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s*-COMPRESSIBILITY OF THE DISCRETE HARTREE-FOCK EQUATION

HEINZ-JURGEN FLAD! AND REINHOLD SCHNEIDER!

Abstract. The Hartree-Fock equation is widely accepted as the basic model of electronic structure
calculation which serves as a canonical starting point for more sophisticated many-particle models. We
have studied the s*-compressibility for Galerkin discretizations of the Hartree-Fock equation in wavelet
bases. Our focus is on the compression of Galerkin matrices from nuclear Coulomb potentials and
nonlinear terms in the Fock operator which hitherto has not been discussed in the literature. It can be
shown that the s*-compressibility is in accordance with convergence rates obtained from best N-term
approximation for solutions of the Hartree-Fock equation. This is a necessary requirement in order to
achieve numerical solutions for these equations with optimal complexity using the recently developed
adaptive wavelet algorithms of Cohen, Dahmen and DeVore.
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1. INTRODUCTION

1.1. The Hartree-Fock model in a nutshell

Many important applications of quantum theory in chemistry can be traced back to solutions of the stationary
electronic Schrédinger equation within the Born-Oppenheimer approximation, neglecting relativistic effects. The
Schrodinger equation for a system of N electrons exposed to the stationary electrostatic field of K nuclei at
sites {A;}i=1 x C R3 with charges {Z;};—1 k corresponds to a symmetry restricted eigenvalue problem

HY; = B;¥; with ¥; € H} (R® x {£1/2})") (1.1)
with respect to the nonrelativistic electronic Hamiltonian
L N K N Z N 1
H:—§;Ai — ;;7|xi—Ak| +§m (1.2)

A symmetry constraint that enters via Pauli’s principle can be most easily expressed by introducing spin
degrees of freedom into the electron coordinates, i.e., x; := (x;,&;) with x; € R3 and & € {41/2}. In this case
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Pauli’s principle requires the wavefunction to be antisymmetric with respect to the permutation of two electron
coordinates, i.e.,

U(...,x X, ..

7

P D=l X Xy )

Approximate many-electron wavefunctions can be obtained by taking the exterior tensor product

det[g(x))lIz i) = F@l Niy A A iy,

of N orthonormal single-electron wavefunctions {@;}ic (i, .iy) With ¢; € H'(R? x {£1/2}). In quantum chem-
istry, these exterior products are denoted as Slater determinants. The nonlinear subset of all N-electron Slater
determinants

Iy = {@5 | @ := detlgs () [JS) with ¢; € HY(R? x {£1/2}) and (4]¢;) = 5m}

provides the basis for the Hartree-Fock model which is defined as a rank-1 approximation for the many-electron
wavefunction which minimizes the Rayleigh-Ritz variational energy
(P|HD)

@) (1.3)

Py = argminge =

Existence of a minimizer @y has been demonstrated in [29, 30], however no uniqueness results are presently
known. For notational simplicity, we restrict ourselves to the closed shell Hartree-Fock model, where the eigen-
functions are assumed to be real functions of the form ¢;(x)x(£) with the same spatial part for both spins
{£1/2}. The variational problem (1.3) leads to the nonlinear Hartree-Fock equation

hoi = ei ¢i, (1.4)

with single-particle Hamiltonian

:__A Z|X_A |—|—VH(X)—U, (1.5)

the so-called Fock operator, which contains the Hartree potential

N/2
21" s
=2 d 1.
Z - y| v, (1.6)
and the nonlocal exchange operator
N/2
y\

where only those eigenfunctions enter into the nonlinear terms (1.6) and (1.7) of the Fock operator which belong
to the lowest N/2 eigenvalues.

2. Galerkin discretization of the Hartree-Fock equations

Gaussian-type atomic centered basis functions [25] are by far the most popular basis sets in electronic struc-
ture calculations. Amongst others, Gaussian-type basis functions have the significant advantage that all integrals
required for a Galerkin discretization of the Fock operator can be evaluated analytically. Despite their tremen-
dous success in applications, only little is known about their approximation properties [5,28]. This is mainly
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due to the fact that these bases represent essentially overcomplete frames which are best described in terms of
a nonlinear approximation theory. Another related obstacle for a rigorous analysis is that they are not stable
in the sense of a Riesz basis in our envisaged Hilbert spaces Lo and H'. Alternative discretization schemes for
the Hartree-Fock equation based on finite differences [1,27] or finite elements [3,24] have been rarely studied in
the literature. Nevertheless these methods achieved unsurpassed accuracies for linear molecules and served as
benchmarks for the development of Gaussian basis sets. Within the last decade wavelets attracted considerable
interest in electronic structure calculations. Most of this work has been done in the context of density func-
tional theory [2,14,18,23,31]. However Yanai et al. [38] report very accurate Hartree-Fock calculations for some
small molecules. A significant advantage of wavelets over Gaussian-type basis functions is that they provide
stable basis sets which enable the adaptive approximation of singularities and compression schemes for Galerkin
discretizations of a large class of Calderén-Zygmund and pseudo-differential operators [33]. Within the present
work, we want to study compression schemes for wavelet Galerkin discretizations of the Fock operator. This is
a necessary prerequisite for the adaptive wavelet algorithms of Cohen et al. [10]. The Fock operator resembles
to a pseudo-differential operator, however, due to the presence of additional point like Coulomb singularities at
the nuclei, the symbols do not belong to the standard classes which requires an extended calculus for pseudo-
differential operators on manifolds with conical singularities, ¢f. [13]. As a consequence the compression schemes
developed e.g. in reference [33] are not immediately applicable and require further adaptive refinement schemes
which have been studied within the present work.

1.3. Some remarks on post Hartree-Fock models

On a first glance the Hartree-Fock model seems to be a rather crude approximation for many-electron sys-
tems. However, in many applications it turned out to be amazingly accurate. This is far from obvious from
a mathematical point of view and it was only recently that the work of Yserentant shed some light on the
remarkable success of the Hartree-Fock model. It was proven by Yserentant [39] that solutions of the many-
particle Schrédinger equation (1.1) belong to Sobolev spaces of mixed partial derivatives. This is the basic
regularity condition for sparse grids or hyperbolic cross approximations [7] which enable low-rank tensor prod-
uct approximations for generically high-dimensional many-particle problems. In this sense Hartree-Fock can be
considered as the best rank-one approximation with respect to the total energy. Despite its amazing accuracy,
the limitations of the Hartree-Fock model become clear if one considers the small energy differences which are
of relevance for chemical phenomena. Let us just mention the binding energy of a certain chemical bond which
typically represents only a small fraction of the total energy of a molecule. In order to achieve chemical accuracy
it is therefore necessary to go beyond Hartree-Fock and to consider more sophisticated many-particle models.
Nevertheless, Hartree-Fock remains an essential ingredient of these models. In a more formal sense this can be
seen from the appearance of tensor product Fock operators which enter into the equations. We just want to
mention Mgller-Plesset perturbation theory [25], where the Hamiltonian (1.2) is split up into

N
H = Hy+ H, withH():Zhi,

i=1

where h;, with ¢ = 1,..., N, are Fock operators acting on the variables x;. Actually, the Hamiltonian Hy has to
be considered as a sum of tensor products 1 ®...®h; ®...® Iy of a Fock operator and identities. Second-order
Mpgller-Plesset perturbation theory in a spin-free formalism can be written as a system of integro-differential
equations [35,36] of the form

1

(b1 + b2 — € —€) Tz%‘(xl’m) B _Qm

(0i(x1)pj(x2) £+ ¢ (x1)Pi(x2))

where for each pair of occupied Hartree-Fock orbitals ¢;, ¢;, with 7,5 < %, different pair-correlation functions

Tfj with respect to singlet (4) and triplet (—) states exist. The operator Q is a projection operator on the
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virtual two-particle space, i.e., Q = (1 —q1) ® (1 — q2) with q; := vaz/f |pi){¢i|, where | = 1,2 refers to the
operator acting on the coordinates of the first and second electron, respectively. Any admissible pair-correlation
function must satisfy the constraint

QTZ-j,Ej(xl, X3) = Tfj (x1,X2).

A similar consideration applies to coupled cluster methods where Hartree-Fock wavefunctions are almost
exclusively taken as a reference. In summary it’s fair to say that the Galerkin discretization of the Fock operator
in post Hartree-Fock models remains an important issue for their computational complexity. In our future work
we want to extend the present analysis to these models and study the s*-compressibility of many-particle
Hamiltonians.

Over the past years tremendous progress has been made concerning very accurate post Hartree-Fock calcu-
lations for medium sized molecules using explicitly correlated models [26]. These highly accurate calculations,
however, require Hartree-Fock benchmarks of similar accuracy. Within the standard setting of Gaussian-type
basis sets it is difficult to achieve a guaranteed prescribed accuracy. Therefore, in the near future it is reasonable
to expect an increasing demand for Hartree-Fock calculations using systematic basis sets, like (multi) wavelets,
where this goal can be actually achieved, cf. [4,38]. It is in this regime where the present work has its significance
and provides a guideline for the development of adaptive algorithms with guaranteed accuracy.

2. §*-COMPRESSIBILITY OF THE FOCK MATRIX

2.1. Scope and relevance for actual calculations

Before entering into technicalities of s*-compressibility and best N-term approximation, a few words are in
order concerning the scope and practical relevance of our work. Presently, the Hartree-Fock model represents
the common basis for large parts of ab initio quantum chemistry. Because of its intrinsic asymptotic character,
s*-compressibility is of relevance for applications aiming at high accuracies. In the following asymptotic analysis
no attention has been given to the actual magnitude of constants which appear in our estimates. Systematic
adaptive bases entail potentially large constants and for calculations aiming at moderate accuracies they are
therefore often outperformed by Gaussian-type basis sets. The latter, however, do not permit a systematic error
control which is essential for calculations where a prescribed accuracy must be achieved.

For practical purposes it might be advantageous to deviate somewhat from the pure doctrin of mathematical
rigour and allow for hybrids between Gaussian-type and wavelet bases, ¢f. [21]. This enables in particular an
efficient approximation in the neighbourhood of nuclei. Another possibility are pseudopotentials [19] where
bare nuclear potentials together with chemically inert core electrons are replaced by effective potentials which
are more regular than the original singular Coulomb potentials. In the present work we do not consider such
modified approaches. Either they require a different kind of approximation theory, like hybrid bases, or basically
uncontroled approximations are introduced as in the case of pseudopotentials.

2.2. Some technical prerequisites

Within the present work, we focus on compression schemes for the Galerkin discretization of the Fock operator
which enable the application of adaptive wavelet algorithms for the solution of the Hartree-Fock equation with
optimal computational complexity. The adaptive wavelet algorithm for linear equations from reference [10]
has been recently generalized to eigenvalue problems [11,32] which can be applied within the self-consistent
iteration schemes usually employed for the numerical solution of the Hartree-Fock equation. These algorithms
rest on two pillars, one is the compression of Galerkin matrices and the other is the best N-term approximation
of solutions. In our previous work, we have studied best N-term approximation spaces for solutions of the
Hartree-Fock equation [15]. The purpose of the present work is to demonstrate the existence of compression
schemes with error estimates compatible with the convergence rates obtained from best N-term approximation
theory. It is obvious that different parts of the Fock operator (1.5) require different compression schemes, i.e.,
the Laplacian, the various local singular potentials and the nonlocal exchange operator have to be considered
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separately. Although a lot of work has been already devoted to study the compressibility of Galerkin matrices
for a large class of operators, electronic structure calculations pose an additional difficulty due to the presence of
various kinds of singularities in the Fock operator (1.5) at the locations of the nuclei. Compression schemes for
typical integral operators so far considered in the mathematical literature [33] take into account only diagonal
singularities.

In the following we consider the Galerkin discretization of the Fock operator in an isotropic 3d-wavelet basis

1
V(%) = Yjrar (21) Praz (22) Prras (23),

P (%) = D (21) Vs (22) 9o (23), 2.1)

752 (x) = V)01 (1) Vg5 (2) Vjoas (3),

which correspond to tensor products of univariate wavelets ;o (z) = 2%j¢(2jw — a) and scaling functions
vjalz) = 227 ©(27z — a) on the same level j. We assume that the univariate wavelets represent Riesz bases in
Ly(R) and, after rescaling, in H'(R). According to our definition, the 3d-wavelets have a different number of
vanishing moments, r, 2r or 3r, depending on the number of univariate wavelets, with r vanishing moments,
in the tensor product. In the remaining part of the paper, we skip the superscripts 4(7) which specify the
type of 3d-wavelet, in our notation. Instead, w.l.o.g. the following estimates assume only the minimal number
r of vanishing moments. Within the present work, we require the univariate wavelets to have compact support
and satisfy the common regularity assumption [34], i.e., a Bernstein inequality

IViallwe S 2E+0I for ¢t € [0, s], (2.2)
with respect to the Sobolev space
WE(2) :={u € Loo(£2) : 0%u € Loo(92) for |a| < t},

defined on an open subset §2 of R3. For convenience we assume r > s+ 1. Here and in the following a < b means
that a < Cb for some constant C' which is independent of variables or parameters on which a, b may depend
on. Similarly @ ~ b means that the quantities can be bounded by some multiple of each other. Furthemore, we
have used the standard short-hand notation for mixed partial derivatives

W O 9% g

= (o5} (D) g
Oz 0x5* Oxf

with absolute value of the multi-index |a| := a1 4+ @2 + 3. The Bernstein inequality is typically satisfied e.g. for
univariate spline wavelets.
In order to obtain our basic estimates, we will frequently use the following propositions.

Proposition 2.1. Given a function f(x) with x € R® and an isotropic 3d-wavelet Vj,a with r > s+ 1 vanishing
moments in the i’th direction. Suppose f belongs to W' (supp~;a) for 0 <t <r, then

/ F(%) 15,0 ()d* 2| S 27 T20! | s suppy )
RS

_ ERY
<2 (H_Q)]”f”Wéc(supp’yj,a)’

Proof. The proof is a direct consequence of the vanishing moment property and Taylor’s theorem using the
integral representation for the remainder of the Taylor series, see e.g. [6] for details. O
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Proposition 2.2. Suppose f has compact support 2 and belongs to W' (R3), with t > 1, then

t+1 fy) s 1 3
ot [ LOL | <oty o [ o 23
2 2

Proof. From Poisson’s equation and f € W (R?) it follows that in a distributional sense
8tA/ d‘g —Aat/|

ot [ L9 o, - [ B0,

ox=yl 7 ) x—yl
(9] (9]

and therefore

Since 0! f € Loo(£2) the left side actually belongs to C1(R?) and we can differentiate once more according to
Lemma 4.1 in reference [20] to get the estimate (2.3). O

Proposition 2.3. Suppose f belongs to W2 (§2), with s > 1, for a bounded open Lipschitz domain §2 with
possibly disconnected boundary 0f2. Let (2 furthermore be a quasi-convexr set which means that each pair of
points X,y can be joined by a rectifiable path such that the length of the path is bounded by a constant multiple
of |x —y|. Then for x € (2, the t’th order derivatives of the potential for t < s+ 1 satisfy the estimates

e [
8Z/X(_y ||8t 1f||L°C(Q /| d3’y+z ||8lf||L°C(Q /|X— |tl (24)
(9]

If x ¢  the estimate is valid for t < s.

Proof. For a Lipschitz domain C*~%1(2) = W2 (£2) [20] and therefore we can recursively calculate derivatives
under the integral sign, cf. [17], according to the formula

tl/ y_tl/fY+Xd5
\—Y\

81‘ 1 2/ oy 1
- e;nds,,
([X vl Z; -y

for ¢t < s, where e; denotes the unit vector along the i’th coordinate axis and n the outward pointing normal
vector on the boundary. Using Lemma 4.1 in reference [20] this equation can be differentiated once more to yield
the estimate (2.4) for ¢ < s. Note that so far x € {2 is not required. According to Lemma 4.2 in reference [20],
we can actually differentiate twice and obtain for x € (2 the estimate

52 /3@ 1f / |89 1 o 1 |d5 _|_||89 1f|| /
Y Tx—y x—yP Y L@ |y ®
1?)

Since 9; ' f € C%'(2) and £ is a quasi-convex domain, one gets for x,y € £2, cf. [22],
10,7 F (%) = ;7 f(y)

x — vl
from which (2.4) follows. O

SN0 fllL )
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A basic prerequisite of adaptive wavelet algorithms is the s*-compressibility of the Galerkin matrix obtained
from the discretization of the Fock operator (1.5) in the isotropic 3d-wavelet basis (2.1). Various equivalent
definitions of s*-compressibility have been given in the literature, cf. [10,34,37], we adopted the definition from
reference [34]:

Definition 2.4. An infinite matrix B is called s*-compressible if for each n € N an approximate matrix B(")
can be constructed, that has in each row and column at most O(2") nonzero entries, which satisfies the spectral
norm estimate [|B — B(™| < 279" for any 0 < a < s*.

In order to derive spectral norm estimates we use the following version of Schur’s lemma, cf. reference [33].

Lemma 2.5. Given a symmetric infinite Galerkin matriz B := {B(;j a),(,b)} (j,a),(1,b)e 4 With respect to a wavelet
basis with index set A. The spectral norm of the Galerkin matriz can be estimated according to

IBI S sup > 2P0V (B am)
(G2)€A 1 pyea

; (2.5)

for any p € R.

The presence of nonlinear Hartree and exchange terms in the Fock operator (1.5) requires special considera-
tions concerning the regularity of the solutions. As already mentioned before, we consider an iterative solution
scheme for the Hartree-Fock equation. This means that in each iteration step a linear eigenvalue problem has to
be solved where the operator depends, however, on solutions of the previous iteration. Various iteration schemes
have been proposed in the quantum chemistry literature [8] but only for the level-shifting algorithm convergence
has been actually proven. The level-shifting algorithm follows the iterative scheme

R {¢£Li)}n:1,...,N/2 — bé;)ift = h(i) - P — {¢7(zi+1)}n:1,...,N/2 — (2.6)

where in step i, the eigenfunctions {¢£f )}nzl,..., ~/2 which belong to the lowest N/2 eigenvalues of a shifted Fock

)

operator hggft are selected according to the aufbau principle in order to construct a new shifted Fock operator

hézh)ift' Here the operator P() denotes an orthogonal projection on the space spanned by the eigenfunctions
{gbsf )}n:1,..., ~/2- The convergence of this algorithm for a sufficiently large parameter b, to “self-consistent-field”
solutions of the Hartree-Fock equations (1.4) has been proven by Cances and Le Bris [9]. In a previous paper [16],
we have studied the asymptotic behaviour of solutions within such an iteration scheme and of the final “self-
consistent-field” solutions of the Hartree-Fock equation. For the present work, we require all intermediate and
final solutions to be asymptotically smooth in a neighbourhood of a nucleus, i.e.,

026n(x)] S [x— A1), for x £ Ay, and [5] > 1. (2.7)
This property is an immediate consequence of the following theorem [16]:

Theorem 2.6. All intermediate iterative solutions {¢5f)}n:1’,,,,N/2 as well as the final self-consistent-field so-
lutions {¢n}n=1,.. N2 of the Hartree-Fock equation, obtained via the level-shifting algorithm, exhibit Taylor
asymptotics (polar coordinates) in a neighbourhood (2, of any of the k =1,..., K nuclei, i.e.,

-1

¢n = W(T) chn(@’ Q)Tj + P,

Jj=0

with @y, € CF () for 1 > m, provided that the initial guess {QS%O)}HZL__’N/Q possesses this property. Here
w € C§°(§2) denotes a cut-off function which is equal to 1 in a neighbourhood of the nucleus. Furthermore we
have ¢y, € S(R3 \ UE_, ;).



1062 H.-J. FLAD AND R. SCHNEIDER

A further consequence of this theorem is the asymptotic smoothness of the Hartree-potential in a neighbour-
hood of a nucleus, i.e.,
|85VH(X)’ <x - Ak|5*|ﬁ‘ for x# Ay and |3| > 3,

which is an immediate consequence of the asymptotic expansion of the theorem, cf. [16] for further details.
The Hartree and Coulomb potentials of the nuclei can therefore be combined into the potential

Vix)=->_ BL + Vi (x), (2.8)

which represents the electrostatic potential created by the averaged electron density and the nuclei. This com-
bined Coulomb potential satisfies the asymptotic smoothness condition

108V (x)| < [x — Ap| 1718 for x # Ay, and all |5] >0, (2.9)

in a neighbourhood of a nucleus.

According to Theorem 2.6 it is save to assume that ¢,|rs\5, € S(R3)\R3\BR, where Bf denotes an open
ball of radius R > max{|A|}r=1 x centered at the origin. Therefore it is reasonable to restrict the Galerkin
discretization to a ball Bg of radius R which contains By and is sufficiently large such that contributions from
R?\ Bg can be neglected. On each wavelet level [ € N we define the set

B, :={b € Z:27'b € Bg},

which contains the grid points inside the ball Br. For notational convenience let us assume R = O(1), i.e., on
the coarsest wavelet level #Bo = O(1).

2.3. s*-compressibility versus best N-term approximation

Within this section, we want to summarize our results concerning the s*-compressibility of the Galerkin
discretization of the Fock operator (1.5) and discuss the relation to previous work on best N-term approximation
of solutions of the Hartree-Fock equation. The Fock operator represents a bounded operator from H!(R3) —
H~1(R3). By a simple rescaling, the wavelet basis can be converted into a Riesz basis for H!(R3) and the
corresponding Galerkin matrix of the Fock operator becomes

hj.a).qp) =279 /%',a(X) (byp) (x)d%a,
RS

where {h(; a),(1,b)}(j,a),(1,b)ea is @ bounded operator from f2(A) — £2(A).

Theorem 2.7. The infinite symmetric Galerkin matriz of the Fock operator (1.5) in a wavelet basis {Vja}(ja)ea
with vj.a € W5 (R?) and r > s+ 1 vanishing moments, which furthermore satisfies (2.2), can be split into three
parts with different s*-compressibility:

(1)  Under the additional assumption of a piecewise smooth wavelet basis, the kinetic energy term —%A is
s*-compressible with s* = min{%ﬂ, %}, where v denotes the Sobolev regularity, i.e., v = sup,{vja €
HY(R3)}, of the wavelets;

(74) the combined Coulomb potential (2.8), which satisfies the asymptotic smoothness condition (2.9), is s*-
compressible with s* = (s +1)/3;

(#i1) the monlocal exchange operator (1.7) is s*-compressible with s* = s/3 provided that the functions
{i}iz1,...,n/2 are asymptotically smooth in a neighbourhood of a nucleus.

For an appropriately chosen wavelet basis, the Galerkin matriz of the Fock operator is therefore s*-compressible
with s* = s/3.
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The s*-compressibility of the Laplacian (i) has been already demonstrated by Stevenson [37]. As an additional
assumption, he required a piecewise smooth wavelet basis which turned out to be necessary in order to achieve
the optimal s*-compressibility. In the following, we restrict ourselves to a discussion of the Coulomb potential
(2.8) and exchange operator (1.7) where piecewise smooth wavelets will not be assumed.

In order to obtain adaptive algorithms with optimal computational efficiency it is necessary to provide an
s*-compressibility which is greater than the best N-term approximation rate of solutions of the Hartree-Fock
equation in the corresponding wavelet basis. The concept of best N-term approximation belongs to the realm
of nonlinear approximation theory, cf. reference [12] for further details. Loosely speaking we have to consider
the best possible approximation of a function f € H'(§2), for a bounded domain {2, in the nonlinear subset Xy
which consists of all possible linear combinations of at most N wavelets?, i.e.,

XN = Z Cj7a’}/jvaZAC/1,#ASN, ijaGR
(j,a)eA

Here, the approximation error

= inf —
ox(f)i= inf f = Sl
is given with respect to the norm of the Sobolev space H'(§2). Best N-term approximation spaces A%(H1'),
with 0 < «, can be defined according to

A(H") = {f € H'(2) : | flasqan) < o0}

with semi-norm

| flae ) = (Z (N“on(f))" Nl) )

NeN

It follows from the definition of the semi-norm that a convergence rate o (f) ~ N~ with respect to the number
of basis functions can be achieved. In fact this is the best error bound which can be obtained with N degrees of
freedom. The spaces A%(H?') have been identified with standard Besov spaces, i.e. A2(H') ~ B2+ (L (1))
with % = % + a. An appropriate wavelet basis for the spaces A%(H') must be sufficiently smooth and of order
d such that o < (d —1)/3, cf. reference [12].

Our next theorem is an immediate consequence of Corollary 1 from reference [15] and Theorem 2.6.

Theorem 2.8. The solutions {¢;}i—1,.. ns2 of the Hartree-Fock equation from Theorem 2.6 belong to the best
N-term approvimation spaces A%(HY) for any a > 0 and % =a+ %

Despite the presence of conical singularities at the nuclei, Theorem 2.8 shows that for an appropriate wavelet
basis, the solutions {¢;};—; .. n/2 can be approximated with optimal convergence rate.

We are able now to compare the s*-compressibility of discrete Fock operators with best N-term approximation
rates for solutions of the Hartree-Fock equation. For this we restrict ourselves to the common situation of spline
wavelets of order d = s + 1 and with » > s+ 1 vanishing moments. In this case, we can achieve o < s/3
which nicely fits together with s* = s/3 from Theorem 2.7. Finally, we want to mention that due to the
nonlinear character of the Hartree-Fock equation, the present considerations are necessary but not sufficient to
demonstrate that an adaptive wavelet algorithm with optimal computational complexity exists in the sense of
reference [10]. To show that such an algorithm is actually feasible will be the subject of our future research.

2No confusion should arise from our ambiguous notation in this paragraph where N not only denotes the number of electrons
but also the number of terms in a best N-term approximation.
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2.4. Compression scheme for combined nuclear Coulomb and Hartree potentials

Lemma 2.9. Let V be a combined Coulomb potential (2.8) which satisfies the asymptotic smoothness condi-
tion (2.9) in a neighbourhood of a nucleus located at Ay. The infinite symmetric Galerkin matriz V with entries

Visam =20 [ 2546V hum o, (210)
R3
is given in a wavelet basis {7Vj.a}(j,a)ca With index set A which satisifies the requirements of Proposition 2.1.

For each q € N, one can compress V into an infinite symmetric matriz V9 where for | > j one drops all
entries (2.10), and corresponding transposed entries, except of those for which one of the following criteria is
satisfied:

(ii) dist(supp Vb, Ax) < 72779 and I < jmax-

Here n > 1 denotes a scaling parameter which is determined by the size of the mother wavelet. For s < § < s+1
the compression error with respect to the spectral norm can be estimated by

IV =y <27,
and the number of nonzero entries per row and column of V9 is bounded by some constant multiple of
1
s+1 1q

5

jmax23qv with jmax:

According to Definition 2.4, this means in particular that V is s*-compressible with s* = (s +1)/3.
An optimal computational complexity can be achieved if one allows for a q dependend s. The benefit to cost
ratio 5q/ (3q + 1085 (Jmax)) s mazimized by taking

5q
« = max 2.11
opt(4) s<s<s+1 {3q + log, ¢ — log, (s-;_—l _ 1) } ( )
which is a monotonously increasing function of q with values between

S . s+1
= 3 lon s (for s >1) and qlgroloaopt(q) =

opt (1)
Proof. For notational convenience, we introduce the residuum matrix

(9) ._ ()
Av(j,a),(z,b) = Via),(b) = V(j,a),(z,b)

with (j,a), (I, b) € A. In the following, we assume w.l.o.g. the presence of a single nucleus located at the origin.
According to our criteria (i) and (i), we have to consider for I > j + ¢ the case dist(supp ~;,a,0) > 7277 which,
using Proposition 2.2, contributes

(9) —(I4+7) o= (2 +s)1 .
> ‘Av(j,a>,(z,b)‘ <2727 E Y IV alle (cuppone)
beB; beB;

< 9=+ 9= (§+s)l93(1—1) 9(5+5)J
~ 9= (s=3)lg(s=3)j
< 9—(s=2)a93i9— 3!
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and the case dist(suppj,a,0) < 7277, dist(suppi,b,0) > 72749, i.e., b belongs to the index set
Ajay = {b € B, : suppy,b Nsupp,a # 0 and |b| > 727},

where we get from Proposition 2.2 the estimate

beAja, bcAja,

< 9—(+i) 9= (§+s)l Z sup {2(%+\a1\)j‘2*lb|71*|0&2\}
b, |01l Floz|<s

s, (suppvi,b)

< 2 (Hig=GHal  gyp 9(§+la]) Z 2 tp| 1o

[ar|+]oz|<s

beAja,
< 2—(%+S)52—j2312%jQ(S—Q)(l—Q)
=2~ (s=2)ag3ig—3!, (2.12)
In the third line of the estimate, we have used
2 20e1=2)7 for |a| < 2

> 27l g ¥ / golelqr <23 1—j—q forja|=2.

bEAja naita 2e1=2)1=9) for |a| > 2

It follows from the previous estimates that the contributions of [ > j + ¢ to the spectral norm, using Schur’s
lemma, are given by

sup{ S 2r0m0 Y ‘AV(;L) lb‘ <o Dagyyd 37 o g0y
720 | 1554q beB; 320 | 1 $ihq
N 2~ (=i gyp {2_(p+%)q2_j} for p > —%
§20
St (2.13)

For the transposed matrix elements, i.e., | < j — g, we have to consider the case dist(supp v;.a,0) > n2ita,
Because of #{vi b : supp~;.a Nsuppy,b # 0} = O(1) it is sufficient to estimate on each level [ only a single
entry using Proposition 2.2

‘AV ‘ < 9- (l+j)2 (3+s)j

(4,a),(l,b) 5. (supp vj,a)

< 9~ (HDg=(+95  gyp {2(%+|a1\)12(1+|a2\)(j—q)}
[ar|+]az|<s

< 9= (H1)9—(3+5)igFlg(1+s)(i—0)

< 27 (s+Dag=35i93l, (2.14)
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FIGURE 1. Nonzero entries of compressed parts of the Fock matrix. Galerkin discretization of
combined Coulomb and Hartree potential (left), and exchange operator (right). Light shaded
regions correspond to |l — j| < ¢ with ¢ = 1 and dark shaded regions highlight adaptive
refinements near nuclei.

Alltogether the contribution of [ < j — ¢ to the spectral norm is

sup Z op(i=1) Z ’AV((;)a),(l,b)’ < 2= (st Da gup Z 9—(—1)lg—2)j

320 | o<i<j—q beB, 320 | o<i<j—q
9=(s+Dao(p=3)i  for L <
< 2
~ Sup 3 :
320 | (j — q)2~(57PT2)9277 for p <

_ 9—(st)a  for % p< %
2

<
~ (e 3 1
(s=p+3)4 for p < :

The adaptive refinement cannot be maintained up to arbitrarily fine levels while keeping in each row and
column the number of nonzero entries bounded on some absolute multiple of ¢237, see e.g. Figure 1a. Therefore
it is necessary to introduce a finest wavelet level jna.x beyond which adaptive refinements are not taken into
account. A comparison of (2.13) and (2.15) shows that we can restrict the following considerations to 3 < p < 3.
For columns of V with index j > jmax, we can easily estimate the contribution to the spectral norm using (2.12)

and (2.14) with ¢ = 0 and the following estimate

23923 for I > j+¢

‘Av(‘?)a \ < : ’
(7:2),(1,b) 272923l for | < j —¢q
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where we assume #{b € B, : dist(suppy.p,0) <727} = O(1). This yields the contributions

sup {30 26D 30 ‘AV(Q))U b)‘ S sup 3 2pUDokigH

s (j,a ~ i
J > Jmax I>j+q beB, J > Jmax I>j+q

S 27(p+%)Q27jmax for P > _%’

and

. j—1 (9) . D e—B8ini]
sup Z op(j )Z‘Av(ﬁa),(z,m‘ < sup Z op(i—1)9—2i93

J>Jmax 0<I<j—q beB, J>Jmax 0<i<j—q

<2 G Pimex for Lo p< 3 (2.16)

where it can be seen that the estimate (2.16) dominates and requires % <p< % to get it arbitrarily small. It is
convenient to define a parameter € := % — p such that 0 < € < 1. In order to get the number of nonzero entries
in each row and column bounded such that an overall accuracy

[AV|| < 276H=99 for 0<e<1 (2.17)

is achieved, we must require
(s+1—€)q= €jmax-

This means that the number of nonzero entries in each row and column is bounded on some absolute multiple
of
1—
SELTC ot (2.18)
€
Tt is easy to see that up to a constant (2.17) and (2.18) also applies for e = 1. Altogether, this demonstrates the
s*-compressibility of V for s* = (s + 1)/3. Because for every 0 < o < (s + 1)/3, ¢f. Definition 2.4, we can find
an §:=s+1—e€>s, with a < §/3 < (s+1)/3, such that the requirements of Definition 2.4 are satisfied.
Obviously, the number of nonzero entries in each row and column increases beyond all bounds for o —
(s+1)/3, i.e. § — s+ 1. In order to study the relation between (2.17) and (2.18) more closely, we consider the
benefit to cost ratio

_ 5q _
R = B <s<s+1,
() {3q +logy ¢ — log, (2 — 1) } b omess

depending on ¢ € N\ {0}. For each ¢ > 1 the benefit to cost ratio has a unique maximum opt(¢) := max Ry.
Depending on the wavelet regularity s there exists a gy € N such that for 1 < ¢ < ¢p the maximum is at § = s
with

54
opt(4) = 3q +log, g + log, s
and for g > qg it is the unique solution of
1 1
In S TS w— —3(In2)g—Ing+1
S S

with s < § < s + 1. The optimal benefit to cost ratio aop¢ is monotonously increasing with ¢ and finally

approaches
s+1

3
In Table 1 we have listed awpt, for various values of ¢ and different regularities s. O

lim aopt(q) =
g—o0
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TABLE 1. Optimal benefit to cost ratio aept, ¢f. (2.11), for various wavelet regularities s and
different values of the refinement paramter ¢, c¢f. conditions (i) and (ii) in Lemma 2.9.

q
S 1 2 5 10 100 o]
11]1033] 036|044 | 0.51 | 0.63 | 0.67
31065 | 072|088 | 1.01 | 1.27 | 1.33
51094 | 1.07 | 1.33 | 1.52 | 1.90 2
Case A i Case B " Case C
)/;1 ) )/;1 ) 1>+ 1<j-q
_ i S Ja Lb

j+d ’
* ‘\>32 /—min[j,1}+q’ /—min{j,]}+q’
>n2 >n2
Dj,a j,a

>N PR > PR
(a) (b)
Case D Case E Case F
- -k
; o : T
J,a l,b J,a >n 2—J+q B l,b

O J+q
)/>n(2—m1n{_],1}+q *‘\>ﬂz ‘/>n;—min(j,1}+¢]’
1b [*j.a [ b [Jj.a

() (b)

FIGURE 2. Possible arrangements of wavelets and nuclei which have been taken care of in the
proof of Lemma 2.10.

2.5. Compression scheme for the nonlocal exchange operator

In order to discuss the s*-compressibility of the exchange operator (1.7) it is an essential requirement that
the eigenfunctions ¢;, @ = 1,..., N/2, which belong to the N/2 lowest eigenvalues of the Fock operator are
asymptotically smooth away from the nuclei, i.c., [02¢(x)| < |x — Ap|* 1Pl for x # Ay, k = 1,..., K and
|8] > 1. The eigenfunctions introduce nondiagonal singularities into the kernel which compel rather tedious
estimates for different arrangement of wavelets in the neighbourhoods of nuclei. Various possible arrangements
are shown in Figure 2. To treat adaptivity as flexible as possible we have introduced three additional distance
parameters 0 < ¢, ¢,§ < ¢ into our adaptive estimates. For further reference, we define distances dja . between
supports of wavelets and the nuclei, i.e.

dja,« = dist(suppyj,a, {Ax }r=1,K)
and distances dja b between the supports of two wavelets, i.e.

dja, b := dist(supp v;,a, Supp yi,p)-
Our main result for the s*-compressibility of the exchange operator can be summarized in the following lemma.
Lemma 2.10. The infinite symmetric Galerkin matriz of the exchange operator (1.7) with entries

U (1) 1= 270 / () (Up) ()P,
R3
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in a wavelet basis {Vja}(jayea with v > s+ 1 wvanishing moments, which furthermore satisfies (2.2), is
s*-compressible with s* = s/3.

This follows from the fact that for each q € N we can compress U into a symmetric matriz UD with spectral
norm estimate

lef = U@ S 27C for any e > 0,

where we drop all entries except of those with indices 7,1 < jmax for which one of the following distance criteria
applies
i +q <, cf case D in Figure 2.
i) dips < N2 and dja <n277F4,
| <1<j+gq, cf case C (a), D and E in Figure 2.
dja b < 2719
1) dipx < N2~ and dja <n277F4,
e j—q<l<yj,cf case C (b), D and E in Figure 2.
dja,lb < "72_j+q7'
djax <N279% and djp « < n2-tta,
< j—q, cf case D in Figure 2.
jax < ,'72—j+q and dlb,* < ,,72—l+q.

[ ] [ ]
—_—~
.
SR
N

—_ <
~
~—

~
~
~—

[ ]
=2
IA

The finest level jmax = caq, with appropriate constant for any compression rate a with 0 < « < s*, can be
chosen such that U'D has in each row and column at most O(q23?) nonzero entries.

In the following we assume that a ¢ B; if dja. > 71, where n > 1 denotes a scaling parameter which is
determined by the size of the mother wavelet. To simplify our notation, we consider in the following w.l.o.g. the
Galerkin discretization of the reduced exchange kernel

P(x)p(y)

Ix —yl

Uj.ay0p) =271 / / Yia(X) b (y)dzd’y (2.19)

R3 R3

where the function ¢ is asymptotically smooth away from the nuclei.

2.6. Estimates for partial sums over rows of the exchange matrix

As a first step of the proof of Lemma 2.10, we estimate, for fixed row index (j, a) and fixed column level [, the
partial sums ZbeAjal [U(j.a),,6)] Where index sets Aja; are specified according to the different arrangements
depicted in Figure 2.

Case A.
For columns with dja . > n2*j+‘i, we consider the set
A, = {b € By : djayp > 72~ M0+ and dy,, > 772*”@'} , (2.20)

with N 3 ¢/, ¢,¢ < ¢. In the following let us denote with 0J; 5 := supp ;. and O;p := supp7;,b the supports
of the wavelets. The supports do not overlap, therefore Proposition 2.1 can be applied with respect to both

variables
Z |u(j,a),(l,b)| < o—(r+5)(G+0) Z
beal® beal?

ja,l

ooy P0()

Y x vyl

Loo(Dj,aXDlyb)
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The sum can be estimated according to

Z aror ¢(X)¢(y)

D
S — < g sup {maX{Q(Sl )G q),l}
beA;:),l

~Y
Loo(0j,ax0 o) S1ts2=r
oo (HjaxBip) bEAEa')J ti+to=r

X max {2(“71)(17@#)’ 1} H x —y| T HL (O; 2 x0, b)}
oo J.a »

< sup maX{Q(sl_l)(j_‘j),l}maX {Q(tl—l)(l—(i/)’l}
~ S1+82=r
t1+to=r

R
XQSZ / u17827t2du

n2— min{j,l}+q’

< 231 sup {max {2(5171)(3‘75)’ 1} max {2(“71)(17‘7/), 1}
§1+82=r
t1+to=r

X max {2(52+t272)(min{j’l}7q/), 1}} .

A further simplification is achieved using

max {2(s2+t2—2)(mm{j,1}—q’)’ 1} < max {Q(sz—n(min{j,z}—q’)’ 1} max {2(t2—1)(min{jvl}—ql)’ 1}

to get
S Uganam| S 9=(r+3)ig=(r=H  qup {max {2@171)(;‘7@)’ 1} max {mel)(zf«i')? 1}
bea®, i
X max {2(52*1)(mi“{j’l}7‘1'), 1} max {2“2*1)(“““’1}7‘1'), 1}} : (2.21)

From this estimate we can easily obtain some special cases which are required in the following.

(al) Forl > j + ¢, we have ¢ = 0 in order to keep the number of nonzero entries per row and column within
the tolerated limit. Using [ — ¢ > j > 0, we get from (2.21)

N7 Uay o] S 272 Rlgr- g1 (=)
beal®

ja,l

~ 9~ (r=Dd'9-3ig-3l, (2.22)

(a2) for j <1 < j+ ¢, adaptive refinement along the diagonal with ¢’ = ¢ — [ + j is possible. We can restrict
ourselves to the case § = 0 and obtain from (2.21)

S Upayam| S 270 HDIZ R0 D) p6 D
beAl®

ja,l

~ 9~ (r=1i'9-3ig 3l (2.23)
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(a3) for j — q <1 < j, adaptive refinement with ¢’ = ¢ — j + 1 can be chosen. In the following (2.21) restricts
to the case ¢’ = 0 where we obtain

Y Uianam < 270+ r=R)lg(r=)i =D -1
beal®

jal

~ 2~ (r=Dig—3ig=3l, (2.24)

(ad) for 0 <1< j—q, we have ¢ = 0 and (2.21) yields

Yo Ugayam| S 270 NIRRT (2.25)
beAl?,

Case B.
For columns with dja . < 127714 we consider the set

AW = {b EBy : djayp > n2” MU and dy, , > 772—“‘7} . (2.26)
Using ¢ € C%(R3) and Proposition 2.1, we obtain the estimate

Yo Mg ayam| S 272270 Y 3i3§7¢(x)¢(y) :
X = Y| @, ax0iw)

beA®

[©)
el bEA_, )

The sum can be further estimated

Z alar ¢(X)¢(y)

Y x -yl

< Z sup {maX{Q(Slil)(liql)’l}H|X_y|727S2HLN(D'a><DZb)}

Loo(O; axO S1+S2=r1
beal), (Hj.axtip) beA?,
R
~/ G
< sup max {2(51*1)(17‘1 ), 1} 23! / u” %2 du
S1+s2="

n2- min{i,}+a’
< 93l sup {max {2(31_1)”_@/), 1} max {2(32_1)(n1i’1{j’l}_q/), 1}} ,

S1+S2=1
which together with the prefactor yields the general estimate
3 Ui am] S 273270 sup {maX{Q(SrW*@'), 1}max{2@2*1)(‘“1“%”*4),1}}. (2.27)

beA® suteamr

Jja,l
We can now specify some special cases which are required in the following.

(b1) For I > j + g, we have to take ¢ =0 in (2.27) to get

e 1)d T i1
Y Ugaym| S22 (2.28)
beA®

ja,l
(b2) for j <1< j+ g adaptive refinement requires ¢’ = ¢ — I + j and (2.27) yields

—(r—=1)§' 6—Zjn—1L
Y Ugaym| S27 D722, (2.29)
beA®

ja,l
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(b3) for 0 <1 < j we can restrict ourselves in (2.27) to the case ¢’ = ¢’ = ¢ and obtain

Y Ugayam| S 27022 (2.30)
beAl?),
Case C.
This special case only occurs for [ > j + ¢ or [ < j7 — ¢. In the first case with [ > j + ¢’ we take into account
columns with dja .« < 772*j and the corresponding sets

Agfi)l = {b IS dja,lb < n?ij and dlb,* > 7727l+q,} . (231)
In order to estimate matrix eclements, we consider around each nucleus k& € {1,...,K} with

dist{Aj,suppv;a} < 7277 a ball B,(k) of radius r = n2-14" with ¢ < ¢’. The union of these balls form
a Lipschitz domain (2, with boundary 0f2,.. Next we consider a ball Br with center in supp~;p and radius
R = 51277, We denote the boundary of the ball by 2 and consider now the Lipschitz domain 2 := Bgr \ 2,
with boundary 02 = 02z U 0£2,. Obviously, {2 is quasi-convex and Proposition 2.3 can be applied. By con-
struction we have

dist{0£2,,suppvi,p} > n27*7 and dist{002g,supp b} > n277.

Furthemore we can assume vol 2, ~ 273(0=4¢") and aread2, ~ 2720=4") Let us first consider the domain (2,
where we obtain using Proposition 2.3 the estimate

R3 02, Lo (Supp 'Yl,b)

< 2*(r+%)lt iltlp |8§1q§(y)| 937 / ‘X_y‘flftzdax
1 2=T
Lo (suppvi,b)

< 9= (r+3)i sup {max{g(trl)(lfd')’ 1} 2%j273(lfq")2(t2+1)(zfq’)}

t1+ta=r
< 9 (rtDd'93d" 937931, (2.32)

The enveloping domain 2 yields the estimate

// rija(x) ¢(X)¢(Y) ’Yl,b(y>d3-73d3y 5 27(s+g)l 8;+1 ¢ ’Y] a
/ x -yl x — y\
R3 2 Lo (suppi,b)
< 9—(s+3)1 max{qu—q/)g—%j’2(3—1>(z—q”>2%j’2(%+s>j’2%j2(s—1>(z—q’>}
< 9%ig- <S+%>lmax{28”*5'),2“*1)“*‘7")}, (2.33)
where we have used for 0 <t <s+1
at p(x | 'Vaa‘ < max{2%j2(t72)(lfq”)’Q(t*—)J 23i9(t=2)(1-q )}
X=Y

L oo (suppyi,b)
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The latter estimate is a consequence of Proposition 2.3 and the following volume and surface estimates
1 )
3 —j
/ ——pd’T <277
x -yl
2 Lo (supp vi,b)

14 < 220-1) grea 0, < 22(-0)920-4") <
‘X y‘2 T ~ T~ ~ T

L oo (suppv1,b)

1 .
/ ——=ds, < 2% areadr < 1.
x -yl

L oo (supp v1,b)

It remains to determine the parameter ¢” in order to obtain balanced estimates (2.32) and (2.33). A com-
parison of the two estimates reveals that (2.33) dominates (2.32) for all values of ¢ < ¢’ and therefore ¢” = ¢’
is the optimal choice. This can be seen from the following inequalities, for (s — 1)¢” 4+ 1 > s¢’

3" —(r+1)q —1+j<—(r—1)§ < —sq,
and for (s — 1)¢" +1 < sq
3" —(r+ 1) +j<q¢" —s¢+j<q" —(s=1)¢" —14+j < —(s—1)¢"

where we assumed r > s+ 1. Using [ > j + ¢’ and #A;Z)J = 0(23(=9)), we obtain from (2.32) and (2.33) the
final estimate

> Mgaam| S 2772732730 (2.34)

beAl?)

ja,l

In the second case with [ < j — ¢, we take into account columns with d;a . > 127974 and the corresponding
sets

A = {beBy: djaw <12 and dip. < 527"} (2.35)
Following the same line of arguments as before and using #A]a , = O(1), we obtain the estimate
Yo Ugayam| S 2700272027 (2.36)
beAl?,

Case D.
For columns with dja . < 1277 we consider the set

AD {b EBy: dp < n2*l+<?’}.

ja,l

Let us assume w.l.o.g. that both wavelets have a common nearest nucleus. With this we obtain for [ > j
using Proposition 2.1 the estimate

‘ P ¢ ’Yja
Z Um0 S 277272 ‘ ‘
(d) (d) ——
beA, beA, i)
U2_j
< 937 9hig-H / du
0

< 230972793, (2.37)
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and the corresponding estimate for [ < j yields

Yo Ugayam| S 20727202730 (2.38)
beal?

ja,l

Case E.
For [ > j we take into account columns with dja . > 1277 and the corresponding sets

A(e)l = {b S IBgl dja,lb S 7727j} ’ (239)

where dip, » > 02~ Jfor allb € Ag )z can be assumed.
Because of the absence of nuclei within the support of the wavelets, we can directly apply Proposition 2.2
and obtain the estimate

// Vj,a(X)MW,b(y)dsl'dsy < 9 (s+3) 3;+1 #(x)7j.a(x)
=l —
o L oo (suppi,b)

< 9=+ oy {Q(S*%M’Q(H%)j}
~ 9=s(=i)93i9=51
where we have used for 0 < ¢t < s+ 1 the following estimate

n2 7

t (x 'Vj, t—1
3 \x—y\ S,Hax (¢’yj’a)HLm(supp'yj,a) / du
Lo (suppi,b)

0
S sup {max {Q(tl_l)j,l}Q(tﬁé)j}
t1+ta=t—1

~ 2(t=3)7,

Using #Aga)l = 0(230=9)), we obtain for [ > j

—s(l—)a—Zin—1
Y Ugaym| s270 275275 (2.40)
beAl?,

Likewise for [ < j, columns with dja . > 772_l and sets

A = {b eBr:djay <n27'} (2.41)
are taken into account, where djp, , > 12! for all b € A( )l can be assumed. From #Ajal = O(1), we obtain for
l < j the estimate

Yo Ugayam| S 2700 D2mE2mE (2.42)
beAl)

Case F.
For columns with dja . > 1277749, we consider sets

AP = {b € By : djagp > 727 M and dyy, , < 7727”6'} . (2.43)

ja,l "
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Using #AE.QZ = 0(237"), we obtain for [ > j the estimate

o0, (422

< (r+3 2)j 77[ 34’
Z |U(J,a) lb| 2- 27272 Ix —yl

)
beall),

L oo (SUPP 74,2 XSUPP V1,b)

< 9=(r+3)i9=51937"  gyp {max{g(tl—l)u—@)’l}2(t2+2)(j—q’>}
~ ti+ta=r

S 27127 M9 max o=y g ] (2.44)
and for [ < j the corresponding estimate

S Ugayaw| S 2 OFDIgEg3
bEA(f)

ja,l

Ix — vl

o0, (422

L oo (Supp v, XSUpPP ¥1,b)
< 9= (r+3ig—§1937  gup {max{Q(tl—nu—q)’ 1} 2(t2+2><z—q/>}
~ t14ta=r

< 9= (r+3)i9—3193¢ 1 ax {2(7“*1)@*51)QQ(Z*Q')7 2(T+2)(l*ql)} ) (2.45)

2.7. Proof of Lemma 2.10

In the first part of the proof, we assume that the adaptive refinement scheme presented in Lemma 2.10
has been applied to arbitrarily fine levels, i.e., jmax = 00. This is in conflict with our requirement that the
compressed matrix has at most O(q237) nonzero entries in each row and column. The following result therefore
requires further improvement.

Proposition 2.11. The spectral norm of the residuum matriz, for jmax = 00, with entries

(a) o (a)
Au(jq,a),(z,b) = Uga),(6) — Z’{(;g,a),(z,b) (2.46)

18 bounded by the estimate
H{AM (o), (1, b)}(g‘,a),(l,b)eAH $2709, (2.47)

for any ¢ € N and € > 0, where the wavelet basis satisfies (2.2) with r > s + 1 vanishing moments.

Proof. In order to estimate the error of the residuum matrix (2.46) in the spectral norm, we apply Schur’s lemma
for symmetric matrices, ¢f. Lemma 2.5, using the variant discussed in reference [33]. This enables a subdivision
into estimates for different blocks of the residuum matrix which can be derived successively. According to the
adaptive refinement scheme of Lemma 2.10, we first consider the case j 4+ ¢ < [. In this case nonzero entries in
a column of the residuum matrix are restricted to the index sets (2.20), (2.26), (2.31), (2.39) and (2.43). The
union of the first four index sets, with ¢’ = ¢ and ¢’ = 0, is given by

AC (a) U A(b) A(C)l U Agal {b cB : dlb L > 2 l+q}

ja,l
which however require separate estimates.
Case A and B where (2.22) and (2.28) apply with ¢ = ¢ and ¢ =0

(r—1 —% ——l
S AU, | S22 (2.48)
beAl ual?,
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Case C where (2.34) applies with ¢ =g and ¢ =0

sqo—% 7—1
> [, | 202 B2 (2.49)
beAl?,
Case E where (2.40) applies with ¢’ =0
( —s(l—=j)o—2jo—11 —sqo—2jo—11
‘Au(aqa (z,b)‘s2 (=Dgm3igmsl < 9mvagmaipsl, (2.50)

beAl®

ja,l

Case F refers to the index set (2.43) with ¢/ = ¢ = ¢’ = ¢, and estimate (2.44) yields

‘Au ’ < 2783973193 pax {2—(”1)‘12—]', 2—(T+2)(1} . (2.51)

(4,a),(l,b)
bea!)

From Schur’s lemma together with the estimates (2.48)—(2.51) for r = s + 1, we get the block estimate
sup 303 206D ’Au] @ lb)‘ S sup Z 9—sa9(p—§)ig—(p+3)l
720154+ q beB, O1>j+q

1
<2 (tPta)a for p > —5 (2.52)

On the next level of adaptivity additional diagonal refinement has been taken into account. For j <1 < j+4¢
nonzero entries in a column of the residuum matrix are restricted to the index sets (2.20), (2.26) and (2.43).

Case A and B apply with § =0, ¢ = q and ¢ = ¢ — 4+ j. The union of the index sets (2.20), (2.26) is given
by
ADUAD, = (b eB:djam > 127 and dip, . > 727}

for which (2.23) and (2.29) yield the estimate

(q) r—1 -5 7ll
S AU | s 22 bir b (2.53)

beAl® ua®

ja,l = tja,l

Case F applies with ¢’ = ¢ = ¢ = ¢ and index set (2.43) for which (2.44) yields the estimate

( —(r—=1)go—3j0—11
S AU, | S 270 D2 b2 R (2.54)
bGA(f)

In both cases, the estimate is valid for » > s+ 1. Using Schur’s lemma, (2.53) and (2.54), we obtain the block
estimate

. p(i—1) (@) —(r=1)go(p—%)io—(p+3)I
sip D )2 AU ) Ssup > 2 2
J=V j<i<j+q bEB, J=V j<i<j+q
1
< 270D for p > 5 (2.55)

Correspondingly, for j — ¢ <[ < j nonzero entries in a column of the residuum matrix are restricted to the
index sets (2.20), (2.26) and (2.43).
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Case A and F apply with ¢ = ¢, ¢ =0 and ¢' = ¢ — j +1. The union of the index sets (2.20) and (2.43), with
dja« > n277%4, is given by
A lUA]al {b cB;: dja,lb 27727j+q}’

for which (2.24) and (2.45) yield the estimate

—(r— L Tia_1
> ‘Au((ja) (lb)’<2 (r=Dag=3i9=3l, (2.56)
beAl? ualD,

Case B applies with ¢ = ¢ = ¢ = ¢ and index set (2.26) for which (2.30) yields the estimate

(r—1)go—Tie_1
‘A“((jq,)ao,(z,b)‘52 (r=ag=zig=sat, (2.57)

beA®

ja,l

Again in both cases the estimate is valid for » > s 4 1. Using Schur’s lemma, (2.56) and (2.57), we obtain
the block estimate

p(i—1) . —(r=1)g9(p—5)ig—(p+35)!
sw )2 A 0 Ssup H 2 2T
320 ;_Zi<ibeB, 720 j_g<i<j

1
< 2-(r=p=3)4 for p > 5 (2.58)

In the last case 0 <[ < j — ¢, nonzero entries in a column of the residuum matrix are restricted to the index
sets (2.20), (2.35), (2.41), (2.43) and (2.26). The union of the first four index sets, with ¢ = ¢ and ¢ = ¢ =0,
is given by

(a) (<) () —j
Ag(;l UAJ;Z UAjal UAgal - {b € Bl djav* 2 772 j+q}7

which however requires two separate estimates.

Case A and F where (2.25) and (2.45) apply with § =g and ¢ =¢ =0

C(r— LT 1
Z ‘Au((;)a),(l,b)’ < 9 (r=Dag=3i9=3l, (2.59)
beAl? ualD

ja,l

Case B refers to the index set (2.26) with ¢’ = ¢ = ¢ = ¢ and estimate (2.30) yields

> AUl | S 202 b (2.60)
beAY

ja,l

Case C and E where (2.36) and (2.42) apply with § =¢gand ¢ =¢ =0

5ot o s oo

beA(F )UA(F

ja,l

From Schur’s lemma and estimates (2.59)-(2.61) with > s+ 1, we get the block estimate

5 ! - —Dio—(p+3)!
Sup Z ZZP(J )’AUH) lb)‘ <51>118 Z 9—s49(P—3)ig—(p+3)
J= 0<I<j—qbeB; 0<Il<j—q

\]

1
S 27% for — 5 <P= < 3 (2.62)
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Eventually, we have to combine the block estimates to get an estimate for the spectral norm of the residuum
matrix. Let us consider the case r = s + 1 where we use the block estimates (2.52), (2.55), (2.58) and (2.62). A
perfectly balanced estimate for the p dependent cases (2.52) and (2.58) demands

9—(s+p+3)a o, 9—(s—p—3)q

which is satisfied for p = —%. Since the block estimates require —% <p< % at best p = —% +eforany 0 < e <4
can be achieved. We can now apply Schur’s lemma to estimate the error of the residuum matrix (2.46) in the
spectral norm

(9) 3 —(L—e)(j—1 (q) —(s—e
H{A”(f,ax(z,b)}U"a),(l’b)eAH5 sup Y 27 )‘A“(f,a),(z,b)’gQ e,
(G:2)€A (1 byea

from which (2.47) follows. O

It is obvious, ¢f. Figure 1, that we cannot maintain adaptive refinements for arbitrarily fine wavelet levels 7, [
while preserving our bounds for the number of nonzero entries per row and column. Therefore a ¢ dependent
maximum level jyax is required which provides a bound on the number of rows and columns containing nonzero
entries.

Corollary 2.12. The matriz {Z/l((f)a) « b)}(j,a),(l,b)eA can be further compressed by neglecting all matriz entries

with index j > Jmax 07 | > Jmax, at which jmax = Z%zq, with 0 < € < 4, has been chosen so that the
estimate (2.47) remains valid.

Proof. Collecting all previous estimates for the Cases A to F, with ¢ = ¢ = ¢’ = 0, together we obtain

(9) i1
2 ‘A“(j,a>,(z,b)’ S272E, (2.63)
beB;
which yields
j—1 ( ) -z ‘max
sup > ), 2 )‘A“<ﬁa>,(z,b>’52(p ez, (2.64)

Zimex 62 BeB,

with —% <p< % Like in the previous proposition, we take p = —% + € for 0 < € < 4 and demand

9—(4=€)jmax 2*(8*6)q’

in order to obtain a balanced estimate between (2.47) and (2.64). This can be achieved by requiring

. S — €
Jmax =
4

q. O
—€

Proof of Lemma 2.10

Proof. The number of nonzero entries per row and column is bounded by a constant multiple of 237 < 2(3+6)q
which must be compared with the spectral error (2.47) of the residuum matrix. For any 0 < a < s*, we can
therefore choose an € > 0 such that

<8—6<*
o s
_3+€ 9

and the lemma follows immediately from Definition 2.4. O
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