting spaces in Theorem 2.6 and that of V2 x W2. On the other hand, the dimension of V2 is bigger
than that of our space V™ by %(l{;2 + k) —1 for k > 1. These two spaces are exactly the same when k = 0, as
we point out right after stating the next theorem.

Our second result on the unit prism is for the case in which M(0K) := P, (0K).

Theorem 2.7. Let K be the unit prism. Then, for M(0K) = Pr(0K) and Vi x Wy = P(K) x Pi(K), we
have that

In(V, x W,) = k+1+min{k,1} and Is(V, x W,) = (k+ 1)(k +2)/2.

Moreover, the spaces

Vx span{zzVy— zyVa} if k=0,
0Vanm :== 9 Vx span{z’““(ﬁ:Vy—yVm),ykzMVZ‘,
2Py (z,y) Vy} ifk>1,

O0Vanw = span{z f]~>k Vv z},

satisfy the properties in Table 2.
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It is interesting to see that, for k > 1, we have exactly the same space 6 Vzv for the two given spaces in
Theorem 2.6 and 2.7. Again, we can change d Vg to be the following more symmetric one,

0Viny == Vx span{zF T (aVy —y Vo), 2Pr(z,9)(z Vy -y Va)}.
We can also change this space to the following
0Vinm = Vx span{zk'Hx Vy— Zk_H?J Vz, yk+1z Va, fzzjﬁkfl(% y)Vy}

for k£ > 1 so that the resulting space for the lower mixed method is exactly the same as the original prismatic
BDDF elements introduced in [4] (which is BDMj in our notation; see [8]).
Finally, we remark that after a simple calculation, we get

0Vianm @ 0Vanw = span{zVz +yVy,zVz} for k =0.

So the spaces for the upper mixed method for k = 0 is exactly the same as V? x W2 presented in the previous
subsection which is originally from [9].

2.4.2. Prisms with non-congruent, parallel bases

Now, let us consider a prismatic element K with non-congruent, parallel bases F3 and F5.

Theorem 2.8. Let K be a prism with its face Fy parallel to its face F5. Then, for M := P (0K) and Vyx W, 1=
Pr(K) x Pr(K) with k > 0, we have that

In(Vg x Wy) = k+14+min{k,1}, and Is(Vyx Wy) = (E+1)(k+2)/2,
and the spaces

span{v,,o } if k=0,

(SVﬁllM::{spaIl{’UuZ} @ Vx Span{)\g/\:g)\;; V A1, /\1/\3/\4'.:]5]@_1(/\1, )\2) \V4 /\2} Zf k>1.

5Vﬁ11w22 X f]sk(K),

satisfy the properties in Table 2, where uk := ny(\§) is the extension defined in (2.1a), and v, is the lifting
defined in Theorem 2.2.

Note that this result is very similar to that in Theorem 2.7. There, the function v uk is replaced by a divergence-
free polynomial defined on the unit prism K; such polynomial does not exist when the triangular bases of K
are not congruent to each other.

2.4.3. Prisms with non-parallel bases

Finally, keeping the notation of the previous subsection, we consider a prism with non-parallel bases.

Theorem 2.9. Le K be a prism with its face F3 is not parallel to its face Fy, and koss # 0. Then, for
M :=Pi(0K) and Vi x Wy 1= Py (K) x Pi(K) with k > 0, we have that

Ing (Vg x Wy) = 14+ 2min{k,1} and Is(Vyx Wy) = (k+1)(k+2)/2.
Moreover, the spaces

Sy span{v,,o } k=0,
fillM - = span{v,; } ® Vx span{ A5V AL MASTIEV Ao} if k> 1

oVanw == E]vyk(K),
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satisfy the properties in Table 2, where uf := ny(\§) is the extension in (2.1a), vk is the lifting defined in
Theorem 2.2, and ¢ € HY(K) is the piecewise-linear function defined by £(vizs) = 1, &lnur =0, &|n, €
P1(T5). Here K = {T;}}_,, with Ty being the tetrahedron with vertices via3, V134, V145 and vags, To being the
tetrahedron with vertices v123, V145, V234 and vays, and Ts being the tetrahedron with vertices v123, V125, V145
and V245.

Note that if ko35 = 0, we must have k135 # 0 since F3 |f F5. In this case, we switch faces Fy and Fy so that
for the new face ordering, we do have ko35 # 0. Note also that for £ = 0 and k = 1, we can again choose the
above filling space §Vgw for the previous considered prisms with parallel faces since for £ < 1 the M-index
and the space of traces C; are the same in all three cases. So, for k < 1, the filling spaces can be made to be
independent of the geometry of the prism.

2.5. Hexahedra

For hexahedral elements (with quadrilateral faces), the influence of the geometric shape of the element induces
many cases. We have four cases, according to whether the hexahedron has 3, 2,1 or 0 pairs of parallel faces. We
take the space of traces to be Py (9K), except in the case in which the hexahedron is a parallelepiped, case in
which we also consider the choice Qi (0K). It is interesting to note that, for the case of 1 pair of parallel faces,
we must distinguish between the cases in which the parallel faces are parallelograms or not. Moreover, when the
parallel faces are parallelograms, different spaces are obtained according to whether the hexagon was obtained
by cutting a pyramid or not. Finally, when we have 1 or 0 pairs of parallel faces, we also obtain different spaces
according to whether the normals of three faces lie on a single plane or not.

2.5.1. Hexahedra with three pairs of parallel faces

For simplicity, we take K to be the unit cube. We start with the case M (0K) := Qi (0K). As we see next,
we find spaces closely related to the HDG[% and TNT{, spaces obtained in [7,8].

Theorem 2.10. Let K be the unit cube. Then, for M := Qu(0K) and Vy x Wy 1= Qp(K) x Qi (K) with k > 1,
we have that

Ing(Vgx Wy) = 6 and Is(Vy x Wy) = 1.
Moreover, the spaces

xkkaJFl Vv, mk+lzvya l'kJrlykZVya
6Vanm := Vx spanq (1 —x)z(l —2)2" vy, (1 —z)z(1-y)y* V2, o,
(1—2)z(l—y)y*F vz
SVanw := span{z*1y* 2P v 2},

satisfy the properties in Table 2.

Here let us compare the spaces V™ x W™ defining the upper mixed method comparing to the ones obtained
in [7,8]. The discussion below amplifies the non-uniqueness of the filling spaces for obtaining M-decompositions.

Our space V™ x W™ defining the upper mixed method can be easily recasted into the following form by
applying the curl operator on §Van. We get

Pty , oFlyk v, 2P lak vz,
(1—22)y vy, (1—-22)"ve,
(1 _ 2x)yk+1zk vy
Zh gk ok o

VX Wmix = Q) @ span x Q.

In [7], two family of spaces containing Qj, x Qj, and admitting M-decompositions with M (0K) := Qi (0K) were
introduced. One defines the HDG method HDG[% while the other defines the mixed method TNT, (TNT is
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the acronym for the TiNiest spaces containing Tensor product spaces). Their dimensions are the same as those
of the spaces V148 x Whdg and V™ x pmix regpectively, resulting from Theorem 2.10. The space defining
the TN'T ;) mixed method is,

PR v R T v TRE L v N
VIx Wh:=Q, @spanl zFtlybva, btk vy, 22k vz, b x Q.
2y by

Later in [7], another space

YRy vy +2V2),
V2 x W?:= Q@ span k(v z+arva), x Qp
ryFeve+yvy),
:Ekykzk(wa—i—yVy—i—sz)

was used to define the TNy mixed method. It is clear that the three spaces are very close to each other,
but are not exactly the same. We note that the additional space for V™ depends on a particular order of the
coordinates (z,y,z). It is less symmetric than the defnition of V! which is invariant under the permutation
(x,y,2) — (y,2z,2) and (x,y,2) — (z,2,y). In turn, the definition of V1! is less symmetric than that of V72
which is invariant under any permutation of the coordinates (x,y, z). The reason for the loss of symmetry in
the definition of the space V™ is due to our face-by-face construction; see Section 4 below. On the other hand,
we can take the filling spaces as follows

oyt Ve =M vy) y( M Ve -2t v ),
yhak (2 v —2vz), 22byf(avy —yva)
k

dVinm = span{z"y*2 (e Va +yVy +2V2)}

so that the resulting spaces for the upper mixed method is identical to the (most symmetric) TNT} spaces
in [7].
Also, note that the space for the RT; method in [10], namely,

Prtt,kk
VW= iPk,kJrl,k X Qk,
Pkt

admits an M-decomposition for M := Q; (9K ). However, the dimension of the vector-valued functions is bigger
than our space V™™ by 3k? 4+ 6k — 4 for k > 1.

Now, we consider the case M (90K) := P;(0K). For this case, we obtain spaces strongly related to the spaces
of the BDM;) (or BDDF[;)) method in [2], see also [1], and the spaces HDGy; obtained in [8]. We also
compare our spaces to those of the BDFMy; method in [3].

Theorem 2.11. Let K be the unit cube. Then, for M = P, (0K) and V; x Wy := Pp(K) x Pp(K), we have
that

I (Vy x W,) = 3k +2+min{k, 1} and Is(Vy x W,) = (k + 1)(k +2)/2.
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Moreover, the spaces

V % span{szm, ;szy} if k=0,

OVinm == Vx span{yzik(x,z) AVE xz@k(x,y) \VATR ifk>1
2yl = )Proa(y,2) V2, 2251 = 2) Yy,
OVanw := span{z ‘:]V)k vV}

satisfy the properties in Table 2.

Note that RT|o space in [10] is exactly the same as the space V™ for k= 0, since Py = Qo and
span{Vx (szw), V x (szy), me} =span{zVz, yVy, 2V z}.

Note also that the filling space d Vawm can be changed in two ways to render its definition more symmetric.
The first was presented in [8] and the second in [1]:

2yPi(y, 2) V 2,
5V1:[1§131]M = VX span yzﬂik(z7x)vl" ,
zxPr(z,y) Vy
2Py, 2)(yV 2 —2Vy),
Vi = Vx span{  yPu(z,2)(: Ve - 2V 2),
ZPr(z,y) (e Vy —y V)

We can also modify the other filling space to be § Vanw := span{x ﬂ~3k} Again, these modifications do not change
the dimension of spaces, but the resulting vector spaces are slightly different than those in Theorem 2.11.
Also, note that the space for the BDFMy, method in [3], namely,

Tk+1\?k+1 (y,2)
VxWi= | Pryi\Pria(z,2) | X P,

Prr1\Prg1(z,y)

admits an M-decomposition for M := Py(0K), and that the dimension of the space of vector-valued functions
is bigger than that of V™ by k2 — 1.

2.5.2. Hexahedra with two pairs of parallel faces

In our next result, we assume that the hexahedron has two pairs of parallel faces. All the spaces obtained
here are new.

Theorem 2.12. Let K be a hexahedron for which Fy || Fy, F3 || F5, Fy || Fs, and kesq # 0. Then, for
M = Pr(0K) and Vy x Wy := Py (K) x Pi(K) with k > 0, we have that

Ing(Vy x Wy) = 2k +5 — 0,1 — 3 0k,0,
Is(Vyx W) = (k+1)(k+2)/2.
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Here 6, is the Kronecker delta. Moreover, the spaces

span{vﬂgl,vugl} if k=0,
span{v,y |, vue vy}
® Vx span{)\gz\3/\4 VAL, MA3ALV Ao, A1 Aoy V )\3} Zf k=1,
OVaim = Span{vu'h’vu’f]l’vug?l}

® Vx span{ A5 Asha V A1, M A5 s Vg,
/\1)\3)\41%—1()\17/\2) V A2,
AMA2AsPr_1(A2, A3) V Az} if k> 2.

SVinw = @ Py (K),

satisfy the properties in Table 2, where

m

py =), pEhy = 05(A) and pgh = ng(AFL AT
are the eextensions defined by (2.1a) and (2.1b), and v, is the lifting defined in Theorem 2.2.

Let us show that it is possible to carry out a reordering of the faces in such a way that we get that Fy |} Fy,
Fs || Fs, F1 || Fs, and k234 # 0. We proceed as follows. First, we first reorder the faces in such a way that
Fy [V Fy, F5 || F5, F1 || F6. Now, if ko34 = 0 we must have that ka14 # 0 since F» || Fy. Then, we switch the faces
Fy and F3, and the faces F5 and Fg to get the desired ordering.
2.5.3. Hexahedra with one pair of parallel faces

In this case, we have to treat differently the case in which the parallel faces are paralleograms or not. All the
spaces are new.
The parallel basis are parallelograms

Here, we consider an hexahedron K for which Fy |} Fy, F5 || F5, F1 || Fs, where F} and Fy are parallelograms.
It is interesting to see that, according to whether A\5(va34) is equal to zero or not, we get spaces that differ by
one basis function. The condition As(v234) = 0 means that the hexahedron in question is obtained buy cutting
a pyramid whose vertex is va34.

Theorem 2.13. Let K be a hexahedron such that Fy || Fy, Fs [ Fy, Fy || Fs where Fy and Fg are parallelograms.
Then, for M := Pr(0K) and V; x Wy := Pp(K) x Pi(K) with k > 0, we have that

IM(‘/Q X Wg) = k+7—2(5k’1 —55&0,
Is(Vyx Wy) = (k+1)(k+2)/2.

Moreover, the space

span{v“g‘l,v“gl} if k=0,
Span{vui,l’Uu%,l’vu},,z’Uu?,l’vué,l’vué,g} ifk=1,
Span{vuil,U“\I;Yl,v“lgﬁ,Uulg,—ll,vug,—zl}
Vi = © Vx span{ M AT AAs V Az, MAS TIN5 W Ay,
MAsAaAsPr2 (A2, A3) V Ao}
{span{'uulg;l} ifk>2 and As(vass) #0,
span{'u“g‘l} ifk>2 and As(vasq) =0,

OVanw = iB{]v)k(K),
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satisfy the properties in Table 2, where

'y o= na(A3'),

g = n5(A5"), gl == s (A5 ),
Mgﬁ = 16(A3 35 A3 l)a M6,2 =6 (g’ a)\gnil)-

are the eextensions defined by (2.1a) and (2.1b), and v,, is the lifting defined in Theorem 2.2.

The parallel faces are not parallelograms
Next, we consider the hexahedron with one pair of parallel faces, and the parallel faces are not parallelograms.

Theorem 2.14. Let K be a hexahedron such that Fy || Fy, F5 || F5, Fy || Fs, where Fy and Fg are not
parallelograms, and k135 # 0. Then, for M = Py(0K) and Vi x Wy := Pp(K) x Prp(K) with k > 0, we have
that

IM(‘/g X Wg) = k+7-— 25k,1 — 5(51@0,
Is(Vy x W,) = (k+1)(k+2),/2.

Moreover, the spaces
span{vug FCHN } if k=0,
span{vuéy SRR vué,z}
span{vM}1 1} if k=1 and ko34 # 0,
span{’u 1 } if k=1 and ko34 = 0,
OVinm := 4 span{v,s SV ,’U’uk 1 U 1}
& Vx span{ M AT\ W Az, MM A3 A5 W A,
>\1>\3>\4>\59’k72(>\2, A3)V A2}
{span{vuﬁi 1} ifk>2 and kesq # 0,

span{vui 2} if k > 2quad and kazq = 0,’

5Vﬁnw =X f]ka(K),
satisfy the properties in Table 2, where,

py'y = na(A3Y), py'y i=na(A),
ey = ns(A5), iy o= ns(AT), pdty = ns(AT ' A2),
M61 = 776(/\3 7/\m 1)7 Mgl = 776( 2 7/\2 ) Mas _776()‘ 71/\2’)\m 1)

are the eextensions defined by (2.1a) and (2.1b), and v,, is the lifting defined in Theorem 2.2.

Note that we can indeed reorder the faces in such a way that Fy || Fy, F5 |f F5, F1 || Fs, and k135 # 0. To see
this, we proceed was follows. We first reorder the faces such that Fy |f Fy, F3 [J F5, Fy || Fs. Now, if k135 = 0,
we must have that k124 # 0 since F} is not a parallelogram. Then, we switch the faces F and F3, and the faces

Fy and Fy to get the desired ordering.

2.5.4. Hexahedra with no parallel faces

Our last case is when the hexahedra has no pair of parallel faces. Let us note that the spaces 6 Vg differ
by a single basis function provided ks34 is or is not equal to zero, that is, according to whether the edges
eo3 := Fy N F3 and e3z4 := F3 N F are parallel to each other or not. All the spaces are new.
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Theorem 2.15. Let K be a hexahedron such that Fs |f Fy, F5 || F5, Fy | Fs, and k135 # 0, k136 7# 0, k356 7 0.
Then, for M := Pr(0K) and V; x Wy := Pp(K) x Pr(K) with k > 0, we have that

Ing (Vg x Wy) = 9—36k1 — 700,
Is(Vyx W) = (k+1)(k+2)/2.

Moreover, the space

span{vﬂo N k=0,

span{v,1 ., v, N ”ug,gv"’ué‘l’”uég}
span{vml1 b ifk=1 and k234 # 0,

OViauum = Span{’U 1 } Zf]i? =1 and ko34 = 0,

span{v k ,’U k ,'U k 1 ’U k 1 ’U k 1 ’0“61 vu’é,g’vu’ég}

span{vmz 1} sz 2 2 and f<6234 # 0,
span{v,r } ifk >2 and kaza =0,

§Vanw = o Pp(K),

satisfy the properties in Table 2, where

p o= 1a(A5'), pyly = ma(AT),

pEh = ns(A5), 1l = 5N TN, gy = ms (AT, pEla = s (AT A2),
pen = ne(Ag", A5 Y, Hea = n6(Ag" AP,
Pt =16 (A3 Ao, AT ) and pgly o= 6 (A, A5

are the eextensions defined by (2.1a) and (2.1b), and v,, is the lifting defined in Theorem 2.2.

Our result is for a reordering of the faces in such a way that k135 # 0, K136 # 0, K356 # 0. Let us argue that
we can always obtain such a reordering. If we have k135 = 0 for a given face ordering, then ko35 # 0 and
ksa5 7 0 because F3 |J F5. Now, since Fy |f Fy, the constants ka4 and ka45 can not be both zero. Without loss
of generality, we assume ko34 # 0. Now, we switch the faces Fy} and F, and the faces Fg and Fy to get the
desired ordering.

As for the prisms, for £k = 0 and k£ = 1, we can choose the above filling space §Vanw for the previously
considered hexahedra with any number of parallel faces. This is true because, for k¥ < 1 the M-index and the
space of traces C; are the same in all cases. So, for k < 1, the filling spaces can be made to be independent of
the geometry of the hexahedron.

This concludes the presentation of our spaces.

3. PROPERTIES OF THE COMPOSITE LIFTINGS

3.1. Proof of the existence of composite liftings, Theorem 2.2

Let us first prove Theorem 2.2 in the case in which K is a tetrahedron. By Theorem 2.3, we have that Py x Py,
admits an P (90K )-decomposition for a tetrahedral element K. Then, by the kernels’ trace decomposition in
([6], Thm. 2.4), we get

{v-nlox : vePy, V~v:0}:{u€Tk(8K): / uds:O},
oK

and the result follows.
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Let us now prove the general case. Suppose that the polyhedron K is triangulated by the tetrahedra {7;}7,
where we assume that we have numbered the tetrahedra in such a way that T, has three of its faces on the
surface of the polyhedron U ,T;, for ¢ = 1,...,nt — 1. Then, for j = 1,...,nt — 1, let F; be the only face of

T; interior to K; = UL, T;, set the value of therein to be p; = — faT‘\F‘ pds/ [- 1ds, and set the value of
J J J

1 € Pr(Kj41) on the face F; equal to —p;. By construction, and from the fact that [, pds =0, we have that
faK, pds =0, for j =1,...,nt. We can now apply the above result to each tetrahedron T3, j = 1,...,nt. This
completes the proof of Theorem 2.2.

3.2. Computing the lifting for a tetrahedron

Although Theorem 2.2 ensures the existence of a composite lifting for zero-average piecewise polynomial
trace functions, a computable formulation of those lifting functions is highly desirable. It is now clear from the
previous proof that in order to compute a composite lifting on a general polyhedron, we only need to do so for
a tetrahedron. In this subsection, we present one way to do such computation.

To this end, we assume K is a tetrahedron, {\;}?_; its barycentric coordinates, F; its face lying on \; = 0,

for 1 <i < 4. To simplify the notation, given a finite element space S(D) in a domain D, we set S(D) := {¢ €
S(D) : [, ¢ =0} to be its mean zero subspace.

Our goal is to lift any trace function in Pr(0K) = {p € Pr(0K) : [, = 0} into the element K by

a divergence-free function in Pi. We achieve this goal by finding a set of basis for P (OK) consisting of the
normal trace of divergence-free functions in Pj. To do so, we use the following lemma. Its proof is straightforward
and hence omitted.

Lemma 3.1. Let K be a tetrahedron with {\;}}_, its barycentric coordinates. Then, we have

YV A3 X VAg) =cim(l),
YV A X VA1) = cana(l),
Y(V A1 X V A2) = e3nz(l),

where
1 = |V 3| |V \a|k123, c2 = —|V ||V ALlk123, ¢3 = |V 1| |V A2|k12s.

Moreover,

{7 (9 (N higs) ) }z;ﬁjfl s and {7 (Vx (A% As V higa)) o)

form a basis for span {m((i) DG E f]sjk(FZ)}

Now, for 1 < i < 4, if we define the space

b= VX (Mg g2 Preo1(Nig1, Aig2) V Aigs)
@ Vx (Ai+1>\i+3f~]}k71()\i+1) \Y4 >\i+2> ,

we have that the trace operator 7* Vi — span{ni(G): G € Pr(Fi)} isan isomorphism by Lemma 3.1.
v — v nlgk

Here the subindexes are integers modulo 4.
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Then, we define
Vi i= @iy Vi, @y VX (A2 V Aiya)
= @} VX (Nig1Xit2Pro1 (Nig1, Aig2) V Aigs)
Diy VX (/\z‘+1/\i+3f]~)k—1(>\i+1) \v4 >\i+2)
By VX (Aig2 V Aigs) -

Using the fact that

P(OK) = span{ns (1), 7a(1), 1s(1)} &L, span {m«i) VG € ﬂ?km)} ,

we have that any trace function in Py (0K) can be uniquely expressed as the normal trace of a function in Vi,

[e]
whose actual computation requires solving four linear system of dimension dim Py (F) = (k? + 3k)/2. When
coding, such computation can be done on a reference tetrahedron first and then Poila-transformed back to the
physical tetrahedron.

Last but not least, let us point out that the actual computation of each composite lifting on the prism
and hexahedron in Theorems 2.8 and 2.9, and Theorems 2.12 and 2.15, respectively, only requires solving one
linear system of dimension (k2 + 3k)/2 as its trace is expected to be non-constant on at most one face of each
tetrahedron resulting from the tetrahedral subdivision of the prism or hexahedron under consideration. On the
other hand, the composite liftings for a pyramid in Theorems 2.5 and 2.4 have closed-form representations and
no linear system needs to be solved.

4. PROOF OF MAIN RESULTS IN SECTION 2

In this section, we first prove the negative result of Theorem 2.1, then prove the main results on the justifica-
tion of the construction of the spaces 6 Vi in Theorem 2.3 to Theorem 2.15. The corresponding justification
of the construction of the space §Vgw is quite easy, hence omitted.

4.1. Proof of Theorem 2.1

Here we prove the negative result in Theorem 2.1.

The proof is similar to that for the two-dimensional case in [5]. If an element K is not a tetrahedron, a prism
with parallel congruent triangular bases, or a parallelepiped, we can reorder the faces such that the first four
faces extends to form a tetrahedron, denoted as T. We proceed by contradiction. If there is a polynomial space
V x W admits a Py (0K)-decomposition, we can find a divergence-free polynomial function v, € V such that
v - nlgx = p for a trace function p € Pr(0K) with average zero on 0K, p|p, =0 for 1 <i < 3 and u|p, = 1.
Now, since v,, is a divergence-free polynomial function, it is defined on the whole space R3. By restricting the
function v, on the tetrahedron 7', we have faT v, -nds # 0 = fT V-v, dz, which is a contradiction. This
completes the proof of Theorem 2.1. O

4.2. An algorithm to construct the space dVgnm

Next, we justify the construction of the spaces Vg in Section 2. We first recall the algorithm introduced
in Part II, [5]. We then apply the algorithm to treat of the general case in which M(9K) := Pr(0K) and
Vg x Wy i=P(K) x Pi(K), and then sketch the proof for the other (similar and simpler) special cases.

As pointed out in the Introduction, we proceed as follows. For a given polyhedral element K, a space of traces
M and the given space V,; x Wy, we begin by finding a space of traces C,y C M such that

Cy @ {v-nloxk : veVg,Vm:O}:Z\Ol(ﬁK), (4.1)
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o
where M(0K) := {p € M(OK) : [, nds = 0}. Then, if B is a basis of Ci, the space 6V (K) := span{v, :
p € B}, immediately batlbﬁeb the properties in Table 2. To find Cj;, we apply the same algorithm introduced
in Part II, [5]; it allows us to restrict our attention to a single face at a time. To introduce it, we need some
notation.

4.2.1. Notation

Fori=1,...,ny + 1, we define V,_, to be the divergence-free subspace of V, with vanishing normal traces
on the first i — 1 faces, that is,

V.

9s,i

={veV,: V.v=0,v-nlp=0,1<j<i-1}.
We also use the gradient-free subspace of W,, W, . = {w € W, : Vw = 0}. By the inclusion property
Po(K) C Wy, we have that W, = Po(K) is Just the space of constants on K.
Fori=1,...,ns, we define v;(V) := {v-n|p, : v € V} to be the normal trace of V on Fj, and v;(W) :=
{w|F, : w € W} to be the trace of W on F;. Note that v;(W,,.,) = Po(F;) is just the space of constants on Fj.
We define the M-index for each face as follows.

Definition 4.1 (The M-index for each face). The M-index of the space V, x Wy for the ith face F; is the
number

Ing,i(Vy x W) := dim M (F;) — dim 'Vi(Vgs,i) = Oi,ny dimyn, (W),
where 5i’nf is the Kronecker delta.

4.2.2. A possible construction of 0Vanm

Now, we have the following result on a construction of d Vay.
Theorem 4.2. Set Vi := &2, 6V where

(@) (Vi) C M,

(8)  V-0Vin = {0},

(7:1) 7 (6Vin) = {0}, for 1 < j <i—1,

(v2) 7%(Vg )N 7i(6Vin) = {0},

(6)  dim Vi = dim v (§Vinn) = Iari(Vy x W),

Then dVanw satisfies the properties in Table 2, that is,

(a) ’Y(SVﬁHM C M

(b) V-6V = {0},

(¢) ¥V 1 Ny0Vanm = {0},

(d) diméVanu = dimydVanm = In(Vy x Wy).

This result implies that (V,; & 6Vanm) x W, admits an M-decompositon (see [6], Prop. 5.1).

4.2.8. The divide-and-conquer algorithm

Based on this result, we have that the following algorithm provides a practical construction of the filling
space dVaiMm.
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A practical construction of §Vanm
Input: An ordering of the ns faces of the polyhedron K, {F;}/”,
Input: The space of traces M.
Input: A space V; x Wy satisfying the inclusion properties (I).
Output: The space dVanwm.

For each i =1,...,ny,
(1) Find the auxiliary spaces V

9s,i"

(2) Find an Ins:(V, x Wy)-dimensional complement space Cis,; on face Fy:
%i(Vay ) ® Cari = M(Fy),

where M (F,) := M(F,) if i < ng, and M(an) := Yny (Wy,,,) is the subspace of
M (F,,) that is L*(F,, )-orthogonal to vn, (Wg,,,) = Po(Fy; ). 4
(3) Find an Ir,:(Vy x Wy)-dimensional, divergence-free filling space Vg on K:
(31) %(Van) = {0}, for 1<j<i—1,
(3.2) 7 (6Vium) = Chri,
(3.3) v;(6Vium) € M(F;), fori+1<j < ne.

(The space 6V satisfies properties (a)—(8) of Theorem 4.2.)
return 0Vanu := @zléVénM.

4.3. The general case Vg X Wy X M := Pp(K) X Pr(K) X Pr(0K)
Now we apply algorithm 4.2.3, and proceed in the following three steps.
(1). Finding the spaces V_,

We begin with a characterlzatlon of the auxiliary spaces V;_, which is valid for a general flat-faced polyhedron
K. Tt is stated in terms of bubble functions associated to the faces of the polyhedron. We define them as follows.

For any given numbering of the faces of a polyhedron K, we set, for ¢ = 1,...,ny,
i—1
bi—l = H /\k and bz’—l,j = H )\k,
=1 T Xn7?50

where by = 1.
The proof of this result is quite technical and so is provided in the Appendix.

Proposition 4.3. Let K be a polyhedron of ny faces with no pair of faces lying on the same hyperplane.

number its faces in such a way that nq - (ng x ng) # 0. Then we have that, for Vy := P(K),
Vos.o = VX Py,

where

&, = {bi_1&£+ Z bi—1,;0;m; :bi1& € Py, bi1;0; € Poya Vi € Zi1},
JE€EZi1

where Z;_1 ={1<j<i—1:mn;xn,#0 fork=1,...,5—1}. Moreover, we have

dim V,

9s,i

= dim @Z — dim ?k+37i(R3) + 51’1'.

We
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Here we denote P,,,(R?) to be the polynomial of total degree no greater than m in R?, with the convention that
P (RY) = {0} for a negative integer m, and P,,(R") = span{1} for m > 0. We have, for m > 0,
dim P, (R?) = < m > =

With this result, we are now ready to characterize the spaces v;(V,, ;) and the complement spaces Cy,; for
the four polyhedral elements considered in Section 2.

(2). Finding the complement spaces Cjy,;.
We know that the space Cz,; is any subspace of M (F;) such that v;(V;, )& Ca,i = M(F;); see the definition

9s,i

of M(F}) in algorithm 4.2.3. Since M(F}) = Py, (F;), we need first to characterize +; (V) then to find a choice
of C'nr,s, which is not necessarily unique. Currently, we do not have a systematic characterization of the bases of
'Vi(vgs,i) for a general polyhedron due to the complexity of the space Vgs,i' Let us turn to the simpler (and very
important) cases of polyhedral elements considered in Section 2, namely when K is a tetrahedron (4 vertices,
4 faces), a quadrilateral-based pyramid (5 vertices, 5 faces), a triangle-based prism (6 vertices, 5 faces), and a
quadrilateral-based hexahedron (8 vertices, 6 faces). We further assume each quadrilateral face is convex and
does not degenerate into a triangle.

It turns out that the results for a tetrahedral, pyramidal, or prismatic element would follow immediately from
that for a hexahedral element. For this reason, let us first find the spaces C)s,; for a hexahedron.

K is a hexahedron. Let the skeleton of the hexahedron with its faces numbered be given in Figure 1.
Our first result, a direct consequence of Proposition 4.3, gives the dimension of the spaces V,_, for different
types of hexahedra.

Lemma 4.4. Le K be a hexahedron with its faces ordered as in Figure 1. Then, we have

dim V,, | = 2 dim P, (R?) + dim P, (R?),

dim V,,, , = 2 dim P (R?),
dim Vj,, , = 2 dim Py, (R?) — dim Py, (R?),
dim V,_ , = 2 dim P,_1 (R?),
. 2 dim‘.]:‘k_g(R?’) + dimﬂ)k_g(R2) Zf F4 H/Fg,
dlm ‘/gg 5 = . 3 . 3 .
- dlm?kfl(R ) + dlm?k,Q(R ) Zf F4 H FQ,

2 dim Pj_5(R?) + 2 dim Py_3(R?)  if Fy [f B, Fy || s,
dmV, . — dim Tk,Q(Rs) + dim Tk,;;(R‘g) ‘
9s,6 +d1m9’k,3(R2) if Fy H/FQ, F5 H F3,
2 dim Py _2(R?) if Fy || Fo, F5 || F3,
2 dlm?k,zl(RS) +3 dim?k,4(R2) ZfF4 H/FQ, F5 H/Fg, FG H/Fl;
dim ﬂ)k_g(Rg) + dim ﬂ)k_4(R3)
dimV, . = +2 dim P, _4(R?) if By [ B, F5 |{ F5, Fg || Fy,

9s,7 .
2 dlm?k,S(RS) +dimTk,4(R2) ZfF4 H/FQ, F5 H Fg, FG H F1,
2 dimka_g(]R3) +dim?k_3(R2) ZfF4 H FQ, F5 H Fg, F6 H Fl.

Proof. The results for ¢ < 3 is easy to verify. Let us prove the results for ¢ > 4. From Proposition 4.3, it is clear
that we only need to count the dimension of @; to get the dimension of V_ ..
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We denote Pi(R?)/{\;} be the polynomial space of degree k that is independent of A;. Then, we have the
following characterization of @; on the hexahedron,

3
452‘ZZ"a‘bH,jTHk#;—l(RS)Jr > njbifl’jikarlf#;i_l(Rg)/{Aj}a

j=1 J€Z;1
j>4

where #;71 is the polynomial degree of b;_1 ;. After verifying that the above function are linearly independence,
we get

dim®; = Zdlmfpk-u 4 1 (R?) 4 Z dim®P, ;4 (R3)/{/\j}

Jj=1 J€Z;_1
j>4
3
= dim®Py R+ D dimP, e (RY).
j=1 ! JEZi_1 !
j>4
The dimension of V,,_ , for i > 4 immediately follows from this result. O

This result indicates that, the dimension v;(V,_ ) for an hexahedron, and hence that of the space Ci;,
depends on how many parallel faces does the hexahedron have.

As an immediate consequence, we can compute the M-indexes for each face using the fact that dim~;V,_,
dim V, P —dim V, FIeE The results are collected in the following, whose proof is straightforward and omltted

Corollary 4.5. Le K be a hexahedron with its faces ordered as in Figure 1. Then, we have

dim ;(V, ;) = dim Py, (R?) forie {1,2,3},
dimoa(V,, ,) = { dim Py (R?) + dim Py (R)  if Fy [f Fy,
s, dim Py, (R?) if Fy || Fy,
dim Py_2(R?) + 2 dim Py_o(R) if Fy [f Fs, Fs [f Fs,
dim~s (Vg o) = { dim Py o(R?) + dim Py o(R)  if Fy || Fo, Fs || F3,
dim Py, (R?) if Fy || Fa, Fs || Fs,

dim Py_3(R?) + 3 dim Pr_3(R) if Fy [f Fo, F5 [ F3, Fs [f Fy,

dimng(V,. ) = dim Py,_3(R?) + 2 dim Py,_3(R) if Fy |f Fa, Fs | Fs, Fs || F1,
95,6 dim Py _2(R?) + dimPy_3(R)  if Fy [} By, F5 || F3, Fs || Fi,
dim Py o(R?) + dimPy_o(R)  if Fy || Fa, F5 || F3, Fs || Fi.
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Moreover, we have

Iy =dimCy; =0, if1<i<3,

dim P(R®)  if Fy |f Fy,

dim Pp(R)  if Fy || F»,

dim P (R?) + 2 dim Pp,_1(R®) if Fy |/ Fy, Fs | F3,

IM’4 = dimCMA = {

Ins =dimChs = { dim Pr(R) + dim Py (R?) if Fulf Fo, Fs || Fs,
dim P, (R) if Fu || Fa, Fs || Fs,
2dimTk_l(RO)—l—3dim‘Pk_2(R0) if Fy H/F27F5 If F5,Fs |f Fy,
dim Py (R) + dim Tk,1(RO)
]M6:dimCM6: +2 dim?k,g(RO) Zf-F4 H/FQ;FE) H/FS}FG ” F17
’ ’ dimTk_l(R) + dim‘Pk_l(RO)
+dimTk,2(RO) Zf-F4 H/FQ;FE) ” FS}FG “ F17
dim P_1 (R) + dim?kfl(RO) if Fu || Fo,F5 || F3,F6 || Fi.

This result shows that Cys; = {0} for ¢ = 1,2,3. The corresponding spaces for the fourth, fifth, and sixth faces
are given next.

Lemma 4.6. Let K be a hexahedron with its faces ordered as in Figure 1. Then, for the fourth face, we can
take

span{\k} if Pyl Fz and K124 # 0,
Cua = { span{\;} if Filf F> and k234 # 0,
span{/\?)\g_a}ogagk if Fil Fs.

For the fifth face, we can take

span{ \¥, \F71x, A1 if FylFo, F5 | F3 and ki35 # 0,
span{A5, A5 A1, A5} if Fylf Fo, Fs [{ I3, kass # 0, kigas # 0
and FoNFsNF5 & Fy
CMs — span{)\é“,)\’;*l)\l, 1} Zf F4 H/Fg,Fs H/Fg, K235 75 0, K245 75 0

and FoNF3NFEs € Fy
span{ A1} @ span{ A\ NS + pato<a<k  if Fulf Fo, F5 || Fy

and Ko # 0,
span{ A\f A=Y o o<k if Full Fo, Fs || Fs.

Here po, € Pi—1(F5) is any polynomial on Fy5 of degree less than k.
And for the sixth face, we can take

span{As (A2 — c1), A2 (A3 — ca), if Fy|/Fy,Fs|fFs, Fs |/ Fy,
A3 =), Ay (e —ea), A5 (As —es)} and kags # O,ss # 0,
span{A3 (A2 — e1), A5 2 (A3 — e2)} if FylF, Fs|[Fs, Fs || Fi,
@span{A§ A5~ + pato<a<k and K356 7 0.
Cars = {4 span{Ai=2(\y —c6), \i72(\3 — c2)} if Fyl|fFs, Fs [ Fs, Fs || Fy,
@Span{)\g‘)\g_a +pa}0§o¢§k and K356 — K246 — 0.
span{\i"2(\3 — ¢2)}
®span{ A5 + pato<a<h if Fylf Fa, F5 | F3, Fs || Fi.
span{A§ A5~ + pato<a<i if Fi|Fy Fs | Fs, Fs | Fi.
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Here po € Pr_1(Fs), and the constants {c;}$_, make sure that the related functions have average zero on Fg.

Here we use the convention that we only take the above function when its power index is not negative. For
example, if k =0, Cpr.a = span{l}, Car5 = span{l}, and Cyr¢ = {0}.

Proof. In this proof, we set k;jr = V Ai- (V Aj X V A ), this constant simply differ with the constant k;j;, defined
in Section 2 by a scaling factor.

Let us first prove the result for the fourth face. We give a detailed proof for the case in which F» |} Fy and
k124 # 0, and sketch those of the other two cases.

If F5 [ Fy and ko4 # 0, we claim that

V4 (VX ()\1)\2§k71()\17 A3)V As))

D V4 (Vx ()\1)\35%71()\1) \V4 )\2)) D span{)\’f} = Tk(F4)
This implies that we can take Cjs 4 = span{\}}, since
V x ()\1)\2@]6,1()\1, )\g,) \V4 )\3) ® Vx (>\1>\3§3k71(>\1) \V4 )\2) C V5,4.

To prove the claim, we show that the following functions form a set of basis for Py (Fy),

+B<k—1 _
{74 (Vx (A§+1A2A§v/\3))}z>o 450 {3 (Vx (A Vo)) 1oy, (A
We have
V4 (VX (A?H)\M'g \Y% As)) = APAS (kaza A+ (@ + 1)kyzq Aa),
and

Y4 (Vx (AfTTA3V A2)) = AT (ksoa At + (@ + Dkiog Ag).
Now, assume that there exist constants {C’ag}zgg’%’;)l, {Da}zggfl, and E such that

a+p<k—1
Z Cap NN (Kaza A1 + (a4 1)kizg o)
@>0,8>0
a<k—1
+ Z D, )\?(k324 A1+ (Ol + 1)k124 )\3,) + FE )\’f =0 on Fj (42)
a>0

We are going to prove that all the constants are zero. Evaluating the expression on the edge ey4 := F} N Fy,
we get

B<k—1

Z Cop ng134 A2+ Dokiza Az =0 on ey,
B>0

since A1le,;, = 0. Now, evaluating the above expression on the node v124 := Fy N Fy N Fy, we get Dy = 0, since
A2|v1ss = 0, Aslvyn, # 0, and kiz4 # 0. This implies

B<k—1

Z Coﬁ )\gk134 )\2 =0 on €i4.
820
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Hence Cyg = 0 for 0 < 8 < k—1 because Ay and A3 are linear functions on e14 and kyz4 # 0. Then, consequently
dividing equation (4.2) by A; and using the same argument, we obtain D, = 0and Co3 =0for0 < < k—1-—a
for all 1 < o <k —1, and finally, £ = 0. This completes the proof of the claim.

Now, if Fy [ Fy and koss # 0, we can use similar argument to prove

V4 (VX ()\2)\3{];k—1()\17/\3) V)q))
@ 74 (VX (AlAgik,l(Ag) v AQ)) @ span{ A} = Py (Fy),

where we need to evaluate the expression on the edge e34 := F3 N Fy, and consequently dividing the expression
by As. And if Fy || Fy, we can easily get

V4 (VX ()\1)\2‘-7%—1()\17/\3) V)\:’,)) &) iyk()\ly/\fi) = Pr(Fy),

because Ay is a constant on Fy and 4 (Vx ()\1)\25%,1()\1, A3) V)\g)) C Pr_1(Fy). This completes the proof
for the fourth face.
Next, we prove the result for the fifth face. The key part of the proof has already been shown for the fourth

face, so we just sketch the main idea for the first case, namely Fy |f Fy, F5 |/ F5, and kyg5 # 0. In this case, we
claim that, for k& > 1,

Vs (VX ()\1/\3/\45%—2(/\1,)\2) V/\2)>
D Vs (VX ()\1)\2)\4f]~jk—2()\1) \Y4 /\3)>
s (VX (A1A2A3§>k,2(/\1) v A4>) @ span{\F, N1y, N 1Y = By ().

To prove the claim, we show that the following functions form a set of basis for Py (F5),

a+p<k—2 a<k—
{75 (VX (/\?+1/\§>\3>\4V/\2>)}a>0 450 {7 (Vx (/\i‘+1/\2/\4V/\3))}a§§ ’
{1 (T (A A V) Fosn s (AR AR, AF 1),

Then, to show that, we perform a linear independence check of these functions by first evaluating an expression
similar to (4.2) at certain edges and nodes, and then do a mathematical induction on the index .

Finally, we sketch the proof for the last face for the first case when Fs || Fy, F5 [f F5, Fy || Fs, and ky36 # 0,
k3ss # 0. In this case, we claim that, for k& > 2,

76 (Vx (MaAsAaAsPh-s(a, ) V1 ))
76 (Vx (MAsAidsPis(As) VA2 ))
6 (Vx (M hsFPis(0) Vs ))
@75 (V5 (MAedsMiPros(As) VA5 ) ) @ M 2P2(%a, As) = Pu(Fo),

whose proof is similar to that for the fourth face. Using this claim, we easily get
Vg(Vs’e) & Cume = {p € Pr(Fp) : / wds = 0}.
Fs

This completes the proof O
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Now, the choices of Cjy,; for a tetrahedron, a pyramid, or a prism follow immediately from Lemma 4.6. We
collect the results in the following without giving the proof.

K is a tetrahedron, a pyramid, or a prism.

Corollary 4.7. Le K be a tetrahedron. Then, we have Cyr; = {0} for 1 <i < 4.

Corollary 4.8. Le K be a pyramid with its faces ordered as in Figure 1. Then, we have Cpr; = {0} for
1 <i <3, and we can take

Crua= span{)\g},
and
Cuyp = span{)\g_lphpg}.

Here p1,p2 € P1(F5) satisfy
/ )\g_lpl =0 and pl(’U234) = 07
Fs
/ p2=0 and p2(vass) # 0,
Fs

where we recall vozy := Fo N F3 N Fy is the vertex of the pyramid opposite to the quadrilateral base.

Corollary 4.9. Le K be a prism with its faces ordered as in Figure 1. Then, we have Cpr; = {0} for 1 <i <3,
and we can take

Chra = span{ 5},
and

Cars = { span{\s~'p1, A5 "o}, if Fi | Fy and rags # 0,
" span{Af A3~ + pato<ash, if Fs || Fs.

Here p1,p2 € P1(F5) are linear independent satisfying

/ )‘g_lpl - 07 / )\15_1]72 - 07
Fj5 F5

and po € Pr_1(F5) satisfies

AFAS™ 4 pa = 0.
Fs

(3). Validation of the spaces dVanm-

Now, let us prove the choice of §Vav in Theorem 2.3 for a tetrahedron, Theorem 2.5 for a pyramid,
Theorem 2.7 for a regular prism and Theorems 2.8 and 2.9 for different types of prisms, and Theorem 2.11
for a cube and Theorems 2.12 and 2.15 for different types of hexahedra satisfy the conditions in Table 2. For
simplicity, we say the choice of §Vg is vaild if it satisfy the conditions in Table 2.

First, if K is a tetrahedron, we have Cps; = {0} for all the faces from Corollary 4.7. So, 6V = {0} in
Theorem 2.3 is valid.
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Next, if K is a pyramid and k > 1, it is easy to show that the spaces

Vi = {0} for i € {1,2,3},
Vi = Vxspan{&\s v A1},
Vi = Vxspan{éA5 ™Ay V A1, €A V Ag}

where £ is defined in Theorem 2.5, satisfy the conditions in algorithm 4.2.3 with Cjs; given in Corollary 4.8.
Indeed, by the definition of &, we have &|p,up, = 0, £|F, is proportional to As|g,, and £|p, is proportional to
A2| £, . This implies v4(Vx (EAS W A1) is proportional to A§|x,, and v5(V x(EA571A\, v A1)) is proportional to
)\g_l(/ﬂA4lﬁ)215 + >\2/‘5415)|F5 and s (VX(f)q \V4 )\4)) is proportional to ()\1 Ko45 + )\2K)145)‘F5. So 6V is valid in
Theorem 2.8 for a pyramid for k£ > 1. The proof for the case k = 0 is simpler and omitted.

Then, if K is a prism, we prove that d Vg is valid in Theorem 2.9 for a prism without parallel faces when
k > 1. The proof for the case with parallel faces in Theorems 2.7 and 2.8, and the case when k = 0 are simpler
and omitted. We show that the spaces

Vi = {0} for i € {1,2,3},
5VéllM = span{vulz},

§Viun = Vxspan{A5 VAL, EM ALV Ao}

where ¢ is defined in Theorem 2.9, satisfy the conditions in algorithm 4.2.3 with Cjs; given in Corol-
lary 4.9. Indeed, by the definition of &, we have {|p,ur, = 0, &|m, is proportional to A4|r,. This implies
5(Vx (X5 W A1) is proportional to )\gil(k‘)u;lﬁlglf) + Aakq15)|r and 75(V><(§)\1)\’2€71 V A2)) is proportional to
)\’2“71 (A1 K25+ A1k125) | - Also, by definition, we have 74(1)“{1) = 15|r, = M¥|k,. So d Vg is valid in Theorem 2.8
for a pyramid for k > 1.

Finally, if K is a hexahedron, we show that 0V is valid in Theorem 2.14 for a hexahedron with one
pair of parallel, non-parallelepipedal faces when k > 2. The other cases, namely, three pair of parallel faces
in Theorem 2.11, two pair of parallel faces in Theorem 2.12, one pair of parallel, parallelepipedal faces in
Theorem 2.13, no pair of parallel faces in Theorem 2.15, and the cases when k£ = 0 or £ = 1 are similar and
omitted. To even simplify presentation, we assume that rog4 # 0. Then, it is easy to check that the spaces

Vi = {0} for i € {1,2,3},
6Vfé‘1lllM

span{'uldz,1 I3
5V§11M = Span{'u“;g‘s, CH vuggl}’
Vi = Span{vm?;l , vu’;},l}
o Vx span{)\1)\’2“71)\4)\5 V A3,
AN W A A AP 2(Aa, A3) W Ao}

satisfy the conditions in algorithm 4.2.3 with Cjs; given in Lemma 4.6, and the hexahedron has faces ordered
such that F2 H/F4, F3 H/Fg), F1 || FG, and H135 75 0.

This completes the validation of §Van on the four polyhedron considered in Section 2 for the given space
Vy x Wy :=P(K) x Pi(K) and trace space M := Py (0K).
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4.4. Three special cases

Now, we consider other choices of the given spaces for some special elements.
The first special case is a square based pyramid with trace space

M = {:u‘ € Lz(aK) : /“L‘F1 € Qk(Fl)a 1%

r, € Pp(F;) for 2 < i <5},

and given space V; x Wy 1= P, (K) x Py (K). The result is shown in Theorem 2.4. The second special case is
a regular prism with given spaces V; x Wy x M := Py (K) x Py (K) x M*(0K). The result is shown in
Theorem 2.6. And the last special case is a cube with given spaces V; x W, x M := Q(K) x Qx(K) x Q(0K).

The result is shown in Theorem 2.10.
Let us first prove Theorem 2.4 for a square based pyramid.

Proof. The result follows directly from Theorem 2.5, and the fact that

Pre(F1) ® 1 (6Viny) = Q(F1),
Yi(0Vian) = {0} for 2 <i <5,

where
Vi = span{ AN T AN VAot k—1—-8<a<k—1,0<g<k—1} O

Let us now prove Theorem 2.6 for a regular prism.
Proof. We start with proving that the following polynomial sequence is exact on R? for k& > 1.
R0 SEYS YV w20,
where

Prik © 9~’k(ﬂf,y)y

H: =P ® Prosa(2), E = Phfk ’
Prg1ik
V=P, W= V- Prr =Pro1jp + Prp—1.

We need to show that
KergH =R, KeryxE =V H, Kery.V =VxE.

The first and second equalities are straightforward. And for the third one, it is easy to show that Vx E C Kery.V
and that

dmV-V+dimVx E=dmW +dmFE —dimV H
= dimV.

This result implies that any divergence-free function in V' = Py ;. is a curl of a function in E, and we will
use this fact in what follows.
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First, we have

Prin @yﬁsk(l"y)
VS 1= V x :Pk|k 5

Prriie
Prje ©yPr(z,y)
Vio = VX P11k ;
Y Pk ©yPr(z,y)
Vi3 = VX l‘fpk,”k 5
2y Pr_1k
Yz ?kq\kq
Via= Vx| xzPr_qp-1 |,
vy Pr1jk
Y2 Pr_ojk—1
Vs = VX T2y Tk—Z\k—l @b VX (a:yz :Pk—2,k—1 v /\4)a
TyAs Prapk
YzAa s Pr_ojk—2
Vie= Vx| 22X 5 Pp_opi—2 | & VX(2yzAs Pr_2k—2V M\4).
TYAa Pr_ok

Then, we apply algorithm 4.2.3. It is now routine to check that dim~; (V1) = dim Qi (F}), dimy2(Vs2) =
dim Qi (Fz), dim~3(Vs 3) = dim Py (F3), dimy4(Vs4) = dim Qx(Fy) — 1, dimv5(Vy5) = dim Pr_1(F5) — 1, and
the trace spaces Cjps; defined in Corollary 4.9 satisfy the properties in algorithm 4.2.3. So, we need to find
one function related to the fourth face, and k£ + 1 functions related to the fifth face. And the space Vv in
Theorem 2.6 is valid. O

Finally, let us sketch the proof of Theorem 2.10 for a cube.
Proof. as in the proof of Theorem 2.6, we start with an exact sequence.
R~ YEYYV Yw 20,
where

Prkk ® Py (2)
Prpk ® Prra(z) |
Prokee ® Prr1(y)
V.= :Pk,k,ka W .= ﬂ)k7k7k\{l‘kykzk}.

H:=Pppr® span{ackH, Tann 2 E =

We then use it to explicitly construct the spaces Vi, for 1 < i < 7, and compute the trace space Cps;. In
particular, we have Cp; = {0} for 1 < i < 3, Cprq = span{z*zF}, Cy5 = span{z® zFy*}, and Cume =
span{9, (y*(1 — y)), 0. (zF(1 — 2)),9,(¥*(1 — y))2z*}. To end, we lift the trace spaces into the element using
polynomial functions thanks to the face parallelism.

The details of the proof are left out. O

This completes the proofs of the main results on the justification of the construction of the spaces § Vg in
Theorem 2.3 to Theorem 2.15.
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5. CONCLUDING REMARKS

We have applied the theory of M-decomposition to systematically construct HDG and their sandwiching
mixed methods on four basic polyhedral elements, namely, tetrahedra, pyramids, prisms, and hexahedra. For
other flat-faced polyhedra, we want to let the computer to automatically find the spaces. How to do so consists
the subject of ongoing research.

APPENDIX A. PROOF OF PROPOSITION 4.3

In this appendix, we prove the characterization of divergence-free polynomial functions in Proposition 4.3.
We use the following lemma to prove this result.

Lemma A.1. Let ¢ be a vector field in P (R?), and let F be a hyperplane in R® whose normal we denoted by
n. Suppose that the tangential trace of ¢ on the face F, v¢ d|p := (¢ — (¢ - n)n)|p, lies in P,.(F). Then the
following two statements are equivalent.

(a) (Vx @) -n|p=0.
(b) There exist functions 1 € P11(R3) and n € P.(R3) such that

dlr= (VY +nn)p.
Proof. Let us just prove (a) = (b); the reverse implication is easy to see. First, we have
0= (Vx @) nlp=(nxV) ¢lp=(nxV) (¢= (¢ n)n),,

where (n x V)- is the surface divergence operator on F. This implies the existence of a surface polynomial
function ¥ g € P41 (F) such that

(¢ (¢ -n)n)|, = (nx Vxn)vr,
where n x V xn is the surface curl operator on F. Now, taking ¢ € P,.41(R3) such that ¢|r = 1, we get
(d)_ (¢n)n)|F = (VQ/J — (V- n)n>|F
because V¢ = (n X V xn)yY + (V¢ - n)n. Hence,
dlp= (VY — (VY -n—o-n)n)l,.
Since n == VY -n — ¢-n € Pi(R3), the result follows. This completes the proof. a

Now, let us prove Proposition 4.3.

Proof. We proceed by induction. If ¢ = 1, we have @1 = P 1, and the result follows from the exactness of the
following polynomial sequence

R -5 Prya(R3) L Py (R?) X5 P (R3) Lo Py (R3) -2 0.
Now, assume that the result is true for i = m, for some integer 1 < m < ny — 1, we need to show that it also

holds for i = m + 1. Since it is trivial to check that Vx @, 1 C V, ., let us just prove the reverse inclusion.
We proceed by the following four steps.
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Step 1: Notation

Let us introduce the new bubble function bﬂn = ers” Ak, where
Sl .={1<k<m-1: mngxmn,=0},
Smi={1<k<m-—1: mnpxn,#0}.

The relevance of this function lies in the following simple identities:

i—1
bici=[[x =T 2 [ M =bic1abl, (A.la)
k=1

kES; kES“

i—1
bicig =[] M= ] M I] M= J] M-t forjes. (A.1b)
k=1

= nkxnﬁéo TL)CXTLJ'#O nkxnﬁéo
T X1 #0 keS;

res! kes;
Step 2: Using the inductive hypothesis
Let v be an element in Vg . Since v € V_ ., by induction, there exists a function ¢ € ®,, such that

v = VX ¢, and so, we can write that

¢ =bm1&+ Z bmn—1,;0;1;. (A.2)

JE€EZm—1

This implies that, on the face F,,, we have
Yt ¢ =Ny, X bm—1£ + Z bm—l,j¢jnj X M,
J€EZm-_1NSm

since m; is parallel to n, for j € Sﬂn. Moreover, by the identities (A.1),

VP =Tm X | b1m€+ Y IT A @imj | x nam bl

JE€EZm—-1NSm N XN ;j7#0
keSm

and, since b‘yln is a constant over the face F,,, we conclude that
Ve ¢|Fm € Prt1—s(Fm),

where s is the polynomial degree of bl Finally, since V X ¢ - n|p, =0, by Lemma A.1, we get that

¢

for some polynomials ¢ € Ppyo_(K) and n € Piy1(K).

F — (V¢ + 77"*m)|pm (A3)

Step 3: Transforming . ¢| F, into zero

Next, we show that we can modify ¢ € ®,,, so that we can set ;| r, = 0. We achieve this goal by exploring
some properties of the function v introduced in (A.3). Note that, for j € S,,, the hyperplane containing the
face F}, still denoted as Fj for simplicity, is not parallel to that containing F,,. Then the intersection of these
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two hyperplanes, e, := F; N F,,, exists. Dotting equation (A.3) with n; x n,,, and noting that, by the form
of ¢ in (A.2), ¢|,,, =0, we get
0=V (n;xnm)le.,-

This implies that ¢ is a constant on the line e; ,, since the left hand side of the expression is nothing but the
tangential derivative of ¢ along line e, ,,,. By fixing the value of 1) on one line to be zero, we would then get 1
is zero on all the lines e; ,,, where j € S,,. For this to happen, we need at least two of those lines to intersect
each other on the hyperplane F};. This is guaranteed to be true because we are assuming that n; - ns x n3 # 0.

Now, since when a polynomial vanishes on a line, it should vanish on a face contains that line, there exists
constants a; and 3y, for j € Sy, such that a;\; 4 3\, divides 9, where a;\j + B\, = 0 is the general formula
of a face containing the line e; ,,,. This implies the existence of constants {«a;, 3;}es,. such that

=& ] (@A + BiAm) € Pryas

JESm

with some polynomial function £. Hence, we have

p=&xm+& [ N

JESm

for some polynomial functions & and & such that &\, € Pria—s and &[] Aj € Prya—s. Now, if we set

JESm

)= &obmo =& [ Ai-bh

JESm
we have {/; € Pry2 and, since A,, = 0 on F,,, and blln is a constant therein, there exists a constant « such that

(¥ —av)| =0

m

Hence

1Pl = n(V)|p, = 1(aVi)

Now, set d~) =¢ — avi, we have E) € &,,, and WE‘F =0.
Without loss of generality, we assume that the giverin choice ¢ € P, satisfies V| r, =0.

Step 4: Conclusion

We have v:¢| =0 for 1 < 7 < m by the previous assumption on ¢ and its formula in (A.2). This implies
that for any j € S,,, we have ¢|ej =0 where e;, = Fj N Fp,.

From now on, we assume that sl = 0, that is, m; X m,, # 0 for all 1 < j < m — 1. The proof for the case
THn # () is similar and omitted.
Fixing j € Z,,_1 = Z,,—1 N Sy, we have that, for any index k in the set

{keSn: npxn; =0},

Dler.n = bm—1,;0j15lc, ., = 0. This implies that ¢; = 0 on ex , for all k in {k € S, : np x n; = 0}. Hence,

¢ =0 +& [ M
’nkX’rLJ‘ZO
kESm
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for some polynomial functions g;j and ;. Hence,

d=bn1 &+ D, &my|+ > b, 651

J€Zm -1 J€Zm -1

by the fact that, for all j € S,,,

bm,j = bm—l,j/\ma

b1 = bm—1,; H Py

ng XTLj:O
kESm

To simplify notation, we denote E =&+ Zjezm_l &imn;. Then,

¢=bm €+ Y. bmjdin,

J€EZm—1

= bmflnm X E X My, + bmfl (E ! nm) Ny + Z bmdggjnﬂ
J€EZm—1

where the polynomial functions E and ¢; guarantee that each term in the above right hand side belongs to
Pi41. By the assumption that Syl‘n = (), we get by m = b1, hence

bm—1 (E : nm) g, + Z bm,jaj"j = Z bm,jajnj

jEZnL—l jEZnL

with ggm = E -7y, Finally, since v ¢|r,, = 0, we have A, divides n,, x E X My, which implies ¢ € @,,,+1. This
completes the proof of Vg W\ C VX Py,
It remains to compute the dimension of V;_ .. We have

dimV,, , = dim Vx &; = dim ®; — dim Kery « ®;.

We also have
Kery @i = V (bi—1Pry3-i) -

So,
dim V,, , = dim &; — dim Pj43_;(R?) + &1 ;.

This completes the proof. O
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