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GALERKIN METHODS FOR A SCHRODINGER-TYPE EQUATION
WITH A DYNAMICAL BOUNDARY CONDITION IN TWO DIMENSIONS *

D.C. ANTONOPOULOU

Abstract. In this paper, we consider a two-dimensional Schrodinger-type equation with a dynamical
boundary condition. This model describes the long-range sound propagation in naval environments
of variable rigid bottom topography. Our choice for a regular enough finite element approximation
is motivated by the dynamical condition and therefore, consists of a cubic splines implicit Galerkin
method in space. Furthermore, we apply a Crank—Nicolson time stepping for the evolutionary variable.
We prove existence and stability of the semidiscrete and fully discrete solution. Due to the complexity
of the analyzed problem, we use very refined technics in order to derive estimates of the numerical error
in the H'-norm.

Mathematics Subject Classification. 65M60, 656M12, 656M15, 76Q05.

Received December 1, 2013. Revised July 31, 2014.
Published online June 30, 2015.

1. INTRODUCTION

1.1. The ‘Parabolic’ equation with Neumann bottom boundary condition

The Helmholtz equation is a model for the long-range sound propagation in the sea that observes the acoustic
pressure as a function of depth, range - which is the horizontal distance from the acoustic source, and azimuth.
In cylindrical coordinates, this equation takes the form

1 1
DPrr + ;Pr + T—Qpﬂﬂ + Doz + kgnfefp =0,

where p is the acoustic pressure. The variable r in [Ry, R] is the horizontal distance from a harmonic point source
which is placed on the z axis emitting at a frequency fo. The depth variable > 0 is increasing downwards and
¥ is the azimuth varying in the interval [¢, ¥2] with 0 < 1 < ¥9 < 27. Furthermore,
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is a reference wave number where the constant cg is a reference sound speed, and

€0

nref(T,%ﬁ) = ma

is the refraction index, where ¢ (r, x, 9) is the sound speed in the water. The medium is inhomogeneous, therefore,
the refraction index depends on all variables.

The application of an envelop transformation and a paraxial far-field approximation lead to the standard
narrow-angle 2D ‘Parabolic’ Equation (PE), where ‘2D’ refers to the space variables, [15,17,18]. (PE) is the
following Schrodinger-type equation

i 1 ko, o
Wr = m (!pww + 7‘_2@1919) +1? (nref — 1) !p (11)

The unknown function ¥ stands as a measure for the acoustic pressure in inhomogeneous, weakly range-
dependent marine environments.
More specifically, the envelop transformation is
V(r, z,0)elkor
p(r,z,9) = ir,z, 9)e — Ll
ko?"
Then, the equation (1.1) is derived under the assumptions of a paraxial approximation, i.e. that
‘21]€0QT| >> ‘&Drr|,
and of the far field approximation
kor >> 1,

which means that (PE), as an approximate model, describes the sound transmission very far from the acoustic
source.

This approximation is motivated by the fact that Helmholtz equation is very difficult to be analyzed math-
ematically while its numerical analysis is highly nontrivial, since it is of elliptic type and is posed on a
3-dimensional domain. Simulations for realistic marine environments of range R equal to some kilometers and
of medium depth, easily result in linear systems where the number of unknowns is of order O(10°); this nu-
merical cost restricts significantly the use of this equation in practice. (PE), being an evolutionary equation of
Schrédinger type, is much more accessible.

We assume that the variable bottom topography in cylindrical coordinates is given by a positive surface
x = s(r,9). The equation (1.1) is posed on the noncylindrical domain (c¢f. Fig. 1),

S:={(r,x,9) : r € [Ro, R], ¥ € [¢1, O3], x € [0,s(r,)]},
where, of course, the boundary values of space variables depend on the evolutionary variable r. At a given
. 4
distance r, these values generate a union of 4 curves which are embedded in R? given as _91 S;(r), for:
S1(r) == {(r,0,9): ¥ € [V1,02]},

Sa(r) == {(r,z,91) : x €]0,s(r,%1)]},
S3(r) :=={(r,s(r,9),9) : ¥ € [¥1,92]} (the variable boundary),

and
Sa(r) == {(r,z,92) : x €]0,s(r,92)]},

c¢f. Figure 2.
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FIGURE 1. The naval environment.
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FIGURE 2. The boundary at a fixed distance r.

The initial condition for the equation (1.1) is given by
W(Ro,l‘,ﬁ) = Wo(l‘,ﬁ) Vi e [191,192], Yz € [O, S(Ro, 19)}, (1.2)

where ¥, represents a harmonic point source and is usually defined as a smooth function with compact support,
for example as a linear combination of Gaussian starters, cf. [18]. The horizontal surface of the domain which,
for given r, refers to Si(r) (sea surface) and the lateral boundaries Sa(r) and Si(r) are assumed to be per-
fectly absorbing which is mathematically modeled by imposing the following homogeneous Dirichlet boundary
condition

U(r,x,d) =0 on Si(r)USa(r)USs(r). (1.3)

In addition, a Neumann condition modeling the acoustically rigid bottom is posed along the variable boundary
53(7“), i.e.

owv

on

which yields, since the domain is noncylindrical

(r,-)=0 on Ss(r),

U, (r,x,9) — %2579(7“, N Wy(r,x,9) = sp.(r,9) U (r,x,¥9) on Ss(r). (1.4)
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FIGURE 3. Bottom profile at a fixed azimuth 4.

This boundary condition is a nonstandard dynamical one because it includes the term ¥, and r is the time-like
evolutionary variable; note that r corresponds to time in the usual Schrédinger equation of quantum mechanics.

The equation so-obtained is of Schrodinger type, with Dirichlet condition for the free surface on the top and
Neumann condition along the bottom. The mathematical analysis of this problem is intricate when the profile
of the bottom varies with the distance r. Depending on the sign of term s, which is introduced in the leading
term of the Neumann condition, certain difficulties may be encountered.

In the axial symmetric case, which translates to an one-dimensional problem where the bottom s is only
a function of range r, Abrahamsson and Kreiss proved well-posedness when s is strictly monotone, cf. [1,2].
Further, they observed the development of a significant amplitude increase in the long range propagation for
certain downsloping bottom profiles (s, > 0). The analogous results were presented in [8], by means of numerical
simulations with finite element methods, for various cases of downsloping bottoms; in fact, numerical blow-up
was observed for such bottoms in the presence of inflection points. Remind that s, is the coefficient of the
dynamical term ¥,., the sign of which seems to be important for the Heat equation with dynamical conditions
also, cf. [13,19] for the theoretical p.d.e. problem and [8] for the optimal order error analysis of the constructed
numerical scheme.

In this paper we will apply Galerkin finite element methods to the initial and boundary problem (1.1)—(1.4),
when s is smooth, and decreasing in range (upsloping bottom), more specifically under the following assumptions
holding on the domain of definition of s (cf. Fig. 3):

sp(r,9) <0 for any r, ¥, where if s,(ro,v) =0 for some rg, ¥y, then sy(ro,Jp) =0 also. (1.5)

Obviously, a strictly monotone topography (s, < 0) satisfies (1.5). In addition, this relation is in general valid
for monotone bottom profiles (s, < 0) where critical points in distance may appear, under the restriction though
that any of these points must be a critical point in azimuth also.

The problem analyzed, posed in a single layer of water over a bottom of variable topography, is an idealized
one. More realistic environments consist of a layer of water above several layers of fluid sediments, cf. [11] for
a review considering the problem with interfaces. Furthermore, one has to take into account the shear stress
yielding the so-called elastic (TBC) conditions, [12].

Considering the one-dimensional problem posed on a variable domain there exists an intensive rigorous
numerical investigation. In [3, 6], the authors applied finite difference schemes to the Dirichlet problem; for an
optimal error analysis of finite difference and finite element schemes in the case of Neumann- or a Robin-type
bottom boundary condition cf. [4,8]. More recently, space-time discontinuous in time Galerkin methods for the
Dirichlet problem in R™ have been analyzed in [7]; ¢f. also in [6], for finite element methods of optimal accuracy
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in the multi-dimensional case with Dirichlet conditions. In [1], the Neumann boundary condition was modified
in a Robin-type one to ensure well-posedness of the (PE) problem posed on a rigid bottom; this model extended
in two dimensions has been analyzed in [9], where by proving a global elliptic regularity result the authors
derived optimal error estimates for the proposed finite element scheme.

Without restrictions on the bottom profile s, the well posedness of the (PE) with a Neumann condition (as
an initial and boundary value problem) remains open, while as we shall see in the sequel, there appear certain
technical obstacles even when we treat the numerical scheme.

1.2. The transformed problem

In order to derive an equivalent problem posed on a rectangle as in [4,6,7,9,17], we apply the horizontal
bottom transformation

z = . (1.6)

Furthermore, we define

q(r,9) = _st’ U(r,z,9) = "™NU(r, z,9). (1.7)

After this change of variables the ibvp (1.1)—(1.4) takes the equivalent formulation for D := [0, 1] x [¢1, J2],

U.=AU,,+BU.y +CUyy + DU, + EUy +ipU + f in [Ro,R] xD,
U=0 at 2z=0, and at o =11,7,,

B
[AUZ—i—5U§]+a1Uz+a2U+a3Ur:0 at 2z =1,

U=Uy(z,9) at r =Ry, (1.8)
where a1, as, ag are functions of r, 9, and A = A(r, z,9), B =B(r, z,9), C = C(r), D = D(r, z,9), E = E(r,9),
f=flr,z,9). Also, cf. [5], for a # 0, then A, B, C, D, E, 8, a1, as, as, are given by
1 2%s? 2ia sy ia
A(Z’T’ 19) la{ 52 + r2g2 }’ B(ZvTa Q9) = _T_22'?, C(T) = r_27
s, 1a z Sy ia
D(z,r,9) := == T—Zs—(sws —25%) — 2—2 S 10 E(r,9) := 2%7”_2’
B = Br +ipr,
) = B0 e 0) = Ty tor o 0) 1= 25 S ar0) = s, 19)
ay(r,0) = —5=, az(r,0) = —y for 5(r,9) = o= + o5, as(r,9) = —s,—. )

Remark 1.1. The first change of variables, (1.6), transforms the noncylindrical domain into a cylindrical one
fact that somehow simplifies the application of numerical schemes, since range and space discretizations can
be independent; remind that range is a time-like variable. Of course, the resulting equation becomes more
complicated.

The second exponential transformation (1.7) together with the specific definition of ¢ has been introduced
n [17]. From a mathematical point of view, it is related to the variable bottom boundary condition, which is
for this problem a Neumann one. It provides a simpler weak formulation for the continuous problem, while it is
crucial for the stability of the constructed numerical scheme (see also the Rems. 2.1, and 3.4 in Sects. 2 and 3
respectively).

Remark 1.2. Note that f = 0 for the specific transformed problem but for generalization purposes we shall
define f as an arbitrary complex function. In order to treat the (PE) problem (1.1) in a more general setting,
we introduce the complex function By := Refy + i Imfy as the coefficient of the zero order term; usually
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the imaginary part of Oy refers to the absorption of the sound signal in the ocean (attenuation), [15], while
ko (n2,; — 1) may define Ref3y.
The formulae of a, 8 and Uy will not be used in this paper, we present them though for completeness; these

are given as follows:

1
2ko’

a
Br = Refy + T—zRe(qu + qoo) — Img,,

a
Br :=ImpBy + T—zlm(qu + o) + Reg,
Uo(z,9) := e~ 10BN (25(Ry, 9), 9).
1.3. Main results

The problem analyzed although being linear is very difficult due to the Neumann boundary condition posed
on a noncylindrical domain. More specifically in this condition appears a dynamical term together with first
order terms in space variables and the same holds after the horizontal bottom transformation in

[AU, + BUy) + aU, + aoU +a3U, =0 at 2 =1.

When the problem is written in weak formulation, this leads to trace integrals of space derivatives that are of
lower regularity and thus hardly estimated; in fact only those coming from [AU, + %Ug} are eliminated. In
addition, the resulting p.d.e. has complex coefficients depending on all variables.

We formulate implicit finite element schemes for the ibvp (1.8). The treatment of the dynamical boundary
condition needs very refined estimates that are proven under the assumption of higher regularity for the finite
element space. More specifically, we use a cubic splines approximation in space variables; this was not the case
for the one-dimensional problem analyzed in [8], where a piece-wise linear approximation gave a second order
optimal error in the L? norm. Furthermore, we apply a Crank-Nicolson discretization for the time-like variable r
and estimate the semidiscrete and fully discrete error in the H' norm.

For a general upsloping bottom topography, where s is a function of the range r and azimuth 1 and satis-
fies (1.5), we prove an H! error of order (’)(h3_% + k2), for h and k the discretization parameters in space and
range respectively. Thus even though the scheme loses % from being optimal, it is a high order scheme in space,
while for h = O(k) the error in the L? norm is of second order of accuracy. In other words, the dynamical
Neumann condition penalizes only slightly the order of accuracy.

In addition, if s depends only on azimuth we derive an optimal H! error of order O(h® + k?).

The rest of this paper is as follows: In Section 2 we express the ibvp (1.8) in a weak formulation for which
we prove uniqueness of solution. Here, we define an H'-type hermitian sesquilinear form. Further, we analyze
the form’s properties, mainly in regard to the higher regularity of the input data, to observe that more regular
inputs (H?) lead to better estimates. The next Section, 3, contains the analysis of a semidiscrete scheme in
space variables, and presents the detailed proof of H!-estimates of the error. Finally, in Section 4 we apply
a Crank-Nicolson method in range. By deriving an H '-stability result, we prove uniqueness of solution and
estimate the fully discrete error.

2. WEAK FORMULATION

Let (-,-) denote the usual L?(D) inner product, and || - ||, || - |lm, m € N* the norms in L?(D) and H™(D)
respectively.
For r fixed, we define

f[&(’D) = {u € H'(D):u=0atz=0, and at 9 :191,192},
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where H'(D) is the usual complex Sobolev space. Multiplying the p.d.e of (1.8) with ¢ € IA{T&(D), integrating
and using the boundary conditions we get the following weak formulation:

(Ur,6) =~ (AU-,62) ~ (CUs, 69) ~ 3{(BU-,69) + (BUy, 62}

+ (0= a - BN0) +itva + (ho)+ [ AU+ 50| 60

=1

Note that for z = 1 we have

AU. + BUy =ia%= (U, — =U.) — Ly(r,9)U. (2.1)
Thus, since
B19 Sr
D-A,——=z2— 2.2
2 s’ (2:2)

the weak formulation becomes
Sr . 1
(Ur =220, 18U, 6) = = (AU, 6.) — (CUy. 6) = 5{(BU=. 69) + (BUy, 6.)}

viaf {%(Ur =Sy - Loy dav + (.0, (2.3)

for any ¢ € HL(D).

We shall prove that (2.3) admits at most one solution in Hg (D) N H?(D), under the assumptions (1.5) for s.
Remark 2.1. Note that the right-hand side of (2.2) admits this formula, which coincides with a specific term
of the Neumann condition at z = 1, due to the exponential transformation (1.7). Furthermore, the presence of z

is important since then U, — 222U, —ipU € ﬁ&(D) and can be used as a test function in the weak formulation
when proving uniqueness in Theorem 2.6; this will result in an imaginary trace integral for the first order terms.

For any r in [Ry, R], let B(r;v,w) : [Ro, R] x H'(D) x HY(D) — C be the following sesquilinear form, for s,
sy defined on 7r:

. o 55 o 1 1 59 Sy
B(r;v,w) := = 1+ ’I”_QZ vy, Wy | + T—Q(Uﬁ,wﬁ) 2 {(z?vz,wg> + (z?vﬁ,wz)} . (2.4)

Since all the appearing functions of z, r, 9 are real, it follows that B is hermitian, i.e.
B(r;v,w) = B(r;w,v).
Using the definition of B, the weak problem (2.3) is equivalently written as
(U, = 2220, — 18U, 9) = —iaB(r; U, )

wia |20 - o) - | da+ (1.0), (25)

for any ¢ € HY(D) with U € HY(D) N H2(D) and U = Uy(z,9) at r = Ry.

Throughout the rest of this paper the letter C' will denote generic constants independent of the discretization
parameters.

Due to the definitions of A, B, and C, the stationary problem is elliptic and the sesquilinear form is coercive.
Furthermore, we obtain the next important lemma proven analytically in [5,9].
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Lemma 2.2. Ifv e HY(D), then there exist constants Cy, Cy > 0 such that
Ch|[v||? < B(r;v,v) < Co||v||2, for any r € [Ro, R). (2.6)

In addition, by straightforward calculations the next lemma follows, cf. [5,9].
Lemma 2.3. Ifv, v, € H' (D) then there exists a constant Cy > 0 such that
1
58,«8(7”;1),1;) < ReB(r;v,v,) + Col|v3. (2.7)

We remind that if {2 is a bounded domain of Lipschitz boundary and 1 < p < co then

1 1
lollzro) < ClIUIlE 1o IE o)

for any v € W, (£2), ¢f. [10]. So, for p = 2 and since Wy (D) := H'(D) we have

[ wkas < cleliols. (28)

for any v € H(D). This inequality will be frequently used when we estimate the appearing trace integral terms.
Assuming higher regularity for the variables of the form B we prove the next lemma. In view of relation (2.8),
H?(D) regularity is sufficient.

Lemma 2.4. If ¢ € f]& (D) N H%(D) then there exists a constant C' > 0 such that

Sp 9 1 Sy 3129 9
. o < — or v
&%(n¢zs@)_Cwm+QZ;ﬁ3{L+ﬂ}¢Adﬂ

11 Sy 1 S9Sr , -
+——/ \m&w—Gm/ ﬁy@%w.
S T s=1 S

2 72

Proof. The function z%2¢, € ﬁl& (D) since it is zero at z = 0, ¥ = U1, ¥ = UJ2; hence, the quantity B(r; ¢, z°¢.)
is well defined. We use the definition of B, and take real parts to obtain

. S_r 2 l 25,9 Sr. i S_T'
ReB(r,qﬁ,zsqﬁz)s0|¢||1+Re(82{1+z 02, 2 ¢zz)+r2Re(¢g,zs¢w)

]‘ 819 Sr Sy Sy
— Re{(: 200, 25 0.0) + (22269, 226..) }

Further, we compute every real part at the right-hand side of the above inequality by applying integration by
parts to each of these terms and using the boundary conditions, to get the result. O

Remark 2.5. It holds that if a, b, ¢ are real and |a||b] > % then

lall#* + [blly]* + cRe{zg} > |allz|* + [blly[* — |cll=[ly] > 0,

111+ M1>11ﬁ
283 27125 " 4t 52527

then under the assumptions (1.5) for s (upsloping bottom), Lemma 2.4 gives

for any complex x, y. Hence, since

ReB (r; 9,26, ) < Cllo}, (2.9)

for any ¢ € HL(D) N H2(D).
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Note that without (1.5) the estimate would only be

ReB (i 6,226 ) < C|l9]11[|¢]z-

The estimate (2.9) which is true for the upsloping case is used to establish uniqueness of weak solution. In
addition, it motivates in the sequel the choice of higher regularity (H?) for the finite element space and permits
us to estimate the numerical error.

For the sake of a simpler notation and for the rest of this paper, the symbol B(v,w), whenever is used, will
denote B(r;v, w).

The next theorem establishes uniqueness of solution for the weak formulation (2.5) in the upsloping bottom
case.

Theorem 2.6. Under the assumptions (1.5) for s (upsloping bottom) the problem (2.5) admits at most one
solution U in H} (D) N H?(D).

Proof. Obviously, since the non-homogeneous problem with general f is linear, it is sufficient to prove uniqueness
for f=0.
In (2.5) we set f := 0 and define

¢=U, — Z%Uz —iBU € HX(D).
Furthermore, we take imaginary parts and obtain
Im{a 1 ¢||} = 0 = — ReB(U,U,) + ReB (U, zS—TUz> + ReB(U,iU)

Sr . — 77
+/ ) —|¢ +i6U| dﬂ+Re/Z ~ o +i8U][-1pU]dY

=1
- Re/ Ulg +ipU]dY — Re/ %7(7‘, NU[-ipU]dd

z=1
Therefore,
ReB(U,U,) =ReB ( - Sy, ) + ReB(U,iU)
Sy . 2 Sy . AT T
+ /Z=1;\¢ +ipU*dd + Re/Z:1;[¢—|— ipU][—ipU]dY
“Re / %’y(r, 9)U (G F150)d0 — Re / %7(7‘, 9)USTF0dd
z=1 z

=1

<CO|U|IF +ReB(U,18U) + C|U[[|U]|1, (2.10)

where we used Remark 2.5 since U € H} (D) N H2(D), together with the trace inequality (2.8) and the upsloping
bottom condition (1.5). Here, the non-positive trace term is

/ 516 418U PdY,
z=1 S

and is used to bound all the other trace integrals. Note that even when s, = 0 and this term vanishes the same
happens for all traces also since by (1.5) sy = 0 and thus v = 0; this is the reason for assuming thal when
sr(r, 1) is zero for some r, O then sy(r,9) is zero also.
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We use now Lemma 2.3 for v := U € H!(D) and obtain
%&B(U, ) — Coll U2 < ReB(U, U).
Hence, the above relation combined with (2.10) gives
%&B(U’ U) = Col|U|I} < ReB(U,U;) < C||U||7 + ReB(U,iBU) + C||U|[[U|}1. (2.11)

for some Cy > 0.
Evidently, since U € H'(D) then by (2.4), (2.11) and Lemma 2.2 we obtain

%&B(U, U) < CBU,U). (2.12)

We integrate (2.12) and get
B(U,U) < CB(Uyp, Up).

Applying again Lemma 2.2 in both sides, we have

Ul < CllUoll1,
and so,
IUIl < Cl[Uoll1
i.e. uniqueness of weak solution in H} (D) N H2(D). O

Remark 2.7. Usually in evolutionary equations, cf. [14] for parabolic initial and boundary value problems,
a weak solution and its evolutionary derivative, if they exist, are considered in evolutionary spaces. In the
same spirit, for the problem presented here, a weak solution U as a function of r, z, 9, if exists, should be in
L?*(Ro, R; H) for H := H}(D) N H*(D) and U, in L*(Ry, R; H~') where H~! is the dual space of H.

When proving uniqueness of weak solution, we considered something stronger for U: for any r € (R, R)
fixed, U(r,-) in the Sobolev space H which gives that U € L?(Ry, R; H) since the range interval is bounded.

Of course, we only treated the uniqueness question. A proof of existence of weak solution for the continuous
problem, is not in the aims of this paper. When the bottom is only a function of range the problem is well-
posed, [1,2]. We refer also to the existing bibliography for the Heat equation with dynamical boundary conditions
conditions, [13,19], and to the book of Evans [14].

3. SEMIDISCRETIZATION IN DEPTH AND AZIMUTH

Let Sj, be a finite dimensional subspace of H}(D) N H2(D) consisting of complex-valued functions that are
polynomials of degree at most 7 — 1 > 3 (for example cubic splines for 7 = 4) in each element of a quasi-uniform
partition of D with maximum diameter h € (0, hy]. Then, [10], the following approximation property holds for
s=1,...,7, Yve H*(D), Vhe(0,h:

inf {Jjo =il +hllo = xll1 } < Ch* o]l (3.1)
XESh
Also, we assume that the following inverse inequality holds

Ixlli < Ch Xl ¥x € Sh, Yhe (0,h, (3-2)

which is true since the partition of D is quasi-uniform [10].
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We seek Uy, : [Ro, R] — S}, such that
(&Uh “ R, (zi—rth + iﬂUh> ,¢) — —iaB(Uy, 0)

r r 1 i
via [ [EROUL - U — (00 50+ (1.0), (33)
z=1
for any ¢ € Sp, Ry < r < R, with U, (Ry) a suitable approximation of Uy in Sj. Here, Ry, : ﬁ&(D) — Sy is
defined to satisfy for any v € H}(D)

B(Rpv, ¢) = B(v, ¢) for any ¢ € Sj,. (3.4)

Remark 3.1. The proposed semidiscrete scheme is implicit because it uses the projection induced by B. As
we shall see in the sequel, it mimics well the weak formulation of the continuous problem where when proving
H' stability of solution we used U, — 222U, +iBU as test function. Here, the analogous element in Sj is
&«Uh — Rh(z%th + iﬁUh) S H2(D)

Remark 3.2. Observe that |B(v,w)| < C|lv|1]|w|l1 for any v,w € PNI(}(’D) Lemma 2.2, since v € I?&(D) C
H'(D), gives that B(v,v) > C||v||?. Hence, by Lax-Milgram Lemma the projection operator Ry, is well defined.

The next result establishes the existence of a unique solution for the scheme (3.3).

Proposition 3.3. Under the assumptions (1.5) (upsloping bottom), there exists a unique solution Uy, € Sy, for
the semidiscrete scheme (3.3), which satisfies if f =0

[Unllx < Cl|Un(Ro)llx-

Proof. Since the problem is linear, in order to prove uniqueness it is sufficient to consider f = 0. So, in (3.3),
we set f =0 and

S .
¢ :=0,.Up — Ry, (Z—th + lﬁUh> ;
s
¢ € S because 222Uy, € FI&(D) and U, € S}, C fl&(D) N H%(D). So, we have
Sr .
612 =116,Un = Rn (=2 Uns + 180 ) |1

— —iaB(Up, 8,Uy) + iaB (Uh, Ry, (Z%Uh)> +1aB(U, Ry (iBUR))

n id/z=1 {% [&Uh ~ Ry, (Z%Uhﬂ - %’y(r, ﬂ)Uh} {&Uh ~ Ry, (z%th + th)} 4. (3.5)

But by the projection operator definition, it holds that

B (Uh, Ry (z%Uh)) —B (Rh (Z%th) ,Uh) —B (z%th, Uh) ~B (Uh, Z%th) : (3.6)

while

B(Up, Rr(i8Un)) = B(Rr(i8Un), Un) = B(iBUp, Up) = B(Un,iBUp). (3.7)
Replacing (3.6) and (3.7) in (3.5), and using

0-Up — Ry, (Z%th) = ¢+ Ry (iBU),
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at the right-hand side, we have
Sy .
612 =110, U — Rn (=2Uns + 1805 ) |1

— —iaB(Up, 8,Uy) + iaB (Uh, Z%th) +iaB(Uy,i8U)

T T 1 s .

+ id/ {5— [&Uh — R, (zs—th)} ~ Za(r, ﬂ)Uh} [arUh — R, (zS—th + 1ﬁUh)] a0

R s s s
~id| — B(Un, 0,Un) + B (Un, 2"2Un ) + B(Un,i6U1) |
. Sy . _

+ 1a/ {;[gb + Ru(iBUL)] — L~(r, ﬁ)Uh} Bdo. (3.8)

z=1
In the above, we take imaginary parts and use (1.5) to obtain
ReB(Uy, 8,Us) < ReB (Uh,z%th> + ReB(Uy, i6U)

+ C/Z:1 [\UhF - \Rh(iﬁUh)\Q] dd. (3.9)

But for v € H}(D), it follows that
Ci||Ruoll} < CollRpolli |l
for some positive constants C7, Cs. So, we have
|Ryv||? < C||v||y for any v € HY(D). (3.10)

Using (3.10) in (3.9) and applying the trace inequality, we obtain

ReB(Uy, 8,U;,) < ReBB (Uh, zs—;th) 4 C||U12 (3.11)
Relation (3.11) together with Lemma 2.3 for Uy, € H(D) and Remark 2.5 (since U, € H}(D) N H%(D)), give
for some Cy > 0

1d

5 =B(Un, Un) = CollUnll3 < ReB(Un, 0,Un) < ReB (Up, 222Uz ) + CU

< O||Un]1%.
We integrate the above, use Lemma 2.2 and get for f =0
lUkll1 < CllUn(Ro)|l1 (uniqueness, stability).

Finally, we shall prove that the semidiscrete scheme (3.3) for f = 0, which is written in implicit form, is a
linear first order ordinary differential system, where the matrix consisting of the coefficients of the derivatives
is invertible. So, it has a solution which by stability is unique. As a result the non-homogeneous linear scheme
has also a unique solution.

Indeed, for the homogeneous differential system we obtain

(0:Un, 9) = (Bi (*22Un: = 1801 6) — 1aB(Un, 0)

n id/:1 {% [&Uh — Ry, (z%Uh)] - é’y(r, ﬂ)Uh} $do. (3.12)
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Observe first that the projection operator Ry is a linear operator taking values in a finite-dimensional space.

N
Let U, = Zci(r)gbi, then (3.12) gives that
i=1

with

Byj = (én,05) ~ [

z=

8 —
Zpip;d0.
1 s
Hence, B has the form
B=A; —iaAs,,
where ¢;, ¢; € R, and A; is a real, symmetric and positive definite matrix, while A, is a real symmetric matrix.

Therefore, cf. [5,8], the matrix B is invertible, and (3.12) admits a unique solution. O

Remark 3.4. In order to prove stability we used the test function ¢ = 0,U; — Rh(z%th +18U;) € Sh.
This choice was possible and convenient for the same reasons explained in Remark 2.1, related to the specific
exponential transformation (1.7). Uniqueness of weak solution for the initial continuous problem is in fact inde-
pendent from (1.7), which just made the proof easier for the equivalent transformed one. The numerical scheme
is of course defined after the implementation of (1.7), so its stability certainly depends on this transformation.

3.1. Error estimates for the semidiscrete scheme

Let € := Uj, — U be the error of the semidiscrete scheme, where Uy, € Sy, is the solution of (3.3) and U is the
solution of the weak problem (2.3).
For any u € H'(D) we define
w(u) == Rpu — u.

We write
e=0+w(),

with
0:=U,— R,U € Sh,

and w(U) := R,U — U, where Ry, is the projection operator given by (3.4).

Considering the projection error w and its derivatives in r, the next important lemma holds true; cf. [5,9] for
the analytical and very technical proof which is based on a global elliptic regularity result for complex elliptic
problems with mixed Dirichlet and Robin conditions proven in [5,9].

Lemma 3.5. If v e HY(D) N H*(D) then for w := w(v) we have

lwlls < Ch*Hwlls and |l < Ch®|J]s,

lwrlls < CR*=H{lolls + [lorlls}  and el < CR*{Jlolls + l|vr]ls},

|wrr |l < flewrr|ln < Chs_l{”UHs + lloells + lorells} (3.13)
for any 1 < s <7, where w= Rpv —v and C' > 0 is a constant independent of v, h.

Due to the fact that we seek an H?(D) semidiscrete solution we shall need estimates for the H? norm of w,
presented at the following lemma.

Lemma 3.6. If v e HL(D)N H*(D), 2 < s <4, then for w := w(v) we have
lwllz < CR*?|lv]ls and lwrll2 < CR**{[[vlls + [|vr I}, (3.14)

where C' > 0 is a constant independent of v, h.
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Proof. We assumed that Sj, C H¢ (D) N H2(D). Therefore, the interpolant I, : H}(D) N H2(D) — S, satisfies
[ v = vl + AllIwo = vy + B2 [ = vll2 < Ch?|Jv]ls,

for 2 < s <7 and v € H} (D) N H*(D).
We have that 7 = 4 (cubic splines [16]). Then for v € H} (D) N H*(D), using the inverse inequality in S, and
the approximation property of the interpolant, together with Lemma 3.5, we obtain
| Row = vz <[ Rav — Luolls + 1w = vllo < Ch=2|[ Ryv — o] + ch*2]fo]l,
< Ch™?||Rpv — v|| + ch2||v — Iy + Ch*2||v]|4
< Ch72h*|[vlls + ch™2h*|Jv]|s + CR*2||v]|s < Ch*72|Ju]ls,

and
[(Bhv = v)rll2 =[(Bhv)r = vell2 < [[(Bhv)r — Ri(vr)ll2 + [ Rr(0r) = vell2
<Ch72||(Rnv)r — Ru(vp)|l + Ch*=2|oc s
<Ch72||(Bpv)r — vell + Ch72||Ru(vr) — el + Ch*|lvg s
<Ch™*h{|lorlls + l|vlls} + Ch™2h°|vr||s + Ch*~2 o |5
<CR*~{lorlls + [[vlls}- 0

The next theorem estimates the numerical error of the semidiscrete scheme in the H*(D) norm.

Theorem 3.7. Let U be the solution of (1.8), 7 = 4 (for example cubic splines approzimation), U € H*(D)
and Uy, be the solution of the semidiscrete scheme (3.3). Under the assumptions (1.5) the next estimate holds,
for2<s<r

3
U = Ullx < |Un(Ro) — U(Ro)||1 + Ch*~2 + Ch* | U(Ro)|s- (3.15)

Proof. Obviously since
1Un = Ullx = llelly = 116 + w(U)[[s < 18]l + [[w(U)]]1,
in order to estimate the error in the H'-norm, we must provide a bound for ||6)]|;.

We subtract the weak formulation (2.5) and the semidiscrete scheme (3.3) to obtain for any ¢ € S, C
Hy(D) N H*(D)

(er _ R, (Z%th + iﬁUh> + Z%UZ +igU, ¢>) — _iaBl(e, ¢)

+ ié/Z:1 {S—T [5,« — Ry, (ZZ—TUhZ> + %TUZ] — %’y(r, 19)5} odv. (3.16)

S

Recall the definition (2.4) of the form B.
Here, and for the rest of this paper, the symbol w whenever appears without input denotes w(U) = R, (U)—U.
We choose now

¢ =0, — Ry, (2’%9 + we) € Sh

and so, denoting
o: =Ry (zﬂGZ + iﬁQ) ,
s

we have

¢o=20,—o0.
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Remind that w(u) := Rp(u) — u is well defined if w € H*(D). The quantity

Sr . Sr .

w (z—wz + 15w) =w (z—wz(U) + 1ﬂw(U)>

s S
(i.e. w on 2%w,(U) + iBw(U)) is well defined also since RyU € Sj C HY(D) N H2(D), and furthermore
22w, € HY(D).

In (3.16) we replace € by 6 4+ w. By the definition of Rj,, we have B(w, ¢) = 0. So, we replace
¢ = 07“ — 0,

we take imaginary parts and obtain after straightforward but extensive calculations, cf. [5],

ReB(6,6,) — ReBB (e,zss—*ez v iﬁe) - [A +CBljg| + OOHUH]

r r 1
<o IR0 1 (20 ) Pt o (+20.) Pt bor = S0 00 + (06 fao. @17)
z=1 S S S
for
~ Sr . Sp . Sp .
A:=——Im ({w (z;wz + 1ﬁw> + Fws +ifw +w (Z;UZ> + w(ipl) — wr},9> ,

)

[ZS_ser + iﬁw} + w, (Z%UJ + w-(16U) — wyrr

Sy . d
Wy (z—wz + 1ﬁw> + —
s dr

C = Hw (ZS_ser + iﬁw) + z%wz +ifw +w (Z%UJ +w(ipU) — w,

Lemmas 2.2-2.4, yield

RGB(Q,QT) > 8(070) _CHQH%

DO | =
S

and s
Re3 (e,z;*ez + iﬁe) < 0|2

Hence, (3.17) becomes the following main inequality
- LB(0.0) <[4+ 0B8] + CClol] + Ol
2dr " T !
r r 1
v {|Rh<we>|2 1Rn (22w.) 2+ o (2 220.) P+ wor = <20 D)l + (1, 19)92} 0.
1 s s s
(3.18)

The inequality (3.18) is crucial for the proof, but as it contains many terms, we shall estimate each one of
them in successive steps.

Step 1:
We shall proceed by estimating B.
Considering B, we will show that is bounded under the regularity assumption for Sj. Indeed, since
z%2w,, ifw € Hj(D) then by Lemmas 3.6 and 3.5, we get
Sy .
[[wr (Zng + lﬁw) | < Ch{llw:llx + llwzrlls + llwll1} < CR{[lwll2 + [[wr[l2}
< Chl* {|[U|ls + lloells} = Ch=H{IU s + [1Ur I }-
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Also, we have

d 1 sy .
|5 [o2 0] | < Aol + sl + e+ s}

< C{flwll + llwrll + llwlf + fleor |}
< ChH|U s + 11U 53,

and

Sp .
lwor (222U ) +wrG8U) + worll < CLlor @+ orl + llwr 1}

< CR U + 1T s + [1Urrlls}-

Thus, we obtain
B < Ch*7H{|[Uls + 1Ux[ls + [1Urr I }-
Step 2:

Considering C' we have

Sp .
o (52w, +180) | < Cllww.) +w@)ll < Ch{llwals + |wll}
< Chllull; < ChU,

while the next inequality holds true

Hz%wz +ifw +w (z%UJ +w(ipU) — w,
< C{llwlls + flwll + lw @) + @) + (w1}

< Ch*H|U||s + CR°||UL|s + CR{(|U |5 + |U |15}
< ChH{|[Uls + 1T}

So, we get

C < Cr~H|Uls + U I}

Step 3:

We replace the estimates of B and C in main inequality (3.17).
Indeed, using (3.19), (3.20), relation (3.17) is written as

1d . .
= <
5 -B(0.0) < A+ Clo];

+ Ch Ul + 10ls + [Tzl 31O + CR==HIIT s + [Tl o
. 2 ﬁ 2 ﬁ
+ C/ZZ1 {|Rh(1ﬂ9)| | Rn (22w)| + | (+202)

2
+

wr — 17(1", Pw
s

(3.19)

(3.20)

2
+y(r, 19)92} do. (3.21)

Let us comment how we shall treat relation (3.21). The trace term and ||o| will be suitably bounded.

Furthermore, we shall integrate the resulting inequality.



GALERKIN METHODS FOR A SCHRODINGER-TYPE EQUATION 1143

Step 4:

Considering the terms of the trace integral we first obtain

/‘|Ruwmﬁm%50/ (o (B0) + [6]2}d0
z=1 z=1
< Clw®)|F + ClIBIE < CII2 + T8I < 6] (3.22)

The following term gives the lowest order in our estimates. In fact, using the inverse and trace inequalities, we
arrive at

/ZZI\Rh (+20.) Pao < OB (220.) 1 1Rn (2220.) I
< Ch YRy, (z%w) I2
< Oh 7w (2 Zws ) 12 + flw- 12}

< Ch™ (R?||w.||? + K> 2| U|12)
< ChH (W2h2 4| U1 + > 2| U|2)
< Ch2573HUH§- (3.23)

Furthermore, the next relations hold true
s

[ Jon)
z=1 $

L

/ Iy(r,9)0]2d9 < C||6]2. (3.24)
z=1

2
49 < Cllw(U:)|1llw(@:)] < CR=7?(|UZ,

2
4 < Ch*~H|UIIE + 10123

1
= (1,

Step 5:

We replace the estimates of trace integrals.
Indeed, using (3.22)—(3.24), relation (3.21) becomes

d . o .
3:30,6) <A+ Ch=H{|[U s + 1T [ls + [Tl HION + Ch* [Tl + [T [l o
+CRP U2+ Cr® U2 + 1012} + Cll6]13. (3.25)

1
2

Step 6:
We estimate ||o|| and replace in (3.25).
The inverse inequality gives
Sr .
loll = 155 (=20 +i69) |
< | (2226. +ig6) | + clie-11 + cle

< CHIJ9. |11 + Chl8], + C|9l:
< Chllo]2 < €161
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Thus, (3.25) takes the form

d ~ s—
—=B(0,0) <2A + ch* T H{|[Ulls + [Urlls + 1T [l 10111

dr
+ )01 + Ch=2 (U + 1U12)
S2A + k> 2{||UNZ + U + 11U 12}
+Cl01F + Cr* (U2 + [1U-[12)
<2A+ C||0]1F + CR* (U2 + 1012 + 1T [13)-

We integrate (3.26) and obtain

B(6,0) <2 AderChQS*S/ IUNZ + T2 + 10 [2]ds
RO RO

+ C/ 0]|3ds + B(Ro; 0, 6).
Ro

Step T7:

We estimate the integral of A.
Easily, it follows that

; Ads <C[lw(@:)|l + lw@)]| + llwsll + @l + lw @) + llwr 161l

+ C{llwwa)ll + llw(@)| + flws | + llwll + [lw @) + llwor [ HRo) 10(Ro)]|1,

(3.26)

(3.27)

(3.28)

where the notation {---}(Rp) denotes the quantities in these brackets computed at r = Ry. In addition, we

have

lw(ws)[l < Chllw: [y < ChA*Z?|[Uls < CR*HU s,
lw(@)ll < Chllwlly < ChRE*HU|ls < CR*||U]s,
lw(@:)]l < CR*|[U-ls < CR*=H|Us.

In (3.28), we use the estimates for ||w||, ||wr], lw]1 and (3.29). So, we obtain

Ads < CR*H((|U]s + 1Tl ) 10111 + CR* = (|U(Ro)lls + U (Ro) 1) 10(Ro) |-

Ro
Final Step:
Relations (3.27), (3.30) and Lemma 2.2 yield

CliolF <B(9,0)

<CRP2(|U s + 1Ul5)? + Chzs*s/ NUNZ + U3 + 10 [13)ds
Ro
+C ; 16]13ds + Ch**=2(||U (Ro)|s + U+ (Ro)lls)? + Cl10(Ro)|I3-
0

We must estimate first

o(r) :== [10]|2ds.
Ro

(3.29)

(3.30)

(3.31)
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Using this notation, (3.31) is written as

%(5(7") < E+CH(r), (3.32)

for

£ = CRZ2(|U s + [ Un])? + ch25*3/ UNZ + 102 + 1T [12]ds
Ro
+ O 2(|U (Ro) s + [U-(Ro)s)? + C18(Ro)] 3.

Integrating (3.32) yields
d(r) < CH(Ry) + CE = CE,

i.e. .
/ 16]2ds < CE.
Ro
We replace in (3.31) this estimate, and we arrive at
1017 < Ch** =% + C10(Ro)II7- (3.33)
By (3.33) and (3.14) the H? error estimate follows. O

Observing the proof of Theorem 3.7 we easily see that when s is only depending on the azimuth 9 (s, = 0 for
any r, ¥) then the suboptimal term [ _, [Rp(222w.)[*dd vanishes. Furthermore, the results of all the presented
lemmas and theorems hold true in this case also, ¢f. [5]. So, we obtain the next theorem that gives an optimal
error in the H'(D) norm.

Theorem 3.8. Let U be the solution of (1.8), 7 = 4 (for example cubic splines approzimation), U € H*(D)
and Uy, be the solution of the semidiscrete scheme (3.3). Under the assumptions (1.5), the next estimate holds
true, for 2 < s <7 andr € [Ry, R]

1Un = Ullx < [Un(Ro) = U(Ro)|l1 + Ch*~" + Ch*~H|U (Ro) |- (3.34)

4. CRANK—NICOLSON FULLY DISCRETE SCHEMES IN RANGE

We consider a uniform partition in the range interval [Rg, R]. More specifically, for N € N* we define
k := (R — Ro)/N and r™ := Ry + nk for any n = 0,..., N. Further, let r"+1/2 := (r™ + #"*1)/2 for any
n=0,...,N—1.

For U™ given, we seek U"T! € S}, such that

yntl _pn - n+1/2 Untl L pyn yntl L gn
(- m (20 () s E ) )

k s(rmt1/2) 2 2
o N Un+1 +Un .
—iaB <r +1/2, ﬁ@) + (f (r +1/2) ’¢>
. Sr(rn+1/2) yrntl —pn Sr(Tn+1/2) yntl G+ yn 1 t1/2 yntl! +yun] -
+ 1(1/;Zl |: S(Tn+1/2) Rh( A -z S(Tn+1/2) < 2 >Z - 3(T"+1/2)’Y(T )# ¢d'l.9,

(4.1)

for any ¢ € Sp,, 0 <n < N —1.
Here, U is an appropriate projection of Uy in Sy,. Moreover, the projection operator Ry, used is induced by
B(rnt/2: u,v).
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Remark 4.1. Obviously the fully discrete scheme is linear and is written in implicit form. In every step it
demands the successive solution of 3 linear systems. More specifically, for U™ given, (4.1) is implemented as
follows:

(rmt1/2)

1. Compute Rh(zzp(,«nT/z)(U”)z) by solving the linear system
n+1/2 n+1/2
n+1/2, ST(’I" ) n _ n+1/2, S”‘(’r ) n
B(T aRh (Z S(’I"n+1/2) (U )Z a¢ _B r ’Zs(,rn+1/2) (U )Z’¢ 9

for any ¢ in the basis of Sj, (N x N 1st linear system which has a unique solution since B is well defined).
2. Compute Ry, (B(r"t1/2)U™) by solving the linear system

B(r™ Y2, Ry (B2 U™, ¢) = B(rm Y2 g(rm 2 U, ¢),

for any ¢ in the basis of S, (N x N 2nd linear system which has a unique solution since B is well defined).
3. Solve the following 3N x 3N 3rd linear system for any ¢ in the basis of S},

8,~(T”+1/2)

(4.1) (where the computed Ry, <ZW

<U”>z) | Ru(B )0

are replaced)

n+1/2, 3T(T"+1/2) n+1 _ n+1/2. Sr(rn+1/2) n+1
B(r" '/ Ry, (ZW(U )z |,0)=B|r +/aZW(U )z @

B(Tn+1/2;Rh(ﬁ(T”+1/2)Un+1),¢) — B(T"+1/2;ﬁ(7“n+1/2)Un+l,¢).

Thus, the 3N unknowns are:
P 7”n+1/2)

Un+17 Rh(ZW(Un-&-l)Z) and Rh(ﬁ(r"+1/2)U"+1).

Remark 4.2. The numerical solution of these three systems which are solved successively results in an algo-
rithm of numerical cost equivalent to solving a 5N x 5N linear multi-diagonal system. Therefore, the fact that
our scheme is implicit does not affect the numerical complexity of the algorithm.

On the other hand, the numerical implementation of the scheme is highly non-trivial. The complexity of
simulations is due mainly to the following reasons: a) the spatial domain is 2-dimensional, b) the presence of
a Neumann dynamical condition in 2 dimensions results in a cubic splines approximation which is of third
polynomial order, (¢) the Neumann condition involves a dynamical term which changes in every step in r. A
forthcoming paper will be devoted to the numerical experiments and the discussion on the implementation
issues.

Considering the 1-dimensional case with Neumann condition and for the 2-dimensional case with the modified
Robin condition in place of the Neumann one, numerical simulations in piece-wise linear finite element spaces
have been constructed by Antonopoulou in her Ph.D. thesis in [5]; ¢f. also in Ph.D. thesis of Sturm [17], and
in [8,9].

Now, by H! stability, we shall prove that the fully discrete scheme is well posed.

Proposition 4.3. Under the assumptions (1.5), the fully discrete scheme (4.1) is H'-stable and admits a unique
solution in Sy,.

Proof. In (4.1) we take f = 0.

We note that the non-homogeneous discrete problem which is given in implicit form is linear, so uniqueness
which is equivalent to existence it is sufficient to be proven for f = 0, i.e. for the homogeneous case. In addition,
the stability argument in fact refers to the difference of two possible solutions that each of them satisfy the
same fully discrete scheme (4.1) with different initial conditions. So, due to linearity, this difference satisfy the
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problem (4.1) with f = 0 (homogeneous) and U° the resulting difference of initial conditions of the discrete

problems.
We set » i B .
Ly U sp(rm ) curtt 4 un o1y UM HUT
¢ = k —Rh( s(rnT1/2) < D) ) +ip(r )f )
and get
. untl 4 yn
6l = —iaB( /% = )
. s, (rnt1/2) ugntt —gyr s (rmt/2) funtt g 1 nt1/2 yrtlt L pyny -
- - —— | ¢d¥.
+1a /Z_1 [ s(rn+1/2) Ry L z S(Tn+1/2) 9 . S(MH/Q)’Y(T ) 2 ¢
(4.2)
Observe now that
_ReB Tn+1/2' yn+l +un ¢ C ReB TTL+1/2. yntl +Un yntl _pn
) 2 ) 3 2 s k
ynt+1 +U" s (Tn+1/2) ynt+i L yn
+1/2. r
+ ReB (Tn 5 2 3 R 3(7""+1/2) ( 2 )z)
yntl L pyn Unt+l L pgn
+ ReB (T”+1/2; 7;— ,iﬁ(T"H/z)i;_ ) . (4.3)

We proceed by estimating the trace integral. The specific choice of ¢ is crucial, since the non-positive trace

integral
” Un+1 _yn Un+1 un
Re / S Rn(z= (74_) )
=1 S k 2 R
will appear. Indeed, as s, < 0 it follows

n+1 _ n n+1 n 1 n+1 nl
Re/ {%Rh(U . U _Zs_T<U +U))__7U 2+U}¢d19
z=1 z

2
dv,

s 2 s
n+1 _ n n+1 n _
e [ [T e (5 () )
=1 | S k S 2 R
, 1 n+1 n _
—Re/ s_<_7u> $dv
a—1 S \ S 2
n+l _ 71n n+1 n 2
:Re/ g A —R,,( (L U )) dd
2=1 S k S 2 .
Sy Un+1 _pyn Un+1+Un Un+1 _|_Un
- = - -2 - )
wef (a5 (F5) ) mem5
” 1 n+1 n n+l _ JIn n+1 n
el (0TS (e e (B () )
s—1 8§ \'S 2 k s 2 .
s. (1 UL 4 Un Untl 4 yn
tRe [ Z(=4—T" )R, (ib——T ¥
s \'s 2 2
n+1 n n+1 n
<C/ {’U +U ’Rh@U 2+U> }dﬁ
n+1 n n+1 n n+1 n
SCHu +OHRh<¥) <0Hu . (4.4)
1 1
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Note that for the above we used also the trace inequality together with relation (3.10).
Furthermore, in (4.2) we take imaginary parts and divide by a. Then we use relations (4.3), (4.4). So, we
obtain

n+1 n n+1l _ n n+1 n n+1 n
ReB Tn+1/2;U +U ’U U SRQB 7"”+1/2;U +U 722 U +U
2 k 2 5 2 i
Un+1 +Un 2
2
untt4un
2

rol

1
2

<]

1

where for the last inequality we used Lemma 2.4.
In addition, it holds that

{B(,r,nJrl/Z; Un+1’ Un+1) o B(Tn+1/2; Un’ Un)}

ReB (,rnJrl/Q;UnJrl"‘Un UnJrl—Un) 1

2k T 2%
So, we have by (4.5)
Bt 2 unth Ut < Bt TR U, UM + CEIU™TR + CRIIU™I,
which yields
Bt unt unth <B(r U, UM + B2 U, UM — Bt UL U™
— [B(rHY2 gntt gty — Bt unt Ut

+ CEIU™IE + CEIIU™ 1}
<B(r";U™,U") + Ck|U™|T + CEIIU™ 3.

Here, we used the definition of B(r;u,w) which is related to an H!-type projection operator containing only
terms of the form (g(r)uq,ws) for a,b = 2,9 and so

|B(r1;u, w) = B(ra;u, w)| < Clry — raf[[ul[]Jw]1.
Thus, we obtain

B(r"th Ut Uttty <B(r U U™ + CE|U™ 1R + CEIU™ 13
<B(r™; U™, U™) + CkB(r"TH Ut U™t + CkB(r™; U™, U™),

where we used relation (2.6). So, for k small we arrive at

1+ ck
1—ck

BU Uty < < > BU™,U™). (4.6)

By (4.6) and (2.6) and since k is small we get
Ci|\ U™ |, < B(U™T, Uunth)y < oB(U,U°) < C||U°||; (stability-uniqueness),

and therefore,
[T < CllU°|)s-

Hence, by uniqueness of solution we obtain existence. O
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4.1. Error estimates

We define the error €™ := U™ — U(r™). We set

€n:0n+wn’

with
0" =U" - Rp(U(™)), and w":=Rp(UW"))-=U(").
Let
Q" :=Rp(U(™), and Q"2 = (2" 4+ 0")/2,
then

Ur=0"+ 0"
Here, R} is induced by B(r™;u,v) so that
B(r"™; Ry (U(r")), ¢) = B(r™;U(r"), ¢),

for any ¢ € S),. We also define
02 = (07T 07 /2.

4.1.1. Preliminaries

The scheme (4.1) gives that for any ¢ € S,

<9n+1 _ g _;Qn+1 o . (ZSS—T (0?“/2 n 92+1/2> +ig (9n+1/2 + Qn+1/2>) ,¢>> =

GBI g2 T2 6) 4 (1,6)

, 0n+1 _ gn QnJrl _ Qn ,
—I—i&/ {S—Rh ( + Lo (QZ+1/2 + QZH/?))
=1 L s k s

_§7 (9n+1/2 + Qn+1/2) } 3dv,

where s, s,., 3, v and f are computed at r := r**/2 In the above, we use the identity

/2, U+t +U(r™)

,¢) + B2 B ),

for

By ==% ([RZ(U(T”)) — U™ + RPN U ) —U )

= BT UE) + UET) = U6 +UE)),

1149

(4.7)
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where RZH/Q is induced by B(r"*1/2;u,v). So, we obtain

n+1l _ gn
(% e (zs—;OZH/z _‘_iﬁenJrl/Q) ’¢) — _iaB(rTY2 g2 )

- 0n+1 g - _ 1 B
+id/ S [7 — R, (zs—eg“/?)] Bdv — i&/ 2072540
a1 S k s b1 S

# (s 2) o)+ (s (907017).0)

n+1 n n+1l _ Oon _
z=1

s s 7 .~ 1 7
—id/ S—Rh(zs—(zg“/?)qﬁdﬂ—la/ S Y2849
z=1 9 s z=15

Qn—H —nn
_ (f
Observe that for the continuous problem it holds that

(£:6) = (Ur = 2220, = 18U, ¢ ) +iaB(r" /% U, )

T T 1 N
_ id/ {3— {UT _ S—UZ] _ —WU} édo,
=1 L s s s
for f, s, sy, 3,y and U, Uy, U, defined on r := #"+1/2 and ¢ is in Sj,. In (4.8) we replace (f,¢) given by the
previous formula and obtain

n+1l _ gn
(0 o" Ry (zﬁggﬂ/z +w9n+1/2) ,¢> _
S

,¢>) ©(f.6) — B2 B ), (48)

k

—iaB(r”+1/2;9”+1/2,¢)+ia/ o {

z=1 S

0n+1 _ gn

—— — Ry (z%e)g“/?)} o9

i / - S8 2G40 + (Y, 6) + (BR,6) + (55, 9)

+iaB(r"tY2 B ¢) — ia/ %Emdﬂ
z=1
- - 1 = .
— id/ %Eg(bdﬂ + 1a/ ngggbdﬂ —iaB(r" Y2 ER, ), (4.9)
z=1 z=1
where
QnJrl —_nn

El = UT(T”H/Q) — ’ ,

n._ Sroon+1/2\ _ _Sr n+1/2
Ey =Ry, (z . 27 ) 7 U.(r ),
Eg := Ry(iBR"1/?) —ipU (r"+1/?),

U™t +U(rm)
Er = n+1/2\
4 (T ) ) )

Ep =U(rmt1/2) — i/, (4.10)

5

4.1.2. Derivation of the fully discrete error estimate

Analogously to the semidiscrete scheme, we choose

gnt+l _ gn Sr(’l“n+1/2) . ) . .
o=t (ZW@“” A *”2) |
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Then, we define

o =R ngnﬂﬂ _'_iﬁ(rn+1/2)9n+1/2
ANCEEDRE )

and we write

—o". (4.11)
In (4.9) we take imaginary parts and obtain

0= —aReB(r"*1/2;,0"1/2 ¢) + a/

z=1

r1p2d9 — aRe/ Lgn 12540

S =1 S

+Im((E}, ¢) + (B, ¢) + (B3, ¢)] + aReB(r" /% B} | ¢)

- aRe/ {S—TE{L +pp - 1734 $dv + Re/
2=11°% S S z

— aReB(r"'/% By, ¢).

5 R (186" 1/2) gy
=1 S

In the above, we replace ¢ by (4.11) in the first sesquilinear form and in the inner products. Since s, < 0 we
use [, %|¢|2d19 to bound the trace integrals and then apply the trace inequality to obtain

ReB(rn—i-l/Q; 9n—i—1/27 ¢

n+1 _ on
- ) < ReB(T”+1/2;9n+1/270n)

+ [ 1C T ioPag -+ Clom;
z=1
1
+ = (1B + 1B+ B3] o™ | + ReB(r+1/2; B 9)
1
+ —Im[(BY, 0" — 0") + (Eg, 07— 0") + (Ey, 07+ — o)

ak
+C [ (1BP + B2+ B2 ) a9 — ReB(r /% By, ), (4.12)

z=1

where we used the relation (3.10).

The trace inequality applied on the trace integral of (4.12), gives

ReB(r”H/Q;Q”H/Q,H”H —om) < k;ReB(r”H/z;Q”H/z,a”)

[ 1COPZIORaD + ORI + CR{IEF] + B + 1551 o)

+ kReB(r"*'/% B} — B, ¢)

+ CR{IBL LB + | B3 1N B 1 + B2 L B} + B (4.13)

where

1
H" := —Im(E} + EY + E}, 0" — ™).
a
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We observe that if ¢ € S}, then
2
B - B0 = (|5 {1+ 22 e - B o)
z

1 2 -
s Sl e - e
z=

— By — By d) + 5 ([ (58 - )] 9)
- %2 (Bt . 9) + / » 22 (B — Efy)gdv. (4.14)

In (4.14) we take real parts. Then for Cy > 0 a constant as small as needed, and since
Ut + UG
2
we have, for A|.—1 of the form [(R}" — I)(g)]a|s=1 with a = 2,9

E} = U@ Y/2) - , E? <Ck? E}Yy<CEK,

FReB(r" /% B} — Ef, ¢) < k(A" ) + CK[|| ELL || + IIEEﬂIIoo}/

z=

|¢ldd
1

+ Ck/ |A||o|dd
z=1

< k(A" ¢) + CW/

z=1

\¢\d19+0/ EV2|AlKY2 g dv

z=1

< k(A" $)+C k5/2k1/2\¢\d19+0/ KY2| AJY2| 6|d9
z=1 z=1

< k(A" 6) + CK + éok/ 6[2d0 + Cl-c/ 14249
z=1 z=1

< CK||E] — Epl2llo™ || + (A", 0" — 6") + Ck® + Cok/ |6d + Ck|| A || Allx
z=1

< Ck|E} — E}[|2]l0™|| + (A", 0" — ™) + Ck® + éok/ |p|?dd + Ckh*~1h*~2. (4.15)
z=1
Here, A™ are of the form:
C"E™,
C" = g(r"t/2 2, 0),
E" = E", E}, E"., E"), E},, for E"=E!—El. (4.16)
In (4.13) we use the definition of R}, relation (4.15), and the identity
1

ReB(Tn+1/2; 0n+1/2’ 9n+1 . gn) _ 5[B(,r,nJrl/2; 9n+1’ 0n+1) o B(Tn+1/2; en’ gn)}

So, under the assumptions on s, relation (4.13) gives finally
ReB(r" /26" 41, 6"+1) < ReB(r"+1/%;07,6™)
o+ 2KB (72 02 S22 g ) 1 Ol
+ Ck{IIE?H 1Bz + IIE:?H}HO”H + Ck|| B — Eg'lz[lo™
+ (A", 0" — ™) + CK® + Ckh* ™3
+ R{IEL LB + B3 1B+ BB + B (4.17)
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We set
7" =CK{|ET[| + |1EZ || + | ES I o™ || + CK|| EY — Eg[|2]l0™|
+ (A", 0" — ™) 4+ CkS + Ckh?53

+ kNI NE ] + B3 L B3|+ | B2 B2 | +
then, using Lemma 2.4, relation (4.17) yields
ReB(r" /2, 97+ gnH1) < ReB(r /2,60, 0™) + Ck||6™ 12 + Ck|6™2 + Z™. (4.18)

This is the main inequality that we shall use to derive the error estimate.

Step 1:
Observe that (4.18), for k sufficiently small, gives
1+ Ck 1
n+1. pon+1 gn+1 < n.gn on n
ReB(r" ;0" 0" 71—Ck;ReB(T ;0" 0 )+1—Ck;Z . (4.19)
We apply now (4.19) for i = 1,...,n and get
ReB(r"t1; 0"+ 0" t!) < CReB(0°,60°) + C> 2" (4.20)
i=0
So, by relation (4.20) we arrive at
1413 < Clle°lF + CY 7" (4.21)
i=0

Step 2:

n
Our aim will be to estimate ZZi.
i=0
For this, we will provide bounds for sums involving: (A", 6" — 0™)|, |[E} — EY|2, |lo™||, H", and EZ,
1 =1,...,5 in various norms.
For general A", it holds that

D (AL O =07 < (A% 00+ Y [AT = A7 + [(A", 7).

i=0 1=0
Further by the definition of E}, E} we have that

|ES — Eill2 < Ck* + Ch* ™2, (4.22)
while by Taylor expansion easily we have that
1125 — Eg] — [By = By ll2 = 1B} — B3] — [Bg — By 'll2 < Ok + Ckh2,
and ‘ _
|ct—CiY| < Ck.
So, for the specific A™ given by (4.16), we get
A" =AY = [IC°E — CTET < [ICHET — BT+ |ETHE - )|
<Ok + Ckh* 2 + C(K* + h* )k < Ck* + Ckh* 2.
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Therefore, we have finally

n

Z(Ai’eﬂrl _ 01)

=0

< C(K* + h¥=9)||6°|| + C (k3 + /chS*?)Zneiu + C(k* + h72))0m . (4.23)
=0

We proceed by proving the next lemma.

Lemma 4.4. For any o' it holds that
lo* | < o1 + 67|
Proof. By the inverse inequality in S;, we arrive at
i St pi - api i
o]l < || (Bn = 1) (222057272 + igg1/2) || + cllo™ 2,
< Clo 1 + 671 O
Let us estimate now the sum of H°.

Lemma 4.5. It holds that
n 3 3
> H <Cll6° 1D IES| + Cllom DY IE
=0 p=1 p=1

3 n
+> > B, — Bl

p=1li=1

Proof. For any sequence d’ of smooth complex functions, easily it follows that
n

D (@0 =) < (@ 6%)[ + YNl —d 6] + (a6,

=0 1=0
while
D B0 =) < |B(d,6%) + Y _|B(d —d"t, 00| + |B(d", 07,
i=0 1=0
Applying the above estimates for d' := E!, d' := E} and d' := E}, we obtain the result. O

By the definitions of Z* and H® and the previous lemma it is obvious that we must estimate the terms EI’)
and E; — E:fl. This is done at the next lemma which follows from standard calculations.

Lemma 4.6. The next estimates hold true
|E, — B < CR{h*™ " + K}, p=1,2,3,
BR[| < C{h® + K}, [|BR[h < C{h*~ 1 + k2,
1B2[| < C{h*~t + &%}, [IB3 | < C{h* 72 + K2},
B3| < C{h® + K?},
IER (s < CK*, ||E}|2 < CK?
IES| < C{p> + K*}, ||E5| < C{h*~' + K}

Note that the worst order term is |E%||1.
A bound for the sum of Z? is given at the next lemma.
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2
Lemma 4.7. For M := {hs_3/2 + k;z} , it holds that

n n+1
> 2" < O 2+ K20 + {h2 + K210y + k{2 2D N0+ M) (a24)
=0 i=0
Proof. Lemma 4.6 gives
1B+ N B3]+ B30 + |1 By — Egll < C{h*™2 + K2},
1L IEL + N Bl N Bl + [ 25l 25l < C{h** ™% + k*}. (4.25)
By Lemmas 4.5, 4.6, we obtain
ZH’ < C{R* ™+ 2|60 + C{hs~t + K207 + CZk;{hs_l + k2 }|6%)1- (4.26)
=0 i1
Relations (4.25), (4.23), (4.26) and the estimate of ||o?| of Lemma 4.4 yield the result. O

Final Step:

We replace the estimate (4.24) in (4.21).

Furthermore, we consider h < Ck. This assumption is reasonable since we are in the far field of sound
propagation in range (r >> 0, which is the evolutionary variable), while the transformed problem in space is
posed on the small rectangle D = [0,1] x [¢1,72]. So, for s = 4 we have

1 1 .
nt12 < 012 o ~gn+1y2 4 ~ QN2 2
671 < Cll°)F + 5173 + 7, max_10°]F + G2 (4.27)

where G := C{h*~3/2 + k?}. Taking the maximum in n, relation (4.27) finally gives
16711 < Cl16°]l + C{r* /% + K2} (4.28)
Now we can prove the next theorem that estimates the error e” = U™ — U(r™) in the H' norm.

Theorem 4.8. Under the assumptions (1.5) (upsloping bottom), if U the solution of (1.8) with U € H*(D) the
next inequalities hold true:

1. If h < Ck, then
e 4 < CIIU° = U(Ro)|lx + C{A*—*2 + K2},

fors=1=4.
2. If the bottom topography depends only on azimuth ¥, then
€™l < CIU° = U(Ro) |1 + C{h*~* + K2},
forany2 <s<Tt=4.

Proof. By (4.28) and the estimates of w we get the first inequality.
Easily (as in the semidiscrete estimate), when s, = 0 then the suboptimal term || E7||; vanishes and we obtain
the second optimal error estimate. O
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