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THE ELECTROMAGNETIC SCATTERING PROBLEM WITH GENERALIZED
IMPEDANCE BOUNDARY CONDITIONS

NicoLAS CHAULET!

Abstract. In this paper we consider the electromagnetic scattering problem by an obstacle char-
acterised by a Generalized Impedance Boundary Condition in the harmonic regime. These boundary
conditions are well known to provide accurate models for thin layers or imperfectly conducting bodies.
We give two different formulations of the scattering problem and we provide some general assumptions
on the boundary condition under which the scattering problem has at most one solution. We also
prove that it is well-posed for three different boundary conditions which involve second order surface
differential operators under weak sign assumptions on the coefficients defining the surface operators.
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1. INTRODUCTION

Driven by recent advances in the study of inverse acoustic scattering problems in the presence of so-called
generalized impedance boundary conditions (see [2-4,6]) we study in this paper well-posedness of the forward
electromagnetic scattering problem in the harmonic regime in the case where the scatterer is characterised by
a boundary condition of the form

vxE+ZHyr=f on I,

where I" is the boundary of the scatterer, v is the outward unit normal vector to I', E is the electric field, Hy
stands for the tangential component of the magnetic field H, Z is a surface differential operator and f is a source
term. This kind of boundary conditions, often referred to as Generalized Impedance Boundary Condition, are
known to provide accurate models for all sort of small scale structures. Moreover, in some specific configurations,
such as the scattering by a perfect conductor covered by a thin layer of dielectric or of ferromagnetic material
(see [1,11,13]), or the scattering by an imperfectly conducting body (see [14]), asymptotic analysis techniques
provide an expression for Z in terms of surface differentials operators as well as approximation properties. For
a similar treatment of transmission problems see [7,12] for example.

In this paper we establish sufficient conditions on the operator Z under which the scattering problem is well
posed. We introduce two different ways of writing the problem: the first one (which we will call the volume
approach) consists in considering the scattering problem as a volume problem and in studying the associated
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variational formulation. This path is rather standard and follows the lines of ([15], Chap. 10). We state a general
existence and uniqueness result for the scattering problem which uses the volume formulation in Theorem 3.6.
Nevertheless, with these standard approach one needs to assume some compatibility between the signs of the
surface operator Z and the sign of the volume contribution to the variational formulation to ensure reasonable
coercivity properties. Actually, at least for the acoustic scattering problem problem (see [6,16]), it seems that
such restrictive conditions are not needed. To clarify this point, we consider a different formulation for the
scattering problem which consists in writing the problem as a single operator equation posed on the boundary
of the scatterer. We will call this approach the surface formulation. We indeed show that the scattering problem
is equivalent to finding the tangential component of the electromagnetic field H that solves

(Sr+ZHr=f onI

where ST is the so-called Magnetic-to-Electric Calderén operator (see [15], Chap. 9 for example). In the scalar
case, it is sufficient to assume that Z is a pseudo-differential operator of order greater or smaller than 1 to
obtain existence and uniqueness of the solution to the scattering problem.

Even though we establish a general existence and uniqueness result for this formulation in Theorem 3.5, the
situation is more challenging than in the scalar case mainly because the principal part of Z may have a kernel
of infinite dimension. To tackle this difficulty, we will introduce a tailored Helmholtz’ decomposition on the
boundary of the scatterer. This allows for example to treat the case of an operator Z corresponding to the first
order impedance boundary condition for thin coatings which is given by

Z = ﬁcurlpcurlp — 1K,
KeE
where curly and curlp stand for the surface vectorial and scalar rotational operators, € and p are the dielectric
constants of the coating and § is the thickness of the layer. For this operator, the surface approach gives well-
posedness regardless the sign of € (which can be negative for metals) whereas the volume approach seems to be
limited to positive e.

In the next section we introduce notations and recall some important concepts for the study of boundary
value problems for Maxwell’s equations. In the third section, we introduce the volume and surface equations
and we give general results about existence and uniqueness. Finally, the fourth section is dedicated to the study
of well-posedness for three different surface operators of order 2, each of them requiring the use of different
techniques.

2. PROBLEM SETTING AND VARIATIONAL SPACES

Let (2 be a simply connected open bounded domain of R? with C*' boundary I' and let 2. := R3\ 2
be its complementary. We consider the following exterior boundary value problem for the electromagnetic field
(E,H):

curl H+ikeE =0 in 2oy,
curl E —ikpH =0 in 2k, (2.1)
vxE+ZHyr =f onl’

where v € (C%1(I"))? is the inward unit normal to 2, Hy := (v x H) x v, Z is a surface differential operator
(see Def. 3.1) and f is some function defined on I". We also denote by x > 0 the wavenumber and by € and p
the relative permittivity and permeability respectively. Following [8], we will assume that € and p are complex
valued function of C'(R3 \ £2) with nonnegative imaginary part and positive real part. We also assume that
p(z) = e(z) =1 for all z outside a fixed ball of radius Ry. When considering the scattering of an incident wave
(E', H") that solves

curl H + ikeE' =0 and curl E' —ikpH' =0 in R?,
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the right hand side f is given by ' 4
f:=—(vxE +ZH7}).
We complement equations (2.1) with the so-called Silver—Miiller radiation condition
lim Hx & — (2 xE)x2[*ds =0 (2.2)
R—o0 aBR

where Bp is a ball of radius R and & := z/|x|.

To study equations (2.1) and (2.2) we introduce some classical energy spaces and to define specific surface
differential operators. We recall hereafter some classical results from ([5], Chap. 2) for the convenience of the
reader. Let O be a generic bounded simply connected open set of R? with C'! boundary 00 and with outer
unit normal v. Let us first introduce the usual energy space H(curl, O) of (L?*(0))? distributions with curl in
(L?(0))? as well as the space of L? tangential vector fields on 9O:

L} (00) := {v € (L*(00))® | v-v = 0}.
For s € [—1,1] we denote H;(OO) the closure of {v € (C*®(00))? | v-v = 0} in (H*(00))3. The tangential
trace operators are given for v € (H'(0))? by
WV =V X V]go, vr=r(v):= (W X V]go) X V.

These two operators are bounded and linear from (H'(0))? into L?(A0). Let us now introduce the surface
differential operators Voo : H'(00) — L}(00) and curlpp : H'(dO) — L(0O) that are given for u €
HY(00) by

Voou :=~vr(Vu) and curlpou:= —v x Vyou,

where u is some extension of u to a three dimensional neighbourhood of 90. We denote their adjoints —divge :
LZ(00) — H~1(0) and curlye : L7 (dO) — H~1(dO) that are defined for all u € H*(JO) and v € LZ(dO) by

Voou-vds = —(u,divao V) g1 (90),1-1(0)
20

/ curlpou - vds = (u, curlpo V) g1 (90), H-1(50)-
o0

The vector operators curlypp and Vso can be extended to continuous linear operators from H*(90O) into
H; _1(8(’)) while the scalar operators divgo and curlypo can be extended to continuous linear operators from
H;(00) into H*~*(00) for s € [~1/2,3/2]. Moreover,

curlppu:=v-curl u and divgou = curlpp (v x u) (2.3)

for all u € H} (00O) where U is some extension of u to a neighbourhood of dO.
We conclude this section by introducing the following boundary spaces for s € [-1/2,1/2]:

H’(divgp, 00) := {v € H{(00) | divaov € H*(00)},
H’(curlpp, 00) := {v € H;(00) | curlpov € H*(00)}.

The specific spaces H™'/2(curlyp, 00) and H/?(divye, DO) are dual to each other with L?(90) as pivot space
and the trace operators

v : H(curl,0) — H Y*(divpn,d0), ~r : H(curl,0) — H Y?(curlyo, 00)

are linear continuous and surjective. Moreover, we recall that the following formula holds for u and v in
H(curl, O):

/O(CUI"I u-v—u-curl V)dz = (%(0), y77(V)) 5-1/2(divo0,00), BH-1/2 (curlpe,00)- (2.4)

See for example ([15], Thm. 3.31).
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3. STUDY OF AN ABSTRACT BOUNDARY VALUE PROBLEM
Let us denote by V(I') ¢ L*(I") endowed with its inner product (-, )v(r) a Hilbert space that is such that
{ve(C>I)?|v-v=0}c V()
and such that the injection is dense. Let us denote V(I')* the dual space of V(I") with respect to LZ(I"). The
impedance operator is defined as follows.
Definition 3.1. A generalized impedance operator Z is a linear and bounded operator from V(I') into its dual
V(I)*.

We deﬁne_I-Iloc(curl, ext) as being the set of functions in H(curl, Bg \ £2) for every ball Bg of radius R that
contains {2 and Viy := {H € Hjoc(curl, Q) | Hr € V(I')}, the exterior problem (2.1) together with the
radiation condition (2.2) then writes for f € V(I")*:

Find (E,H) € Hyoc(curl, {2oxt) x Vi such that

curl H+ ikeE =0 in ey,

curl E —ikpH =0 in ey, (3.1)
vxE+ZHp=f on I,

lim H x & — (& x E) x £|*ds = 0.
R—o0 aBR

To study existence and uniqueness of the solution to (3.1) we have to reformulate these equations in a bounded
domain. In the following we propose two different approaches to achieve this goal. The first is rather classical
and consists in bounding the domain (2.y¢ by introducing a ball that contains the domain {2 and by apply-
ing a transparent boundary condition on this artificial boundary. The second approach consist in writing the
system (3.1) as a single equation on I" by using the so-called Magnetic-to-Electric Calderén operator for the
exterior problem. In Lemma 3.2 we prove that these two formulations are equivalent.

3.1. A volume formulation in a bounded domain

Let Br be a ball of radius R > Ry such that {2 C Bpg, and let us introduce the Magnetic-to-Electric
Calderén operator Sg : Hil/Q(divagR,aBR) — Hfl/z(divaBR,aBR) defined for v € Hil/Q(divagR,aBR) by
Srv := @ x E where (E,H) € Hj,.(curl,R?®\ Bgr) x Hj,(curl,R?\ Bg) is the unique solution (see [8] for
fundamental results about electromagnetic scattering theory) to

curl H+ikE =0 in R®\ Bp,

curl E—ixkH=0 inR?\ Bp,
zxH=v on JBg,

lim H x & — (& x E) x 2]*ds = 0.

r— JaB,
Let us denote 2r := Bg \ 2 and let us define the Hilbert space Vi g := {v € H(curl, 2z) | vr € V(I')}
endowed with the norm
I i r = I lazceurr,op) + I - v
Then, for any f € V(I')*, problem (3.1) is equivalent to:

Find (E,H) € H(curl, 2r) x Vi1 g such that

curl H+ikeE=0 in 25,

curl E—ikpH =0 in 25, (3.2)
vxE+ZHp=f on ]

i‘XE—SR(i‘XH):O on@BR
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which is equivalent to find H € Vi, g such that

/ e lcurl H-curl v — x*pH - vdz + in(ZH, V)v(r)=,v(r) — ik Sr(@xH) -vds
Qr dBr (3.3)

= ir(f, v)v(r)- v
for all v € Vi1 r. To ensure weak coercivity of this variational formulation one has to assume that the imaginary

part of Z is negative. In fact, this is not always necessary and we overcome this difficulty by introducing an
alternative formulation for problem (3.1) in next section.

3.2. A surface formulation

Let us introduce the so-called Magnetic-to-Electric Calderén operator Sp : H Y 2(cur1p,f’ ) —
H Y2(divp, I') defined for v e H Y*(curlp,I') by Spv := v x E where (E,H) € Hi,c(curl, 2u,) x
H,,.(curl, 2.«t) is the unique solution to

curl H+ikeE =0 in 2oy,
curl E —ikpH =0 in ey,

Hr=v onl (3.4)
lim Hxi—(2xE)xz*ds=0
R—o0 8BR

and we recall that this operator is linear and continuous (see [15] Chap. 10, for more details). Using S,
problem (3.1) can be rewritten in these terms:

{Find u e V()N H Y*(curlp, I') such that (3.5)

Sr(u) + Zu=f
for f e (V(I') N H Y?(curlp, I'))* where V(I') N H *?(curlp, I') is endowed with the norm

|| : HV(F)OH_l/"’(curlp,F) = H ! ||V(F) + H ' ||H_1/2(curlp,F)’

Equation (3.5) makes sense in (V(I') N H '/?(curlp, I'))* since Sp(u) € H;iif(l“) and this space can be
identified with the dual space of H~*/%(curlp, I'). Therefore, S (u) can be identified with a linear and continuous
application on El/Q(curlp, I') and consequently on (V(I') N El/Q(curlp, I')). As stated in the next Lemma,
problems (3.1) and (3.5) are equivalent.

Lemma 3.2. Let f be in (V(I') N H™Y2(curlp, 1), if w € V(I') N H Y2(curlp, I') solves (3.5) then the
unique solution (E,H) € Hj,(curl, Qext) X Vi to (3.4) with v = u solves (3.1). Conversely, if (E,H) €
H . (curl, Qo) X Vi solves (3.1) then Hp € V(I') "NH™Y2(curlp, I') and solves (3.5).

Proof. We take f e (V(I') N H */*(curlp, I'))* and let u € V(I') N H '/?(curly, I') be a solution to (3.5). We
define (E,H) € Hioc(curl, 2.xt) X Vi as being the unique solution to (3.4) for v = u on I'. The tangential
component of H satisfies Hr = u on I" and then H € V4. Finally, since v x E = Sp(u) and since u solves (3.5)
we obtain

vXxE+ZHr=f onl

which means that (E, H) solves (3.1).
The reverse statement is straightforward since v x E = S (Hy) as soon as (E, H) solves Maxwell’s equations
outside 2. 0

We therefore obtain that problems (3.1), (3.2) and (3.5) are equivalent. We establish now a well-posedness result
for (3.1) which is valid for a general class of operators Z.
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3.3. Existence and uniqueness for a general class of boundary conditions

First, to ensure uniqueness, we impose a certain absorption condition to be satisfied by the boundary opera-
tor Z. In general this hypothesis is not restrictive since it is linked to some absorption property of the modelled
material.

Hypothesis 3.3. The operator Z has a nonpositive real part, that is:
R(Zv,v) viry-, vir) <0
for all ve V(I).

Under this hypothesis we prove uniqueness.

Theorem 3.4. If Hypothesis 3.3 is satisfied then problem (3.1) has at most one solution.

Proof. Assume that (IE H) € Hyo.(curl, 2ext) x Vi satisfies (3.1) with f =0 on I". Let Bg be a ball of radius
R > Ry that contains {2, by using the integration by part formula (2.4) in {2ext N Br we find that (E, H) satisfies

JEXE-ﬁds:/ curlE-H—E - curl Hdz

<’7tEa’YTH>H_1/2(diVF,F),H’l/z(curlp,l—') + /
QexthR

OBR

:/ ikpH|? + ire|B|* dz.
QexthR
By taking the real part of this equality we obtain

§R<’YtEa ’YTH>H*1/2(divF,F),Hfl/Q(curlp,F) =-R (/ zx E- ﬁds)

+ / R(irkp) [ H|? + R(ire)|E|? ds
RextNBR
and since v x E = —ZHr on I this relation becomes
R (ZHr, Hr)y . v = R (/ ixE-H ds> - / R(irp)[HP + R(ine)|E[ ds.
OBr o}

ext B R

Since we assume that the real part of Z is nonpositive and since the imaginary parts of € and p are nonnegative,

this gives
9?(/ §:><E-ﬁd5><0
OBRr

which in regards of Rellich’s Lemma ([15], Lem. 9.28) gives E = H = 0 in R?\ Bg. Since the coefficients € and p
are continuously differentiable, E and H are in (H'(0))? for all open set O such that O C 2o, and the unique
continuation principle given in [17] applies. That gives E = H = 0 in {2 and it concludes the proof. O

As a consequence, to prove that problem (3.1) is well-posed it is sufficient to prove that it can be formulated as
a Fredholm type problem. When V (I") is compactly embedded into H~'/?(curlp, I') the surface formulation (3.5)
allows to prove this property in a straightforward way as soon as Z : V(I') — V(I')* can be decomposed as the
sum of an isomorphism and a compact operator.

Theorem 3.5. Let Z be an impedance operator such that Hypothesis 3.3 is satisfied. If V(I') is compactly
embedded into H™Y2(curlp, I') and Z = T + K where T : V(I') — V(I')* is an isomorphism and K : V(I") —
V(I')* is a bounded and compact operator, then for all f€ V(I')* problem (3.1) has a unique solution (E, H) €
Hj,.(curl, 2.) x Vi and for every ball Br that contains 2 it exists Cr > 0 such that

| Elltx(curt, 2r) + 1 Hllvir . < CrlI Al viry--
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Proof. First of all, V(I') N H /?(curlp, I') = V(I') with equivalence of norms and we have equivalence be-
tween (3.1) and (3.5) in the sense of Lemma 3.2. Let us prove that Sy + Z : V(I') — V(I')* is of Fredholm
type. The operator Sy : H '/?(curlp, I') — V(I')* is continuous and therefore is compact from V(I') into
V(I')* since we assumed that V(I") is compactly embedded into H~Y/2(curly, I'). Moreover, Z = T + K with
T :V(I') — V(I')* an isomorphism and K : V(I') — V(I')* a compact operator and consequently, S; + Z is
of Fredholm type with index 0. Theorem 3.4 allows to finish the proof. d

When V(I') is not included into H~ Y/ ?(curlp, I'), there is no real advantage in using the surface formulation
to establish existence and uniqueness of the solution to the scattering problem and we have to impose some
restrictions on the sign of the imaginary part of the boundary operator to obtain the following theorem.

Theorem 3.6. Let Z be an impedance operator such that Hypothesis 3.3 is satisfied and such that it exists
¢ > 0 such that
R(ikZu, w) viry« vir) > c||u\|2V(F) VYue V(I).

Then for all f€ V(I')* problem (3.1) has a unique solution (E, H) € Hy,c(curl, Qex) X Vi and for every ball
Bpr that contains (2 it exists Cr > 0 such that

| Ella(curt,2r) + [ Hllvir < Cr|Alvir)--
Proof. The proof of this result is a slight adaptation of the procedure presented in ([15], Chap. 10) and is
therefore postponed in appendix. O

4. WELL-POSEDNESS FOR SECOND ORDER SURFACE DIFFERENTIAL OPERATORS

In this section we will consider three different second order surface differential operators and we will see that
these operators are very different from one another and require different treatments. For the first two cases
we will prove the Fredholm property of the surface formulation (3.5) and use Theorem 3.5 while in the third
case V(I') is not a subspace of H™/?(curlp, I') and we will make use of Theorem 3.6. While the case treated
in Section 4.2 corresponds to an approximate model for thin layers (see [11] for example), the two other cases
(Sects. 4.3 and 4.1) are presented here mainly for their theoretical interest. To the knowledge of the author,
they are not known yet to be approximate models of a given physical configuration.

4.1. The case of Z = curlyncurly 4+ Vpydivp + A
We take (\,7,7) € (L=(I"))? and we define

Z = curlpncurlp + Vpydive + A

which is a bounded and linear operator from V(I') = H"(divp, I') N H (curlp, I') into its dual. For all v, w in
V(I') we have

(Zv,W)v(r)-,v(r) = /F neurlpv curlpw — ydivpv divew + Av - W ds.
The space V(I") is endowed with the norm
I vy =11 - lae@ive,ry + T &0 ey, )
and this space is nothing but H} (I') since we have the algebraic relation
—Ar = curlrcurly — Vpdive

where Ap is the vector Laplace Beltrami operator on I'. As a consequence, the embedding of V(I') in
H '2(curlp, I') and LZ(I") is compact. Therefore we can use the surface formulation (3.5) to prove that prob-
lem (3.1) is well-posed under the following sign assumptions on A,  and ~.
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Hypothesis 4.1. The functions (\,n,7) € (L*>°(I'))? are such that
R(A) <0, R(n) <0, RN(y)>0 ae onl,

it exists ¢ > 0 such that
vl >¢, |nl>c ae onl
and the imaginary parts of v and n do not change sign on I' and are of opposite sign.

The following theorem is then a consequence of Theorem 3.5.

Theorem 4.2. If (\,n,v) satisfy Hypothesis 4.1 then for all f € V(I')* problem (3.1) with Z = curlpncurly +
Vrydive + A has a unique solution (E, H) and for every ball Br that contains §2 it exists Cr > 0 such that

| Elltx(curt, 2r) + 1 Hllvir . < CrlI Al viry--

Proof. Let us assume that (\,n,7) € (L>(I"))? satisfy Hypothesis 4.1, then the real part of Z is nonpositive
and from Theorem 3.4 we deduce that problem (3.1) with Z = curlpncurly + Vpydivp + A has at most one
solution. To prove existence we use the surface formulation (3.5) which is equivalent to (3.1) since V(I") C
H Y2(curlp, I'). Let us define the bounded linear operators T : V(I') — V(I')* and K : V(I') — V(I')* by

~v divpv divrwds —|—/ nv-wds,

(T'v, W)v(ry- v(r) = / n curlpv curlpwds —/
r r

r

(Kv, W)v(ry- v(r) == / (A=mn) v-wds
r
for all v and w in V(I") and then Z = T + K. We recall that for any complex number z = a + ib € C we have

la] + [b]
V2

and since (\,7,~) satisfy Hypothesis 4.1, this last inequality implies that the operator T is coercive on V(I")
i.e. it exists C' > 0 such that

2] > (4.1)

(Tu, w)v(ry vry| > CH“”%/(F) Vue V(D).

Moreover, since the embeddings of V(I') into L2(I') and H'/2(curlp, I') are compact, we deduce that K :
V(I') - V(I')* and Sp: V(I') — V(I')* are compact operators. Then, Theorem 3.5 concludes the proof. [

Remark 4.3. Using formulation (3.5) instead of formulation (3.2) to prove existence and uniqueness of the
solution to the scattering problem allows us to treat the case of coefficients n and « with negative and positive
imaginary parts respectively. This could not be achieved with standard variational arguments on the variational
formulation (3.3) associated with the volume problem (3.2).

4.2. The case of Z = curlrncurlp + A
Let A and 1 be two L®(I") functions and let us define

Z = curlpncurlp + A

which is bounded and continuous from V(I') = H(curlp, I') into its dual. Similarly to the previous case, we
have for all v,w in V(I'):

(Zv, W)v(r)-v(r) = / neurlpv curlpw + Av - wds.
r

We assume that A and 7 satisfy the following sign hypothesis.
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Hypothesis 4.4. The functions (\,n) € (L>=(I"))? are such that
R(A) <0, R(n) <0 ae onl,

it exists ¢ > 0 such that
Al >¢, In|>c¢ ae onl

and the imaginary parts of A and n do not change sign on I.
Under Hypothesis 4.4, we obtain the following result.

Theorem 4.5. Let (\,n) € (L>°(I"))? be such that Hypothesis 4.4 is satisfied. Then for all f € V(I')* prob-
lem (3.1) with Z = curlpncurly + X has a unique solution (E, H) and for every ball Br that contains §2 it
exists Cr > 0 such that

| Elltx(curt, 2r) + 1 Hllvirn < CrlI Al viry--

First of all, if the imaginary parts of A and 7 are of the same sign then the situation is very similar to the one in
the previous section. Actually, V(I") is compactly embedded into H~*/?(curlp, I') and we can use the surface
formulation (3.5) to prove that problem (3.1) is well-posed. Indeed, in this case Z : V(I') — V(I")* is coercive
and since Sp: V(I') — V(I")* is compact we deduce well-posedness from the uniqueness Theorem 3.4.

If this is not the case, that is if the imaginary parts of A and 7 are of opposite sign then we have to be much
more careful to prove existence of a solution to (3.1) (uniqueness is ensured by Thm. 3.4). As mentioned in the
introduction, this happens for example in the case where Z models a thin layer of metal. Actually, the \ part
of the impedance operator has to be treated as a compact perturbation of the curlyncurly operator but it not
true. Actually, similarly to the volume spaces, H’(curly, I') is not compactly embedded into L?(I") since, for
example, for all p € HY(I") we have

curlpVrp = 0.

Nevertheless, we prove in what follows that Z + S : V(I') — V(I')* is an isomorphism by using a Helmholtz’
decomposition of V(I"). Before giving the actual decomposition we need to introduce some additional notations.
For any f € V(I')*, let us define the sesquilinear form a; on V(I') x V(I") and the anti-linear form [ on V(I") by

ar(u,v) = / (neurlpu curlp v + Au - V) ds + (Sr(0), V) g-1/2 iy, r), B2 (curl ) ¥ (W V) € (V(I))?,
r

Ir(v):=&V)viry- vy YveV().
Then, ur € V(I') solves (3.5) if and only if
ar(up,v) =1p(v)

for all v e V(I).
Let us define

HY(I) = {peHl(F) /des:()}

the space of H'(I") functions with zero mean on I" endowed with the H*(I") norm and
X = {V ev()| / AV - VFEdS + <SF(V)’VF£>H_1/2(diVF,F),H_1/2(CUI‘1F,F) =0 Ve ﬁl(F)}
r

endowed with the H°(curly, I') norm. These two spaces are Hilbert spaces and we denote by H'(I')* and X*
their dual spaces. We prove in Lemma 4.7 that

V() =VrH () & X
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and in Lemma 4.9 that the embedding of X in L}(I') is compact. To this end, let us first introduce the linear
and continuous operator Ag : H(I') — H*(I")* defined by

(Asp, &) g (ry- iy = ar(Vrp, Vrg)

=/ AVrp - Vr&ds +(Sr(Vrp), Vré) g-1/2(aivr.r) H-1/2(curly. 1)
r

for all (p,&) € (H(I'))2. According to the next lemma, Ag is an isomorphism.
Lemma 4.6. If \ satisfies Hypothesis 4.4 then Ag : IfIl(I“) — POII(F)* is an isomorphism.

Proof. Let A € L>(I") be such that Hypothesis 4.4 is satisfied. Let C's and Ks be the two bounded operators
from H'(I') into H'(I")* defined by

<CSpa£>]-°11(p)*,1‘q1(p) = AA(VFP VFZ"’_pZ) ds V(p,f) € (‘E[l(F))za

<KSP7 £>1§(1(p)*,1‘q1(r) = _/F)\ p gds—l- <SF(VFp)aVF£>H*1/2(div1~,1“),H*1/2(cur1p,1“) V(p, f) S (ﬁl(F))2a

then Ag = OCS + Kg. First of all, from (4.1) and since the imaginary part of A does not change sign, we have
for all p € H'(I')

1 c
K%nmmmqmﬂZCEAPWM+NWWWWV+W%®ZVﬂMmm

where ¢ is the lower bound on the modulus of A and ¢ > 0 from Hypothesis 4.4. Hence Cg is an isomorphism
from Lax-Milgram Lemma.

We prove that Kg : H(I') — H*(I")* is compact. Let (p,)n be a bounded sequence of H!(I'), let us prove
that we can extract from (Kgp,)n a subsequence that converges in H'(I')*. From the definition of Kg and
using the continuity of S : H_1/2(cur1p7 I — H_1/2(din, I') we deduce that it exists a constant C' > 0 such
that for all n € N and for all ¢ € H'(I") we have

(Kspn, &) gy iy < WMoy llenllzn 1€l L2y + CIV ronll g-172 e, ) IV €l 5172 (et - 1y -
But since curlp(Vrpn) = 0 we deduce that [V rpall g-1/2cury, ry = ||V1"anH71/2(F). Similarly, we obtain that
it exists C' > 0 such that for all n € N: /
||VF£||H*1/2(cur1p,F) = ||VF£||}51/2([') < CH§HH1/2(F)

Therefore, we obtain that it exists C > 0 such that for all n € N:
1K sall iy < C (Ipalliacry + 19 0mall ooy ) < Clloallana oy, (42)

We recall that the sequence (py,),, is bounded in H!(I") and therefore one can extract from (p,,), a subsequence
still denoted by (p), that is of Cauchy type in H'/2(I'). This observation together with inequality (4.2)
implies that Kg is compact and therefore that Ag = Cs + Kg is of Fredholm type with index 0 since Cg is an
isomorphism.

To conclude the proof, let us prove that Ag is injective. We take p € foll(F) such that Agp = 0. We then
have

/ AV rpl?ds + (Sr(Vrp), Vrp) g-1/2(div ), 5172 (curlp, 1) = 0- (4.3)
r
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Let (E,H) be the unique solution to (3.4) with v = Vpp on I'. Integration by part formula (2.4) implies that

R x E, Hr) g-1/2 (v, ), B8-1/2 (curlp 1) = — R </83 X E- ﬁdS)
R

+ / R(irkp)|[H|? + R(ire)|E|? ds
QextNBRr

for every ball By that is such that 2 C Bg. Since Hr = Vrp and v x E = Sp(Hy) on I', this last equality
becomes

e (/ zxE- ﬁdS) = — §R<S[‘(V[‘p), VFp>H*1/2(divF,F),Hfl/Q(Curlp,F)
OBRr
+ / R(irp)|H|? + R(ire)|E[* ds.
RextNBRr
Therefore, by using (4.3) we obtain

R (/ & E-ﬁds) :/ %(/\)\Vpp\st—I—/ R(irp) [HP? + R(ine)|E| ds.
aBR r RextNBRr

Since R(A) <0, R(irp) < 0 and R(ixe) < 0 we have

ER(/ :%xE~ﬁds)<0
OBRr

and Rellich’s lemma together with the unique continuation principle (see [17]) implies that E = H = 0 in
(2ot and as a consequence Vprp = 0. Since p has a zero mean on I, this implies p = 0 which concludes the
proof. O

We make use of the isomorphism Ag to prove the following Helmholtz’ decomposition that has been obtained
in [10] for regular boundaries and functions A.

Lemma 4.7. If )\ satisfies Hypothesis 4.4 then V(I") writes as the direct sum of VprIl(F) and X :
V(I =VrH (D) & X,
and there exists C' > 0 such that
lwll viry + IVrpllviry < ClIVrp + wllvr

for all we X andp e HY(I').
Proof. Let us take u € V(I'), and let us define F as being the unique element of H'(I")* that satisfies

(£, f>1311(r)*,1i’11(p) = /F>\u -Vréds + <SF(u)vVF£>H_1/2(divF,F),H*1/2(curlp,F) VEe ﬁl(F)~
Since Ag : HY(I') — HY(I')* is an isomorphism (Lem. 4.6), it exists a unique p € H'(I') such that Agp = F
and it exists C' > 0 such that

[Pz (ry < Cllallvir). (4.4)

Let us define w := u — Vp, from the definition of Ag and p, we have

/F)\W ) Vfgds + <SF(W)’VF£>H*1/2(divr,F),H_l/Q(curlp,F) = (F' = Asp, §>ﬁ1(r)*,ﬁ11(r) =0 Ve fafl(F)
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whence, w € X and by (4.4) we have the following continuity relation
IWlvry + IVrplviry < lullvary +2(Vepllvay < 2C + Dllallvr)

for C' > 0. We have then proven that for any u € V(I') it exists p € H(I') and w € X such that u = Vp+w.
We now only have to prove that the sum between H'(I") and X is direct. For u = Vyrp € X NV H(I") we
have Agp = 0 since u € X. Hence p = u = 0 since Ag is injective. This concludes the proof. O

We now prove the compact embedding of X into Lf(F).

Lemma 4.8. Let 0 be a L™(I") function such that |o(z)| > ¢ > 0 for almost all x € I' and that is such that
its real and imaginary parts do not change sign. Then, the space H;U(F) ={ue V(I')|divr(ou) € L3(I')} is
compactly embedded into LZ(T').

Proof. Let (u,)n be a bounded sequence in H;O_(I“)7 then there exists C' > 0 such that for all n € N we have
[unllzzry <€, lldive(oun)lrzy < € and - [leurly(un)l|z2(r) < C.
We define ¢, as being the unique function in H L(I") that satisfies
divp(oVren) = divr(ou,), (4.5)

then o(u,, — Vr@,) has a vanishing surface divergence and is in L?(I"). As a consequence, it exists v,, € HY(I)
such that curlpv, = o(u,, — Vre,) and then u, = Ve, + %CUI‘IFU”. We now prove that we can extract a
subsequence from (curlpvy,)nen and from (Vg )nen that converge in Lf(F).

First of all, since (4.5) has a unique solution in H Y(I") that depends continuously on the right-hand side, it
exists C' > 0 such that ||, ||z () < Cl|dive(ou,)||L2(ry. The sequence (¢, )nen is in particular bounded in
HY(I') therefore we can extract from it a subsequence still denoted by (¢, )nen that converges in L2(I"). We
prove next that it is of Cauchy type in H*(I"). Let us define ¢, := ¢©n—©m and fo, := divye(ou,)—divye(ou,,),
then there exists C' > 0 such that

HVFQOan%g(F) <C ‘/Favpgonm NVr@nmds| =C

/ from@rm ds| .
I

Since fpn, is bounded in L?(I") and (¢y)nen is a Cauchy sequence in L2(I'), we obtain that (Vrp,)nen is a
Cauchy sequence in L?(I") whence (¢, )nen converges in H'(I').

Concerning (vn)nen we proceed in a similar way. First of all, it exists C' > 0 such that [[curlpv, |2y =
IVronllgzry = Cllon|lmry since I is C11 (this is still true for a Lipschitz boundary). But, we recall that
curlv, = o(u, — Vre,), therefore it is a bounded sequence in L?(I"). From the compact embedding of H'(I")
in L?(I"), we deduce that we can extract from (v,)nen a subsequence still denoted (v, )nen that converges in
L?(I"). As previously, we conclude by proving that (curlyv, ),ex is a Cauchy sequence in LZ(I"). Let us denote
fom = curlp(u,,) — curlp(u,,), there exists C' > 0 such that

=C

/fnmmv ds
r

whence curlyv,, is a Cauchy sequence in Lf (I') and it converges in Lf(]1 ). This concludes the proof since we
have proven that one can extract a sequence of (u,)nen that converges in L7 (I). O

||CuI‘lFUnm||%Lf2(F))3 <C ’/ o teurlpop,, - curl o, ds
: r

The following lemma definitely justifies the use of the Helmholtz’ decomposition introduced in Lemma 4.7.

Lemma 4.9. If A\ € L>°(I") satisfies Hypothesis 4.4 then the embedding of X into Lf(f’) is compact.
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Proof. Let (uy,), be a bounded sequence of X, then it exists C' > 0 such that for all n € N
[unllvry <C

and since u,, € X, we also have
diV[*()\lln) = —diV[*(Sp(un))

in the sense of distributions. We define (E,,, H,,) as being the unique solution to (3.4) with v = u,, on I'. By
using (2.3) we have that

divp(Au,) = —=divp(v x E,,)) = v - curlE,, = ikuv - H,.
Whence, since H,, 7 = u,,, it exists C > 0 such that
|Hyllmeurt,) < C and  [[Hy 7|20y < C
and since div(uH,) = 0 in ey and g is in CH(R3\ 2), we also have
IHo | mdiv,2) < C.
From [9] we deduce that it exists C' > 0 such that for all n € N
Jdlivr () L2y = sl - Bl oy < C.

Lemma 4.8 proves then that we can extract a sequence of (uy), that converges in L?(I") which finishes the
proof. O

We now conclude with the proof of Theorem 4.5.

Proof of Theorem 4.5. We take f € V(I')* and (\,n) € (L*°(I"))? such that Hypothesis 4.4 is satisfied. Since
V(') = H(curlp, I') € H Y?(curlp, I'), we know from Lemma 3.2 that problem (3.1) is equivalent to prob-
lem (3.5). As a consequence, it is sufficient to prove that (3.5) is well-posed. Theorem 3.4, gives uniqueness, we
only have to prove existence. We look for a solution u that writes u = ug + Vpp with up € X and p € Ifll(F).
The function u has to satisfiy

ar(u,v) =Ip(v) forallve V()

which if we use test functions being gradients of functions of H L(I') implies that p has to satisfy
(Asp, &) i1 (rye in 2y = (V) for all € € HY(T). (4.6)

Let us recall that Ag is an isomorphism between HY(I') and HY(I')*, therefore (4.6) has a unique solution
p € HY(I'). If now we use test functions in X, we obtain that ug has to satisfy

ar(ug,vo) =1lr(vo) —ar(Vrp,vg) forall vo € X. (4.7)

Let us prove that (4.7) has a unique solution in the Hilbert space X. We define Cx : X — X*and Kx : X — X*
the bounded and linear operators that satisfy

(Cxv,w)x» x = / 7 (curlpv curlpw + v - W) ds
r

(Kxv,w)x- x = /F(—U + A v Wds + (Sr(V), W) g-1/2(div 1), B-1/2(curl ., 1)
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for all v,w € X. With these definitions ((Cx + Kx)v,w)x~ x = ar(v,w) for all v,w € X. From Theorem 3.4
we know that C'x + Kx is injective, let us prove that C'x 4+ Kx is a Fredholm type operator of index 0. First
of all, since 7 satisfies Hypothesis 4.4 and in particulars since its imaginary and real parts do not change sign
on I', by using inequality (4.1) we have for all v e X

1
{Cxv, v)x- x| = 7 /F(—%(n) +[S) (leurlpv]® + [vI*) ds > [Vl o cat, s

therefore C'x is coercive on X. Moreover, Sy : V(I') — V(I')* is compact and since the injection of X in
LZ(I') is compact (Lem. 4.9) we deduce that K is a compact operator. This guaranties well-posedness of (4.7)
which has a unique solution ug € X that depends continuously on p and f. To conclude, we built a function
u = ug+ Vp that solves (3.5). We obtain the continuous dependence of u with respect to f by using Lemma 4.7
together with the fact that Ag : H'(£2) — H'(2)* and Cx + Kx : X — X* are isomorphisms. O

4.3. The case of Z = Vpvydivr + A

We conclude this serie of examples with a third one for which we cannot use the surface formulation (3.5).
Let us consider
Z = V[*’}/din + A

for (X, 7) two functions of L>(I"). It is a continuous operator from V(I") := H°(curly, I') into its dual and for
v,w in V(I') we have:

(Zv, W)v(r)-v(r) = / —~ydivpv divpw + Av - wds.
r

Since V(I') is not included into H~/?(curlp, I') we cannot use the formulation (3.5) in this case. Nevertheless,
we show that under appropriate sign assumptions on A and vy we can apply Theorem 3.6.

Hypothesis 4.10. The functions (\,7y) € (L°(I"))? are such that
RA) <0, R(y)>0 ae onl,

and it exists ¢ > 0 such that
SN\ <e¢, S(v)>-—c¢ ae onl.

Under these restrictive sign assumptions (compare to the two previous examples) Z satisfies assumptions of
Theorem 3.6 and we have the following result.

Theorem 4.11. Let (\,y) € (L*°(I"))? be such that Hypothesis 4.10 is satisfied. Then for all f € V(I')*
problem (3.1) has a unique solution (E, H) and for every ball Bg that contains §2 it exists Cr > 0 such that

1B [[ex(eurt.2r) + [ Vi r < Clflviry--

Remark 4.12. We can generalise further the results of this section to the case of a vanishing functions A and
~ on I'. In this case we use

V(I := {v e H Y?(curlp, IN) ’ / IN[|[V|? + [y|[divev]? ds < -l—oo}
r
endowed with the norm
V137 2= I¥1Be-1/2 untpry + /F VI + yldivrv]? ds.

Existence and uniqueness is then ensured as soon as

R(A) <0, R(y) >0 ae. onl,
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and
I(N) <0, S(y)>0 ae.onl.
The question of existence of a solution when A or v have a negative imaginary part cannot be treated in this

way and to the knowledge of the author is still open.

APPENDIX — PROOF OF THEOREM 3.6

First of all, uniqueness holds from Theorem 3.4. To prove existence we adapt the procedure presented in
([15], Chap. 10) in the case of a Dirichlet type boundary condition to the volume formulation (3.2). We do not
give a precise proof but we only highlight the main steps since it is rather classical. As stated in Section 3.1, the
electromagnetic field (E, H) solves (3.2) if and only if H solves the variational formulation (3.3). Let R > Ro

be such that the ball Br contains {2. To study equation (3.3) we introduce a Helmholtz’ decomposition for
H(curl, 2%) in order to handle the L?(£2r) contribution that is not a compact perturbation of the principal
part. Let us introduce the space of functions in H'(f2z) with vanishing trace on I’

Hy r(2r) = {p € H'(2r) | p=0onI'}

and the following Hilbert space

Xgr = {UGVH,R ‘

/Q KQ,U/u . ngx + ’LKZ<SR(.% X u), VGBR£>H71/2(diVaBR,8BR),H_1/2(CurlaBR,833) =0 V§ S H&F(QR)} .
R
Let us define the operator Ag : Hj -(2r) — Hy p(£2r)* characterised by

(ARP: ) 13 (20)* Y 1 (21) =

/Q HzMVp : ngﬂf + Z"‘f<SR(55 X vaBRp)vVGBR£>H*1/2(diV3BR,BBR),H_1/2(curlaBR,8BR)
R

for all p,& in H} (£2r). Due to the symmetry of Maxwell’s equations, the Magnetic-to-Electric map Sg is equal
to —Gr where G r is the Electric-to-Magnetic map which maps Er to & x H where (E, H) solves Maxwell’s
equations outside Br together with the Silver—Miiller radiation condition. As a consequence, we can use the
results of [15] Lemmas 9.23 and 9.24 that state that it exists S : H /%(divop,, dBr) — H Y?*(divop,, 0Br)
such that for all u € H '/?(divyp,, 9Bg) we have

Q -, 2
(Sru,u x ~T>H—1/2(divaBR,aBR),H—lﬂ(curlaBR,aBR) > C‘|uHH*1/2(divaBR,8BR)

for¢ > 0and Sg —|—i/<;§R : El/z(divaBR, 0BRr) — El/z(divaBR, 0BpR) is a compact operator. We deduce that
Ap is an isomorphism and similarly to the proof of Lemma 4.7 we obtain the following Helmholtz’ decomposition

VH,R =Xr® VH&F(.QR).

Moreover, Xp is compactly embedded into (L?(£2g))? (see the proof of [15], Lem. 10.4). We also remark that
from the sign assumption on the real part of ixZ and the real part of €, it exists C' > 0 such that

/Q e t|curl ul® + |u)® dz + ix(Zur, ur)v(ry-vr| = C’Hu||%/H,R (4.8)
R

for all u € Vi g. Finally, let us recall the result of Lemma 10.5 in [15] that states that Sr can be decomposed
as Sg = S1 + Sy where S : El/z(divaBR,aBR) — Fl/z(divagR,aBR) has a positive imaginary part and
Soovip:Xp— El/z(divagR,aBR) is compact where v pu = I X ulgp,, for all u € Vi i.
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We now have all the tools we need to conclude the proof. Let us build a solution that decomposes as
H = H, + Vp where p € Hj (22r). If H solves (3.3) then p has to solve Agp = 0 (there is no source term in §2)
and therefore, p = 0. As a consequence, Hy has to solve

(Cr+ Kg)Hy=F (4.9)

where the operators Cr : Xg — X}, and Kr : Xpr — X}, are defined by

(CrV, W)Xz xp = / e leurl v-curl W+ v - Wdz + ik(2v, Wy (ry- v(r)
Qr

—ik(S1(Z x V)?W>H_1/2(divaBR,BBR),H—l/"’(curlaBR,BBR)

(KRpv,W)xz xp 1= —/
2r

(K2,U/ + 1)V ' de - ZK<S2('% X V)7 W>H71/2(divaBR,aBR)7H71/2(CuI'183R,aBR)

for all v,w € Xg and F'is such that (F,w)x; x, := ir(f, W)v(r)- v(r) for all w € Xg. From (4.8) and the
properties of S; and Ss we deduce that Cg is coercive and Kp is compact. The general uniqueness result
Theorem 3.4 ensures that it exists Hy that solves (4.9) and that depends continuously on F'. Therefore, it exists
a unique H = Hy that solves the variational formulation (3.3) and we obtain the desired result.
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