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ANALYSIS OF A HIGH-ORDER SPACE AND TIME DISCONTINUOUS
GALERKIN METHOD FOR ELASTODYNAMIC EQUATIONS. APPLICATION
TO 3D WAVE PROPAGATION

SARAH DELCOURTE" AND NATHALIE GLINSKY?®*

Abstract. In this paper, we introduce a high-order discontinuous Galerkin method, based on centered
fluxes and a family of high-order leap-frog time schemes, for the solution of the 3D elastodynamic
equations written in velocity-stress formulation. We prove that this explicit scheme is stable under a
CFL type condition obtained from a discrete energy which is preserved in domains with free surface
or decreasing in domains with absorbing boundary conditions. Moreover, we study the convergence of
the method for both the semi-discrete and the fully discrete schemes, and we illustrate the convergence
results by the propagation of an eigenmode. We also propose a series of absorbing conditions which
allow improving the convergence of the global scheme. Finally, several numerical applications of wave
propagation, using a 3D solver, help illustrating the various properties of the method.

Mathematics Subject Classification. 35L50, 35F10, 35F15, 35L05, 35Q99.

Received July 11, 2012. Revised October 17, 2014.
Published online June 30, 2015.

1. INTRODUCTION

In the last few decades, the computational seismology has become an essential tool to simulate realistic
wavefields of local, regional or even global wave propagation problems. The physics governing these phenomena
is now well-understood and many different accurate numerical methods have been developed and can deal with
three-dimensional realistic applications thanks to a continuous increase of the computational resources and the
use of parallel computational facilities.

Among all the numerical methods proposed for simulations in time domain, the most popular is undoubt-
edly the finite difference (FD) method and its many improvements from the initial FD schemes proposed by
Alterman and Karal [7] or Kelly et al. [41] such as, for instance, the introduction of the velocity-stress system
and the staggered-grids [47,61], fourth-order schemes in space [9,45] and rotated staggered-grids [57] allowing
strong fluctuations of the elastic parameters. If these techniques lead to simple and cheap algorithms, their
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major drawback is the restriction to cartesian grids not suited for geometrical internal or surfacic nonlinearities
(topography) but, the use of non uniform grids [54] or even discontinuous grids [6] enabled improving the ac-
curacy at the free surface and, more recently, an hybrid method coupling a finite-difference technique for the
most part of the domain and a finite-element method in subdomains containing the nonlinearities (topography,
faults) has been proposed [33,51]. Some other methods have been further developed such as finite element (FE)
methods which allow meshes adapted to complex geometries [8, 46, 48]. However, they are often very costly
because one needs to invert a global mass matrix at each time step which is not well adapted to the use of
high-order space approximations. This difficulty was overcome by the use of Gauss-Lobato Legendre quadra-
ture formulae at the root of the spectral element methods (SEM), usually applied to second-order system in
displacement (see, for instance [14,42] amongst many contributions). However, except some applications to
triangular meshes [49, 50] and resulting in non-diagonal mass matrices, these methods are mostly developped
for quadrangular or hexahedral discretizations which may complicate the construction of meshes adapted to
heterogeneous media. As an attractive alternative for a better representation of complex geometries, non con-
forming discontinuous Galerkin spectral element methods have been recently developped and analysed for the
wave propagation in 2D quadrangular meshes [5] or 3D affine hexahedral meshes using a velocity-strain formula-
tion [13,63] for coupled elastic/acoustic media. When methods based on conforming meshes are used, simplicial
meshes permits a better approximation of complex geometries (topography, faults). For this reason, we study a
high-order Discontinuous Galerkin (DG) method applied to tetrahedral meshes.

The Discontinuous Galerkin (DG) method has been initially introduced by Reed and Hill [55] for the solution
of neutron transport problems. A first analysis of the method for hyperbolic equations has been presented
by Lesaint and Raviart [44]. Their result has been improved and broadened by Johnson et al. [36,37]. The
method is now very popular for solving many problems of physics governed by hyperbolic partial differential
equations. Detailed reviews of methods and applications can be found in Cockburn et al. [22] or Hesthaven and
Warburton [31].

This method can be seen as a discontinuous finite element method with a great flexibility in the choice of
the local degree p of the polynomial interpolation while being adapted to most meshes such as unstructured or
non-conforming discretizations. Both aspects can be combined to build high-order hp-adaptive finite element
methods [24,59]. The major advantage of this method is an easy extension to high-order in space realized by local
basis functions defined in each element. The type of basis functions is not fixed and many families are available
with their own advantages/drawbacks that can impact the accuracy [23]. The inversion of a global mass matrix
is avoided when an explicit scheme in time is used since all calculations are done at the local level producing
block diagonal matrices. On the contrary, fluxes between neighboring elements must be accounted for and many
strategies have been studied in the literature (for instance, see [31]). More, it has a simple computational pattern
with elements which makes the method naturally suited for parallelization.

Among the pionering methods, Cockburn and Shu [18] introduced a class of high-order discontinuous Galerkin
finite element methods, based on upwind fluxes and a Runge—Kutta time scheme, for 1D scalar conservation
laws. The method was then extended to systems and multidimensional cases in [19-21] and the analysis proved
the good convergence properties of the method. Other properties are also important to define an accurate
scheme. The study of the dispersive and dissipative properties of a method provides information on its ability to
accurately propagate a wave, especially high frequency, along many wavelengths (as it is the case for simulation
of realistic problems). Hu et al. [32] studied dispersive and dissipative properties of a DG method for both
1D and 2D equations. They concluded that they depend on the type of fluxes: the error being dominated by
dissipation for upwind fluxes whereas the dissipation rate is zero for centered fluxes. Sherwin [58] compared the
dispersive properties of both continuous and discontinuous formulations. Ainsworth [3] and Ainsworth et al. [4]
analyzed these properties for high-order DG finite element methods, considering linear advection and second-
order wave equations respectively. One of the results of these studies is that it may be advantageous to increase
the order of the method instead of refining the mesh. An important issue is then to study how to choose the
order of polynomial basis function for each element in the computational mesh to obtain a predetermined error.
Léhivaara and Huttunen [43] studied such a criterion, connecting the polynomial order p to the mesh parameter
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h, for acoustic and elastic wave equation. Chevaugeon et al. [16] proposed a number of rules to choose an optimal
order for the spatial approximation and an optimal time-stepping scheme in order to obtain accurate solutions
of the linearized Euler equations in complex geometries and then reduce the size of the problem and the CPU
time.

An analysis of the spatial discretization error of a DG method associated with the solutions of 1D hyperbolic
conservation laws has been proposed by Adjerid et al. [1]. In particular, superconvergence results of the DG
method at Radau points is obtained. These results are completed by Cheng and Shu [15] who studied the
evolution of the space error with time and Zhong and Shu [64] who considered the fully discretized approximation.

In spite of its success in many domains of applications, the DG method has been applied relatively late to
seismic wave propagation problems in comparison to other domains of application. If we restrict ourselves to
methods designed for the velocity-stress first-order formulation, Kéeser and Dumbser [38] presented the ADER-
DG method for 2D applications that has been widely developped and extended to 3D configurations [26],
viscoelastic media [39], applied to a quantitative accuracy analysis [40] or dynamic rupture simulations [52],
to mention only a few of the many developments related to this method. The ADER-DG method is based on
upwind fluxes and the Cauchy—Kowalewski procedure that automatically provides schemes with the same space
and time level accuracy which allow achieving very high levels of convergence. Other references are related to
a non-diffusive DG scheme based on centered fluxes and a leap-frog time scheme: Delcourte et al. [25] for the
introduction and some properties of the method, Etienne et al. [28] for 3D simulations in a realistic basin, Tago
et al. [60] for 3D rupture simulations or Peyrusse et al. [53] for 2D viscoelastic media.

In this paper, we study the P-SV seismic wave propagation considering an isotropic, linearly elastic medium by
solving the velocity-stress formulation of the elastodynamic equations. For the discretization of this system, we
apply the method described in Delcourte et al. [25], based on centered fluxes and a leap-frog time-discretization.
The extension to high-order in space is realized by Lagrange polynomial functions (of degree 0 to 4). Starting with
the conclusions of the previous paper [25], we wish to improve some particular points. A numerical convergence
study proved that the accuracy of the time scheme is crucial when global high-order accuracy is sought. Indeed,
unlike the ADER method that has the same level of accuracy in space and time, the standard leap-frog time
scheme, second-order accurate, reduces the global convergence order limiting the interest for high-order space
discretizations. Then, we propose an extension of the leap-frog scheme to higher (even) orders of accuracy,
following a method proposed for the Maxwell equations by Young [62] and applied in the DG context by
Fahs [29]. This method allows us to achieve temporal accuracy to any even order desired, when free surface
conditions are applied, by introducing an iterative procedure. Another technique, based on the modified equation
approach, has been applied by Agut et al. [2] to construct high-order time schemes for the second-order wave
equation. If our analysis is done for a general class of leap-frog schemes, we restrict the numerical application
to standard and fourth-order cases, since fourth degree polynomial functions have been considered at the most
for spatial discretization. This complete a first introduction of the method, in a two-dimensional context, done
by Glinsky et al. [35], especially by adding an analysis of the scheme.

A second limitation of the method found in [25] concerns the low-order absorbing boundary conditions. Indeed,
when considering the error evolution during the propagation of a wave in an artificially bounded domain, we
can notice a reduction in the convergence due to the absorbing boundary condition. The convergence studies
are generally done for problems involving free surface conditions or periodicity conditions, as it is the case for
the numerous convergence studies using the ADER method. Our objective here is not to study this point in
detail; as mentionned in the review done by Givoli [34], this complex topic is a study in itself. But some simple
improvements can be obtained by the evaluation of the absorbing boundary terms at some particular time levels
and we wish to study this particular point.

This article is organized as follows. In Section 2, we state the velocity-stress formulation in a symmetric
pseudo-conservative form. Then, in Section 3, we detail the discretization of the equations system by the
Discontinuous Galerkin method. The high-order leap-frog time scheme as well as the approximation of the
boundary conditions are also presented. After, we study, in Section 4, the preservation of a discrete elastodynamic
energy and the stability of the scheme, taking into account the free surface or the absorbing boundary conditions.
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Section 5 is devoted to the convergence analysis of the semi-discrete and fully discretized schemes. Finally, we
illustrate this study in Section 6 by some basic numerical applications in three dimensions of space, with the
aim of validating the 3D solver and studying, numerically, particular points of the method: the propagation
of an eigenmode for a convergence study and a comparison between standard and fourth-order leap-frog time-
schemes, the propagation of a pulse for a comparison of two different absorbing boundary conditions and the
propagation of an explosive source in a half-space. The main objective of this paper being the analysis of the
method, applications to 3D more complex configurations, especially in heterogeneous media requiring adapted
unstructured meshes, will be the object of a further publication.

2. VELOCITY-STRESS FORMULATION IN PSEUDO-CONSERVATIVE FORM

The P-SV wave propagation in an isotropic, linearly elastic medium is modelised by the elastodynamic
equations, which initially write in displacement-stress formulation; let be U = (Ua) ¢ (2.2} the displacement

vector and & = (U()‘vﬁ)a,ﬁe{m,y,z}’ the stress tensor, then the system reads

{p@f(j:V~§,

- B B (2.1)
AV - T+ p (VU + (VD)),

Qll
Il

where T is the identity matrix, p is the density of the medium and A and p are the Lamé parameters related to
shear and compressional velocities (vs and vp,) in the medium by v, = \/% and v, = ,/H%.

We introduce the velocity vector V = 0,U in the equation (2.1) and obtain the first-order velocity-stress
formulation [61]:

P 3&7 =V- ?,
(2.2)

07 = A (V- V) T+ p (VV + (V).

- - t -

Let W = (V,&’) be the vector composed of the velocity components V = (V,,V,,V.)" and the stress com-
ponents & = (uz, Oyy, T2y Ouy, Ozz, 0yz)', since the stress tensor is symmetric, then, the system (2.2) can be
rewritten as

AW+ Y Aa(p A p) 9W =0. (2.3)

ac{z,y,z}

We choose here not to detail the matrices A, (p, A, ).
In order to express the system (2.3) in a pseudo conservative form, we introduce the following change of variables
on the stress components,

g_T&_(Uxx+o—yy+0zz QUII_Jyy_Uzz _Uzz+20yy_0zz

3 , 3 5 3 s Oxyy Oxz,y Uyz) : (24)

So, the system reads
poV = > Ma 0ab,
I & ; (2.5)
Ao\ ) 95 = D Na 04V,
ac{z,y,z}

3 3 3 111
where Ao(\, p) = diag ( -, = —) is a diagonal matrix containing the characteristics of the

3N+2u 2p” 20 g
medium and
110000 000100 00 0010
M,=[000100|,M,={101000]),M.=[00 0001},
000010 000001 1-1-1000
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100 010 00 1
2 00 0-10 00—1
100 020 00-1
Ne="f g 10 N=[100[N=|000
001 000 10 0
000 00 1 01 0

We can notice that now the matrices M, and N, (o = z,y, z) are constant and do not depend anymore on the
material properties. So, the system (2.5) is a pseudo-conservative formulation of (2.3). At last, we multiply the
second equation of (2.5) by the following positive definite symmetric (PDS) matrix

000
000
000
100
010
001

DO OO O
O O Owl=wIiNvn O
O O Owhhwi—= O

in order to obtain a symmetric system. Therefore, we finally get the symmetric pseudo-conservative formulation:

P 81“7 = Z Ma 8(15’
. el ; 2.6
AN p) 5= Y ML 0.V, 2.6)

ae{z,y,z}
where A(X, ) = SAg(A, ) is a positive definite symmetric matrix whose spectrum is

*

1 3 111 3
+

Ay =4 — e
Spid} {2u 2 1’ BN 2p

and we can notice that SN, = M!, (o = z,v, z). This formulation will be very useful to establish the energy
preservation. Then, we add:

(i) a physical boundary condition on the free surface

i

Ol
—
o
N
~

which will be rewritten by respect to & in Section 3.3.
(ii) absorbing boundary conditions
P5 = —AV and PV = —Bg, (2.8)

(where the matrices P, A and B will be specified in Sect. 3.3) to approximate an infinite domain.

At last, we need to impose initial data
V(0) =V, and 5(0) =5y, (2.9)
to ensure the existence and the uniqueness of the solution (V&) of the system (2.6)—(2.9).

3. A DISCONTINUOUS GALERKIN METHOD COMBINED WITH A LEAP-FROG SCHEME

3.1. Integration on a simplex

We consider a bounded polyhedral domain (2 of R3, discretized in Nt tetrahedra 7;, which form a partition of
the domain. We assume that the characteristics of the medium are constant over each element 7; and denoted by
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(pis Aiy 1bi). We multiply, in the sense of the scalar product, the first (resp. the second) equation of the problem
(2.6) by a vector field @; € R? (resp. 1; € R®) and we integrate them on each element 7;. Then, we apply the
Green formula to the right-hand sides:

pi/ ngat‘?dv = Z |:_/ (8a¢z)tMagdU+/ ‘ﬁfMagnaqu:la (3.1&)
Ti ac{z,y,z} Ti 97;
Y,
/ JiAoFw = Y [_ / (Ous) M Vo + / JfMgVnmds}, (3.1b)
7i ac{z,y,z} 7 9T;

where we set A; = A(\;, ;) and 1; = (ng,,ny,, ns,)" represents the outwards unit normal vector to 7;.

3.2. Evaluation of volume integrals
The approximations of V and & are denoted by the fields Vi, and gh which are defined locally on each element
7; and may be discontinuous through the interfaces, so that we set

Vi, Vh\r ZV;' and gth :[;':i. (3.2)

Let us denote P,,(7;) the set of polynomials over 7; with a degree m and consider the vector fields @'” e P3(T:)
and ¢1J € PS8 (7;) whose each component is a Lagrange nodal interpolant, then we can write V; and &; as linear
combinations of time-dependent fields:

dof dof
Vvi(xa Y, th) = ZVZ](t) QZZ] (xvy’ ) and & UZ T, Y, z, t ZUZJ 'T Y,z )7 (33)
j=1

where dof denotes the number of degrees of freedom on the element 7;. To approximate the volume integrals
on 7;, we just have to replace the fields V and & in (3.1) by V), and &,.

3.3. Approximation on faces

To calculate the integrals on 97; of (3.1), we split this boundary in internal and boundary faces. We denote
by V(i) the set of indices of the neighboring elements of 7; and we note by S each internal face common to
both elements 7; and 7y, i.e. S;x = 7; NT;. Moreover, some elements 7; have one or more faces common to the
boundary of the domain. The set of the indices k of such faces S; = 7; N 94?2 is denoted by £(i) for absorbing
boundaries and () for free surface boundaries. Remark that, for most elements, £(i) and (i) are empty sets.

Therefore, introducing P;;, = Z Myng,, , we have:

ac{z,y,z}
Z / FiM,, Una ds = Z / &t P,.5ds + Z / &t P,.5ds + Z / &t zkods (3.4a)
ac{z,y,z} keV(i ke&(i ke (i)
/ PIML Vngds = ) / PIPLVds + ) / IPLVds + ) / PP Vds, (3.4D)
ac{z,y,z} keV(i ke&(i ke (i)

where f;, = (Ng, Ny, M2y, ) Tepresents the unit normal vector of Sjx, oriented from 7; towards 7y,.
For the interior faces S;, of 7; (k € V(i)), we choose to apply centered fluxes by introducing the mean-value
on this face:

_ 1 = 1/ =
Vep =5 (Vi+1h) and &, =3 (5i+5). (3.5)
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For the boundary integrals, two types of boundary conditions have been considered: a free surface condition at
the physical interface between air and the medium, and an absorbing condition on the artificial boundaries of
an infinite domain.

Free surfaces: On these faces, we compute the fluxes by introducing weakly the physical condition (2.7) in the
third term of (3.4a) and the physical condition is rewritten in the new variable & via the change of variables (2.4).
No physical condition is applied to the velocity in the third term of (3.4b). So, for a boundary face S;; of 7;,
with k € KC(¢), this condition reduces to:

VISM ~ V; and Pm&‘sbk =0. (36)
Absorbing surfaces: To simulate infinite domains, we introduce artificial boundaries, on which we impose
absorbing conditions. Therefore, for any & € £(i) and any real unit vector 1,5, we define the matrix

1
ORSXS _Pik
Pi

A (pis Xisiia) = D Aalpi Xis 113) My, = — i ; (3.7)
— 1t
ac{z,y,z} Az Pik Orexe
which is diagonalizable in R, i.e. all its eigenvalues ex(k = 1,...,9) are real:
€1 = —Up, €2 =e€3= Vs, eg=¢c5=c5=0, er=e3 =15, €9=p,

) [N +2u; ;
with vy, = vp(ps, Niy i) = ZTMZ and vs, = vs(pi, \i, i) = % (3.8)

and we note by P, (p, A, 1) the matrix whose column % is the right eigenvector associated to the eigenvalue eg:

3vpng —VsNgNy VsNo,1,—1 0 0 0 —VsN0o,1,—1 VsNg My —3vpng
3vpny VsN1,0,—1 —VsNz Ny 0 0 0 VsNgpNy —VsN1,0,—1 —3vpny
3vpn. VsNyNz VMg Ny 0 0 0 —VgMgpMN —VsNyNnz —3vpn.
3N+ 2u 0 0 —MNgN,1,1 —NyN1,0,1 —NzN1,1,0 0 0 3A+2u
2un2,_1,—1  —2uning  2uNaN01,—1 MeN0,1,1 MyN1,0,—2 M2T1,_2,0 2UNaN0,1,—1  —2UNany  2pm2 1 1
—2uni,—2,1 2unynio,—1 *zlﬂlmﬂz NgNo,1,—2 MNyN1,0,1 MzN_21,0 *Zunznf, 2unymi1,0,—1 —24M1,—2,1
Gungmny  pNgni, —1,-1 MNyn_1,1,-1 0 0 3NeNyNz PNyM_1,1,—1 UNzN1,—1,—1 OBunzny
6ungn. 0 pUn=ni1,—1 0 3nznyn; 0 MUNn=n1 1, -1 0 6ungn.
6pnqyn. HUn=n1 1, -1 0 3nznyn; 0 0 0 HN=m1 1,1 Gunyn.

where, to simplify, we set nq.. = an? + bni + cn?. Then, the boundary absorbing conditions consist in an
upwind technique where we only take into account the outgoing waves neglecting the ingoing waves part. For
that, we approximate A,,, by the matrix A} where weset A = (P, D P L) (pi, Ai, i) with DT (pi, A, p1s)
the diagonal matrix composed by the positive eigenvalues of A,,, . Therefore, according to (3.7), we have to

approximate
]Pik;g p?g ORSXG v
L) == i (pis i) | = 3.9
(Ptkv) (ORexs A; Anilpi X i) 3 ) (3.9)
where ?3 denotes the identity matrix, by

Plkg p?S 0R3><6 +
)~ — i s )
(]P’fk;V) <OR6><3 AZ AnLk (P 12 ) (3 0)

Susu
N———
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piI3 0R3><6 AJr (P s ;U’) _ 1 Aik —Pi (311)
Opoxs A; mik e e 2 _ng Bik
where
(qu‘, - 'Usq‘,)nazcik + Us; (quz - 'Usq‘,)nwiknyik (quz - 'Usq‘,)nwiknzik
Aik = pPi (U:Di - 'USL)anknqu ('Upi - ,U'Sb)n§7k + VUs; ('Upi - Usi)nyiknzik (312)
(/Upi - 'Usi)nxiknzik ('Upi - Usi)nyiknzik (Upi - Usi)nik + Vs,
and
1 nﬁlk - ngik nilk N nng 2nwiknyik 2n3’5iknzik 2nyiknzik
n%ik - ngik ’n’fmk —2’_”3,;9 ) ik ) N Nyin 0 TNy Moz,
Eik — 1 nyik - nzik nzq‘,k nqu + nzq‘,k nmtknyté TN Nz 0
PiVs; 2nﬂhknym N My, NNy Nz + Ny Ny Mz N5 Mz
2nyiknzik TNy Mz 0 N Mz N My nilk + nglk
1 1
Usi = Upi | My, —NZz, ® My = M (3.13)
PiUp; Us; antknqu 2n17kny7k
2n$iknzik 2n$iknzik
Finally, for a boundary face Si; of 7; with k € £(i), the fluxes are approximated in (3.4) by:
= pt - -
/ G5 ds ~ / " [—Aik V. + Py 5,} ds, (3.14)
Sik Sik
S Pt -
/ GIPLV ds ~ / - [ng V, — Bu az} ds (3.15)
Sik Sik

Remark 3.1. The absorbing boundary conditions (2.8) follow from (3.10)—(3.11). It is a first-order approx-
imation, efficient for waves with a normal incidence to the artificial boundaries but whose accuracy could be

improved especially to limit reflections in presence of grazing waves.
Remark 3.2. Aj; is a symmetric positive definite matrix whose spectrum is

Sp(Aik) = {Pi'Upi,pi'UswPi'Usi},

whereas B, is a symmetric semi-definite positive matrix. Indeed, we have

det (B — Jjﬁ) =23 (2% 4 ax® + bx + ¢)
where

1
PiUp,; Us;

4 4 2 2 2
t s, (2 ., — 2nyik + 2nyik - 2nyiknzik)] ’

2 2 4 4 2
[’Upi (2 - Qnyik + nzq‘,k - nzq‘,k + 2nyik + Qnymn

2
zn)
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1
_ 4 o 2 4 2 .2 2 4 2
b= 20, 02 [,Upi (1 + Qnyik 2nyik ik + L nyiknzzk 3ny ez, Sny Wz k)
pi PiYs;
+ v, (4—n2 +nt —|—2n _H4n2 n? —3n2 ni —3n, nZ +3n, n2 )]
Si Yik Yik Yik' "Zik Yik ' Zik Yik' Zik Yik ' “Zik/10
c——; (2+2n2 —3n2 +3nt —nt —nZ n? 4ant n? 4+ 4an? pn? )
- 2 Zik Yik Yik Zik Yir Yz Yik ' Zik Yik'Zik/) "

3
pi Up; Usi,

We can deduce that 0 is a third order eigenvalue of B;;, but the three other eigenvalues are not easily specified.
Then, we shall use the Sylvester’s criteria. For that, we denote by B;rx = (bj1)1<ji<¢ the coefficients of the
matrix B, and By = (bji)1<;,1<q the submatrices of B;;, and we observe that

1 2 2 2 2 2
det(Bl) = Dilp, > 0, det(BQ) = m [4n$1knzq‘,k + Ty (nzqk + nzqk):l >0,
9
det(Bs3) = ﬁ”imnimnik >0, det(By) =det(Bs) = det(Bg) =0,
[ pLUSL ) ) )

so that the three other eigenvalues of B;; are necessarily positive.

3.4. Time-discretization
This subsection is devoted to the high-order leap-frog time-integration of the scheme in the same spirit as [29]

for the Maxwell equations.

3.4.1. The semi-discretized scheme

Taking into account of (3.2), (3.5), (3.6), (3.14) and (3.15) in the equations (3.1a) and (3.1b), we obtain the

following semi-discretized scheme for all 7;, with i =1,..., Np:
Pi/ FioVidv =~ - / (Oa@i) Madidv + Y / IP’MUZJFU’“ds
% ac{z,y,z} kev(i)
1 -
+ Z / SOZ |: ik Uz - iAzk ‘/;:| ds, (3.16)
ke&(1)
/ QEztAzatgzd'U = - Z / oﬂ/)z Mt Vd’U+ Z / % ik 4
% ac{z,y,z} keV(i)
+ Z / o [QP Vi Bix o } ds + Z / PP, Vids. (3.17)
[ =10) ke (i

According to (3.3), for each tetrahedron 7;, we denote by @Z and o; the column vectors (@ij)lgjgdof and
(Gij)1<j<dot respectively. Replacing @; by ;; in (3.16) and 1/_1; by Jij in (3.17) for 1 < j < dof, we obtain the
following matricial form:

M, 8,5\72» = — Z J¥ o Z K, 6; 4+ Gik 0k) + Z (Kir 0; — iy, §\71), (3.18)
ac{z,y,z} keV(i) ke& (i)
Mp; 05, =— Y LeVit > (K4 Vi— G Vi) + D> (Kl Vi— By6:)+2 > Kb V,,(3.19)

ac{zr,y,z} keV(i) ke&(i) ke (i)



1094 S. DELCOURTE AND N. GLINSKY

where for all 1 < j,1 < dof, we have set

My )= | @ ouds. ay= [ 0 4 s
(U= | @afi) Mo i ds, (1), = [ @ui) M, G ds,

7T 7T;

ir § e } (3.20)
(Kar) 5/5 Gij Par Y ds,  (Gaw);, = 5/ Bij Pir i ds,

1 _, 5
= [ B A G ds, (), / Tt B i ds,

Sik Lk
and used the equalities 1/_131 P, Gik = &4 P ﬁjl = —gt Pk 1/;;';, thanks to the orientation from 7; to 7 of

Naik, @ € {x,y, 2}, contained in P;;. On the other hand, thanks to the Green formula, we have the following
matricial relation for all ¢ € [1, Np]:

= Y (FHEIH)+2 Y Ka+2 Y Ku+2 Y Ki=0 (3.21)

ac{z,y,z} keV(i) ke&(i) keK(3)

Setting the column vectors V = (@i)lgigNT and 0 = (7;)1<i< N, Whose sizes are Ny * dof, the system (3.18)
and (3.19) can be rewritten as:

M, 0V =Q3 =RV, (3.22)
My Oio=XV-Y o,
where M,, M4, R and Y are (Np * dof) % (Np * dof) block diagonal matrices such that for 1 < ¢ < Ny,
(Mp)ii = Mpia (MA)zz = MAia zz - Z e/Q{zkv }/zz - Z <%zk (323)

10 keE()

More precisely, M,, M4 and R are symmetric definite positive matrices, and Y is a symmetric semi-definite
positive matrix. On the other hand, @ and X are (N7 * dof) * (N7 % dof) block sparse matrices such that for

1 S Zvj S NTa
- Z Ja+ Z sz+ Z Klkv lf’L—],
ac{z,y,z} keV(i) ke&(i)
i = 3.24
Qi Gy, if j € V(i), (3:24)
0, elsewhere,
and
- > LY+ > Kh+ > Kb +2 Z K, ifi=j,
ac{z,y,z} keV(i) ke& (i) keK(i ( )
X = o . 3.25
/ —GY;, i jeV(),
0, elsewhere.
Applying (3.21), the following essential property holds:
Q+X'=0. (3.26)

3.4.2. High-order leap-frog scheme

Then, we apply a high-order leap-frog time-integration scheme. It is an explicit scheme which results, when
combined to the centered fluxes defined at (3.5), in a non-diffusive scheme (see Sect. 4.2). We note by At the
time-step and the superscripts refer to time stations. Thus, V" represents the velocity field at ¢, = nAt and
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6"+7 the stress tensor components at by = (n+ +)At. Note that linear combinations (3.3) are still valid with
superscripts. According to Young [62], the leap-frog integration scheme with an order N (even) is written:

Y (tns) V (tn) oA (Y (s
G- Goen) e 3 5@ (). om

As V and & are not defined at byt and ¢, respectively, we introduce the linear combinations Fln+z] and

o1 consider o € N*, then we denote by

Vel =37 U and gt = 3, e (3.28)
i=1 i=1

where the coefficients b; satisfy the following linear Vandermonde system whose solution is unique:
o «a k
1 .
Zbizl and Zbi<§—z) =0, Vke{l,...,a—1} when a>2. (3.29)
i=1 i=1

For example, we obtain for a € {1,2,3,4}:

Ve —Vrt oy 15V 1094392

Gt gn, gl 23V Vg ,
. - 2 ans 8 (3.30)
Fln+1] 3BV 35V 421 V2 -5 V"
Vv 2] = .
16
The interest of such a choice is that (see (5.54) and (5.55) for more details):
« N N «
D b Vl(tap1i) = V(t, 1) + O(At*) and > b; 6(t,5-,) =5 (tn1) + O(AL”), (3.31)
i=1 i=1

On the other hand, using (3.22), for all m (odd), we denote by «y, Bm, Vm and d,, the matrices computed in

the following way:
m i\/ o lR M 1Q _ [ Gm ﬁm i\’
% (a) _< MA1X M ly a S\ Ym0 ) \T) (3.32)

Starting from initial values VO at t = 0 and 05 at t = At , the final scheme is explicit and expresses:

,_.

Un+1 _ un .
, e v Qn 5"t — Ry V[M%]’
, At (3.33)
’\n+2 _ Jn+2 -
My = Xy V! —yy gt
At
with the matrices (for N € N* even):
N-1 m N-1
2M, 1 (A 2M, 1 (At
= ——0 — | = ms T\ o ms 4
Ry = -2 (5) am v B Y (50 (339
m=1 (odd) m=1 (odd)
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3.4.3. Properties
Lemma 3.3. For all N € N* (even), the matrices Qn, Xn, Ry and Yy satisfy the following properties:

Qv+ Xy =0, Ry=RY, Yy=Yi. (3.36)
Proof. We recursively prove that for all m € N*:
ab, My =M, ap, 04 My =M 6y, M, B+ My =0. (3.37)
For m =1, as M,, M, R, Y are symmetric, then (3.32) and (3.26) give:

oM, =—R= My, 6.My=-Y=DMys, MB +~Mys=Q+X"=0. (3.38)

Q41 ﬁm 1\ _ [&1 ﬁl O 5m _ [ Gm 5m a1 51
('Ymil 5mj:1> o (71 51) (%n 6m) - (%n (5m> (71 51) : (3.39)

Therefore, according to (3.37)—(3.39), we obtain

After, we remark that

O‘fn+1 M, = (a1 o+ Br Ym)' M, = O‘fn aﬁ M, + ’thn ﬁi M,
=al, M, ar —~L, Mo v1 =M, (am a1+ Bm 71) (3.40)
=M, (a1 o+ 01 vm) =M, amyr,

Ol iy My = (71 Bm 4061 0m) Mo =05 At Ma+ 07, 0% My
= —f, M, 1+ 0y, My 61 = Ma (Y 51+ 0 61) (3.41)
= My (’Yl Bm + 01 6m) = My 5m+1a

My Brng1 + Vs Ma = M, (@ B+ B 01) + (71 @ + 01 Ym)' My
= (M, am B1+ 0, v M) + (M, B 01 + 75, 01 My)

42
an, (M, i 41 Ma) + (M, Bm +75, Ma) 01 (3.42)

O

Remark 3.4. In the particular case of free surface boundary conditions only (i.e. when R =0 and Y = 0), for
m odd, we recursively show that:

m=1 m=1
am =0, Bn=M"Q(M'XM'Q) 7 , wym=M;'X(M'QM;'X) * and 4, =0. (3.43)
Thus, with a change of variable, we find that Ry = 0, Yy = 0 and

1

Qn = S (ﬁka(M—lXMlQ)’“ (3.44)
MU @k )\ 2 AT e '
i A\ k
Xy = ET (7) X (M;'QM X)) (3.45)

k=0

Remark 3.5. As the matrix By = R is symmetric positive definite and M,a3 is symmetric, then we always
can find a condition under the time step At such that

At?
R4 =R-— ﬂMpO[g (346)

is a symmetric positive definite matrix.



ANALYSIS OF A HIGH-ORDER DG METHOD 1097

Remark 3.6. As the matrix Yo = Y is symmetric positive semi-definite, M 403 is symmetric, and
At? _ _ _ _ _ - - _
Yo=Y+ - [XMTRMIQ+ Y My XM Q + XM QMY +Y MY M Y] (3.47)

then by considering the eigenvector v # 0 of Y such that Yv = 0, we find v*Y v < 0. Consequently, Y} is only
symmetric (but not positive semi-definite).

4. ENERGY PRESERVATION AND STABILITY OF THE SCHEME

The discrete scheme (3.33) being explicit, it is conditionally stable. The aim of this section is to establish
a sufficient condition on the time step At for the L2-stability of the Discontinuous Galerkin scheme, taking
into account both free surface (3.6) and absorbing boundary conditions (3.14) and (3.15). Following [10,11,30],
we shall define a discrete energy and prove that it is a quadratic positive definite form playing the role of a
Lyapunov function of numerical unknowns.

4.1. A discrete elastodynamic energy
In the continuum, the total energy of the system is given by:

B0) =5 [ oW+ 5 [ 70

T2

Ey, kinetic energy  E,., mechanical energy

= . . . ; aU
where € is the symmetric deformation tensor whose components are €; ; = % (% + 8—‘%7) As for the stress,
: ;

we introduce the deformation vector € = (€,z, €yy, €22, 2 €y, 2 €42, 2 eyz)t. For an elastic medium, the generalized
Hooke’s law links deformations and stresses through the linear relationship € = C'&, where the matrix C
expresses

1 —v—v 0 0 0
v 1 —v 0 0 0
c— 1l —v—rv1 0 0 0
T E] 0 0 02(1+vw) 0 0 ’
0 0 O 0 2(1+v 0
0 0 O 0 0 2(1+v)
FE and v being respectively the Young’s modulus and the Poisson’s ratio
Jo 1 (3A+ 2p) and v — _r
A p 2N+ p)

Thanks to this relationship, the mechanical energy becomes

1 1
Em:—/ (E)té’dv:—/ (8) C&dv,
2 Jo 2 /g

and introducing the change of variables (2.4), we obtain

B = %/Q (T—lé)tc (T715) dv = % /Q (z?)t (1) e G v,

We can easily check that (T_l)t CT~! = A so that, the total energy writes

1

[ ol [ (F0) a0 o
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Definition 4.1. The discrete energy E™ in three dimensions of space at time nAt is defined by:

E" = % {(@”)tMp T+ (a“é)tMA a”%] . (4.1)

4.2. Energy preservation

Now, we study the evolution of the discrete elastodynamic energy through one time-step. More precisely, we
aim to establish that the combination between the centered approximation of the fluxes and the high-order leap-
frog time-integration leads to a non-dissipative scheme for unbounded domains or domains with free surfaces.

Lemma 4.2. For all N > 2 (even), the variation of the total discrete energy during one time-step At is

~ ~ O\t
yntl 4 yn N t glnt1l o 5lnl
E" B = — At <+> Ry V3] - A (a”+%) Yy % (4.2)
Proof. We calculate the variation of the discrete energy during one time-step At:
~ ~\! N
(et 9m) oy () . 1
Em _pn = - M, (V”“ - V”) My (anﬁ - anﬁ) . (4.3)

Using (3.33), we find

i\/nJrl + i\/n

E”“—E”zAt( 5

>t [(@n+xY) 373 — ry TImHH] — A (an+%>tYN

We conclude with (3.36). O

Corollary 4.3. Using the scheme (3.33), for an infinite domain or a domain including free surface boundaries
(3.6) only, the discrete elastodynamic energy is preserved through one time-step:

VneN, E*tl=F"

Proof. In an infinite domain or a domain with free surface boundary conditions, £(i) is an empty set, so that
the matrices R = 0 and Y = 0. Therefore, following Remark 3.4 and (4.2), the discrete elastodynamic energy is
preserved. O

4.3. A corrected discrete elastodynamic energy for absorbing boundaries

Let be o € N* and b; as in (3.28), Vi € {1,...,a}. In what follows, we define the signs of b; and b; + b1
respectively by:

b;
) bi + bit1
Vie{l, .. a—1}, s =121 46
{ J |bi + biy1] (46)

When absorbing boundary conditions are applied at some faces of the domain (i.e. when £(4) is not empty), the
discrete variation of the energy through one time-step At is not necessarily negative according to Lemma 4.2,
because of the time-asymmetry on both V and & in (4.2). In order to overcome this difficulty, we introduce
correction terms in the definition of the discrete energy (4.1) and prove that this corrected discrete elastodynamic
energy is not increased through each time step.
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Definition 4.4. For a = 1, we introduce a corrected discrete elastodynamic energy " at time nAt by:
At
£ =E"- [(V”) Ry V" —( ”*%) Y a”] (4.7)

Definition 4.5. For « € {2, 3,4}, we introduce a corrected discrete elastodynamic energy ™ at time nAt by:

e = -2 S [(@”)tm T () vy a“%ﬂ
A N i=1 A . ) t i i )
=5 bl (w_%. Gt ) R (Vn_% Gt ) (4.8)
=2

These correction terms only concern the absorbing faces and have no particular physical meaning. However,
they match the loss of energy (which appears as a decreasing discrete energy) through these faces since we only
consider outgoing waves. Using (4.2), we easily prove the following lemma when a = 1.

Lemma 4.6. For a = 1, we have for all n € N:
n+1 n At n+1 n\ Un+1 un ~n+i ~n—1 ¢ ~n+t+1 ~n—1
ENTE & =~ 1 (V —l—V)RN (V +V>+(o 240 2)YN (0’ 2 +0 2). (4.9)
Then, we can establish the following result when « € {2,3,4}, but it is not valid for a > 5.
Lemma 4.7. For a € {2,3,4}, we have for all n € N:

Sn+1 o gn _ At

Z |b; + biy1] (VnJrl +s ynti- Z)/RN (@nﬂ +s @nﬂﬂ')
+‘bo¢| (VnJrl + Ya V?’Ir‘rl*&) Ry (Vn+1+’}/a i\/n+1,a)
+Z|b +bz+1\( "3 s o0 te Z) Y (E”Jf% Ts an+%7i)
t
+ [bal (3774 490 75 ) vy (374 4 an%a)] (1.10)

1 /Nt~ 1 t
Proof. We denote by Ey, = 5 (V”) M, V" and E = 3 (37”%) My " 2. Thus, according to (4.1)—(4.2)

and the definitions (3.28) of VI3l and o1l we obtain

En+1 _ En _ =" za:b @nJrl tR @nJrlfi b @n tR @n . . un ¢ On+1—i
v v = i N +b N +sz V") Ry V (4.11)
i=1 =2
A t a—1
EMt B = —7t (6"+%) Y <b1 G+ b+ bigr) T 40, A”+5—a> . (4.12)
i=1

Then, we set £ = Ey + &4, with

gn — g — A (@")tRN Fn f: b (@”H—i)tRN Prti-i Qibi (@”)tRN @”H—i] . (4.13)

=2

&n E”+— i\b\(”‘*z ) Yy 67, (4.14)
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so that, according to (4.11)—(4.13) and (4.12)—(4.14), we have

At PN t BN PN ~
g —gr = -7 {bl (V41) Ry 97 4 (261 = Joa| = [eal) (V) R 97

azl N N . , . t .
+ Z(|bl‘ o ‘b2+1|) (Vn+1—z) RN Vn+1—z + ‘ba‘ (Vn+1—a) RN Vn+1—a

1
+2(IZ b + bis1) (V”“) Ry V=i L op, (V”“) Ry Unt1- 0‘], (4.15)
i=1
gt —gn— At —|b\(A”+2) Ya 51 4 S0l — o) (5771 vy i
P g == |l W 3 = ) (7 ) v e

+|ba |( g “)tYN an+%a} + BT — B (4.16)
At last, we use the following identities in (4.12): for i € {1,..., o — 1},
2(b; + biy1) (3"+%) Yy gt = |b; + bit1] ( nts g gnta ’) Yy (8"+%+si 3”+%—i)
—[b; + b1 [(G”Jr%) Yy 572 +( 3 ’) Yn U”Jr?z} , (4.17)

and similar identities for the two last terms of (4.15). We finally obtain the variation of the total corrected
discrete elastodynamic energy:

At o\t = a—1 N ¢ N
et —gn = ==X |2 = Ibal) (V) Ry 97+ <|b1|—2bi+bi+1|—ba> (77+1) Ry 971
=1

+ <2b1 |b1] _Z‘b + bit1| — |ba |> (An+2) Yy 573

= Un+1—i t Un+1l—i ~n+Li—q t ~n+1—i
+ 57 (il = [bi + biga] — [bisa]) (V ) Ry V +(a : ) Ya 67t

=1

a—1

+Z‘b + b (Vn+ +s; Y- z) Ry (@n+1+si @nﬂ—i)
i=1

~ ~ t ~ ~
+|ba (V”“ + Yo V”“f“) Ry (V”“ + Ve V”H*a)
a—1 . N ) .
+ 3 1bi + biga (an+§ + s 3n+§ﬂ) Y (3“5 + 5 8”+§7Z>
=1

+ [ba \( ntg + Yo CHaRI 0‘) Yn (3n+% + Ya an+éa>:| . (4.18)

a—1
When a € {2,3,4}, we can verify according to (3.30) that by > 0, then by — Z |bi + bit1| — |ba| =0 and
i=1
Vie{l,...,a—1}, |bj] = |bi + bir1] — |bit1] = 0. On the contrary, these two last equalities are not satisfied for
a € {5,6). O
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Corollary 4.8. For a € {1,2,3,4} and N = 2, the sequel (E"),, oy is not increasing.

Proof. We use Lemmae 4.6 and 4.7. If N = 2, then £"*! — £" is a negative quantity, because the matrices
R and Y are positive definite symmetric and semi-positive definite symmetric respectively. On the contrary, if
N > 4, we are unable to conclude according to Remarks 3.5 and 3.6. O

4.4. Stability of the scheme

We aim at proving that the discrete corrected elastodynamic energy " is a positive definite quadratic form
of the unknowns V" and "~1/2 under some stability condition on the time step At. For that, we need to
introduce another formulation of £”, independently of the unknowns a"+1/2.

Theorem 4.9. Considering the scheme (3.33), the corrected total discrete elastodynamic energy E™ is non-
increasing through iterations and is a positive definite quadratic form of numerical unknowns under the condition:

(1) for domains with free surface boundary conditions only, the discrete scheme (3.33) is L2-stable for all N

(even) if

2
At < = 5T (4.19)
|2, |
(2) elsewhere, the discrete scheme (3.33) is L2-stable for N =2 and o € {1,2,3,4} if
2
At < _ : (4.20)
e (o )
i=1
where ||.|| denotes a matricial norm.
Proof. With (3.33) in (4.1), it holds
~ t ~
2E, = (V”) M, V" + (A”*%) {MA G"F + At Xy V' — At Yy aW] . (4.21)

As M, and M, are symmetric definite positive matrices, we can bound down the discrete energy in the following
way by using (3.28):

2, > HM1/2V” +HM1/2A”*E —AtHMl/QA”“ T XMy WH HMWV” (4.22)
—Athi (a”*%) Y 675 (4.23)
i=1

which gives the following estimate

2B, > || M}/

(1 2 o] « o
+§ Sl (57 s 2 ) i (71— 5 E )
=1
Sy ) e & ) b s

(1——HM_1/2X M WH)
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Then, we can bound down the discrete corrected energy from (4.8)
(1 - 5 [ x| - (Z b ) |32 R h; 1/2H>
2 At —1/2 . At ~1/2 ~1/2
(12 s ] 2 (S |
i=1

At & N i\t - P
—"_Iz‘b” (Vn_’}/i yrtt z) Ry (Vn—’}/i yrtt z)

1 HMI/Qvn
2

1
1

P (5 1 1), (a2
Finally, we conclude with Remarks 3.4—3.6 and Corollaries 4.3 and 4.8. O

5. CONVERGENCE ANALYSIS

The objective of this section is to prove the convergence of the totally discretized scheme (3.33) following the

method in [30, 56]. We consider a family of unstructured tetrahedral meshes 7j, where h = r[rllz?[( ]hi, which
1€[1,Np

forms a partition of the domain (2, i.e. {2 = Uz, 7, 7;. We assume that the unstructured meshes 7}, are uniformly
shape regular in the sense that there exists a constant £ > 0 such that

hi
Vh >0, VT, €Ty d—§§ (5.1)

where d; is the diameter of the biggest ball included in 7;. Moreover, we assume that there exists n > 0
(independent of h) such that

Vh >0, VT, €Tn, VkeV(i): h_ <n. (5.2)
In what follows, we denote by

Xp, ={gn € L2(2)°: Vi, Phip € Pu(T:)*}, (5.3)

Xi={dn €LX(2)°: Vi, dn, € Pu(T)°, (5.4)

the sets of discontinuous piecewise polynomial fields of degree at most k on each 7;. We next introduce the
broken Sobolev spaces

PH*(0) = {v: Vi, v, € HS(Ti)} (5.5)

1/2
)> , where || -

standard H®-norm

T
equipped with the norm [|v||prs (o) = (Z ||’U‘Tl| 2.
on 7;.

5.1. Definition and properties of the semi-discretized scheme

First, we are interested in the study of consistency and stability of the spatlally semi-discretized problem
below. In what follows, we set @; (resp. ¢;) the restriction of @ € H*(7;,)? (vesp. ¢ € H3(7;,)%) to the element

7; with s > % The semi-discrete solution (Vh, ah) defined in C'([0,T], X} x X?) is the solution of the weak
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formulation (3.16) and (3.17), for any test field (@, ) € X} x X?, for 0 <t <T and all 4, with the initial
values B B

7i(0) = PL(Th) and 3,(0) = P2(Go). (56)
where P! : L?(2)> — X}! and P? : L?(£2)® — X} denote respectively the orthogonal projection onto X; and
X7

Definition 5.1. For given vector fields W = (V,5) and W’ = (17’,5/), we introduce the following bilinear
forms which are well defined on X} x X7

(W) =3 [ [0V G ad) o (57)
i=177Ti
L& LN Nt
a(W, W) zz/ 3 {(aav;’) Mo+ (0a5,) MY, ] dv (5.8)
i=1 Tlae{m,y z}
Nr FA , AR
bW, W) = — | g @ i s
( ) ;kezv:(z) o ( z) k 9 ( z) ik 2

IS5 S [ [0 (pu ) + G (BT B s
ik

i=1 ke& (i)
NT —/ —
S / (5P, T ds. (5.9)
i=1 kek (i) ¥ Sik

Thanks to (3.16) and (3.17), we remark the following result:
Proposition 5.2. The semi-discrete solution Wy, = (Vi,61) of (3.16), (3.17) and (5.6) satisfies
m (Wi, W.) 4+ a(Wi, Wi) + bWy, Wi) = 0, YW}, € X} x X?. (5.10)
Proposition 5.3. The ezact solution W = (‘7, 5) of (2.6)—(2.9) satisfies the following property
m(OW, W) + a(W, Wh) +b(W, W) =0, YW}, € X} x X7 (5.11)
Proof. According to (3.1a)—(3.1b), we have to verify that the quantity b(W, _‘,fb) is equal to

—% 3 / [(Q’)tMagnai—k(§;>tMgVnai]ds. (5.12)
-

i=1 ae{z,y,z} 0T

Nt
The free surface boundary condition (2.7) results in Z Z / (V/)'Pix5 ds = 0. On the other hand, thanks
i=1 kek (i) Jir
to the absorbing boundary conditions (2.8), we also have:
1 Ak - = . =/ . - Ak - = v -
52 2 / (V) (P — V) + (5 PV —Barb) [ ds =3 3 / (V) PaG + (5)PV ] ds,
i=1 keg(s) ¥ Sik i=1 keg(q) Y Sik

which closes the proof. O
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Lemma 5.4. For any Wy, = (gﬁ’h,d—;h) € X,ll X X,%, the following quantity is positive:

a(Wio, W) + (W, W) = §j§:d/ (Gt + diBacdi] ds > 0. (5.13)

i=1 ke&(i

Proof. Let be W), = (@h,Jh) € X} x X7 a given vector field. Then, we get

(Wh,Wh) + b( Wh,Wh Z Z / { )t a% ((%Jz)tMg@] W

i= 1a€{:}cyz}

——Z Z/ (pz kaz-l—t/JZIP’zkgoz] ds—z Z/ GIPhBids

1=1 keV (i) =1 ke (i)

- —Z > / &t zsz+¢zﬂ”zm}

i=1 ke£(d)

__Z Z / 901 zm/%—szIP’zk@k] s

1=1 keV(i)
+= Z Z / SOZ zk:SOz +¢ sz%}
1=1 ke& (i)

The first term (between brackets) vanishes by the Green Formula:

S\t -
/ |:( a@z) awz (8a¢z) Mfy‘ﬁz] dv = / @fManmwz ds, (5'14)
T 9T,

combined to the equality JfPﬁk@ = GP;xt;. Moreover, since Py, = Z M,na,, and thanks to the orien-

ac{z,y,z}
tation of 1n;, from 7; to 7, we remark that:

>y [, = S % [ aradias

=1 keV(i =1 keV(i)

which implies that the second term is also equal to zero. Therefore, it remains only the third term depending on
Aji and B;j, which are respectively a real symmetric definite positive matrix and a real symmetric semi-definite
positive matrix. O

Consequently, if we define the semi-discrete energy by

En(t) = %m(Wh(t), Wi(t)), (5.15)

where Wy, (t) = (Vi (t), 1 (t)) is the semi-discrete solution of (3.16), (3.17) and (5.6), we deduce from Proposi-
tion 5.2 and Lemma 5.4 that
0:&p(t) <0, Ytel0,T], (5.16)

which implies that &, (t) is decreasing on [0,7] and we have

En(t) < £,(0) < E(0), Vte[o,T). (5.17)
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5.2. Convergence of the semi-discretized problem

We shall at first give a convergence result for the spatially semi-discretized scheme (3.16), (3.17) and (5.6).
We recall the two following lemmae, well-known in the framework of the finite elements (see [17]):

Lemma 5.5. Let T; € Tp,, we assume that u belongs to the space HY1(T;) for s > 0. Let Il be a linear
continuous operator from H*TY(T;) onto Py(7;) such that I1(u) = u for all u € Py(7;). Then we have

lu— I (w)|[p2r,y < Cr R |y

7

lu — I(w)ll2omy < Cr R Y2 o 7o), (5.19)

where C is a positive constant only depending on k, s and the regularity parameter £ of the mesh.

Lemma 5.6. For all p € Py(7;), we have

—-1/2
Iplleeomy < Co by 2 llpler). (5.20)
where Cy is a positive constant only depending on k and the regularity parameter £ of the mesh.

Thus, we can state the following Lemma:

Lemma 5.7. Let be W = (V&) the exact solution of (2.6)—(2.9) supposed to belong to C°([0,T], PH5T1(£2)?)
and (Vy,,a1,) € CH([0,T], X}t x X}?) be the solution of the semi-discrete problem (3.16), (3.17) and (5.6). For any
t € 10,T], we have

bW — PY(W), W, — P (W)(1)

) . ., - - 1/2
< Kpmintst [H(Vh = Pu V) Otz + 1Gn = PE@) B)E2 (0

IV, &) ()| pres1(po- (5:21)

Proof. The two previous Lemmae 5.5 and 5.6 imply together the following estimates:

/S (Vi = PL(V))1, (5 — PE(5))),.ds < C ||y RSV = BEO)ee e (18 lmericrys, (5.22)
il

/S (Gn — PE@), PL(V = PLV))yy, ds < C [Pyl ™ M5, — PE@) e 1V e (ye, (5.23)
il

Hs+1(T;)35 (5.24)

7

/ (Vi = PEV)) 1 Aa(V = PEHV)) ds < C vy (Aa) B |1V — PEV) 2z V]
Sit

/ (Gn — PE(5))17, Biu(G — PE(5))|p,ds < C vy (Bu) b 15 — PE)|lLa(rye 15 esa(re, (5.25)
Si

where C' = C1Co, 1 € V(i) UE(E) in (5.22), 1 € V(i) UK () UE®G) in (5.23), 1 € £(7) in (5.24) and (5.25). In
addition, applying (5.2), we have in the same way, for all [ € V(i):

/S (Vi — PLV)) 1. Pa@ — PRE)) s
il

min{s min {s,k 7 4 =g
< C [Py gpmindsR+12 prints g P ez |15

Ho+1(T)6

[ G PR PV~ PLT) s

min{s min {s,k pug = —
< C |[By|| yrintsk+1/2 prin sk 3 P2 |y (V]

Hs+1(7;)3- U
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Theorem 5.8. Let (T3)n be a family of unstructured meshes satisfying (5.1) and (5.2).

Let (‘7, g) be the exact solution of the symmetric pseudo-conservative problem (2.6)—(2.9) supposed to belong
to CO([0,T); PHSTL(02)?) for s > 0, and let (Vy,55) € CL([0,T], X} x X?) be the solution of the semi-discrete
problem (3.16), (3.17) and (5.6). Then, there exists a constant K > 0 independent of h such that

7 ¥ = = 1/2 min > =
e IV = Vi) @20y + 16 = G0))IF2goys | < KTR™™FH|(V,5) | coqo,r), pro+1(2)9)- (5.26)

Proof. First, applying Lemma 5.4 to the vector W), — ,?(V_V) =V — Pﬁ(‘?),gh - P,f(g)) € X} x X7, we get
(Wi, — PY(W), Wi, = PY(W)) + b(Wy, — PY(W), W, — P(W)) >0,

and, then
(0 (Wi — PY(W), Wiy = PY(W)) < m(8, (Wi, — PY(W)), Wi, — P(W))
+a(Wy — P(W), Wy, = (W)
+b(Wy, — PY(W), W, — PY(W)). (5.27)
Thus, since Wy, — P2(W) € X} x X2, the difference between (5.10) and (5.11) gives us
m (S (Wy, — W), Wy, = PL(W)) + a(Wy, — W, W), — PA(W)) + b(W), — W, W), — PO(W)) =
After, we substract the previous equality in the right-hand side of (5.27) and we obtain
m(0,(Wy = PY(W)), W, — PY(W)) < m(0,(W — Py (W)), Wi, — P (W)
T a(W — PO, Wa — PROT))
+0(W — P2(W), W), — P2(W)). (5.28)

As PL(V) (resp. P2(3)) is the orthogonal projection of V (resp. 5) onto X} (resp. X2) and W), — PO(W) €
X }1L x X }QL, we necessarily have

a(W — PY(W), W), — P2(W)) =0 (5.29)
and
m(0y(W — PY(W)), Wy, — PY(W)) = %%m((W — PY(W)), W, — PL(W)) = 0. (5.30)

On the other hand, we can check that
m(O(Wy — P (W), Wy, = PL(W))

Nr
_ 1 d _, L |2 - . . .
=3 ; a /T {pz Vi PEO)| )+ ((5n = PE@)) 4 (50 - PE))) (t)] dv (5.31)
so, by taking also into account (5.29) and (5.30) in (5.28), we obtain

& 10— PAPDO e + 1Gn — PRGN O] o

1
<2 (i (- (A)}) 60V = PRO) W~ POV (5.32)

1<i<N:

Then, we integrate (5.32) from 0 to ¢ € [0, T] and, since (2.9) and (5.6) hold, we have
(Vi = PR (V)@ + 1Gn = PLE)) @) (g2e

§2<1<1?<u}v (it ) / bW — PO(W), Wiy — POOT))(1)dt. (5.33)
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Therefore, the last inequality becomes

telo.1) {”(Vh = Pa(V)®)E2 (g + 11Gn — Pf(g))(t)llia(ms] (5.34)
1 T . . - )
=2 <1<f?<% tor ”Az‘)}) / bW = PROV), Wi, = BY(W)) (1)dt (5.35)

which implies, by Lemma 5.7, that there exists K > 0 such that

e 7 = = 1/2 min{s > =
e (V= POV 0oy +H1Gn—PRENO e o] < KTA™™ (V) ono 11 praess ey (5:36)

On the other hand, we also have by Lemma 5.5 the existence of C' > 0 such that: V¢ € [0, T,

7 7 = = 1/2 min{s 7 = 1/2
IV = AP @lEzqye + G = PRE) Oz | < CR R (1) by s + 15O Pressare)

(5.37)

which combined to (5.36) concludes the proof. O

5.3. Convergence of the totally discretized problem

In this section, we prove the convergence of the totally discretized scheme (3.33), following the method
proposed in [56] for the second order leap-frog scheme.

= zntl/2 . . . .
Theorem 5.9. Let (V}', 5, ) be the solution associated with (3.33) according to (3.2) and (3.3).
(1) Let (Vi,55) € CNHL([0,T], X} x X2) be the solution of the semi-discrete problem (3.16), (3.17) and (5.6),
and let (V,5) € CNTL([0,T],L2(£2)°) N CO([0, T], PHTL(2)?) be the exact solution of (2.6)—(2.9). Under
a condition on the time step At of the same type as (4.19), there exists a constant C' > 0 such that the
following error estimate holds:

1/2
= = =2 =n+3
max (|V(tn) = VitlEo oy L2y + 10(tss) = a5 " |é0([0,T],L2(Q)6)>
< oAty H(‘?, [)_':) HCN+1([07T]7L2(Q)9) + Cpmin(s:k) H(‘?, [)_':) ‘|CO([07T]7PH5+1(Q)9). (5.38)

(2) Let (Vi,G1) € cmax(@3) ([0, T], X} x X?) be the solution of the semi-discrete problem (3.16) and (3.17)
and (5.6), where a € {1,2,3,4} is the coefficient defined at (3.28). Let (V,5) € Cmax(@3)([0, T, L2(£2)%) N
CO([0,T], PHSTL(£2)?) be the ezact solution of (2.6)—(2.9). Under a condition on the time step At of the
same type as (4.20), there exists a constant C > 0 such that the following error estimate holds:

1/2
— 57 = ont3
(17060 = Voo incom + 160t ) = 50 agomyasins (539
< CAMR D |(V5)|| gmax @3 (j0,79,L2(2)9) + CR™ (V' F) | o (0,7, pre+1(2)9)- (5.40)

1
Proof. Let be ¥} and §’Z+2 similarly defined as in (3.2) and (3.3). Then, for each tetrahedron 7;, we set

1
oo (on o _ (vt oo (o on o
;= (vij)lgjgdof and 57 = (sij >1<j<dof, and we note the column vectors ¥" = (0'), ;< p, and 5" =
o+l . . . . . .
(si 2) . We are interested in the estimation of the following local consistency error:
1<i<dof

1

o 1/2
n —n (7 +3 =
i = (15 = Vita) oy + 15 % = Gt ) Raee) (5.41)
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where (Vi,55) € CNFL([0, T, X} x X7) is the semi-discrete solution of (3.16), (3.17) and (5.6) and (rn L gnte)
has been computed as follows for all N' (even):

~

vt —V(t, . -
MPT() =QnN J(tn+%) — Ry V(tn+%)7 5 49
§78 —G(t,y ) (5.42)

My = Xn V(tns1) — Yn 6(tnsa)-

At

Using Taylor formulae, there exist ¢, 1 €]t 1,tn41[ and d,, 1 €]tn, ¢, 1] such that

N k N+1
~ 1 [ At N 1 At S
V(tnt1) =) o (7) OV (toyy) + e (7) NV (e 1), (5.43)
I !
N k N+1
~ —1F /At ~ 1 At N
V(tn) = ( k') <7> OfV(tyss) — CE]l <7> O V() (5.44)
k=0 ' ’

On the other hand, applying (5.42)—(5.44) in the following equality
My (V(tasn) = 57) = My (Vitnsr) = Vta) ) + M, (V(ta) - 771)

N-1 1 At k N N
=2M, Z E(?) 85V(tn+%)—AtQN 8(tn+%)+AtRN V(thr%)
k=1,odd

1 A\ ~ _
+7(N 1) <7> M, (8§V+1V(cn+%) + atNJrlv(dnJr%)) . (5.45)

Using the identities (3.32) and (3.34), we deduce that the three first terms vanish. Then for each tetrahedron
7;, it holds

dof 1 Ap\ NVt
_ N 1 = ~ 1 = N+1y7 N+1y7
Vi(tny1) — ’U:H_ = jzz:l (Vij(thrl) - ’U:Lj—’_ ) Yij = m <7> (8,5 * VZ(CnJr%) + 0; + Vz(dmr%)) .
(5.46)
Therefore, there exists a constant C' > 0 such that:
Vi (tnt1) = vp  lLageys < CANTY[Villovs qo,mn2(2)%)- (5.47)

- i3 ~ o
In the very same way, we obtain analogous estimates for [|G4(t,42) — SZ+2 lL2(0)6. Finally, as (Vi,0p) is a

discrete approximation of (17,5) by Theorem 5.8, the estimation of the local consistency error is bounded in
the following way:

e < CAVTY|(V, )| cver o1y,L2(2)9) (5.48)

On the other hand, according to (5.42), we also have

Vitwr)) = V(tn) _ ) Vltngr) -0 5 7
MPJFT = Mp+T + QN J(tn_,_%) — Ry V(tn+%)v
5t S St ) —gn+d (5.49)
0(tpyz) =0 (thys) O(tnys) =5 - .
My A7 = MAT + XN V(tny1) = YN G(tnt1)-
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~

Then, using (3.33) and (5.49), the field (”17”, 9”\7”%) = (i\/(tn) =V Tt 1) — 87”%) satisfies the following

set of equations:

Pl gn Vit _ sn+l e R ~
M, A =M, ( n+1£t v + QN ,5”"-&-% — Ry {V(thr%) _V[n-&-%]}’
Fntd _ nth Gty a) — 53 ~ (5.50)
A At = MA 2At —+ XN ”[/n+1 _ YN [8(tn+l) _ a[n+1]} )

(1) Firstly, we consider the case where N is even and the domain {2 with free surface boundary conditions only.
Then, Ry =0 and Yy = 0 in (5.50) by Remark 3.4, and we introduce the error energy & at time nAt by:
1 )\ ¢ - Snrt)! —h_1
=3 (7)) M7+ () w7 (5.51)
Reasoning similarly as for the discrete energy E™ at (4.1), we can prove the following estimate under a
condition of the same type as (4.19) and thanks to (5.48): there exists C' > 0 such that

n +l 1/2 N
(I3 2 + 170 B Iagare) < CAVIWV, D)llow s ominao)- (5.52)

Finally, we can conclude that the order of convergence of the scheme is O(AtY + hmin(s’k)) by using the
triangular inequality and results already established in the semi-discrete case (see Thm. 5.8).

(2) Then, for domains with absorbing boundary conditions (or mixed boundary conditions), we set N = 2.
Therefore, it remains to evaluate the following term in (5.50) with (3.28) and o € {1,2,3,4}:

[e%
Vlt )~ Ve = (WH%) -2 bz@(tnm)) + 7l (5.53)
i=1
For (Vi,G5) € Cm(@3)([0,T], X} x X2), we know by a Taylor formula that there exists Sintdt €
]tn+1_i,tn+% [, with 4 € [1,..., ], such that
R a—1 1 1 k N 1 1 « =
Tltwir) = X 5 (51) 0Ty + 3 (5-1) 4 o0Tieiny) (5.54)
k=0

which implies according to (3.29) that:

> biV(tn1-i) = V(tpn) +

- [X_; b (% - ) a?%,nﬁ)] | (5.55)

And, finally, in a similar way for the term &(t, 1) — "+, the system (5.50) can be rewritten as

~

V(tng1) — 071
At

Zb ( —i)a@“@(éi,wg)], (5.56)

WAnJrl _ aj?n
M —

L g g o m Al

+—R

je

St pnts ~ — G(tyys) — 5
L T L _xyrtl_y gt 2
At +Ma At

Ata ib ( i)a 3?3(&,%1)] : (5.57)

My
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Now, when o = 1, we introduce the error energy & at time nAt by:
1 Nt . — t — At [/ ~Nt - t
& =3 [(7/") M7+ () My y"—%} - [(“//") R (74) v 5] (5.58)

elsewhere, for a € {2,3,4}, &™ is defined by:

= [(“f“) M (78 by 7
—% Zlb | {(7/") R~ (y"+5—1)ty ﬁ+%—i]
SRS (P ) R (70 (5.5
=2

Reasoning similarly as for the discrete corrected energy £™ at (4.7) or (4.8), we can prove the following
estimate under a condition of the same type as (4.20) and thanks to (5.48): there exists C' > 0 such that

+2 1/2 - 2 - 2
(5 + 175 F Bage) < € (A7 B)lomqoryizarm + AL NV, &) losqoryiacar ) -

(5.60)
Finally, we can conclude that the order of convergence of the scheme is O(A#™in (@2) 4 h™in(s:k)) by using
the triangular inequality and results already established in the semi-discrete case (see Thm. 5.8). O

6. NUMERICAL RESULTS

The DG method has been applied to several numerical problems, each to illustrate a specific property. First,
the propagation of an eigenmode aims to realise a convergence study of the schemes and a comparison with
the theoretical analysis. Moreover, it allows validating the free surface conditions and comparing the properties
of the standard and fourth-order leap-frog schemes. The second study concerns the propagation of a pulse
and focuses on the absorbing boundary conditions. The last application concerns the propagation of the wave
produced by an explosive source in a half space which enables, firstly, validating the source introduction and
apply the method in a more realistic context.

6.1. Convergence study. Propagation of an eigenmode in 3D

The first problem concerns the propagation of an eigenmode in three dimensions of space. The domain of
computation is the unit cubic cavity on which we apply free surface boundary conditions. We are interested in
the (1,1,1) mode whose exact solution at time ¢ and in X = (z,y, z) is given by:

Va(t, X) = cos(mx) [sin(my) — sin(7z)] cos(§2t),
Vy(t, X) = cos(my) [sin(mz) — sin(mz)] cos(£2t),
V.(t,X) = cos(mz) [sin(mz) — sin(my)] cos(£2t)

with A = /2pp and 2 = 71/2u/p. We set dimensionless values for the medium properties, p = 1.0, A = 0.5
and g = 0.25, which implies that v, = 1. and vy = 0.5. The initialisation of the leap-frog scheme is realized
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TABLE 1. Characteristics of the uniform meshes used for the convergence study; Ny and Np
are respectively the total number of nodes and tetraedra of the meshes.

M1 M2 M3 M4 M5 M6 M7
hmin 0.5 025 0.125 833x107%2 625x1072 50x10"2 3.12x 1072

h=hmax 0.866 0.433  0.216 0.144 0.108 8.66 x 1072 541 x 1072
Ny 27 125 729 2197 4913 9 261 35 937
Nr 48 84 3072 10 368 24 576 48 000 196 60

by deducing, from the analytical expressions (6.1), values for the velocity components at ¢ = 0 and for stress
components at t = %. We introduce a L2-error, at step n, between the exact value and the solution of the
numerical scheme in the unit cube which depends on velocity components V, (@ = xz,y, z) at nAt and stress

components o,3 (o, 8 = z,y,2) at (n + %)At and writes

Nt
o= 3 [ | X Gatnata) -0 e 3 (rasnt 12800 - )

ac{z,y,z} a,pe{z,y,z}

Series of different uniform meshes are constructed by dividing the domain in cubic cells which are split in six
tetraedra. The mesh spacing h is the length of the longest edge of the mesh. The characteristics of all meshes
can be found in Table 1. Different methods have been used, the notation P, refering to a discretization based
on polynomials of degree p. T'wo leap-frog schemes are also compared: the standard one, second-order accurate
(refered as LF2), and a fourth-order extension (named LF4 in the following). Simulations are performed until
tmax = 142 s which corresponds to 50 periods in the cube and is a sufficiently long time to distinguish the results
from different time and space discretizations.

For all the applications, the time-step of the simulation is the minimum of all local time-steps calculated in
each tetraedron using the following formula

. . 1 h
Atppo = min At; with At; = ——— and Atrpps = 2.5 X Atppo,
T; 2p —|— 1 Up‘i

which depends on the space approximation p, h, the smallest height in the tetraedron and the local value of Vp.
The ratio between Aty py and Atrpo has been deduced experimentally in [35].

We present in Figure 1 the results of the convergence study. First, Figures 1la and 1b display the maximum
value of the numerical error erryz, at time ty,.x, and in logarithmic scale by respect to the mesh spacing h for
LF2 and LF4 leap-frog schemes respectively. The corresponding results of efficiency, i.e. the error as a function of
the CPU time, are presented in Figures 1c and 1d. The values of the error, the corresponding convergence orders
and the CPU times are specified in Table 2 and complete these figures. As can be noticed, some simulations
are missing, those corresponding to the highest-degree space approximations and the finest meshes, simply for
reason of CPU cost (these calculations have been done on a standard PC). In contrast, the solutions of the P;
method show significant dispersion errors for the coarsest meshes in long time (the solution can be shifted more
than over a period) and have been excluded for this reason.

When examining Figures 1a and 1b, we notice that the results are in accordance with the theoretical analysis.
For a method P,-LF;, in presence of free-surface conditions only, the error is O(h? + At?). Then, for p < 2, the
global convergence rate is about p and dominated by the one in space, regardless of the leap-frog scheme; this
is what is observed in both figures and confirmed by the values in Table 2. For the standard leap-frog scheme
(LF2) and higher values of p, the convergence rate is still equal to 2 because dominated by the one in time.
The improvement brought by the LF4 leap-frog extension is clear since, for p > 3, the convergence rate is no
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F1GURE 1. Convergence study for the propagation of an eigenmode. Error as a function of the
mesh size h (a and b) and CPU time (c and d) for different P,-LF; methods (p =1,...,4,i =
2,4) and leap-frog time schemes (left column for LF2 and right column for LF4, respectively).
Errors at tmax = 142 s using uniform meshes.

more constrained by the time scheme and is also equal to p, as noticeable in Figure 1b as well as in convergence
orders of Table 2. Note that this study also validates the implementation of the free surface condition.

We are now interested in the efficiency of the different methods presented in Figures 1c and 1d. We remark
that, to reach a given error level, methods based on high order polynomials generally need lower CPU times, for
both types of leap-frog schemes. However, when using the standard leap-frog scheme, the P, method becomes
too expensive compared to the Ps scheme, especially for fine meshes, mainly because of the limitation in
convergence due to the time scheme and to a larger number of degrees of freedom. The improvement brought
by the high-order leap-frog (LF4) extension is obvious and can be explained by better convergence rates for
p > 3 and, also, by the use of greater time-steps. So, even if it is based on a multi-step algorithm, the additional
iterations are counterbalanced by a greater time-step which makes the LF4 method more efficient. This is
confirmed by the CPU times given in Table 2 proving a reduction of about 25% of the CPU time between
results corresponding to LF2 and LF4 methods, even for p = 1,2 for which error levels are comparable for LF2
and LF4 time discretizations.

In order to complete the comparison between both LF2 and LF4 leap-frog schemes, we plot in Figure 2
the error until #yax, obtained using the mesh M4, for various P, methods (2 < p < 4). Figures 2a and 2b
corresponding to p = 2 and 3, justify the choice of a long time for simulations. For p = 2, the difference due to
the time approximation is very low and only visible after 30 s. The difference between time methods is more
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TABLE 2. Errors in L?-norm, CPU times and convergence orders corresponding to the conver-
gence study, Pp-LFi methods (p =1,...,4,i=2,4).

P1-LF2 Py-LF2 P3-LF2 Py-LF2
errp2 02 CPU (s) erry2 Oz CPU (s) erry2 Oz CPU (s) erry2 Oz CPU (s)
M1 — — — 1.98 x 1072 - 14.
M2 — 239 x 1071 — 30. 940 x107% - 64. 345 x 1072 252  232.
M3 - 1.70 x 1072 3.80 507. 1.50 x 1072 2.64 1090. 8.53x107* 2.01 3 829.
M4 — 436 x 107 3.35 2637. 6.38x107* 2,10 5716. 3.78 x 107* 2.00 38 300.
M5 7.65x 107" — 736. 190 x 107% 2.88 8251. 3.54 x 107* 2.04 17 894. -

M6 5.32x 107! 1.62 1821. 1.07 x 1072 2.57 25 392. — -
M7 2.20 x 107" 1.80 19 923. - — -
Pi-LF4 Po-LF4 Ps-LF4 P4-LF4

erry2 02 CPU (s) erry2 Oz CPU (s) erryz 02 CPU (s) erry2 02 CPU (s)
M1 - - - 6.98 x 1073 — 10.
M2 - 228 x 1071 - 22, 435x10°% - 47. 227 x107% 494 177
M3 - 1.45 x 1072 3.97 371. 3.30x107% 3.72 838. 1.30x107° 4.12 3 038.
M4 - 3.38 x 1072 3.59 2002. 9.59 x 107° 3.04 4303. 2.65x107% 3.92 15 192.
M5 7.64x 107! - 560. 1.44 x 1072 2.96 6 255. 4.03 x 107° 3.01 13 637. -

M6 5.32x 107" 1.62 1360. 829 x10™* 247 8122, - -
M7 2.20 x 10°* 1.80 9 375. - - _

visible for the P35 method, in Figure 2b; for times greater than 10 s, the error associated to the standard leap-frog
scheme increases continuously since it remains quite constant with the LF4 extension. The improvement due
to the LF4 leap-frog scheme is clear in Figures 2c and 2d, corresponding to the P4 method. The high-order
leap-frog extension allows a reduction of the error by a factor of about 100 and proves the interest of using
high-order space approximations.

Finally, to conclude this study, we plot in Figure 3, the value of the velocity V,, recorded inside the domain, at
location (0.25,0.5,0.25), over a long time, corresponding to 200 and 400 periods approximately. We compare the
exact solution (series of dots) to the results obtained using the LF2 and LF4 leap-frog schemes, with the coarse
mesh M2 and the P, method. For the first interval, Figure 3a, the results are very close. We can notice a slight
delay of the LF2 solution compared to the two others. For the second interval, Figure 3b, which corresponds to a
very long time, the difference between the solutions is clear. The dispersion error of the LF2 time scheme results
in a much larger delay. Note that the amplitude is correct for both solutions and that the solution corresponding
to the LF4 method is in perfect accordance with the exact one.

6.2. Propagation of a pulse. Comparison between two types of absorbing boundary
conditions

The second problem we have studied is the propagation of a pulse in a homogeneous medium. Although
this is a one-dimensional problem, it is possible to solve it in two or three dimensions of space. This is done
here, in 3D, simply to apply the solver proposed in this paper. This study follows previous results presented
by Delcourte et al. [25], using a two-dimensional method, that highlighted some limitations of the standard
absorbing boundary conditions and aims to focus on the improvement proposed in Section 3.4.2. More precisely,
we compare two absorbing boundary conditions among those defined by equations (3.30): one corresponding to
a =1 and refered as “standard absorbing condition” and a second one (a = 2), based on two levels in time and
called “modified absorbing condition” in the following.



1114

L2 error

L2 error

Vx (m/s)

AN /
wol N\ /

-0.25

S. DELCOURTE AND N. GLINSKY

(a) (b)
0.005 T T 0.0007 T T
M4 - P2-LF2 ------- M4 - P3-LF2 -------
M4 - P2-LF4 ——— M4 - P3-LF4 ——
0.0006
0.004
0.0005
0.003
S 0.0004
e e
MW‘!WH 5
0.002 Y 00003
0.0002
oo (A
0.0001
o 0 d A i h l
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
Time (s) Time (s)
(c) (d)
0.0004 . . 0.00012 y T
M4 - P4-LF2 ------- ‘ M4 - P4-LF2 -------
M4 - PA-LF4 M4 - P4-LF4 ——
0.00035
0.0001
0.0003
8e-05
0.00025
=
o
0.0002 o 6e-05
3
0.00015
4e-05
0.0001
2e-05
5e-05
0 0 -
0 20 40 60 80 100 120 140 0 5 10 15 20 25 30 35 40
Time (s) Time (s)

FIGURE 2. Errors in L?-norm as a function of time for LF2 and LF4 leap-frog schemes. (a)
P2 methods, (b) Ps methods, (¢) P4 methods and (d) detail of (c) for ¢ € [0;40]. All results
correspond to mesh M4.

0.25 T 0.25

02 r“\{i:u:zz
015 / 015
0.1 / \ 0.1
005 / \ 0.05

ol

0.2

-

<

o
Vx (m/s)

. \ / -0.05
0.1 0.1

02 \\ // 02 . “’/

gt

0.25
563.5 564 564.5 565 565.5 566 566.5 1132 11325 1133 11335 1134 1134.5 1135
Time (s) Time (s)

FIGURE 3. Velocity V, recorded at location (0.25,0.5,0.25) as a function of time, for time
intervals [563.5; 566.5] (a) and [1132.;1135.] (b). P4 method, mesh M2 and comparison between
LF2 (dashed lines) and LF4 (solid lines) leap-frog schemes.
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FIGURE 4. Exact solution for the pulse. Velocity V,. at times ¢ = 0.0, 0.5, 1.0 and 1.5 s.

The domain of computation is [0;2] x [0;1]?; the length [ being variable in y- and z-directions since uniform
meshes are constructed always considering 5 nodes in these two directions, whatever the discretization chosen in
the z-direction. As previously, dimensionless values are set for p =1, A = 0.5 and p = 0.25 resulting in v, = 1.
and vg = 0.5. The compression pulse is placed in g = 1.5 and is defined by

Vx(.T, to = 0) = eX]‘f)_kSO(m_mO)z7 O'ww(l',to = 0) = — eXp—50(w—wo)27

(6.2)

and, for all ¢, the other components of velocity or stress are equal to 0. The analytical solution is calculated
using the characteristic method according to the initial condition at ¢y and expresses

1 T — t, 1 Tx t,
Vewt) =3 {Vz(x_%t’o) _ M} 3 {Vm(ﬂvpt’o) n M] ,

N 121: 1.0) ) P Up ( £0) (6.3)
o V. Opa(T + vy t, Opa (T — vy t,
20 (2,1) §pvp { 2(z+vpt,0) + %] — Epvp {Vx(l‘—vpt,()) _ u} .
P

PUp
The pulse propagates at v, and the exact solution for velocity V, at different times is shown in Figure 4.

We compare the solutions obtained using different P, methods (p = 1,...,4) and both standard and modified
absorbing boundary conditions. In this study, we use the standard leap-frog time scheme in order to focus on
the absorbing boundary conditions. We present, in Figure 5, the L2-error as a function of time for the various
methods. These results correspond to a uniform mesh containing 2025 nodes and 7680 tetraedra (hmin =
2.5 X 1072, Ayax = 4.33 x 1072 and [ = 1.0 x 10~ !). When examining the different figures, we first notice that
all results have the same behavior that can be related to the evolution of the pulse during time, as shown in
Figure 4. The error increases rapidly and stabilizes around the value ¢ = 1 s that corresponds to times for which
the pulse propagates inside the computational domain. Note the vertical scale of each figure which indicates a

global reduction of the error for higher values of p. For ¢ > 1 s, the error decreases as the pulse begins to go
out of the domain. Until ¢ = 1.5 s, the error only depends on the accuracy of the method (i.e. the value of p)
and not on the absorbing boundary condition. For times greater than 1.5 s, the results corresponding to the
two boundary conditions can be distinguished; the improvement brought by the modified absorbing condition is
clearly visible. For p > 2, the error at t = 2 s is significantly lower with the modified absorbing condition which
proves less spurious reflections than with the standard absorbing condition. It should also be noted that, when
using the standard condition, the levels of error at ¢ = 2 s corresponding to 2 < p < 4 are very close which
proves that this condition tends to reduce the convergence.

For a detailed comparison of the solutions of the two absorbing methods, we plot in Figure 6 the value of V,

at t = 2 s, as a function of z in the middle of the domain, i.e. in y = z = [/2. We compare the exact solution
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FIGURE 5. Errors in L?-norm as a function of time for (a) Pi, (b) P2, (¢) P and (d) Py
methods. All results correspond to a uniform mesh of 2 025 nodes and 7 680 tetraedra. Dashed
(respectively solid) lines for the standard (respectively modified) absorbing boundary condition.

(a series of dots) with the results of various P, methods (p =1, ...,4) using the standard (dashed lines) and the
modified (solid lines) absorbing conditions. At this time, the pulse is out of the computational domain and the
various curves are a way to measure the level of accuracy of the boundary conditions. We present, in Figure 6a,
the results of the P; method: many spurious oscillations are visible and the two absorbing conditions lead to
comparable error levels (max, |V,| ~ 4.4 x 10~%). Better results are obtained using the Py method, in Figure 6b:
the use of the modified absorbing condition reduces the amplitude of the oscillations (max, |V,| ~ 2.5 x 107*
with the standard and max, |V;| ~ 9.1 x 10~° with the modified absorbing condition) but a distinct reflection
is visible at about x = 0.15 for both types of conditions. Figures 6¢ and 6d compare the solutions for Ps and
P4 methods. In both cases, reflections are visible with the standard absorbing condition even if the amplitude
is slightly reduced for the P4 method (max, |V,| ~ 2.0 x 10~* for P3 method and max, |V,| ~ 1.4 x 10~* for
P, method). The improvement brought by the modified absorbing condition is obvious and, at this scale, it is
not possible to distinguish them from the exact solution. We plot in Figure 6e the results obtained using the Ps
and P4 methods and the modified absorbing condition. Some spurious reflections remain but with amplitudes
clearly lower (max, |V,| =~ 6.8 x 10~ for P3 method and max, |V, | ~ 3.8 x 10~° for P, method). This illustrates
the improvement brought by for the absorbing boundary conditions proposed in Section 3.4.2. The comparison
of the two formulations, corresponding to & = 1 and « = 2, shows a clear reduction of the spurious reflections
at the boundary in a simple case where the wave propagates perpendiculary to the boundary. This condition
has to be studied in a more complex configuration, in particular involving razing waves. However, note that the
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modified absorbing boundary condition is very simple to implement as it requires the storage of some unknowns
of the previous time level, only at the boundary.

6.3. Explosive source in a half space

The method has been applied to a last test case i.e. the propagation of the wave produced by an explosive
source in a homogeneous half-space, as illustrated in Figure 7. This case, which is really 3D, allows a validation
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FIGURE 7. Explosive source in a half space. Position of the source S and the four surface stations.

of the source implementation and an additional study of the absorbing boundary conditions. The medium is
homogeneous of density p = 2800 kg/m?® and P- and S-waves velocities are respectively v, = 6400 m/s and
vs = 3700 m/s. We apply a free surface condition on the upper boundary of the domain and absorbing conditions
on the other boundaries. The source is located at the center of the domain at 1000 m depth (at the coordinates
(0; 0; 1000)) and four surface stations are placed at 6000 m from the epicenter, symmetrically on the z- and
y-axis as described in Figure 7. The source signal is a Ricker wavelet whose moment-rate is given by

Ml 2]

with @ = 0.25; it corresponds to a central frequency equal to f. = 1.0 Hz and a maximum frequency of
fmax = 3.0 Hz. Thus, the wavelength L = v,/ fimax i approximatively equal to 1233 m. The explosive source is
introduced as a right hand side on the diagonal components of the stress tensor i.e. for 0., oy, and 0.. In
order to compare the results obtained using several methods P,, especially the finite volume method (Py), this
right hand side writes s(t) g(x, y, z) where g is defined by

s(t) =

(6.4)

1 _ 2 _ 2 R
o) = gpowp |- EEI OB CESE i 4= [ g,

where (zs,ys, z5) is the source coordinates. Note that the support of ¢ is taken sufficiently small, compared to
the element size, for an accurate approximation of a point source, a right hand side based on a Dirac function
s(t)0(zs, Ys, zs) belng only accurate for high degree approximation based methods. Initial conditions for the
system are V =0 and & = 0 and the solutions are calculated until ¢ = 6.0 s. We also point out that the
finite-volume method presented in this study is a very standard one where the unknowns are set constant in the
mesh elements and cannot be compared to high-order finite-volume methods, in particular the one presented
by Dumbser et al. [27].

The calculation domain is 36 km x 36 km x 12km. Solutions have been obtained using several uniform tetrae-
dral meshes obtained, as previously, by dividing the domain in cubic cells of edge h which are split in six
tetraedra. The mesh spacing h, i.e. here the smallest edge of the mesh, can be expressed as a function of the
wavelength L as summarized in Table 3.

Calculations have been performed on 64 processors using message passing interface (MPI), whatever the mesh
spacing, for a better comparison of the CPU times between the different methods. The characteristics of the
different meshes are also listed in Table 3.

For this test, we have proposed some criteria in order to estimate the accuracy of the solution. Firstly, we
check two particular properties, consequences of an explosive source, which are (i) V,, = 0 at stations C; and
Cs (on y-axis) and V;, = 0 at stations Cy and Cy (on z-axis) and (ii) the evolution at the surface of the vertical
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TABLE 3. Correspondance between the mesh spacing h and the wavelength L of the source
function. Characteristics of the different meshes (N7 total number of tetraedra, Nr/proc.,
number of tetraedra for each processor).

h (m) 500 400 300 200 150 100 75
~ L/n L/2.5 L/3 L/4 L/6 L/8 L/12 L/16
Nt 746 496 1458 000 3 456 000 11 664 000 27 648 000 93 312 000 221 184 000
NT/prOC. 11 664 22 781 54 000 182 250 432 000 1 458 000 3 456 000
0.01
extr3
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FIGURE 8. Velocity V, (m/s) as a function of time (s); reference solution at station C;. Extrema
and corresponding times for the evaluation of errors erry and errs.

velocity component V, only depends on the distance to the epicenter, thus the V, profiles obtained at the four
stations are superimpose. Moreover, for a validation of the source introduction, the amplitudes and the arrival
times of the profiles are compared to a reference solution computed at these four stations (and not everywhere
in the computational domain) using the Discrete Wave Number method [12]. Then, three different errors are
defined. First, err; is concerned with the components which should ideally be equal to zero and expresses

err = max [[Velo, . Vile,  Vele, - [Vile, )

The two other errors depend on the values at the extrema, as illustrated in Figure 8. For each non null velocity
profile (for instance, here, V, for the reference solution at station C;), we identify three extrema and note their
values (V,(extr;), i = 1,2,3) and the corresponding times (¢;, ¢ = 1,2, 3). From these data, we define a relative
error, in the amplitude or in time, between two profiles (for instance profiles at stations C; and Cy), for a given
velocity component V,, and a given extremum extr; by the following formulae, for amplitudes and times

Valextry)o, — Va(extry)c,

ampl Vo (extr)ret

ti/ref

erryel (Va, Cj/Ch, extr;) o errrel (Va, Cj/Cy, extr;), =

b

where the subscript Vet stands for the corresponding value of the reference solution. Thus, error err, measures
the asymmetries of the computed solution (i.e. the mean maximum error of the amplitude and the travel time
between solutions computed at two stations) of the vertical velocity component V, which writes

3 3
1 1
erTjampl = 3 . 1;1}2}2};4 erryel (Vz, Cj/Ch, e;vtri)ampl , €Ty = 3 . 1;1}2}2};4 errrel (Vz, Cj/Ch, extry), .

i i
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TABLE 4. CPU times of the calculations for the P, methods and the different meshes on 64

Processors.
CPU time
Pp/h 500 400 300 200 150 100 75
Po — — 26 s 2 min 10 s 6 min 18 s 29 min 34 s 1 h 30 min
Py — — 5 min 44 s 24 min 56 s 1 h 13 min 6 h 7 min 21 h 51 min
P> - 10 min 10 s 27 min 19s 2 h 15 min 7h - -
Ps - 26 min 26 s 1 h 14 min 6 h — — —

Pa 26 min 33s 1h 11 min 3 h 20 min - - _ _

Finally, errs is the mean error between the computed and the reference solutions at all stations, for all non null
velocity components and for all extrema. This error writes, for instance for amplitudes

3

1
E€TT3/ampl = ﬁ Zz; AE%IAL} €TTrel (Vx7 Cj/Cj/ref7 extri)ampl
= J )

4
+ Z ETTrel (‘/ya Cj/Cj/refa extTi)ampl + Z E€TTrel (‘/Za Cj/Cj/refa 61‘t’l“i) )
j€{1,3} j=1

an equivalent definition being applied to define errs ;.

Calculations have been done using methods based on different degrees of interpolation (0 < p < 4) in
combination with the meshes defined in Table 3 in order to study the convergence and CPU time corresponding
to the three types of errors; the results of these calculations are gathered in Figure 9 and the CPU times of each
calculation are given in Table 4. Note that, as previously, P, refers to a method based on polynomials of degree
p and the standard leap-frog time method. This first series of results is obtained using the standard absorbing
boundary condition.

The first line of the figure presents the values of err; as a function of the mesh spacing h (Fig. 9a) and
by respect to the corresponding CPU time (Fig. 9b). When examining these results, we notice (Fig. 9a) that
erry corresponding to Py method remains nearly constant, whatever the mesh spacing, at about 10% of the
maximum value of the velocity. Results are clearly improved by the use of higher degree methods since, in
comparison with the Py results, the value of err; of the P, method is reduced by a factor 103. Moreover, higher
degree methods P35 and P, are also more efficient since a given error level of accuracy is obtained for lower CPU
times.

Now, we study the second line of figures corresponding to errs, which is a relative error traducing the
asymmetry of the V, profiles by respect to h (Fig. 9¢) and the CPU time (Fig. 9d). As previously, we notice
that the results of the Py method are not accurate enough even using the finest meshes. The improvement on
the symmetry is obvious when using the other methods, especially the methods with p > 2 resulting in errsy
values lower than 0.1%. As previously for erry, P3 and P4 are the two most efficient methods.

Finally, we analyze the results obtained for errs (Figs. 9e and 9f) which is a relative error between the
computed and the reference solutions at the extrema. As previously, the lowest error levels correspond to the
P> to P4 methods whereas the Py method produces relative errors in the order of 10% and this independently
on h. The other methods allow errors lower than 5% when using the finest meshes. Note that, for this last
error, if the improvement between Py and P; is obvious, it is more limited for the highest degree methods.
Furthermore, these methods lead to comparable levels of error. This fact is also visible when errs is plotted as a
function of the CPU time (Fig. 9f). The reduction of the error levels for the highest values of p is not sufficient
to compensate their overcost; thus, for this last criterion, the P, method appears to be most efficient.

We also present, in Figure 10, the errors erry )y (Fig. 10a) and errs/; (Fig. 10b) on arrival times as a function
of the mesh spacing. This error is plotted only for Py and P; methods because it is equal to zero for 2 < p < 4,
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whatever the value of h. Even for fine meshes, the arrival times are not exactly the same for p = 0 and p = 1.
On Figure 10b, which corresponds to errs;, we clearly distinguish the Py method for which the relative error
is greater than 1%. This error is reduced using the P; method and very low for p > 2. In first conclusion of
this study, we have to distinguish results obtained with the Py method from those of the other methods. First
of all, the Py method leads to solutions that do not verify the symmetry condition, for amplitudes and arrival
times, and the use of fine meshes do not allow improving these results. Better solutions are obtained with the P
method but the use of higher-degree space interpolations clearly helps improving the different types of errors.
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FIGURE 11. Comparison between computed solution and reference at station C;. V, and V,
(left picture) and V, (right picture). Computed solution corresponds to P, method for a mesh
spacing equal to 200 m.

When combining the different criteria on the solution, the P, method seems to be a good compromise between
accuracy and efficiency. We notice that the error errs on amplitude between our solutions and the reference
seems to converge towards a value equal to 4—5 %. It would be interesting to compare these results with those
corresponding to a source introduced by a Dirac function, perhaps more suitable with high-order methods.

The results obtained, at station C;, with the method P; and a mesh spacing h = 200 m are presented
in Figure 11. They are also compared to the reference solution. This constitutes a validation of the source
implementation and of the absorbing boundary conditions since no spurious reflections from the boundaries
appear in the profiles.

In a second step, we realize some additional simulations in order to compare the two types of absorbing
boundary conditions (o = 1 and 2), already studied in the previous test case. For this study, we choose the P,
method and set the mesh size to h = 300 m. Solutions are calculated until time 10.0 s using two computational
domains: the initial one, which is 36 km x 36 km x 12km, and a reduced one, 24 km x 24 km x 12 km. For this
second domain, the boundary is 6 km closer to the stations than for the initial one. We compare in Figure 12 the
solutions for velocities V,, and V, at station C;, on both domains and using both types of boundary conditions.
When we examine the solutions for V, (Figs. 12a and 12b), we notice that reducing the domain produces some
reflections, especially for times greater than 6.0 s. The effect of the modified absorbing condition is noticeable
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FiGURE 12. Comparison of the solutions of the P4 method with A = 300 m, using the initial
and a reduced domain. V, at station C;, comparison between absorbing boundary conditions
using the large domain (a) and the reduced domain (b). Same results for V, at station C; for
initial (c¢) and reduced domain (d).

on both figures, but only in the time interval [3.;5.] s. Comparing now the results for V,, Figures 12c¢ and 12d,
we find no difference due to the boundary conditions. Reflections are clearly visible and only explained by the
distance to the boundary. If the modified absorbing condition allowed a clear improvement in the previous case,
for a wave propagating perpendicular to the boundary, it does not reduce the reflections in this case, in presence
of grazing waves, especially for the reduced domain.

7. CONCLUSION

We proposed a discontinuous Galerkin finite element method to solve the first-order hyperbolic system of the
elastodynamic equations, written in velocity-stress formulation. This method is applied to tetraedral meshes
allowing an accurate approximation of the medium or mesh refinement in particular areas of the domain. The
spatial approximation is based on high-degree polynomials defined locally on each element of the mesh. The
scheme combines centered fluxes and a leap-frog scheme in time which leads to a non diffusive method. We also
detailed a simple absorbing boundary condition, derived from an upwind scheme. In this paper, the properties
of the method have been analysed in detail. First, we have proved that this explicit scheme is stable under a
condition on the time-step resulting from a discrete energy which is preserved in domains with free surfaces
and decreasing in presence of absorbing boundary conditions. Moreover, the convergence of the method for the
semi-discrete and the fully discrete schemes has been studied. More precisely, for solutions regular enough, the
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scheme is convergent with an order O(AtY + h*) for domains with only free surface boundary conditions, or
O(Agmin (@2) 4 h¥) when the absorbing boundary conditions are included in the scheme, where k is the degree
of the polynomial approximation, N is the order of the leap-frog scheme and « € {1,2, 3,4} is defined by (3.28).

Three-dimensional numerical results have been obtained with a parallel implementation of the DG method.
The first one refers to the propagation of an eigenmode in a cubic cavity for which an exact solution is known
and a numerical study of the convergence has been realised for series of uniform meshes, comparing the standard
and the fourth-order leap-frog time scheme. In a second application, we study the propagation of a pulse which
allows comparing two types of boundary conditions. Finally, The last test-case concerns the propagation of the
waves due to an explosive source in a half-space which enables a validation of the source implementation and
the absorbing boundary conditions. The main conclusions of this study are the accuracy and the efficiency of
the method particularly for higher-degree polynomial interpolations. These results highlight the gain obtained
with these methods, especially when compared to the standard finite volumes method (Py) for which mesh
refinement did not enable improving both errors on amplitudes and arrival time. The good compromise between
accuracy and CPU time seems obtained using the P2 method (based on polynomials of degree 2). Moreover,
the free surface condition is accurately approximated. These results are encouraging and could be developed
in several interesting directions. First, the treatment at absorbing boundaries could be improved using more
accurate boundary conditions. Many techniques have been proposed to reduce spurious reflections, including
additional absorbing layers which may be costly in 3D. Then, high-order non reflecting boundary conditions [34]
or an implicit treatment of our simple absorbing condition could be interesting ways of improvement, especially
for grazing waves.

Finally, we are interested in simulations of more realistic three dimensional problems including topography
and realistic media.
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