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A NOTE ON A CONJECTURE OF DUVAL
AND STURMIAN WORDS

Filippo Mignosi 1 and Luca Q. Zamboni 2
Abstract. We prove a long standing conjecture of Duval in the special
case of Sturmian words.
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Let U be a nonempty word on a finite alphabet A. A nonempty word B different
from U is called a border of U if B is both a prefix and suffix of U. We say U is
bordered if U admits a border, otherwise U is said to be unbordered. For example,
U = 011001011 is bordered by the factor 011, while 00010001001 is unbordered.
An integer 1 ≤ k ≤ n is a period of a word U = U1 . . . Un if and only if for all
1 ≤ i ≤ n − k we have Ui = Ui+k . It is easy to see that k is a period of U if and
only if the prefix B of U of length n − k is a border of U or is empty. Let λ(U )
denote the smallest period of U . Then U is unbordered if and only if λ(U ) is
equal to the length of U, that is λ(U ) = |U | = n. We further denote by µ(U ) the
length of the longest unbordered factor of U . Clearly U is unbordered if and only
if µ(U ) = |U |.
In general, for any word U we have λ(U ) ≥ µ(U ) (cf. Prop. 2.2 of [3]). An
interesting question is to ask for which words U does equality hold. In [3] Duval
shows that λ(U ) = µ(U ) whenever |U | ≥ 2λ(U ) − 2 (cf. Cor. 4.2 in [3]). These
notions extend directly to infinite words. For an infinite word ω, if µ(ω) is finite,
then ω is periodic of period µ(ω). (cf. [2] and [4]). In [3] Duval conjectured that:
Conjecture 1 (Duval 1981). Let U be an unbordered word on an alphabet A
and let W be a word of length 2|U | beginning in U and with the property that
each factor of W of length greater than |U | is bordered. Then W has period |U |,
i.e., W = U U.
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This is the latest and strongest in a series of conjectures reported in [2] and [4],
that up to this day remain open.
In view of the above conjecture we say W is a Duval extension of U if W begins
in U and each factor of W of length greater than |U | is bordered.
Remark. We do not know if the conjecture remains true under the weaker assumption that |W | = 2|U | − 1, in other words that if U is unbordered, then each
Duval extension W of U with |W | = 2|U | − 1 has period |U |. However there exists
unbordered words U which admit more than one Duval extension of length 2|U |−2.
For example, let U be any word of the form U = 01V 11 where V is any nonempty
word on the alphabet {0, 1} with the property that 1V 1 contains no occurrences
of 11. Then clearly U is unbordered. Moreover 01V 1101V and 01V 11V 10 are
both Duval extensions of U = 01V 11 and are distinct whenever V is not of the
form (01)k 0 for k ≥ 0.
In this note we verify Duval’s conjecture in the special case that U is an unbordered Sturmian word, that is when U is an unbordered factor of an infinite
Sturmian word on {0, 1}. We actually prove something stronger:
Theorem 1. Let U be an unbordered Sturmian word. Then every Duval extension
of U has period |U |.
Proof. Without loss of generality we can assume that U begins in 0 and ends in 1.
We proceed by induction on |U |. The shortest unbordered word with this property
is U = 01 in which case the result of the theorem is easily verified. Next we
suppose that |U | > 2. If the symbol 0 occurs only once in U, then U is necessarily
of the form 01k with k ≥ 1, and in this case once again it is readily verified
that any Duval extension of U is a prefix of 01k 01k 01k . . . Thus we can assume
that 0 occurs at least twice in U. Since U is unbordered and Sturmian, U is of
the form U = 01k V 01k+1 with k ≥ 0 and V a word (possibly empty). Let us
suppose to the contrary that U admits a Duval extension Û of period different
than |U |. Let W denote the longest prefix of Û with period equal to |U |. Then
both W 0 and W 1 are Duval extensions of U , one of the two beeing a prefix of Û ,
the other beeing periodic of period |U |. Moreover we can write W in the form
W = 01k V 01k+1 V 0 1k = U V 0 1k with V 0 a nonempty word beginning and ending
in 0.
Consider the morphism τ defined by τ (0) = 01k and τ (1) = 01k+1 . Let Z be such
that W = Z01k . Then U is a prefix of Z and both U and Z are concatenations of
the words τ (0) and τ (1). Let u and z be such that U = τ (u) and Z = τ (z). Then u is
Sturmian (see Chap. 3 on Sturmian sequences in [5]) unbordered (since U is
unbordered), and |u| < |U |. Also, u is a prefix of z and the period of z is equal
to |u| (since the period of Z is equal to |U |).
We claim that both z0 and z1 are Duval extensions of u, which would yield
a contradition since by induction hypothesis every Duval extension of u has period |u|. To see that z1 is a Duval extension of u let x be any suffix of z1 of length
greater than |u|. If x begins in 1 then x is bordered. If x begins in 0, set X = τ (x).
Then X is a suffix of W 1 beginning in 01k and ending in 01k+1 and of length
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greater than |U |. Since W 1 is assumed to be a Duval extension of U, X admits a
border B. Moreover as B begins in 01k and ends in 01k+1 we can write B = τ (b)
where b is a border of x.
To see that z0 is a Duval extension of u we suppose that x is a suffix of z0
beginning in 1 and of length greater than |u|. Setting X = τ (x), we have that X is
a suffix of W beginning in 01k+1 and of length greater than |U |. Writing X = 0X 0 ,
we have that X 0 0 is a suffix of W 0. Since |X 0 0| = |X| > |U | we have that X 0 0
admits a border B. It follows that B begins in 1k+1 and ends in 01k 0. Thus 0B
is a suffix of X 0 0 and hence 0B is a border of 0X 0 0 = X0. Setting B = B 0 0 we
have that 0B 0 is a border of X beginning in 01k+1 0 and ending in 01k . Moreover
as 0B 0 0 is a prefix of X, it follows that 0B 0 = τ (b0 ) for some border b0 of x.
This completes the proof of Theorem 1.
A word V is called a bispecial Sturmian word if V is a palindrome and 0V 1
is Sturmian. Using an induction method similar to the one used in the proof of
Theorem 1, one can show that a Sturmian word U is unbordered if and only if U
is of the form 0V 1 or 1V 0 where V is either empty or a bispecial Sturmian word.
In [6] Pirillo obtained the following nice characterization of these words:
Theorem 2. Let W be a (possibly) empty word on a finite alphabet A, and let a, b
be distinct letters in A. Then the words aW b and bW a are conjugate to one another
if and only if W is either empty or a bispecial Sturmian word on the alphabet {a, b}.
The method of proof of Theorem 1 may be generalized to a broader class of
words which are also generated by substitution rules which “preserve borders”.
For instance the so-called Arnoux–Rauzy words of [1].
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