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SMALL-TIME SOLVABILITY OF PRIMITIVE EQUATIONS FOR THE OCEAN
WITH SPATTIALLY-VARYING VERTICAL MIXING

HiroTADA HONDA!

Abstract. The small-time existence of a strong solution to the free surface problem of primitive
equations for the ocean with variable turbulent viscosity terms is shown in this paper. In this model, the
turbulent viscosity coefficients, which include the Richardson number depending on unknown variables,
are explicitly formulated. In addition, following the formulation of practical models, the kinematic
condition is assumed on the free ocean surface. As in preceding works, we consider the problem in
the three-dimensional strip-like region, and assume the f-approximation. Under some conditions on
the initial and boundary data and the topography of the bottom of the ocean, we construct a strong
local-in-time solution in Sobolev—Slobodetskii spaces. The boundedness of the temperature and salinity
is also shown in the present paper.
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INTRODUCTION

In the present paper, we investigate a free surface problem of primitive equations for the ocean while taking
vertical mixing into account, and show the unique existence of a strong local-in-time solution, which is a new
result developed from our earlier results [23-26].

Since the memorable contributions to the mathematical argument of primitive equations by Lions
et al. [33,34], there have been a number of works concerning primitive equations for the ocean, the atmo-
sphere, and the coupled model of the ocean and the atmosphere [35-39] in the mathematical literature. Here
we summarize a part of these, with a particular focus on the ocean model.

As for weak solutions in an ocean domain without sidewalls, we have had two results to date. Azerad and
Guillén—Gonzalez [1] discussed the non-stationary, and Besson and Laydi [5] the stationary case. In [1], they
showed the existence of a weak solution of the Navier—Stokes equations with anisotropic viscosity terms and its
convergence with a weak solution of primitive equations, as the aspect ratio of the depth to width of the domain
tends to zero. As far as we know, no contributions have been made with results concerning strong solutions in
this type of domain.

For two-dimensional primitive equations, we have some results concerning a strong global-in-time solution.
Guillén-Gonzélez and Rodriguez—Bellido [19] showed the existence and uniqueness of the strong solution to
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primitive equations for the ocean in the two-dimensional region with a sidewall under the smallness of data.
Bresch et al. [8] also showed the existence and uniqueness of a strong solution with large data, and also showed
the uniqueness of the weak solution in a similar region. Hu et al. [27] proved the existence and uniqueness of
a strong solution to the primitive equations on thin domains with a non-flat bottom. Following that, Hu [28]
discussed primitive equations for the ocean under a small depth assumption, and proved that the solution is
represented asymptotically as a sum of barotropic flow both in the horizontal and vertical direction as € goes
to zero. However, in these cases, Coriolis force does not make sense.

Concerning a strong solution of primitive equations for the ocean in the three-dimensional region, we
largely have two types of results in past arguments, with and without sidewalls (the vertically flat lat-
eral boundary). Guillén—-Gonzdlez et al. [20, 21] discussed the initial boundary value problem for primi-
tive equations for the ocean in the domain surrounded by a rigid lid, sidewalls and bottom. They showed
the existence of a global strong solution with small data and a local strong solution with any data in
L0, T; HY(2)) N L2(0, T; H*(2)) \W3(0,T; La(£2)). In a similar situation, Temam and Ziane [51] veri-
fied the existence and uniqueness of a strong local-in-time solution of primitive equations for the ocean in
C(0,T; HY(2)) (N L2(0,T; H?(£2)). Their results are based on Ziane’s preceding results [55,56] concerning the
elliptic problem in a domain with corners. Later, Cao and Titi [11] showed the existence and uniqueness of a
global solution in C(0,T; H*(£2)) (N L2(0,T; H?(2)) W{(0,T; La(£2)). As far as we know, however, a formu-
lation with a free ocean surface, which is frequently used in the practical model, has not been discussed in the
mathematical literature.

We will now summarize past arguments in weather prediction and oceanography. Following the proposals
of Bjerknes [4] and the pioneering numerical modeling of the atmosphere by Richardson [43], Bryan’s work [9]
was the first to model ocean circulation, which applied the rigid lid hypothesis, that is, the ocean surface
was assumed to be flat and fixed. This is because they preferred to remove the effect of gravitational waves
of low frequencies, in order to take long as an interval length of numerical integration as possible. However,
the barotropic component in ocean movement was not removed, which requires an additional calculation for
the stream function, called the relaxation method [30]. Based upon his formulation Semtner [44] proposed the
general circulation model and numerically studied it in detail. In his model, the Boussinesq approximation and
the rigid lid hypothesis were used. After that, a trial of the free ocean surface model followed. Crowley [13,14]
was the first person that conceived the free ocean surface model for numerical calculation. In that model,
integration with respect to the vertical coordinate system was introduced, and the problem was reduced to that
in the two-dimensional framework. Later, Blumberg and Mellor (7], Dukowicz and Smith [15], and Killworth [30]
proposed the free surface model modifying those developed by Bryan [9] and Cox [12]. For the rationale of the
model by Killworth, see [30] and the references therein ([6], for example). Combining these models, the modular
ocean model (MOM) [40,41] became one of the most popular methods for modeling of the ocean. Although a
number of model options be selected, it includes the free ocean surface model as a default.

In a series of our works [23-26], we considered the free surface problems of primitive equations. There, we
formulated the original problem in the Cartesian coordinate first, and then transformed it into the p-coordinate
system by making use of the hydrostatic relationship dp/0x3 = —pg. Then, we also made the problem into
that in the known fixed region by another coordinate transform in order to consider the coupled model. The
kinematic condition %F (z,t) = 0, with F the graph of the free surface, was not assumed. This is because
we rigorously consider the effect of evaporation and condensation, while the kinematic condition assumes that
a particle on the ocean surface adheres to it. In addition, the effect of ocean surface tension was taken into
account in the boundary condition on the free ocean surface, which was the original one in the literature on the
mathematical analysis of primitive equations. Another feature in our preceding models is the stress tensor in
the conditions on the ocean surface, which is usually not considered in atmospheric science and oceanography.
On the other hand, in the practical models, some empirical formulations such as the kinematic condition and
the bulk formulae for the flux of momentum and heat, are applied in the conditions on the ocean surface. The
effect of ocean surface tension is not taken into account even in the free ocean surface model. Nevertheless, since
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there are no works concerning these models in the mathematical literature, it is uncertain if the practical model
is mathematically well-posed.

In the present paper, we discuss the ocean model with boundary conditions subject to MOMS3 [40] and
MOM4 [41]. The kinematic condition, which our preceding works did not adopt, was applied in this paper. We
do not apply a p-coordinate system or the Lagrangian coordinate system in this paper.

The second feature of the present work is taking the parameterization of vertical mixing into account. All of
the existing results in the mathematical literature were found by regarding the turbulent viscosity and diffusivity
coefficients as positive constants, while it is known that modeling them as functions of the Richardson number
sometimes yields better suitability [29,31,42]. Mathematically, this requires a higher regularity of the obtained
velocity under the appropriate assumptions of the regularity of data. Following Pacanowski and Philander [42],
and Washington and Parkinson [53], the representation of the Richardson number in this paper is provided as
R(%, 0, 88793) = 99*1%|% ~2 which yields some difficulty in the estimation of the principal terms.

Third, for the equation of state, there have been a number of arguments in oceanography. A polynomial
fit was first proposed by Bryan and Cox [10], which is still one of the effective models. In that work, they
proposed that the density is represented as a polynomial of temperature, salinity and height at each point. In
UNESCO [52], they determined a model for the equation of state for the ocean, in which the density is provided
as a function of the temperature, salinity and pressure. Therefore, we adopt in the present paper a general form
of the equation of state o = o(p, T, S), while all of the existing results in mathematical arguments have adopted
the polynomial model for the equation of state (see, for instance, [34]). The fourth feature of our model is that it
describes the balances of the heat flux at the ocean surface and bottom as those for the potential temperature.
Since the equation is described for the in situ temperature, we have to translate the boundary conditions into
those for the in situ temperature. As in the preceding works, we construct a strong local-in-time solution in the
anisotropic Sobolev—Slobodetskii spaces.

This paper is organized as follows: in the first section, we formulate the problem. In Section 2, we define
the function spaces used throughout this paper. The main result of this paper is stated in Section 3. Auxiliary
lemmas, which are important in proving the main theorem, are prepared in Section 4. Section 5 concerns the
linear problem, followed by the proof of the main theorem, provided in Section 6.

1. FORMULATION OF THE PROBLEM

1.1. Mathematical formulation

There exist numerous formulations of the vertical coordinate systems of the ocean model, such as those
with z-, 0-, and g-coordinates. Although there exist some contributions applicable to the free ocean surface
model in o-coordinates like COCO [22], Griffies [16] pointed out that the z-coordinate system is well suited to
representing the topography of the ocean bottom, as well as the movement of the free ocean surface.

Nowadays, the z-coordinate system is employed with numerous free ocean surface models, such as the ocean
circulation and climate advanced modelling (OCCAM) project, the océan parallélisé (OPA) model, and so on.

Therefore, our problem is formulated in the three-dimensional strip-like region in the z-coordinate system
mainly based on the formulations in MOMS3 [40] and MOM4 [41].

For the temperature in the model equation, however, we adopt the in situ temperature, since the parameteri-
zation of the diffusivity coefficient is investigated using it, rather than the potential temperature [29,31,42]. On
the other hand, the boundary conditions are formulated by using the potential temperature, as we will show
later.

Hereafter, by x = (z1, 22, x3) = (2/, 23), we denote an orthogonal Cartesian coordinate system with x3 being
the vertical direction. Let the unknown free surface and the known bottom of the ocean be represented by
the equations z3 = F(2/,t) and x3 = b(z’), respectively. The initial value Fy(2’) of F(a’,t) is assumed to
satisfy Fp(z') — b(2’) > ¢ with a positive constant ¢y for any 2/ € R?. Then the domain 2(t) of the ocean
at time ¢ is represented as {(2/,x3)|z’ € R2,b(2') < x3 < F(2/,t)}. Making use of Boussinesq and hydrostatic
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approximations,
ov ov 0? 1
E + (V . V)V + U)a—l‘3 — |:M1AV -+ M28—x§:| + fAV = —gvP’
op _
axg - ng
v v + a_w — 0’
Oz (1.1)
oT oT 0T
oS oS 0%S
e + (v V)S+w8—w3 — |:/A5AS+M68—$§:| =0,
o=o(p,T,8) ze€Nt), t>0.

Here, fAv is a Coriolis force with A = (1) _01) and the Coriolis parameter f is a positive constant due to the
f-approximation; V and A are two-dimensional gradient and Laplacian, respectively. The horizontal component
of the velocity is represented by v = (v1,v2)T and the vertical component w; p is the pressure; o = o(z1, 22, 23)
is the density; oo is a positive constant; g is the gravity force (a positive constant); 7" is the temperature; S is
the salinity; 1 and ug are the coefficients of turbulent viscosity; and (us, p14) and (us, 16) are given by scaling
the sums of the turbulent and molecular diffusivity, respectively. Note that the equation of state is provided
in a general form in (1.1)g (hereafter, we represent the ith equation of (a.b) by (a.b);). The basic form of
this formulation was first derived by Bryan [9], and the discretized code has been widely used in numerical
calculations.

On the other hand, numerous arguments carried on him largely from two viewpoints: one is the formulation
of the ocean surface, and the other, the parameterization of turbulent viscosity and diffusivity coefficients.

As for ocean surface modeling, Bryan [9] adopted the so-called rigid lid hypothesis, which assumes that the
ocean surface is flat and fixed. This makes it easy to separate the behavior of the barotropic and baroclinic
flows in the numerical calculation as well as removing the effect of the gravitational wave. However, it imposes
the assumption w = 0 on the ocean surface and the vanishing of fresh water flux, which is a strict restriction.

Later, Crowley [13,14], Blumberg and Mellor (7], Dukowicz and Smith [15] and Killworth [30] developed the
free surface model for the ocean. As stated in MOMS3 [40], the main advantage of applying the free surface
model is the presence of the fresh water flux in the model [16]. In it, the kinematic condition is described as
follows [18]:

D
D—t(xg—F(ZL'/,t)) = Quw (x’,F(x’,t),t), (12)
where % = % +v -V + wa%s is an operator known as the material derivative, and ¢, a function defined

on R? x (0,00), which represents the flux of the fresh water passing across the free ocean surface. It is also
represented as
gw=P-E+R,

where P, E and R are the flux of the fresh water entering and leaving the ocean, and river run off, respec-
tively [18]. The process on the ocean surface I'(t) = {(2/, F(a’,t))|z’ € R?} is represented as the balance of the
fluxes. The momentum stress on the ocean surface arises from the wind stress and the fresh water momentum
in the ocean, and the balance is represented as follows (see (7.60) in MOMS3 [40]):

0
W VE - Vv — ug—v — quwV = T1, (1.3)
8.%3
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where 71 € R? is the vertical turbulent momentum flux in the atmosphere-ocean boundary layer, which consists
of turbulent stress from winds and the momentum due to fresh water entrained in the winds. VF - Vv in (1.3)
stands for a vector whose ith component is VF - Vuv; (i = 1,2). The boundary conditions of the temperature and
salinity are described as the conservation of the tracer flux. Representing the tracer concentration of a substance
by U, the total concentration flux across the ocean surface is the sum of the change in the tracer concentration
due to the behavior of the fresh water and the diffusivity [17]:

Ugqw +Fy-Npg, (1.4)

where Fy; is the diffusive tracer flux, and Np = (—~VF,1)T € R? is the upward normal vector to the free ocean
surface.

It is well known that, as for the temperature, the potential temperature rather than the in situ temperature
satisfies (1.4) [18,40]. In general, the potential temperature 6 depends on the pressure, in situ temperature and
salinity:

0=0(p,T,8S).

Griffies [18] also pointed out that, as for the potential temperature, the first term of (1.4) does not differ so much
with respect to depth, which he calls the neutral tracer. From these considerations, the boundary conditions for
the temperature and salinity are described as follows [3,18]:

Fr - Np=m, Fg-Np—q,S5=0, p=py xz€l(t),t>0, (1.5)

where
Fr =KyV30, Fg=K3V3S,

with the three-dimensional gradient operator V3 and

p2;—1 0 0
Kz' =10 H2i—1 0 (’L = 1,2,3).
0 0 H2i

In (1.5)1, 72 is the outward heat fluxes on the ocean surface, and po(2’,t), the pressure on the ocean surface,
formalized as a function defined on the two-dimensional Euclid region and time.

Remark 1.1. In Bryan’s model, although it applies the rigid-lid hypothesis, Dirichlet boundary conditions are
also admitted for temperature and salinity (see [9], p. 156) in place of the Neumann type condition on the ocean
surface:

(T,S) = (T.,S.) ze€llt).

In the present paper, we concentrate on Neumann-type conditions, (1.3) and (1.5), on the ocean surface. Actually,
under appropriate assumptions, it is possible to obtain a local-in-time solution for both types of conditions.
This holds for the linear problem that we will discuss in Section 5.

At the bottom of the ocean, stress arises from those conditions associated with the bottom topography and
sub-grid scale effects [40]. In MOMS3, the latter is ignored in its default configuration, and we adopt here the
formulation (see (7.51) in MOM3)

/qu-Vv—l—,uga—v = T3. (1.6)
8.%3
Here 73 is the bottom stress, and the term Vb - Vv is interpreted as the term VF - Vv in (1.3) is.
It is also necessary to impose the bottom kinematic boundary condition (see MOMS3 [40] (4.24), (7.15)):

w=—v-Vb. (1.7)
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As for the temperature and salinity, the tracer flux is set to zero (see Sect. 4.3.4 in MOMS3 [40]):
Fr - Ny,=0, Fsg-Ny=0 xze€lj t>0, (18)

where Ny = (=Vb, 1)T.

Next, let us discuss the parameterization of the turbulent viscosity and diffusivity coefficients in the vertical
direction, u; (i = 2,4, 6). Based on measurements, it has been pointed out that these depend on the Richardson
number [29,31], especially where the vertical mixing of seawater is vigorous. In the present paper, following the
parameterization by Pacanowski and Philander [42,53], the vertical turbulent viscosity and diffusivity coefficients
are represented as follows:

_ v do\ ov 0o -2
H2 = H2 <8.T37Q7 8.T3> = H2q (1 +042R <8.T37Q7 8.T3>> +/’L2b7

_(ov Do _ (ov e\t
”Z_”Z(ax3’9’8x3> um(1+az7€(ax3,a,ax3>> +piv (i =4,6),

v 89)_ L 00 |Ov |

03" Oy dx3 | Oxs

R-r(

where fiiq, i (i = 2,4,6) are positive constants, and R is the Richardson number. On the other hand,
wi (i =1,3,5) are formulated as positive constants. It is worth noting that formulations of 4 and pg are provided
as the diffusivity of the in situ temperature, and therefore we have to rewrite the boundary conditions (1.5);
and (1.8); as those for the in situ temperature.

Finally, the initial conditions are provided by
(v, T,S)(x,0) = (vo,To,S0) (¥r) z€2=02(0), F(2',0)=F(2') 2'eR%. (1.9)

In order to consider the differentiation of the current and initial value of the horizontal velocity, we first extend
vo = (vo1,v02)T into the whole space R? preserving the regularity [32,54], which is denoted by ¥g, and then
introduce the notation v/ = v — ¥(. Hereafter we also use a notation V, = (p, T, S)T, for simplicity.

Then, the original problem of (1.1)-(1.9) becomes as follows:

/ / 2+,
o (4w DYl (v e )

ot Oxs 03
LA +70) — SV (V4 90) - 9) 50 — 02 1 (i Ay + B
= 0 2% p 0 0 o5 P AV + Lo 81‘?5 ,
oT . oT 92T
oS oS 928 (1.10)
- / 7 . I e _
ot + (v + Vo) V)S+w8x3 {%AS—&—MG 83:%] 0,
9 _ v +%)
81,3 - 0)>
dp

2L T 7,
s go(p,T,S) x€t), t>0
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DBt (3 — F(2/,1)) = —qu (z/, F (/,t),t) 2’ € R%t >0, (1.11)
ov' ov
pVv' - VE — M2—V —quV' =71 — Vo - VF + Mzﬂ + quwVo,
Oxs Oxs
2
oV, OF Vs (1.12)
Mszz:;Vs@(Vx) 92, O, 1aVst (Vz) 05 %
oS
usVS -VF — pg=— —quS =0, p=py x€l'(t),t>0,
8.%‘3
, _
,UqVV/ - Vb — o Ov =713 —u1Vvg-Vb+ /LQ%,
8.%‘3 8.%‘3
w=—(v'+vp) Vb,
) (1.13)
oV, Ob Ve
3 ;Vﬁ (Ve) - oz, 91, paVal (V) - 05
u5VS~Vb—u6§ =0 xzely t>0,
81‘3
(v',T,S) (x,0) = (0, Ty, S0) (z) x€ 2=9020), F(,0)=F@x) 2R (1.14)

Hereafter, we will consider the problem of (1.10)—(1.14). Before solving it, we introduce a coordinate transform
to make the region into the fixed one in the next subsection.

1.2. Coordinate transform

The problem stated in the previous subsection is considered by applying the transform @ : (x,t) — (y, t*)
of a coordinate system similar to the one used in preceding papers [25,26] to (1.10)—(1.14). This enables us to
consider the problem in a fixed region.

x3 — F (2/,¢)

V=o' =06~ R 6 ye oy

+Fy(2), t'=t. (1.15)

This transform is also similar to those used in [2,47]. It is clear that for arbitrary T} > 0, the regions
U @& x{h, U @xdth), U @0 x{t)
0<t<Th 0<t<Th 0<t<Ty

are transformed onto the regions 27, = 2 x (0,11), Iy, = Iy, x (0,71), I'r, = I'(0) x (0,T1), respectively. In
the following, we use the representation

(o = B W) bW) -~ F 1)
) = (v R

00 ) = (XD 00.1) = 2 )
and denote the inverse of the transposed matrix of the Jacobian matrix by

(Jl(/y)™) " = (a¥) = (a?(F)) (i.j =1,2,3).
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Then one can easily derive

3(F) = (13 23 T_ (@) -F.1)ys — Fo(y) /
2(F) = @B, SE) = e T F ) 6w - Ry Y
VE () VE (1) }

+ (0 ) —v3) {b(y/) —K(y) by)-Fy.t)

_ / . N — / iy
v 0D Oy, )= PUIIO W) 5 —108 =12,

y _
A (y,t) a—ma(y’ b(y') —F(y,t)

In the following, we use the notation

Vy

(o) = ()" { o ),
' dys3

where V, is the derivative with respect to y’. We also use the notation

PO = £ (@5 ) = £ (v, X" .0, 1)

in order to represent the dependency of the coordinate transform on F. For a function defined in the whole
space R3, we use the same notation to the one restricted on £2(t) at each ¢ and then transformed into the new
coordinate system.

2. FUNCTION SPACES

Before proceeding to the main theorem, let us introduce some function spaces used in this paper. Let G be
a simply connected domain in R™ (n = 2,3) in general. In the following, we mean the derivative of function f
with multi-index «a by D®f. The xi1th order derivative with respect to ¢ and a with respect to y is denoted
by D,?“D;; f- For notations of function spaces, we basically follow those used in preceding contributions from
Solonnikov [45], Tani [46], and Wloka [54]. By Wi(G), we mean a space of functions u(z), = € G equipped with
the norm H“”%/Vé(c:) = Z ||D“u\|%2(g) + ||u||€-V21(G), where
lal<l

Hu“%/vzé(c:) = Z ||Dau||2L2 Z / |D%u(x)|*dx if [ is an integer,
|ee|=t er|=t
IDO‘ Deu(y)® - . _
|u\| Z | |n+2{l} dzdy  if [ is a non-integer, I = [I] + {l}, 0 <{l} < 1.
r—=Yy

lel=[1]

We also define the following function spaces for m > 1:

Wa' (G) =< ulz) =0 (6“2)

2 _ 2 2 « 2
=m = su + . m + E D m— o)
H“HW2 (@) iep \u(x)\ ||U||W2r ml () = H “||W2 @) < s
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and for m > 2,

[ullfm gy = sup  [D%u(x)® + IDul|2, - o
W2 (6) z€G,|a|<1 |;1 W, (@)

W;C(G) = {u(az) =o0 (ex2>

+ D D%l 2 < oo}.

| =2

L L
Next, we introduce anisotropic Sobolev—Slobodetskil spaces [54] VVQZ’2 (Gr,) = W (G N WQO’2 (Gr,) (Gp, =
G x (0,T1)), whose norms are defined by

T
0 = ) IOyt [ e 2y e = Tl )+ T

2 (U4 2(T1)

NI~

We also define function spaces for m > 2,

Wy % (Gr) = S ulw,t) = o (e) Ve (0,71) [[ull2 g =suplu(a,t)
W, (GTl) G,
+ Sup ||u(1’7 .)Hz m—[m + Sup ||u(.7t)||?/'[/""*[”L](G)
z€G W, 2 (0,Ty) te(0,Ty) 2

ou|?
+ (72201 = +H— . <00 p.
2 wy T (Gry) || O [y QZ(GTl)

lal=1

W;n67 (Gry) =S u(z,t) =0 (e”’2> vt € (0,Ty) HuHQ_n% = sup \Dau(aj,t)|2
W2,c (GTl) GTl
lal<1
2 2
+ sup [[D%u(z, )| m—pm + sup |[[D%u(-, t)||55,m-0m
e ( W, 2 (0,Tv) t€(0,T1) e @
|a|<1 || <1

2
L, me2 < oo}.
w, 2 (Gry)

The n times product of a function space Wy is denoted by W', and we also use notations like Hle W, = Wy xWh
hereafter. Norms of the vector and the product spaces are defined by the standard vector norm and the sum of
the norms of each space, respectively.

ou
Dul|? . e
2 w2, 22(cT1)+Hat

lor]=2

3. MAIN RESULT

In this section, we first rewrite the problem shown in Section 1 in the new coordinate system, and then
state the local-in-time solvability of it, which is the main result of the present paper. Since we define numerous
functions spaces throughout this paper, we list them in the appendix.

3.1. Problem in the new coordinate system

We introduce the problem after the coordinate transform. By noting that the coordinate system does not
vary at ¢ = 0, we rewrite the problem from (1.10)—(1.14) in y-coordinates and denote (v/,w,T,S,V,) after the
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coordinate transform with (u’, us, T,S,V). We also use notations u = u’ —|—\:/'(()F), u=(up,ux)t, U =, 7,97,
M= (T,9T, Uy = (O,TO,~SO)~T and P = Vpp) hereafter. Note that, in the following, we consider that the
unknown variables are u’, T, S, P and F, since ug is represented by using u’ and F, as we will see later:

ou’ -
T Liyru' =Gy p (U/7U37T, S, P)
_ o ), =(F) ;= (F) 33 0 [, =(F)
:Ala% - ((u + vy ) -VF> (u + vy ) — usa B (u + vy )
_fA (u' + 65“) e,
00
Bﬁ(F) R . ~
B(F = o) T . §)g=—
a”( )ay3 Q(p T, )g a9,
(3.1)
. ou N
33 dus _ D)
WP(F) G ==V (u + 9 )
oT - , o=\, OT ;=P . 43, OT
E_LZZ/LFT_GZF (u,ug,,T):Ala—ys—((u +V0 )VF>T_U3CL (F)a_ys7
a5 & _ / 3\ — a5 1y () G 33 a5
E — L37U7FS = G37F (11 ,U3,S) = Ala_yg — ((11 —|—VO ) 'VF) S—u3a (F)a_yg, m QTU
oF .
E+u~VF—u3:qw mR%l,
~ ~ /I / ~ ~\ 33 au/ /
Bi1 (VEau, 0,VEzo, F)u' = Veu' - VF — 3 (VEsu, 0, VE3zo) a (F)ﬁ—yg — quu
= (F) . g OV = (F)
=71 —VpuVvy ' - VF + o (Vrsu, 0, VEso)a (F)a—y3 + quwVy s
B2 (Vrsu,0,Viso, F) M= pus {9x2 (Vo) VET -VFE + 0y, (Vo) VES - VF}
. . o 0T s 08 (3.2)
—pa (Vpsu, 0, VE30) {9m (Vz) 033(F)8—y3 Oy (Vz) G3S(F)E}

— 72— sl (Va) P+ VF — i1 (Vg 5, Visd) b, (V) 0 (5, 7,5) g,

Bis (VEsu, 5, ViEss, F) M = 15V eS - VF — u (Visu, §, Vesd) a®(F)o— — quS = 0,

ﬁ(F) (ya t) = Po (y/, t) on FTU
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o'

Bar (Vrsu, 6, Vrad, F)u' = Ve - Vb — pia (Viaw, 8, Viad) o™ (F) 5

=13 — vy - Vb+ ps (Vpsu, 6, Vi) a®(F)

By (VEsu, , V3o, F) M = s {ezz (Vo) ViT - Vb + 6, (Vo) VES - Vb}

orT

ug = — (u' +vo) - Vb,

_ . -~ N 43, 08
Bas (VEsu, 0,VE3z0, F) M = usVeS-Vb— g (Vesu, 8, Vis0) GSS(F)ﬁ—yg,
Ul, oY) = Uo(y) = (0,To(y), So())"  on 2,
Flizo=Fo(y) onR?,
where 92
- - 2 .
Liy.p = pi2i-1Vy + p2i (Vrsu, 8, Visd) (a®(F)) 092 (i1=1,2,3).
3
Note that ug is deduced from (3.1)3 and (3.3)s:
Ous ~(F .
a33(F)a—y3 =—-Vp- (u’ —I—V((J )) in 27,
Uz = —(u’+v0)-Vb on Iy,
whose solution is provided by
uz(y,t) = — (u/ + vo| ) Vb (y',t) — L Ve -u(y,zs,t) dzs.
) Fb b aSS(F) b(y/) b )

Hereafter, we substitute (3.6) into other equations in (3.1), and replace
Gir (u’,ug,T,S’,P> , Gop (u’,ug,T) , G r (u’,u;;,,S') ,
in the right-hand sides by following notations
GiF (u’,T,S,P) , Gar (u’,T) , Ga.p (u’,5'> .
Then, the problem for U/ in (3.1)-(3.4) is written as follows:

ou .
v Ly rU =G ppU in Op,

Bi (Vpsu, 0,Vps0, F)U =7 (u, M,F,P) onlr,
Ba (VFﬁgu,é,VFﬁgé,F)U:fg (U,M,F,P) on Fle,

Ult=o = Uy on {2,

vl

0ys3 ’

—H4 (VF,3u7 éa vF,Sé) {92?2 (Vw) G‘SS(F)a_y?’ + 9;1:3 (Vm) (133(F)

=0 OHFle,

885

} (3.3)

= _M39m1 (Vx) P Vb — M4 (VF,?)uv év vF,?)é) 9&61 (Vx) o (ﬁ(F)afv g) g,

(3.4)

(3.6)



886 H. HONDA

where we have introduced notations

3 . N 7 ok .
7 (u, M, F,P) = (n — Vg VF + iy (Vrsu, 8, Vi3d) a*(F) 5+ vy,

T
72 = g0, Vb ™) - VF = iy (Vgw, 6, Vi0) 02,0 (50, 7, 5) g, 0> !

v

7 (0, M, F,P) = (7‘3 - M1VF\:/(()F) Vb + p2 (Vr3u, 0, VFE30) GSS(F)a—%,

T
- :U’392?1VF13(F) - Vb — 4 (VF,Sua @v vF,Sé) 0:1019 (ﬁ(F)a Tv ~> g, 0) )

and

_ \T o . WT
Ly, rU = (Ll,M,FUI7L2,Z/I,FTa L3,u,FS) . GirpU = (Gl,F (UI,T757 P) ,Ga.r (ulyT) ,G3.F (11/75)) ;

Bi(Vrsu,0,Veg, o, F)YU=(B11(Vrsu, 0, Viso, F)u',Bi2(VEsu, 0, VEs0, F)M, Bi3(VEsu, 0, Vi 30, F)M)T7

B2(VEsu, 0, Vg, o, F)U=(Ba1(Vrsu, 0, Viso, F)U', B (Visu, 0, Viso, F)M, Bas(Vesu, 0, V30, F)M)™.

Note that P is calculated by the relationship

f optF) S(F) - & .
(133(}7‘) g :—g(p(F),T,S>g in Q27
Y3 (3.8)
~(F _ 2
7 )|y3=Fo(y’) =pro on RS

which has a unique solution (5’ )T, 5) by virtue of the ordinary differential equation if p(*) has sufficient
regularity. For F, taking the horizontal divergence of (3.2);, and adding it with (3.1)¢ yields the following
problem:

oF 2
-7 —54,u,FF=qw—u~VF+u3+M1Z
i=1

ot

0
i) VE
0 (Vpu;) -V

33% (39)

0ys3

2

0 - _ .

-3 o0, (Mz (VE3u,0,Vps0,F)a ) ~V-(qu) = V-7 inRE,
i=1 7"

F|t:0 =F, onR?

2
where Ly pF =11 Y Viu; ~Vg—£. As we have stated, the problem from (3.7)-(3.9) now constitutes a problem

i=1
for (u’,T, S',F,P).
3.2. Statement of main result

Hereafter, we denote the value of p at ¢ = 0 by p,(x), which satisfies the following relationship:

z3

pu(z) = po (2, 0) +g/ 0 ((Pu, To; So) (2, 23,0)) dzs. (3.10)

Fo(a')

8323’ uy 8323

We also introduce notations g, = o(pu, 1o, So), Ro =R (M 0y, 22u )
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In addition, we define the following notations:

ovo 004 )
= uaTaS P 0 — Mi |\ 5 0Qus 3 :2a476a
Vo = (0 T0,50)" o = o (ayf e ay3) (i )

(1=1,2,3),

ov Oou\ 02
Ljo = Ljvto,ro = P21V + iz < - ¢ >

%’ “ 0ys3 893

where Uy = (vo, Tp, So)T. Then, the main result of this paper concerning the small-time solvability of (3.7)—(3.9),
which will be proved in Section 6, is provided as follows:

Theorem 3.1. Letl € (1/2,1), and Ty be an arbitrary positive number. Assume that

2 5
() (vo,Tb,S0) € Wo = Wa (2) x (W§+l(9)) Ry e WETR2), 0 < e < min{(l +aiRo) ||, |2 }
(1 =12,4,6), Ty <Tp(z) <00, and0 < 8, < So(z) < oo with positive constants ¢, T, and S, respectively;
(i) be W2+l( R?) and Fy(z') — b(x') > co > 0 on R? with a positive constant co;
(iii) @ € C3TA(R3) with 1/2(1—1/2) < B <1+1/2;

. ‘ BT B
(iv) With a constantl” > 1, 7; € W22+ e

1!

. 3417345 v,
R7,) (i =1,2,3),qu € W5 " " 7 (RY,), Gyt

2
s ayr | € We (R?),

5

31 — 545414
g’;‘? € W2+l atE 7 (R%,), po € W22+ i *(R%,). It is also assumed that for the case of la] = 3 with a
multi-index o, D3po satisfy the Holder condition with exponent By, > 1/2 with respect to x3;
Ovip Qvag 81}10 Ovao
— x)>0 Vel
83;1 83:2 83;2 81'1( )

x3

ov

e (VO Vot | Vevolaiz) dzs) N0 favy e WiH(0),

ba') 8.%‘3
0

M (2') = ’7'1|t=0 + “203—;/2‘ € W2+l (R?),

M, (z) = T2|t=0 — paobz (Vo) 0 (VO)Q‘F € W2%+l (R?),

M3 (ZL’/) = 7_3|t:0 - :U'200w (VO) 0 (VO) g

3+ p2
Fb€W2 (R)a

Fo(a') Opizo OV .
My (2 E/ Vvo (2, 23) dzs + H20 9Y0 o py2tt (R2 ;
)= | 0 (7', 25) dzs ; B o <2 ()

(vil) 0 € CYP(G) on G = {z = (21,29,23) € R3|z1 > c1,a0 > Ty, w3 > So} with 1/2 < 8/ < 1+1/2,
inf o(z) > ¢1 > 0 and sup |[DYp(x)| < M, for |a| < 4.
reg z€G

Moreover, the compatibility conditions up to the order 1 [32,48] are satisfied. Then, there exists T* € (0,T1]
such that the problem (3.7)—(3.9) has a unique solution

2
341 a4l
UP,F)eW(T) =W () x (Wj“ (QT*)) x Wy AT () s Wi T (R2)

satisfymg0<%§T<ooand0<%§S<ooonQT*.



888 H. HONDA

3.3. Overview of proof of Theorem 3.1

In the following sections, we provide the proof of Theorem 3.1 in several steps. Here we provide an overview
of the proof [50].

The next section is devoted to auxiliary lemmas, which will be used later in considering the linear and
nonlinear problems. Then, we consider the linear problems for &/ and F' in Section 5. There, coefficients of the
principal terms and the right-hand side of each problem are assumed to be provided with sufficient regularity.
For the problem of U, we first consider the coefficients independent of time, then the original one. This process
is achieved by the regularizer method described in the same section. In Section 6, we consider the nonlinear
problem by using the iteration method. A sequence of unknown variables is recursively constructed, and we
deduce the boundedness of the sequence first by virtue of the results of the linear problem. Next, we show
that the sequence forms a Cauchy sequence, which converges to the desired solution. This is achieved owing
to Lemmas 4.10 and 6.3. The uniqueness of this solution is proved easily in a similar manner, and we omit it.
These are shown to hold on a sufficiently short time interval. Finally, we show that T and S are bounded from
below on a sufficiently short time interval. This completes the proof of Theorem 3.1.

4. AUXILIARY LEMMAS

In this section, we prepare some lemmas used in the following sections. We first prepare lemmas concerning
multiplicative inequalities in Sobolev—Slobodetskii spaces. Lemmas 4.1-4.2 hold on

o= {(,t) = ys. )|y €ER*b(Y) <ys < Fo (), t € (0,T1]} .

3.738,1L 141
Lemma 4.1. For Ty > 0 arbitrarily provided and functions f € W22+l’4+2(R%1), gi1, 912 € W21+l’ 2 (02q),

and go € W;H (£27,), in general, the following estimates hold:
| fgr1ll 1+l l(-QTl) < Ol‘|f”W2%+z,' L (RT1> g1l 1+l l(QTl)’
g2l s %(QTI) < CszH (R2 >||92|| 241, 2+I(QT1)7
[ fg11912]l Wik (on) <G| fll wihid (RQT ) g1l it l(n )||912|| "y l(QTl)’
with positive constants C; (i = 1,2,3) depending on HbHW?“(R% and || OH + (R2y

The proof of this lemma is similar to that of Lemma 4.3 in [26], and we omit it here. Hereafter, C' stands for

positive constants depending on HbH_ , and ‘|POH—g+z,é+g( , .» and ¢(-) for increasing
w2 s TR

T L B, §

positive functions of their arguments.

1l
Lemma 4.2. For Ty > 0 arbitrarily provided and function f € W2l’2(QT1) in general, we have the following
estimate:
=

b—Follw

2
<CIfI? .y
5 (ary) Wy 2 (21,

For Lemmas 4.3 and 4.5-4.7, below, we assume the following assumption: a number 77 > 0 and a function F,
5,751
satisfy F, € Wi "1TE(R2) and F.(y/,t) — b(y') > co for t € [0,T1], and F.(y,0) = Fy(y'). We shall call
this assumption (Af,). The coordinate transform (1.15) is executed with F' replaced by F,. The functions b
Sw2)
Fy € W22 (R2) and Fy(y') — b(y’') > co. The following lemma is proved with some elementary calculations, and
we introduce it without proof.

and Fy are assumed to satisfy the assumptions imposed in the statement of Theorem 3.1, that is, b € W



SMALL-TIME SOLVABILITY OF PRIMITIVE EQUATIONS FOR THE OCEAN 889

3+l
Lemma 4.3. For 17 > 0, F, € WQ—H +2(R2 ) and function f € W;Hl (R3,) in general, we have the

following estimate:

(nF [ %_%%(R%l))nfn et %JSH fr

<o <|F*|| -1+,__Z+%(R2>>||f|| 15 (g ) (=29

Ty

27‘,+11 7;—1 (QTl)

For the estimate of p, we prepare the following lemma:

Lemma 4.4. For arbitrary l > 1/2 and Fy € WQ%H(RQ), let us introduce a notation of an interval
Iy p, = (— supb|,sup|Fo|) ,
R?2 R?2
and let function g = g(y, z3), defined on 2 x Iy g, , satisfy

/ lg (- 23) 12—y d23+/ 19 (y,23)* dy < o0 Vz3 € Ty
In.r, W, 2(2) Q

Y3

We also introduce a function defined on 2, P4(y) = / 9(y, z3) dzs. Then, we have the following estimate
Fo(y’)

with a certain yso € Iy F, -

@, s gc/ - 23) |12 dzf+/ Lyso) |2 dy b
[ g”w;%(m {IW llg ( 3)”W;%(Q) 3 Q\g(y yso0)|” dy

Similarly, if we take function f € Wi(£2) and define function @ (y fFo(y " f, z3) dzs, defined on (2, the
following estimate holds:

HQSfHWI(Q) < C”f”WZ(Q (4.1)

Proof. The proofs of both inequalities are similar, so we only show the first one. For two points, y@ =
(y yg)) € 2 (i = 1,2), the following inequality holds:

o (57) - o) <

2
(1) y(2)

Ys 3
/ g (y(l),Z3) dzs —/ g (y(”,z?,) dzs
Fo(y(l)/) Fo(y(l)/)

2

(2) (2)

Ys 1 Ys 1
/ g (y( ),Z3) dzs —/ g (y( ),Z3) dzs
Fo(y™") Fo(y")
2 3
i=1

_|_

o

Fo(y@) {g (y(l)’ Z3> -9 (9(2)7 Zs)} dzs

In accordance with the mean value theorem, there exists a certain ysg € I r,, such that

1 (2)‘ (1) yso) |2

I v ,
4,00 < / / dyMdy® .
/rz /g |y =y —y® |2+2l
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Letting § = (¢, 73) = ") — ¢y, it is easily seen that

2) ‘2

1
/ ‘yS Ys g = s> /OO dx
rz PP o 1+’

d 1)d(2)<0/’ ] dy ™.
// |y(1)_ (2)|2+21 Y Y g y30 Y

1o
— 2 qyMdy®
/n /n |y — y@ 2+

//'FO y V) = Fo (y@)] f;, lg (V. 25)|" dzs

|y(1) . y(2)|2+2l
F y(l)/ . y(l)/ o g/ }
S/I ‘|9(‘>Z3)||2L2(Q) dz;;/n | 0( ) |g2-$2(l )| dg.

Then, noting the fact W2+l(R2) C C3H(R2),

Fro (v — By (W7 — 3/ +1
/ B () ~2J(:2(zy y)|dﬂ§C / v ‘2121 dy+/ ‘2+‘2! dy
0 ] ig1<1 17l g1>1 191

The estimate of I3 is obtained in a similar manner, and we arrive at the first statement. The second state-
ment (4.1) is proved more easily, and we omit the proof of it here. O

and therefore,

Next, we have

dy(l)dy(2)

The next lemma enables the estimate of F' later.

l
Lemma 4 5. For arbitrary Ty > 0, Fy € W22+2’4+2(R% ), such that Fy|i—o = Fy € W22+l(R2) w=w —|—V(() =)

with vO bemg defined earlier, the following estimates hold:

Ve, - w|?

< bai | 1Fell sarm4t +C ) wl* .. i=1,2),
W (on) ( ’(' ”Wf“’“?@%)) sty €712

where ¢4;() (1 = 1,2) stand for homogeneous polynomials of their arguments, with coefficients depending on

Hb"W?“(R?) and ||FO||W2%+1(R2)~

In addition, the following lemma is useful in the iteration process in the final section.

547541 5
Lemma 4.6. For arbitrary Ty > 0, F, € W thits (R7,) such that F.|—o = Fy € Wy H(Rz),

:(F*) H ] .
\% -V L it < (e+¢€TY) || Fx — F 5.,;5,1 Vo |3+ 1 =1,2
H 0 0 ;+ITZ( i ( 1) [|Fs O||W22+1,4+§ (R21) | OHW;CZ(Q) ( )

holds with a small positive constant € and C. depending on e.
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Proof. By applying the mean value theorem,

‘:’(()F*) — Vo =Vp (ngéF*)(y’tD - Vo(y)

/ —V y XX (y ,t)+(1—x)ys) dy
CE W) -FR@)OW)—ys) [ Ove
- b(y) — Fo () / dys (v

This, and by applying the interpolation inequality of Sobolev—Slobodetskii spaces and the estimate of the
extended function, lead to the desired result. O

XX (1) + (1 - x)y3> dy.

Now, we show some estimates concerning the derivatives of p(f)

5,154
Lemma 4.7. For T} > 0, py € W2+ i+ (R%,) and F. € Wng’4+2 (R7,) provided, which satisfies Fy|i—o =
Fo e W7 +l(R2), the following estimates hold:

i

5_|a M o Fol 5541 ol =1,2,3),
R (” lu (m)) 120, gr0d g, (ol =1.2:3)

W2
where M = (T, S)T.

Proof. We first show the following equalities with 4, j, k = 1,2:

Ys

o5 o

gy 820 QS(M " ag3 Fo )!pl(M,F*) (y/7 Z3vt) QéM’F*) (yv Z37t) dZ3, (42)

v v * o(y’

Ppr) Py oy . 9 [P MR M,F.
* 0
3pE) oo mry 9 [P MmE) (M,F.)

M) I GMED (1o 1) M (y 2o 1) dzs, 4.4
aylayjayk aylayjayk + aﬁ3 /Fg(y/) 3 (y z3 ) 2 (y z3 ) zZ3 ( )

where

@(MVF*) y,t =exXp| — g / _Q (V (y/a 23, t)) ng, )
1) el O~
(M,F.) I S B b/ AN
452 (y’ 23, t) = exp ( a§3 821 (V (y 3 Ty t)) dr 5

z3

(M,F.) g (000T 9905\ 0 (g (MF) | gMF)
U4 (y, 1) = e ( D2 00 + 5% i + 20; \ o o(V(y,t) =¥, +

Q(M,F*)(y [ = 0 < g @) opF) N a%(M,F*)
2 ) z a§3 82’1 8yz (9yj )

g P = 0 (9 D0 5" owiMT)
’ , aZ? 8Z1 8%8% Yk
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with @23 = a33(F.). Actually, the differentiation of the hydrostatic relationship with respect to y; (i = 1,2)
leads to

QysOy; a3 9z Oy 1

By solving this ordinary differential equation with respect to ys3 with the boundary condition

o*pF) g 9o 9p) L M)

aﬁ(F*)
yi

_ Jpo
y3=Fo(y’) dy;i’

we have

opF) 9 ys 9
L xp( g/ LWV Y, 2.1) dZs)

= € - P
yi 0y; a3’ Fo(y") 0z1

Y3 Y3 Do
+ W(M7F*) /,Z‘,t ex <— g “ V /7T7t dT) dZ
[ @ s (5 [T G @@ i) ax

Thus we have (4.2). (4.3) and (4.4) are shown in a similar manner. By applying Lemma 4.4, we have the desired
result. O

Now let us state a lemma concerning the differentiation of p with different F. Let p(;) satisfy
= / g Fo(v) / .
Py, 1) =po (Y, 1) + =577 / o (Vi ', 23,1)) dzg (i =1,2),

where V(;) = (ﬁ(i),’f’(i), g(i))T = (P, M) ", a(% = a**(F;)) (i = 1,2). In addition, we introduce notations

17512(2) -V = (:,Zl:’,g)T, F= Foy — Fliy, M= (ZI:’,§)T

Based on these notations, we have the following lemma concerning the estimates of the derivatives of p:

Lemma 4.8. For Ty > 0, the following estimates hold:

Dol - 5_lal 1 <o HﬁH lal+i= [IM la
H y ||W25—\a|+l,z—7+%(QTl) 0 Wialﬂ_%#(ﬂn) | HWQ,QW'%(QQ)
(la| =0,1,2,3),

where ¢o(+) is a homogeneous polynomial of its argument.

Proof. We first show the following estimates for y, y(? (i=1,2)€ 2
51| < o0 (|F 0] M. )]). (45)
() -0 <0 (%) - F (o) o) - (). o

To see these, we take the difference of the equalities

ap(Fo) _
B _go(Vey) (i=12),
LG ge (V) (i=12)
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which yields

8]3 gF ap (F) /
033
= V-
‘@ dys  b—Fy dys so(V

where Vo = 0'V(1y + (1 — 0)V(2). The boundary condition is provided by

p|l/3:F0(y’) =0

From the classical result of the ordinary differential equation, we then have

B Y3 i ~(Fy) —
o) = | {bﬁFFoa”ay;) Wzt =g ([ V00w /20,0 do’)-M<y',Z3,t>}

Ys
X exp( / ; 821 Vo (y,7,t)) do’ dr) dzs,

T
where Vap = (@ @> . From this, (4.5)—(4.6) are easily obtained. Due to (4.2), on the other hand, we obtain

822 ) 823

the explicit form of 88—5 (i = 1,2) by making use of the proof of Lemma 4.7:

g—fi = gZ? {exp (—%/ij) 8851 (V(l) (y 23, )) dza)
_exp <_%/y3 )gfl Vi) (¢, 23, 1)) dz3>}
. /y (5~ ) oxp <_a% /y 88 (Vo (4,7, 1)) dT> dz
+ /ys !P1(2) {exp ( g3 /yS (;3_9 (V(l) ', t)) dT)
Fo(y") ) Sz 921

—exp (_a%/%aa_zgl(v )(y Tt )} ZKZ, (4.7)

@) Jz

where ¥ = ![ll(M(k)’F(k)) (k=1,2).
By virtue of the mean value theorem, the first term in the right-hand side of (4.7) is described as follows:

— gﬁ Y3 8@ )
1 { b—Fo /Fo(y’) 0z (V(l) (y', 2, )) <3

1
+ W/ / V3 y Z3,t)) 'V(y/,Zg,t) dO’dZ3 / exp (JJ/) dO'/,
a) 821 0

where

0’9 v o (1-ad)g [* Oo
Jor = — Va (y z3,t)) dzz — 7/ Vi (y z3,t)) dzs.
T oy o1 Vay ) T e 91 Ve )
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Next, it is easily seen that

W _g@_ __gF oM g oM
Uy =Yy = Tb— R <V2 . o, - %VM (V(2)) ' a—yl

(2) ayz 5%
W g 0 [ gF / =
Yot~ = yi (b F0> M) + dy; ( (2)> ( Vae (¥ )M

where W(Z) = W(M( 0:Fw) (1,7 = 1,2). Applying (4.5) and (4.6) together with these, it is possible to estimate

, and we have the desired result with the help of Lemma 4.2. Other cases are calculated in a similar

H Oy
manner O

For arbitrary 77 > 0, we introduce new notations of function spaces:

3

wi) = (W 0n)) . wam = (Wi )L wam) = (W 1))

3
WH(T1) = HWZ(T1)

i=1

The next lemma is concerned with the estimate of the differential of a function with respect to time in Sobolev
space [49]. Tt is useful in estimating the difference of the operators with respect to time in Lemma 4.10.

1+l
Lemma 4.9. For arbitrary Ty > 0 and function g € WQHZ

stant 31, such that

(27,) in general, there exists a positive con-

lg(,8) = g(, 0)lIFy1) < Ot lgl e

(QTl)

holds in the time interval (0,T1).

Proof. First, we extend the function g onto the space R? x (0, c0) preserving the regularity [54], so that what

we discuss in the following is based on the assumption g € W21 A (RS x (0,00)) without loss of generality.

From the elementary fact of the spacial Fourier transform, the following representation holds:

l9+8) = 9 OlRgy = [ (14 167)' R lalo: ) — 9, O)(E O . (4.8)
2 R3

where F,[f] stands for the Fourier transform of function f(y) with respect to y. On the other hand, by virtue
of the inverse Fourier transform with respect to time, the following relationship holds:

gy, t+7) =gy, 7) = % /Rexp(im)(exp(itn) —1)§"(y,n) dn, (4.9)
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where G¢(y,n) is the Fourier transform of g with respect to time. By taking 7 = 0 in (4.9), and then substituting
it into (4.8), we have

2
l9(8) = 9C, 0131 sy = %/R (1+ 1)’ de

7, | [ xptitn - 13 man] (6.0

2

dg

% s ) ’/R(exp(itn) — 1)§%H (€, m)dn

{/R </R3 (1+16)" (exp(itn) — 1) [g# (¢, )| df) dn}2

/ (exp(itn) — 1)°
R

IN

dn

||Wl (R3)

At

dn < Ct7t||g|)? TR . (410)

) wgcres) R (0]

SCtﬁl/ (1 +72)" g
R

In (4.10), g¥* means the Fourier transform with respect to both space and time, and we have applied Minkowski’s
inequality in the first inequality. This and the way of extension completes the proof. O

Now, we can prove the following lemma, which plays an important role in later:

~ -~ ~ ~ 3+l
Lemma 4.10. For T > 0 small enough, define (u., Tk, S« Fy), (u@), 1), Su), Fi)) € Wgtl (£21,) x

3 1
WSH (£21,) x WS—H (£27,) x W2+l,4+2(R2 ) with
(u*’T*7g*7F*) B = (u@), S(z)v ())‘tzo = (VOaT07SOaFO) (Z = 1’2)

~(F ~ ~ ~ & ~ ~
( ()) (’L = 172) L@t P« 0« = Q*(y’t) = Q(p*vT*aS )7 p(2)7 Q(Z) =

That is, u, = u, + x:/(()F*), ug = u’() + v
06y (W, t) = 0Py Tiay» S(y) (1 =1,2) Satwfy

2 0p . -
05— = =90+, in 2, |
Y3

ys=Fo(y’) ~ PO (y',t) on I'ry,

O
339P0) _ _ ~ . ~ _ ’ o
a(z) 8y3 = —90@), I QTU P@) ’y3=Fo(y/) = Po (y at) on FT1 (Z =1, 2)3

respectively, where a3® = a33(F.) and a() = a33(F(i)). We also assume (vo, Ty, So) € Wo, Fo € WQ%H(RQ),

o € C+F (G) on G = {x = (x1,22,23) € R3|.T1 > cp,m0 > Ty, 23 > Sy} with 1/2 < /< 1+1/2. Let us
introduce notations

3 l3+z 341,350 +1l +z 3
W (1) = W55 (0n) x W™ (o) x W (2, wim) = (W (o)

. \T _\T . L _\T
Uiy = (u/(i)vT(i)aS(i)> ;o U= (UL,T*,S*> ;o U= (u(1) — (), Ty = T2y, Sy — 5(2)) :

- AT ov 00y - ~
Lold = (51,0U/752,0T753,05 , Bio=DB; (—07 Ous i,Fo) s Bitoy = Bi (VF, 304, 0+, VF, 30+) »
Jys 9ys3
Bi(j) = Bi (Vr,3u0), ), Vr.30¢)) (1,5 =1,2),

-2 . —1 .
fiagi) = piza (L+ 2Rep) ~ +pzy (0 =1,2), fim@) = tima (L+ @mRe)) 4 pms (i = 1,2, m = 4,6),
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-2

5t 95, SN JUE o .
where Ry = g:%—%;)a;—;? aa—y(;) (i = 1,2). We also define R, = 9553 % % Ve = (ps, T4, S:)T and
assume (1 4+ «; Ro) ‘BVO > ¢y >0 (i =2,4,6). Let Ty > 0 and a function F, satisfy Fi. € WQ—H 0+2(R2 )
F.(y',t) = b(y’) > co, mln{(l + a;R.) g‘;; ‘Zy } >c, >0 and mm{(l + aiR ;) 8@11;.;) 7 %“_y(.;) } >, >0

(i =2,4,6, j = 1,2) for any t € (0,T1]. Then, under these assumptions, the following estimates hold for any
t € (0,71] and € > 0:

2
||ﬁu<1),F(1)U*||Wl(t) * Z HBi(l)u* ||Wi+1(t)
i=1

549,54

whtot+d gy NEl w3+ 2y’

< 601 (HF(l)H ||u*|wu<t>) RREY

2
|| [ﬁu(l)vF(l) B Eu(2)vF(2)] Us ||W1(t) + Z || [Bi(l) - Bi@)] U ||Wi+1(t)

i=1

2
< (e 4 Cet) po2 (Z ( 2 4+%(R?) + ||u(i)||WM(t)> ) |u*||Wu(t)>

=1
x<Huuw+HFHW;+LW>, o
2
H [LUu)vF(l) - 50] u ) + Z H [Bi(l) - BZEO] Wita (£)
=1
(6 + O t ¢03 <||F(1)||W2%+z,%+%(R?) 5 ||U(1) ||Wu(t)) Hu*”Wu(t)a (4'13)

where ¢o;(+) (i = 1,2, 3) are homogeneous polynomials of their arguments, and C. is a positive constant depending
on €.

Proof. Without losing generality, we show the statement in the case of ¢ = T7. Since the inequality (4.13) is the
most difficult to prove, we only show the essence of the proof of it here. (4.11) and (4.12) are proved in a similar
manner, though more easily.

In the proof of (4.13), it is most important and very difficult to estimate the term

5 OT.
(1ta(1y — pa0) ba, (p(1),T(1),5(1)) a(l) 3 . (4.14)
Ya ||y 3+ %Jra(FT )
2 1
Especially, we show the proof of the term
5 0T,
H ay a Il'l/4(1) - //(‘40)) 9 (p(l), S(])) a(l) a R 5 (415)
W’_§'§_Z(FT1)

with ¢, = 1,2, which appears in (4.14). For the sake of simplicity, we denote f|r = f(v', Fo(v'),t) by f(v,?)
hereafter for function f. Expanding the term of the second order derivative in (4.15), the amount in the norm,
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denoted by .J, is represented as follows:

o |Oug —4( 62u(1)) ( 8%(1))
J = a 1 + R e . '
Ha ( Q4 (1)) dys 40 0yi0ys v dy;0ys r
o |dug —4( 9%u ) ( d%ug )
_ . 1 n R 2 “do LY . = @ — @ 5
Ha ( Qg 0) ays Yo 8yzay3 ’(/JO 3yj5y3, r ’
where
e = ‘511(1) o 511(1)‘ o = | 2 ' oug
1 dys dys Ir” 7" |ays | Bys F.

Thanks to Lemma 4.9, we have the estimate with 0 < e < 1/2 such that
10(+t) = 60o(:)

||W217%(R2) S Ctz 9||W217%+5%7%+§(Rf2) (416)

Therefore, we only have to estimate the right-hand side of (4.16). First, we show the estimate of

EIO.

I . :
FAEANES)

Taking |¢(1)| = 1 and the boundedness of the amount

811(1) N
ys

2

(1+aRa)

on a short time interval into account, it is essential to estimate the amount

|w ( / t)_w ( ! t)|2’82‘-‘(1) ( ! t)‘2’82‘-‘(1) ( / t)
7(0) = / / 1) W1 (1) (Y2, dyioys Y1 By, 0ys 11 aydyl,
r2 JR2 ‘y/l o y/2‘1+2l+2€
By taking 2’ = y] —v5 in the right-hand side of the above, and taking the positive constant 7 < %_l, the Holder’s
inequality with respect to y; and the Sobolev embedding theorem lead to

2
8211(1) 8211(1) 2 Hw(l)("t) — ) (= Z/’t)|‘w21(R2) '

Ji(t) < 09 0.9 T dz'. (4.17)

YioYs3 L. (R2) Y;oys3 L,(R2) /R2 |z/|

In order to estimate the term
2
o) o)

Hm%n(wt) — g% (- Z/’t)‘ LaR?) 1,

/R 2 e & (k=1,2), (4.18)

we note the fact that
_3
2 811(1)
0ys3 ’

0 82u(1)
a0 Y =
Yk 0yr0ys3

and the assumption (i) in Theorem 3.1. We estimate the term

811(1)
ys

-1 B 811(1) ) 8211(1)
dys  Oyrdys

811(1)
ys

Jz(t)

ou 8%u ou ou 8%u ou
D (4, 8) - S (1) T (1 ) D0 (gt gy L () PR (41 g

y y y y L
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which is essential in estimating (4.18). By virtue of Holder’s inequality and the Sobolev embedding theorem
again, we have

811( 1) H 8211(1) H ‘811 2 811( 1) H 8211(1) H
Jo(t) < 25up + sup
(t) By Oyrdys !~ % may || Oys Wt Ra) R2, 0ys3 Oyrdys " |lw! -2+ (m2)
< C(2K1(t) + Ks(t)),
where
2 ? 2
ou/ 0%u/
— @ &) 2
Ki(t) = +uoll? s (t) +lwoll” 4y an ;
Jys W2%+l’%+%(R2T1) W () yr0ys Wit 2 W ()
o = || 2 o ’ T | o]
5 (t) = + |lug syl + ||uo 341
Os ||y geniv 2 (r2,) Wao' * (0m) Oyrdys 14+ ay Wl (o)
Combining the discussions after (4.17), we have
8211(1) 8211(1)
Ji(t) < C(2K1(t) + Kao(t H ‘ . 4.19
CREC RS SO] Fovmtl I el AR (1.19)
Next, we estimate fOTl Ji(t) dt, which amounts to estimating fOTl ot )||2 Lt dt. Owing to (4.19) and the
(R?)
representations of K, (m = 1,2), it is sufficient to estimate the amount
2
Je = /T1 8211(1) ‘ 8211(1) o%u / &
3= .
o 110%i9ys" |l (re) 10Y;0y3 (R2) 8yk8y3 W} @e)

Again, by virtue of Holder’s inequality, the Sobolev embedding theorem, and the multiplicative inequality of

2
Sobolev—Slobodetskii spaces, and by making use of the trace theorem and 7 < ——, we arrive at the estimate

1-1
Ty < ‘ Ohun) ‘82“(1) 0y,
3
te(O ) 6yk8y3 ; %(RQ) 8y28y3 L4(0,T1;L,(R2)) (9:93'(9293 L4(0,Ty; L. (R2))
82 /
> (€ +C Tl u H )
<( | (1)H 3%81/3 S () 8%893 wa " ()
1
where € > 0 is a small positive constant. This completes the estimate of ||©|? L . The estimate

Lo(0,T35W, 27 (R2))

of the time derivative of © is obtained by similar calculations, which leads to

6
<e(T) 1+ 341 ) Hu’ H 341 ,
o) = 1)< ol o)) M0l # o,

with an increasing function of time ¢(-), which tends to zero as t does. These, together with (4.19) and by
applying the multiplicative inequality to (4.15), yields the desired estimate (4.13). Estimates (4.11) and (4.12)
are obtained in the same line, but more easily, and we omit the proofs here. O

1 1
271t

wln

RQW

IIQH2 i
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5. LINEAR PROBLEMS

In this section, we consider linear problems for ¢ = (v, M)T = (u’,T, S)T and F. Each problem will
contribute to constructing the successive approximation of the nonlinear problem in the next section.

5.1. Extension of initial data into the region t > 0

The original problem for I/ in (3.7) has nonlinearity in its principal term of the equation, which results in the
complicated process in solving the linearized problem. In order to overcome this issue, we prepare a mapping
which corresponds extensions of (Ty, So) into the region ¢t > 0 [32].

140 2
Assume that an arbitrary 77 > 0 and a pair of functions (15,1%) € (W21+l’ 2 (QT1)) are provided. Then, we

introduce a mapping V; : (Iy, 15, Uy) — (T, So) = (To, 5”0)|(27 which corresponds the restriction onto {2 of a

pair of solutions (Tp, Sy) of the Cauchy problems

o - f a8, . f
=0 LooTy = Tél) in R%, , =0 L3050 = Sél) in R}, ,
ot ot

TO’t:O :T() on R3, gO’t:O :So on R3,

o (1,14, Up), where TO(I) and Sél) are solutions to the following problems, respectively:

o1V _a o a5 e .
8—2 — LopTyY =0 in R7,, 8(2 — L3505V =0 in R
7V =15 onR? SV =1, onR?.

0 —0 o On 5 0 0 3 on

It is obvious that Vi (1%, 14;Uo) = (Tp, So) defined above satisfies

0
_Vl ( /27 lévuo)

Vi (I, 13;Uo) |, = (To, So) 5

= (L2,0To, L3,050)+ (I3, lé)|t:0'
t=0

Now, using a notation
2
—34, 3L
WM (Tl) = WZ (“QT1 ) )

we advocate the following statement.

2
(QT1)> and Uy = (vo, Ty, S0)T € Wy, the following

141
Lemma 5.1. For arbitrary Th > 0, (I4,14) € (W21+l’ 2

iequality holds:
3

V2 B, 5o}y < © (Z It |uo||wo> .

i=2 2
The proof of the lemma above is based on the classical theory of linear partial differential equations, and we
omit it here.

5.2. Problem for U

In this subsection, we consider linear problems for Y. For arbitrary 77 > 0, let a set of functions (w, o, s, f)
: ot ot ol 3HLE+E R2
be provided such that (w,o,s, f) € Wy, (21,) x W, (21,) x W, (27,) x Wy (R%,),
(w,0,5, f)]i=0 = (vo, T, So, Fo)T. It is also assumed the function p, satisfies
0P
Jys

= _a33(f)g(ﬁ*ao-a 3)9 in ‘QT17 ﬁ*|y3:F0(y/,t) = Po (ylvt) on FTl?
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respectively. Define the notations U= (w,0,s) and 9. = o(p«, 0, s), and we consider the following problem with

I, e Wi(Ty) (i = 1,2, 3) provided:

ou .
E—Ea,ﬂ/{:ll m QTU
Bl (vf,Swv é*v vf,Sé*v f)u = 12 on FTU (5 1)

By (VyswW, 0., Vys0., U =13 on Iy,

Uli—o = (0, Ty, So)*  on £2,

together with the compatibility conditions up to the order 1:

0 0
Blu|t=0 = 12|t=oa aBﬂ/{ T alﬂt:o on I, .
0 ) .
on Fb,

622/{|t=0 = 13|t=0’ §B2u‘t20 - §13|t=0

where we have used notations defined right below (3.7):

~ AT
Ly U= (Ll,l?,fu/’ Loy T Ls,z?,fs) ’

Bl (vf,3wa @*avf,?)é*vf)u
= (B11 (Vi3W, 0x, V530, f)U, Bia (Vysw, 0., V30, f) M, Bz (Vysw, @*,Vf,sé*,f)M)T,

62 (vf,Swa @*a Vf,3§*v f)u
= (Boy (V.3W, 8u, V300, [) W, Bao (V1 3W, 6s, V530, ) M, Bag (V3W, 82, Visde, f) M)

Since the principal terms of left-hand side in (5.1) includes (w, 0, s), we apply a little more complicated argu-

ments to show the solvability of it than those with constant coefficients. The difficulties arise from the presence
dvo

of the Richardon number in the principal term which includes e
In the following, we show the process of solving (5.1). We first rewrite (5.1) as follows:

ou .
E — Lol = |:‘Cljl,f — [:0:| U+l = ml(u) mn ‘QT17

BI,OZ/[ = [81,0 - B (Vf,:gw, Oxs Vf’gé*, f)]u +1, = mQ(Z/I) on FTU (5 3)

BaoU = [Bao — B2 (Vy3W, 04, V530, f)]U +13 =m3(U) on Iyr,

Uli—o = (0, Ty, S0)"  on £2,

where
~ AT vy doy )
— / . . . I — —
Lold = (51’011 ,,Cz’()T, [,3,,05) , Bz’o B; (8y3 , Ous D3 , Fo) (’L 1, 2),

and 0, = 0(Pu,To,So) with py(y,t) which is provided in (3.10). Prior to solving (5.3), we consider a linear
problem with (my (), m2(U), m3(U)) in (5.3) replaced by the provided data m’ = (mj, mj, mj}) satisfying
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(mf,m), mj)|,_, = (11,12, 13)],_,.

ou )
5 ~ Lol =my in O,
BioUd =m) on I, -
Baold =m} on Iyp,
Z/{|t:0 = (O,To,So)T on {2.
Due to (5.3), following compatibility conditions hold in this case:
0 5}
Bl,oU’fzo = m/2’t=0’ — B 01U = —m/2 on I,
/ ot =0 Ot t=0
/ (5.5)
0 5}
_ / _ /
82,0U|t:0 = m3|t:O, al’)’z,ou . = amg, . on I}.

Then we apply the extension mapping defined in the previous subsection:
(To,S0) = Vi (mhy, m}s;Up)

where m}; (i = 2, 3) are the second and third components of m}. Introducing notations U=, T-To,S—S)T
and U} = (0,Tg, So)T, we have from (5.4)

%—Z:—ﬁoa:m/l—(%—ﬁ())u(l)zkl iHQT,

61’01/7 = m’z — BI,OU(/) = kg on FT, (5,6)

Bz’oa = mg — Bg’ou(/) = kg on FbT,

Uli—o=0 on .

It is easily seen that the right-hand sides of (5.6) satisfies k;|t=0 =0 (i = 1,2, 3), %ki

0:0 (1=2,3), and

t=
(k1,ko,ks) € Wy(Th) = H?Zl W;(T1). In addition, the regularity of coefficients in operators in the left-hand
side of (5.6) are sufficient in the sense that we are able to apply the regularizer method. Accordingly, by virtue
of the classical result of the linear partial differential equation, we have the following result.

Theorem 5.2. Assume Fy € WEH(RQ), Uy = (vo,To, S0)T € Wy, (1 + aiRo) g—;’f;’ >c, >0 (i = 2,4,6).
Let Ty > 0 and f satisfy the assumption (Ay). In addition, the compatibility conditions up to the order 1 are

assumed to hold. Then, there exists Ty € (0,T1] and a unique solution U € W, (T51) to (5.6) satisfying

3
ZJH <O Kl s 5.7
4, < 2 il 1 (5.7)

The proof of this theorem is substantial to the main result of this paper, but is somewhat lengthy, and will be
provided in the next subsection. This theorem obviously implies that the problem (5.4) has a unique solution U/
satisfying

Uy (1s) < C ||m/||WH(T51) J
where the function space Wy (T51) is defined in the statement of Lemma 4.10. Next, we show the unique existence
of the solution to the problem (5.2).
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8V0 8\’0

Theorem 5.3. Assume F, € WQ%H(Rz), Uy = (vo,Tp,S0)T € W, min{(l—i—aﬂzo) ous | | Tys } > Cy >

0 (i =2,4,6). Define Ry as that in Lemma 4.10 with (u*,T*, S.,F,) replaced by (w,o0,s,f), andw' = w—\:/(()f).
Let Th > 0 and f satisfy the assumption (As), I € Wi(Th) (i = 1,2,3), and assume in addition

)

ow
Jys

ow
dys3

)

min {(1 +a;Ry)

}Zcu>0

holds for t € (0,T1]. We also assume that the compatibility conditions (5.2) hold. Then, under the condition

O (T, / R DXt DXz . DXt DXz
S (IR S (2 WP T

— F 5., 5.1 <9 5.8
+||f 0|W2§+L,Z+%(R%>} ( )

with some power function Co(-) and a positive constant &, there exists Tso € (0,T1] and a unique solution
U € Wy (Ts2) to (5.1) satisfying

3
”u”Wu(Tsz) < OZ ||11HWL(T52)
i=1

Proof. Define a mapping Vs that corresponds the solution ¢/ to (mj, ms, mg) in (5.3), which is assured to exist
by Theorem 5.2. Then, the problem (5.1) can be interpreted as the following functional equation:

U=V ((my, my, m3) (U)).

The estimate (4.12) in Lemma 4.10 indicates that the right-hand side of above equality is a contraction map
on Wy (Tsz2) over a short time interval (0, Ts2], which is obviously continuous at the same time. Combining the
estimates stated in Lemmas 4.10 and 5.1, we have the desired estimate. g

5.3. Proof of Theorem 5.2

Now we show the proof of Theorem 5.2. The basic idea of the proof of Theorem 5.2 is the combination of
the abstract argument of the functional analysis and the regularizer method [32]. Let A be a linear operator

defined in the space W, (T1) which corresponds Uc W/,(T1) to ([,021, BLOZ]|F, Bg,obﬂm). By virtue of (4.11)
in Lemma 4.10, it is obvious that the operator A is bounded. Then problem (5.6) is interpreted as the problem
of solving the abstract equation

AU =H
3
for H € Wy (T1) = J] Wi(T1) (see the definition right above Lem. 4.9), and what we have to do is to show the
i=1
existence of a bounded inverse operator A~!. In order to prove Theorem 5.2, we will construct an operator R
acting from Wy (T1) into Wy, (T1) and such that for any H € Wy (T1) and U € W[, (T1),

ARH =H+TH, (5.9)

RAU =U+ WU, (5.10)
where 7 and W are bounded operators in the spaces Wy (T1) and W, (T1), respectively, whose norms are small
if T1 is sufficiently small. The overview of the line of the proof is as follows:

e We introduce coverings of the region (2;
e In each piece of the covering, we consider the model problem in the half-space in a local chart;



SMALL-TIME SOLVABILITY OF PRIMITIVE EQUATIONS FOR THE OCEAN 903

e We construct the operators 7 and W above, and show the smallness of their norms under small T7;
e We show the existence of A~! under the small T}, and extend the time interval by the continuation argument.

In the following, we denote the original coordinate system in {2 by y to avoid confusion.

5.3.1. Coverings of 2

We first introduce coverings of 2, on which we construct the regularizer later [32]. Take an arbitrary point
& € I', around which I" is represented by the equation g3 = Fe(¢'). Here § = (3',93) = (91, J2,73) is a local
coordinate system with the origin at { and with gz-axis directed along Ng, and F¢ € WQ%H(RQ). The same
situation holds on I, that is, around an arbitrary point € I, I is represented by the equation g3 = be(g') with
the local chart §, whose origin is located at £. We also note that Fy is defined on a circle K, = {§' € R?||¢'| < r}

and satisfies F¢(0) = VF¢(0) =0, and ||F§HW%+Z(R2) < M;. This holds for I}, also by replacing F¢ by be. Then
2

we introduce two systems of of covering of (2, say, {w(k)} and {Q(k)}, which are constructed for any small
number A\, satisfying 0 < A < min{r, ¢y/2} as follows (co was introduced in the statement of Thm. 3.1):

() w®co®co vk Ju® = ok = o
k k

ii) for any & € £2, there exists w® such that y € w® and dist(y, 2\w™®) > B\ with some 3;;

k=1
iv) if Q) (' YT}) is a null set, then w®) and () are the cubes with the same center £*) and with the
length of their edges equal to % and ), respectively. In this case, we represent k € N7;
(v) ifw®) I # ¢, then by the local rectangular coordinate system {g} with the origin at & € I", w*) and 2(F)
are defined by the inequalities

(

No+1
(iii) for any A > 0, there exists a natural number Ny independent of A such that [ 2% is a null set;
(

| >~

~ A ~ ~
|7i| < B} (1=1,2); 0< g3 — Fe(§) <

[Jil <A (i=1,2); 0< g3 — Fe(y') < A

)

Similarly, if w®) (I}, # &, then by the local rectangular coordinate system {§} with the origin at & € I},
w® and 2% are defined by the inequalities

. A N ~
19| < ) (1=1,2); 0< g3 —be(y') <

17| <A (i=1,2); 0< g3 —be(y') <\

A
27

In case 2F) N I" # ¢, we represent k € Na, while in case 2k NIy # ¢, keNs.

Next, let us introduce a smooth partition of unity {¢*)(y)} subordinated to {w®™} and {2®} having the
following properties with a multi-index «:

1 foryewh,
0 forye Q\®),

C

0P <1 [DicM)| < 1 (D) = {

with some constant ¢, independent of k and A. By virtue of the property (iii) of 2, 1 < (((k) (y))2 < Ny,
k

and it is possible to take the functions

n® (y) = L% ke O/\/“
(¢ ) =1
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having the properties

) (y) =0 in2\W), ’Dz‘n(’” (y)‘ <t 2 PPy =1
k

5.8.2. Problems in half-space

Now we consider the model problems in the half-space R‘? = R? x (0,00) for each affiliation of k. In the
following, let 77 be an arbitrary positive number. We introduce following notations to represent the coordinate
system of coefficients and the derivatives of the operators explicitly:

0 0
a. % s Uy o | = 172 )
['0 (yvta ay) 3 B ,0 (y t ay) (’L )

T
where 8% = (%, %, %) . First, we show the case k € 7. We consider the problem
au® k 9\ =k (k) 3 3
i, (g ) 0, 8_y> U® =1 i RY, = RE x (0,T)), s

Zjl(k)|t:O =0 on R?+),

) 140, L 3
for certain £F) ¢ {(,0)]y’ € R*} and kgk) =(Wk; e Wy()(Th) = (W2 2 (R?+)T1>) .

~ 341 3
It is well known that the problem (5.11) has a unique solution U*) ¢ (W23+l7 : (R:()’JF)TI)) [32], which is

explicitly provided by applying the Fourier-Laplace transform and the rotation of the coordinate system. We
denote by R the operator that corresponds this solution U*) to kgk) in (5.11).

Next, we consider the case k € N5. Hereafter we use notations BZ-(,Ig) (i = 1,2, 3) representing operators consist-

ing of the terms of derivative in B; o (i = 1,2, 3). In addition, for k € U?ZQM, let [,(()k) (9,1, 8%), B%)(’c) (9,t, a%)
be the operators (Lo and ng) (i = 1,2,3) in the local chart {f} around a point &*) = (fgk), ék),fék))T. Note

that the coordinate systems {y} and {gy} are related with a rotation and movement of the coordinate system:

3

5= D85 (v - &) (1=1,23),

Jj=1

where [553’?)]2'73':1,2,3

Zy: f(z) — f(y) = f(2(y)) on 2 from z-coordinate system to y-coordinate system, where the relationship
between z- and g-coordinate system is provided by

is an orthogonal matrix. Now, let us introduce a notation of the coordinate transform

. Us — Fe ().
=Y, z23 = - ~

Y3z — bf (y ) )
while the one between g- and y-coordinate system is provided above. Hereafter in this subsection, we use the

term “z-coordinate” referring to the local chart after this transform. Note that it is different from the one used
in Section 1.1 in the literature of oceanography. Then, rewriting the problem in z-coordinate system, we consider
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the following initial boundary value problem in the half-space:

NG

(k) 9 ! k) .
T — L (008>u<) k" iR,

(H (k) 0\ ~k k , 5.12
By, (0,0, %) U® =k =Mk, onRZ =R?x (0,T1), (5.12)

Zj(k)’tzo =0 on R?Jr).

p 341
This problem also has a unique solution U*) € (W23 5 (R‘{(3 +)T1))3 by applying the Fourier—Laplace trans-

form [32], and we denote by R(®) the operator that associates with h(*) = (k(lk),kgk)) € Wi (T1) x Wa4(T1)
the solution of the problem above, where

3,73, 3
W2(+)(T1) = (W22+l,4+2 (R%1)> .

For k € N3, let /.:gk) (7,t, 8y) B (k) be the operators (Lo, Bé{g)) in the local chart {§} at the point £*) € I,
Then we consider the problem in the z-coordinate system

u» O\ 77k _ 8 3 RS
5 Lo (oo,a>u<>:k1 in RY, 7\,

—(H)(k) 0\ k) _ 5.13
B, (0, 0, &> U® =k =¢®k; on R%, (5.13)

1/7(’“)|t:0 =0 on R?+)

~ 341
This problem also has a unique solution 4*) ¢ (VV23 5 (R:E’ +)T1))3 by applying the Fourier-Laplace trans-

form [32], and we denote by R(®) the operator that associates with h(*) = (kgk),kgk)) € Wiy (T1) x Way(Th)
the solution of the problem above. Define an operator R, which associates H = (ki,ko,ks) € Wy (T1) the

following items:
RH = 0™ )™ (y, 1),
k

where
R¥¢®k, (ke M),

UP (y, 1) = { ZeRW (271 C(Wky, 2,1 (Wka) (k€ N),

ZR™) (Z,;ldk)kl, Z,;lg<k>k3) (k€ N3).

By virtue of the classical result of the half-space problem, we have the estimates

HR k)le s, 341 . <C Hk1||W1(+)(T1) for ke Ny,

()T

et )sc(nklnwm)m)+||ki||w2<+)(m) for ke N; (i =2,3).

2 ()T

| RO (1)

From this, we have the following lemma without proof.
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Lemma 5.4. For arbitrary Ty > 0, the operator R is a bounded operator acting from the space Wy (Ty) into
the space W}, (T'), and is subject to the estimate

||RH||W{4(T1) < O”HHWH(TI)'

Now we construct operators 7 and W which are shown to be bounded on the spaces Wy (T1) and W}, (T1),
respectively. We define
T
Fb> ’

. T
)

Aold = (cou Bu

B!
02,0

Al = (z:;,z;, B
where Bz(f)) =Bio— ng) (i = 1,2). By noting
(4-aen i)
Wk, (keM),

[ 0 0 ; 0 _ _
Zi £(()k) <O, 0, & _ V3F§(’“) 823) _ Egk) (070’ £>:| R(k) (Zk: 1<(k)k1’ Zk 1C(k)k2)

_ . +(Wk;  (keN,),

Z | P (0,0, 9 Gaben 2 ) — P (0,0, %)] R (271 ¢ Mk, 27 ¢ Pk )

0z 0z3
+¢(Pky (ke Ns),

we have (V3 is defined right after (1.5))
P _
- _ - _ (k)7 7(k)
(5 ) mot =32 (7 - ) o0
k) ~ ~
_ (k)% (k)7 7(k) _ (k) (k)
S0 = 3 (con®™a® —q® Lot
2 2
(k) 9 (k) N0 0, (00,2 g
_277 [’0 yvtaa_y _[’0 5 0 u ZW ‘C’ aova_y u
2

=k + ﬂHa
where
e - 0 b O]~
TiH == (Lof®id® —y® Lo ®) =3y [co (y,t, 8—y> — Lo (é“,o, a@)] u®
k k
= 3 09228 (0,0, % ik )~ 28 (0,0, )| RO (71O, 2o
0%z 923 0z
kEN>
-3 ®z, [ﬁ(k) (0 0, 85 — Vabew 83 > — P (0 0, gﬂ R (Z,;lg<k>k1,z,;1<<k>k3). (5.14)
Z3
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In the analogous way, we have
BioRU =kip1 + T H (i=1,2),

where
ToH = (L)RH‘ (E%)n(k)a(k) k)B u(k )
k€N2
0 B0 ( I\ 7k
+ Z *) {51 ( ; ) By o <£()70a_ u®
keEN> 0 8y r
D™ 0 0 (H)(k) )
+ k) 7, { (0 0, — — VF. —> By, (0,0,—)}
k§2” 2 €M 9z L0 2
x R® (77 ¢Wky, 771k, ) . (5.15)
L ~ —(H) ~
TH=BygRH| + Y (BUn®a® — 3B, 7))
L kEN3 Iy

N _mm () o 9N 0
+ Z (k) |:B ( Y, i, _) - 8270 (f( )7Oa a. u( )
kEN3 ay ay Iy

k) (H)(k) 0 ) 0 (k) a
+k§/77 Z |:B ( aa v3b§()83 B ’0’82’

« R%) (Z,;lc(k)kl,Z,zl(j(k)kg)

, (5.16)

Ty

and Ez(»f)) (1 = 1,2) are the operators without the derivative terms in B; o (i = 1,2), respectively. Thus, (5.9)
holds with

TH = (TiH, TLH, TsH)"

Take Ty = Ax? with a certain number x > 0. Then, by combining (5.14)—(5.16), and taking the regularity of 6(-)
into consideration, we have the following estimate [32]:

1T Hlwye(ry) < Chor (O M H w1 (5.17)

where ¢o1 is a homogeneous polynomial.
In a similar manner, we have (5.10) with

Wil = RAU+ Y n® RV [dk)ﬁou Lod’“)u} + 3 p®R® Hﬁo ( 3) — Ly (5("’),0,3)}(("’)11}
keN1 kENY "y Oy

+ 3 4™z, RW [Zk_l (C(k)ﬁoﬂ— Loc(k)fl) 2 (C DBy i - Bl ¢l k)a) H

keN>
3
X _ X ~ N H) k H)( ~ >~
+ 3y ZR® [Zk (¢W Lol - £o¢WU) , 2 (¢PByy Yl - By W) F] +3 9,
kEN3 j=2
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9 ) .
-1 9\ ®) 6 9 (k)
k {['0 (yvta ay) ‘CO (5 aov ay) }C Z/{,
(H) (k) d (H) (k) ON )77
{B (’t’8y> Bio (0’0’8y>}< U
(k) 9 .52\ _,m IOV 1,077
(et (00,2 ~wr 2 ) e (00, 2) ) g0

(H) (k) 9 9 (H) (k) o 1 (k)77
(B0 (0.0.2 ~war ) B0 (0.0.2) ) v

with

Dy = Z n® Z, R*)
keN2

r

+ Z n(k)ZkR(k’)
keN>

Z3:0
oo gl feud) ol
kEN3
e o) o )
oy r
0 0 0 ~
k) 7 R(k) (k) v R A ) I 14k
+ > nMzeR {LO 0.0, 5 = Vaby— ) = £57 (0,0, 7= ) £ 2 ¢V,
kEN3
(H)(k) 0 0 (H (k) 0 —1 (k)77
— - — — v Z
{B (anv 2 VSbaZS) B (anv 82)} k C U o
Then, by virtue of Lemma 5.4, we easily have the estimate
Wl iy < Cooa (00 || (5.18)

Wi, (Th)

with a homogeneous polynomial ¢g2. The estimates (5.17)—(5.18) lead us to conclude that both 7 and W are
bounded operators in the spaces Wy (T1) and W),(T1), respectively, and their norms are small if we take T}
sufficiently small.

5.8.8. Eristence of operator A~!

From the arguments above, it is possible to make the operator norms of 7 and W satisfy
HTHE(WH(E):WH(E)) <1, “W”ﬁ(W{A(Tﬂ:W{,(Tl)) <1
by taking T} small enough, where

” : HE(WA(Tl)ZWB(Tl))

is the operator norm of a linear operator from a function space Wa(7T1) into Wg(T1).
Then, by virtue of the contraction mapping principle, it is possible to conclude that there exist (I +7)~!
and (I +W)~L. Then, by replacing H in (5.9) by (I +7)~'H, and applying (I + W)~! to both sides of (5.10),

we have
AR(I+T) "H =H,

(I+W) 'RAU =U.
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This means that A~! = R(I +7)~! = (I + W)~ 'R exists on the time interval (0, 7}). This is equivalent to the
boundedness of the operator A~', which is obvious by virtue of the estimate

| A~ <HI+T

1 —1
HL (Wi (T0): W, (T1)) HL(WH(Tl):wH(Tl)) IRI £ (wrecrymy, (1))

If we take Ty so small, say, Tho, that |7 [y, (1i0) < 3+ then (1 + 7)™ | 2w (Tuo) Wi (Tho)) < 2, and

1
||A ||£ WH (T10):W{(T10) ) < 2||R||L(WH(T10):W{A(T10))’

the right-hand side of which is estimated by Lemma 5.4. Finally, we refer to the extension of the time interval.
It is possible to consider the problem on the time interval (T, 271¢), which yields the same existence result and
the estimate of the solution. Iterating this process until the time interval reaches T3, we arrive at the desired
result. This completes the proof of Theorem 5.2.

5.4. Problem for F

In this subsection, we consider linear problem for F' with provided data on the time interval (0, T53).

oF .
W - £4,Z/ul,fF = l4 m R%SS’

F|t=0 =F, onR?

Note that the operator £, ;; ; is uniformly elliptic on a short time interval under the condition (v) in Theorem 3.1.
Due to the classical result of the Cauchy problem for the linear partial differential equation of parabolic type,

we have F € I/V"’—s_l"ﬁ_2 (R7.,) and

HF||W2%+Z'%+%(R2 ) <Csn <|l4|| +%(R%53) + |FO|W2%+Z(R2)> ’

Ts3

with C5; > 0 depending on ||w]| . a4t A

Ts53

||SHWJ+I% . - ”JH 3+1 l(g

S+1,5+4
3 5
e (RTss) 2 Ts3 Ts3

6. NONLINEAR PROBLEM (PROOF OF THEOREM 3.1)

In this section, we consider the original nonlinear problem by using the iteration method. This section is
divided into three subsections. In the first subsection, we construct the successive approximation and estimate
the right-hand side of each problem. In addition, we show the well-definedness of the successive approximation
on a short time interval by using some inequalities. The second subsection provides the convergence of the
successive approximation by showing they form the Cauchy sequence. Some sort of the boundedness of the
temperature and salinity will be shown in the final subsection.

6.1. Well-posedness of successive approximation
Here we solve the problem (3.5)—(3.7) by the method of successive approximations taking (U(’m), Py, Fimy) =
(07 TOa SO) qua FO)a R(m) = g(é(m)asg)(FO))i

1| 9vo

-2
Oy for m = 0, and for arbitrary 71 > 0, let p(,,) and
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é(m) = é(m) (yv t) = Q(;ﬁ(m) (yv t)v T(m)(y, t)a S(m)(ya t)) = Q(V(m)) Sa'tiSfy for m >0

23 OP ~ .
a?gl) ﬂ = _gg(m) m QTlv
9ys (6.1)

Dm) |ys=Fo(y’) =po(y'st) onlyr,
33(

where a?gl) = a>’(F(;)). In the following, we also use a notation M, = (T(m), S(m))T.

/

Deﬁning (u(m+1)7P(m+1)a F(m+1)) = (u(m+1)a T(m+1)7 g(m+1)a P(m+1)7 F(m+1)) (m =0,1,2,.. ) as a solution
to the following problem (6.3)—(6.5) provided that (Z/l(m),u3(m), Flomy) is given in such a way that

ColTa) 3 [l | wrrzge DX DX* My (| Emy = Foll. 500544 <3
Tl () 1<2X12+|:X2|<3 198 232 M vy + i HWfH T (R,
(6.2)
holds with a constant § > 0:
ou, m+1 m m m m T .
# = Lty Py Uim+1) = 91, Uim) = 51( )= (51(1 )’51(2 )’51(3 )> in £,
B (VF(,,,L),Su(m)a @(m)v VF(,,,L),Sé(m)) u(erl) = 7—_1(7’71) on FTlv
(6.3)
B (V Fipy 3U(m) 8(m)s Y Fimy 30(m)) Um1) = 7_'2(m) on Iyry,
T
Um+1)|,_g = Uo = (0,Tp,So)"  on 2.
B Y3 g ,
P(m+1) =Vpoexp | — —33 Oz (V(m) (y ,Z3,t)) dz3
Fo %(m)
Y3 Mo Fi, Moy Fom Y3
+/ kpl( (m+1) 4 (m+1) (m)s4( )) (y',z;;,t) exp _/ %Qzl (V(m)) (y/,T, t) dr d23
Fo 23 a(m)
=&l™ in 0, (6.4)

3F(m+1)

1 Ys
ot Loty Fomy Fimt1) = G — W(m) - VE(m) — (“(m) Vb + GT/ V) * Wm) (v, 23,1) d23>

(m) JFo(y’)

8 2 8 8U(m+1)
iy gy, (Ven  Women) - V) = > En (M(m)af’i) o )
. 1 i=1 K3

-V (qwu(m)) -V-1 = Eém) in R%,

F(m+1) =0 F() on Rz.
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where
B . . AT
Haim) = 12 (VE 380m) 8m)s VEm30m)) » Vim) = (p(m)aT(m)a S(m)) ;

M(m Fm Mmy Fm 1 o
![’1( (e Bl MemFem) -9V (T) g (sz Vim)) VImi1) + 025 (Vim)) VS(mH)) ;
(m)

Tont1)
= (Fimy)
T Fmy ov, ~(Fipm
Tigm) = | LT VR, >V(§ ) - VFmi1) + Ha(m) @™ (Fim)) giyg +qu§ )
T
= (Fimy)
7 Fn : ov
To(m) = (’7‘3 — /”leF(m)V(g ( )) Vb-l-/ig(m)(l&s (F(m)) giy?’

T
= 1302, (Vim)) Pimy - Vb = ptagmy0zs Vim)) © Vim)) 9 0) .

Note that in deriving the expression of P, 1), we have made use of (4.2) in Lemma 4.7. The unique existence
of U1y is guaranteed by Theorem 5.2, and we shall estimate the norm of the solution. By the interpolation

and Young’s inequalities, it is easy to confirm [23] that for a function f € Wm’%((ZTl) satisfying fli=o = 0 in
general,
1 Busoany < Mgy + €22 2] (6.
wat(@m) = PRI () 0] ) |

for any € > 0 if m > k. Making use of (6.6) and Theorem 5.2, we shall estimate the right-hand sides of (6.3)—(6.5)
with the aid of the following lemma. Hereafter we use notations

3
Eo(t) = HZ/{OHWO + ||FO||W2%+I(R2) + ; ‘lTi‘|W2%+l//’%+%(R2 + qu||W2+l it 2(R2)

t

1ROl g0+ g+ 1P 00
~_1 B _9
0 ou
and R ) = 33 m) J8(m) ’ (m) ’ for m > 1.
Am) dys3 Jys

8V0

Lemma 6.1. Assume Fy € WQ%H(RQ), Uy = (vo,Tp,S0)T € Wp, min {(1 + a;Ro) v } >c, >0 =
2,4,6). In addition, for a certain m provided, let us assume that there exists Tg1 > 0 satzsfymg Finy (', t) —
b(y') > co > 0 and min{(1+a R(m)) } >, >0 =1,2,3) fort € (0,T61]. Then, for the

8Vo
awg

au( m)
Oys

Au(m)

> Oys
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right-hand side of (6.3)—(6.5), following estimates hold for arbitrary small € > 0 and t € (0, T¢1]:

2
(m) =
Hgl le(t) —|— ; ||Tl(m)||W2(t) (6 + C t) {¢61 (HZ/{(m)HWu(t)‘i'HF(m)H 4 2(R2)) +||P(m)||W2%+l’%+%(Qt)
+¢62 (HM](m)HWM(t)) ||F(m+1)||W2%+I,%+%(R$) } +061(t)E0(t)7

667 32+ = 968 (I o Fmlly 1024 gy ) (1o 054 gy HM sl

L
2

00 (Il g0+ gy + IMomlbwnccr )
2

1

2 (R2)
(m)

B < u5 (Wi by + [y g0k gy ) [0 o,

W2+l It 2(R2)

/
+ (6 + Cet) [{ Hu(m)”W;H’STH(Qt) + ¢66 (HF(m)HW22 % é(R2)> }

X (1 + ||F(m) ||W2%+l'%+%(R$)>

+ o7 <!|F<m)|\wzg+z,z+g(R3) + HMm)HwM(t))]’

where ¢e;i(+) (i = 1,2,...,7) are positive and monotonically increasing functions of their arguments, and C. is
a positive constant depending on €.

Proof. We show a part of the estimate of "Sl(m) H here, especially Hé’ﬂn) H i Ll since other terms are
Wa(t) W, T F ()

estimated similarly.

(m) / 1 ve ’ 33 au/(m)
511 = — (ll(m) . V) U -+ -Vb+ ?3 e VF(,,,,) S U(m) (y , 23, t) dzs ) 8y3
m

= (Fm tm9 =(Fm =(Fim
—V(g o) 'VF(m>1l/(m) - fAu/(m) - (;)) Q(V(m)) - (V(g ) ‘VF(m>V(g () —Vo- va)
m
!/

+ u(m) + / Fimy - u(m) Yy az3a Z3 CL m) Ao,
?fn) Roty) ( ) Oys

A Vo (y/7 23, t) d2’3> %}

(VO Vb + ay
3

Fo(y’)

+ <£1 Uiy Fm) V(()F(m ) 51,0V0> - fA ({/(()F(m)) - Vo) + Mi(y).
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We show the estimates of some of terms in the right-hand side of the above equality. First, by virtue of the
multiplicative and interpolation inequalities and Lemma 4.3, we have

g 20 o (15

/

341 .
(m)HWSH’ z(2)

X (1 + ’|F(m)HWQg+z,g+é(R?)> ‘ u

Next, by virtue of (4.13) of Lemma 4.10 and Lemma 4.6, we have

=(Fom))
H£17M(m,)7F(m,)VO - £1,OV0

1 lyﬁ
W2+ 2 ()

~(Fm
< H [51,14(,”),1?(,") — L1,0] V(g o)

= (Fim))
‘ 141, 1L + H'CLO (VO — Vo 141, 1L
W, 2 () W, 2 ()

< ¢o (e +Cet) ¢ <HU<m>ku(t> + |\F<m>|\w23+z,i+é(R?)>

for a homogeneous polynomial ¢y and a polynomial ¢;. Other terms are estimated by making use of Lemmas 4.2
and 4.5, and by combining these, we arrive at the desired result. O

Now we introduce the notations

By (1) = | Uomy Panys Fom) iy Elomy ) = [Uomy [y o) »

and take Tg1 such that F,,)(y/',t) — b(y') > co, min{(l + R m)) ’8;;’;" , %‘} > % > 0 hold for ¢t €
(0,T61]. Then, we have the following estimates for ¢ € (0, Ts1] with the aid of the results of the previous section

and Lemma 6.1:

Eli1)(t) < (e+ Cet) {¢61 (Em) (1)) + 62 (Em) (1)) || Fims1) ||W%+l'%+%(R§)} + Cea2(t), (6.7)

||P(m+1)||wzg+z,%+%mt) < ¢63 (E(m) (T1)) (||F(m+1)||W2%+z,%+%(Rg) + ||M(m+l)||WM(t)) + de1 (Emy (1))
(6.8)
[ Fon el 5024 g, < P65 (Bom(0) [t HW;H,L;Z oy €+ Cet) dus (Eimy () + Eo(t) (6.9)

First, by adding (6.9) and (6.8) multiplied by 1/2¢63(E(;)(11)), we have

[Fomsn ) ge3+4 oy T IPonanll ge0344
2

(£2¢)
< G67(Em (T1) E{yyy 1) (t) + (e + Cet) ¢os (B (t)) + Co3(Te1).  (6.10)

Then, by taking e and ¢ small enough, if necessary, and by adding (6.7) and (6.10) multiplied by 1/2¢s7(E., (T1)),
and estimating the right-hand side, we arrive at the inequality of the form

Elmi1)(t) < Coa(T1) { (e + Cet) b9 (E(m) (Ter)) + 1}

with some Cgy(t) > 0 depending on ¢ monotonically and increasingly. Take M > 0 such that E(,,)(T61) < M
holds. Then, take € first so that
6664(T1)¢69(M) < M — 064(T1)
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holds, and then T4 € (0,71] so that
Co4(T61)Cepog (M )Ts1 < M — Co4(T61) — €Coa(To1)Peo(M).

Consequently we obtain E(,,1)(Ts1) < M from the assumption E,,)(Ts1) < M. Now we show that Ts; does
not depend on m with the following lemma:

Lemma 6.2. For Ty > 0 sufficiently small, we have the following inequality for any m > 0:

ov L
)| < it (1ol el o)

v(yv t) € QT1 .

du,,
(14 @R (4.1)) ]ﬁ(w)\ (14 aiRo(y))

Proof. This lemma is shown by direct calculations with the aid of the Sobolev embedding theorem, and we omit
the proof of it (the function space Wy, (t) is defined in the statement of Lem. 4.10). O

Due to Lemma 6.2, we have (14 a;R ) (y, 1)) |a;—;'3")(y, t)| > & for t € (0, 5557)- Thus, by taking T small

enough, it does not depend on m. By induction {U,, P (), Fm) }pe—o is well defined in W(T,) satisfying (5.8)
with (w, 0, s, f) replaced by (W), T(m), S(m), F(m)) and Eyy(Te1) < M for m =0,1,2,...

6.2. Convergence of the successive approximation

In this subsection, we show the convergence of the successive approximation. Subtract (6.3)—(6.5) with m
rfplaced by m — 1 from itself. Denoting U(,,,) = Uy — Uim—1), ﬁ’(m) = u’(m) — u’(m_l), Py =Py — Prn—1),
Finy = Finy — Fm—1) for m > 0, we consider the following problem:

MU 11 ~ (m) _ a(m—1) -
ot ﬁ“(m)vF«m)u(mH) = {51 - & } + [LU«m)vF(m) - ﬁ“(m—l)vF«m—l)] Uy in O,

B (V iy 38m)s 8m)s V Fiy 380m)) Uim 1)
= [Fiim) — Ti(m-1)] + {Bl (VEq 3Um)s O(m)» VE(m) 30(m))
By (VF<m—1>a3u(m—1)’ é(m—l)’vﬂm—l)ﬁ@(m—l)) }U(m) on I'ry,,
B2 (V£ .3W(m), 8m)s V Fipny 30(m)) Ui
= [To(m) — To(m—1)] + {52 (V By 88(m)» B(m)» V Flyny 38(m))
—Ba (VE_1) 8Um—1): O(m—1): VF(m_l),Sé(m—l)):|u(m) on I'yry,,

Uim+1) |t=0 =0 on {2,

lg(m-i-l) = SQ(m) - 82(7'”*1) in QTSl?
OF(m 1) =~ (m) _ o(m—1) . n2
ot £4vU<m—1>vF(m—1>F(m+1) = [53 — & } + [54,u(m),F<m) - £4vU<m—1>vF<m—1>] Fony in R,

Fimg1) |t=0 =0 onR?%
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Lemma 6.3. Under the assumptions of Lemma 6.1, following estimates hold for e >0 and t € (0,T61):

2
HS m 1)H _|_ Z Hﬂ(m) — Ti(m—1) ’|Wi+1(t)
i=1
< (e+ C.t) [%10 ( (HU(z’)HWM + || F || wht %+é(m)> i ’|P(m_1)HW§“’%+%(Q )>
i=m—1 t |

x <Hu(m)HW&(t) + HP(m)HWQ%“’%*%(m) + HF('”)HW?”’Z*%(R?))

m+1
+ P611 ( Z [ | % $5 (R > “F(m)“wzg+l’%+%(l°~?)

m
H52(m>_gm 1>H Frdh g, <¢613< > Mol + 16, e 2(R2)>

i=m—1

M) F | EFomtny || z4i54L
WM(t) Wz (Rt)

m+1
+(e+cet)¢614< 2 M@l T I1F0 1, 505+ %<R2>>

i=m—1

(Pl ot gy + [ Mo
<H (m) W22+l é(R2)+ m) WM t)

R W (memw;ﬂ%+HF<m>HW§+z»z+m)

2 (R?)

)

+ (e + Cet) d616 ( Z HU(Z)HWM(t) + HF(Z)HWQH 5+2(R2)>

i=m—1

m|~

Mt o, + 60 o s

(H m)H 3+z 3+l(Q | + HM(m)HW;H’SH + HF(m)H 5+z 5+2(R$)> )
where Mv(m) = Mm) — M(m—-1), Ce is a positive constant depending on ¢, and ¢¢;(-) (i = 10,11,...,16) are

increasing functions of their arguments.

Proof. This lemma is shown with the aid of Lemmas 4.1-4.3 and 4.6 and multiplicative inequalities, and we
O

omit the detail here.

Let us define 8.5, 1 5.7 51
W (Ter) = Wii(Ter) x Wi 372 (0, ) x WiT0172 (R,
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and E(m) (t) = ||(L~{(m),P(m),f(m))ﬂw/(t), Eém) (t) = ||z/~{(m)HW{,(t)~ From Lemma 6.3, we have the following
inequality for any ¢ € (0, T¢1):

B0y (8) < (4 Cet) [ d617(8) (E(n—1)(£) + By () + By (1)) iy (2)

+ 612 (||F(m1)||w23+z,%+g(Rg)> Hﬁ(m+1)HW§+z,g+g(R?)]7 (6.11)
m
Hf)(erl)HWQ%“’%Jr%(m) = Coos (i—;lE(i) (T61)> <Hﬁ(m+1)HW§+l'%+%(R?) - HMVHWM@>
i=m+1
+ (e + Cet) Pp14 ( > By (t)) B (1), (6.12)
Hﬁ(mH) HWQ%%%%(R?) < Cde1s (Em) (1)) ’ W p1) HW;H,S_;I(W
+ (e + Cet) do16 (Eim—1) (t) + E(ny (1)) Egy (£). (6.13)
By manipulating (6.11)—(6.13) as we have done for (6.7)—(6.9), we arrive at the inequality
Ems1y(t) < (€ 4+ Cet) d615 (Eim—1)(T61) + Emy (To1) + Egms1)(T61)) By (t) (6.14)

for any t € (0,T¢1]. Take € small enough again so that epg15(3M) < 1 holds, and then Tyo € (0,Ts1] so that
CeTo20618(3M) < 1 — edb618(3M ) holds. For these € and T2, we obtain

By (t) 7B (t), 7= (e + CTeo) d1s(3M) € (0,1).
Then we can verify that {(Z/{(m), P, F(m))}:j:o

(ua Pa F) = nf}gnoo (u(m)a P(m)v F(m))

is a Cauchy sequence in W(Tps2). Therefore the limit

exists in W(Tg2), which is our desired solution.

6.3. Boundedness of temperature and salinity

Finally we shall show that 0 < T,/2 < T(y,t) < oo and 0 < S,/2 < S(y,t) < co hold by taking the time

- - 241 .
interval small enough again. Indeed, since 7" =T —T; € W22+l’ 2 (f21,,) and T’|t:O = 0, we have for ¢t € (0, Tg2]

Tly.t) > Toly) = |T(,) = Toly)| > Ty ~ 17 sup [T'(3,1) e
ye

with exponent 0 < v < é — 1. Since Sobolev embedding theorem implies sug T (y, t)|§7) < HT/”W}H’%(Q ;
ye 2 Te2

with this v, if we take

5

T
T63 = T62 N =0

9

2|7, e
W;Jrl’ 2-2H (QT62)

then we have T,,/2 < T'(y,t) < co on [0, Tgs]. A similar argument holds for S, and both T,/2 < T(y,t) < co and
S,/2 < S(y,t) < oo hold on the time interval (0, Tgs] (Take Tg3 small enough again, if necessary). This provides
the desired result. Uniqueness of the solution can be proved by virtue of an analogous inequality to (6.14). This
completes the proof of the main theorem.
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APPENDIX A. LIST OF FUNCTION SPACES

TABLE 1. Function spaces.

— . 2
Wo Wa (@) x (W3 (@)
341 — 341 2 3 3.1 5 541
w(r) | Wy ) x (W5 (@) o wy T (@) o T (RY,)
1+l 3
wir) | (w2 )

3 341 3
war) | (gt )

3 3.1 3
wam) | (W ()

Wr(T1) [T, wi(Th)

W) | Wt (0n) x W (0) x W E (2r,)
wim) | (W (o))
W) | W) x Wit i (ar) x withiTER2,)
W (Th) (Wﬁ“’ =3 (QT1)> ’
Wi (Th) (sz’%“ (R yr, )) ’
W (Th) (W2%+z,%+%(R2T1)>
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