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A UNIFORM CUBE-FREE MORPHISM IS k-POWER-FREE FOR
ALL INTEGERS k > 4

Francis WLAZINSKI*

Abstract. In the study of k-power-free morphisms, the case of 3-free-morphisms, i.e., cube-free
morphisms, often differs from other k-power-free morphisms. Indeed, cube-freeness is less restrictive
than square-freeness. And a cube provides less equations to solve than any integer k > 4. Anyway,
the fact that the image of a word by a morphism contains a cube implies relations that, under some
assumptions, allow us to establish our main result: a cube-free uniform morphism is a k-power-free
morphism for all integers k > 4.
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1. INTRODUCTION

For an integer k > 2, a k-power is a repetition of k£ consecutive and identical sequences. A square and a cube
respectively correspond to kK = 2 and k& = 3. An overlap is a word of the form zuzux where z is a letter and u
is a word. An infinite word without squares over a three-symbol alphabet and an infinite word without overlaps
over a two-symbol alphabet were given by Thue [19, 20] (see also Berstel’s translation [3]). These words are
obtained by iteration of morphisms.

To find morphisms that generate k-power-free words, a method is to consider k-power-free morphisms. By
definition, a k-power-free morphism maps a k-power-free word to a k-power-free word. Starting with a letter (so
k-power-free), the word generated by the iteration of a k-power-free morphism is thus k-power-free. But non-
k-power-free morphisms can generate k-power-free words. For instance, the Fibonacci morphism ¢ : {a, b} —
{a,b};a — ab;b — a generates the word abaababaabaababaababa..., which is 4-power-free [8]. Although ¢ is not
4-power-free since ¢(b%a) = ab.

Even if we know different ways to verify whether a morphism generates a k-power-free word [2, 6, 8, 16] and
also whether a morphism is k-power-free [5, 7, 10, 11, 17, 18, 21], a simple question remains unanswered:

“Is a k-power-free morphism also a (k + 1)-power-free morphism?” (1)

It is difficult to give a general answer to this question. Some examples of morphisms are available. For instance,
in [1], Bean, Ehrenfeucht, and McNulty gave the morphism h defined by h(a) = abacbab, h(b) = cdabcabd,
h(c) = edacabebd and h(d) = cdacbeacbd that is square-free but not cube-free. An another example is given by
the Thue-Morse morphism, p : {a,b} — {a,b};a — ab;b — ba. It is k-power-free for every integer k > 2 [4].
In restricted situations, some partial results have been given for k& = 2 [12], for binary morphisms [10] and for
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binary uniform morphisms [9]. In [22] and in this paper, we are interested in uniform morphisms from A* to B*
for every A and B. When k > 4, we proved in [22] that a k-power-free uniform morphism is (k + 1)-power-free.
But one of the properties required to prove this result (Lem. 2.10) does not hold for k¥ = 3. In this paper, we
give a new result (Lem. 3.4) that allows us to conclude for cube-free uniform morphisms (Thm. 4.3): a cube-free
uniform morphism from A* to B* is k-power-free for all integers k& > 4. This gives a final answer to question
(1) for uniform morphisms.

2. PRELIMINARIES

We assume the reader is familiar (if not, see for instance [14, 15]) with basic notions on words and morphisms.
Our notations largely come from [22].

2.1. Words

Let w be a non-empty word. For all 1 < i < j < |w|, we denote by w[i..j] the factor of w such that w = pwl[i..j]s
for two words s and p with |p| =i — 1. When i = j, we also denote by w][i] the factor wli..i], which is the i*}
letter of w. In particular, w[1] and w[|w|] are respectively the first and the last letter of w. We denote by Fcts (w)
the set of all factors of the word w.

Powers of a word u are defined inductively by u® = ¢ and u™ = uu™~*! for all integers n > 1. Given an integer
k > 2, we call a k-power any word u* with u # ¢ (since the case €* is of little interest). Given an integer k > 2,
a word is k-power-free if it does not contain any k-power as a factor. A primitive word is a word that is not a
k-power of an another word whatever the integer & > 2. A (non-empty) k-power v* is called pure if any proper
factor of v* is k-power-free.

The following proposition gives the well-known solutions (see [13]) to two elementary equations on words and
will be widely used in the following sections:

Proposition 2.1. Let A be an alphabet and w, v, w three words over A.

1. If vu = uw and v # €, then there exist two words r and s over A, and an integer n such that u = r(sr)",
v=rs and w = Sr.
2. If vu = uw, then there exist a word w over A, and two integers n and p such that u = w™ and v = wP.

We also need a property on words that is an immediate consequence of Proposition 2.1(2).

Lemma 2.2. [10, 12] If a non-empty word v is an internal factor of vv, i.e., if there exist two non-empty words
x and y such that vv = xvy, then there exist a non-empty word t and two integers ©,5 > 1 such that x = t*,
y=1t, and v =t

We also use the following result which is a corollary of a result of Fine and Wilf [13, 14].

Corollary 2.3. [10] Let x and y be two words. If a power of x and a power of y have a common factor of length
at least equal to |x| + |y| — ged(|x|, |y|), then there exist two words t1 and to such that x is a power of t1ty and
y is a power of taty with t1te and toty primitive words. Furthermore, if |x| > |y| then x is not primitive.

2.2. Morphisms

Let A and B be two alphabets. A morphism f from A* to B* is a mapping from A* to B* such that
fluww) = f(u)f(v) for all words w,v over A.

Let k > 2 be an integer. A morphism f on A is k-power-free if f(w) is k-power-free for all k-power-free words
w over A.

A morphism f on A is called prefiz (resp. suffiz) if, for all letters a and b in A, the word f(a) is not a prefix
(resp. not a suffix) of f(b). A prefix (resp. suffix) morphism f is non-erasing that is f(a) # ¢ for all letters a. A
morphism is bifix if it is prefix and suffix.
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A morphism f from A* to B* is a ps-morphism if the equalities f(a) = ps, f(b) = ps’, and f(c) = p’s with
a,b,c € A (possibly ¢ =b) and p, s, p/, and s’ € B* imply b =a or ¢ = a.

Let us recall some definitions and properties that will be used in the sequel. Lemma 2.4 derives directly from
the definitions of a prefix or a suffix morphism. A detailed proof is left to the reader.

Lemma 2.4. Let f be a bifix morphism on an alphabet A and let u, v, w, and t be words over A.

The equality f(u) = f(v)p where p is a prefix of f(w) implies u = vw’ for a prefiz w' of w such that f(w’) = p.
Symetrically, the equality f(u) = sf(v) where s is suffix of f(t) implies u = t'v for a suffix t' of t such that
1(t) = 5.

Lemma 2.5. [10, 12] If f is not a ps-morphism then f is not a k-power-free morphism for all integers k > 2.

Lemma 2.6. [22] Let f be a ps-morphism from A* to B* and let u, v and w be words over A such that
flw) =468, f(v) =afB, and f(w) = ay for some non-empty words «, B, v, and § over B. Then v = viavs,
u = u1bva, and w = vicws for some words vy, v2, u1, and we, and some letters a, b, and c. Moreover, we have
either b=a or ¢ = a.

Furthermore, if |8 < |f(u[l])|, then uy =€ and, if |v| < |f(w[w|])], then wy = €.

Assuming that f(w) = pu”s for a factor w of a word w and a non-empty word u, and assuming that w
contains a factor wy such that |f(wg)| = |u|, Lemma 2.8 states that W necessarily contains a k-power w’* such
that f(w’) is a conjugate of u. We will say that f(w) contains a synchronised k-power u*. More precisely:

Definition 2.7. Let k > 2 be an integer. Let f be a morphism from A* to B*, w be a word over A, and u be a
non-empty word over B such that f(w) contains the k-power u*. Let W be a shortest factor of w whose image
by f contains u*, i.e., f(w) = pu¥s with |p| < |f(w[1])| and |s| < | f(w[[w]])|.

We say that f(w) and u”* are synchronised if there exist three words wp, wy, and wy such that | f(wg)| = |ul
and W = wiwows with p=c¢ if w; =¢, and s =€ if wy = €.

For instance, let f be the morphism from {a,b,c}* to {a,b,c,d}* defined by f(a) = abed, f(b) = ac and
f(c) = d. If w is the word abcbcbaa, then we have f(w) = ab(cda)® cabed abed. Taking u = cda, W = abcbeb,
wo = be, we get that f(w) and u?® are synchronised.

The two following results, which will be used in this paper, were proved in [22].

Lemma 2.8. Let k > 2 be an integer, let f be a ps-morphism, and let w be a word such that f(w) = puFs
with |p| < |f(w[1])| and |s| < |f(w[|w|])|. If f(w) contains a synchronised k-power then w starts or ends with a

k-power w§ such that f(wo) and u are conjugated.

The second recalled result is the main result in [22]:

Proposition 2.9. Let A and B be two alphabets and let k > 4 be an integer. A k-power-free uniform morphism
is a (k + 1)-power-free morphism.

The first goal is to give, for k = 3, a similar lemma to the one given in [22] for k > 4 that is:

Lemma 2.10. Let k > 4 be an integer. Let f be a ps-morphism from A* to B*. Let v and T be non-empty
words over A such that v* is a pure k-power. Let us assume that f(T) = w1 f(v)*¥oy with |m1| < |f(T[1])| and
loa| < |f(T[|T|])|. Then one of the following holds:
e (P.1) : There exist a pure k-power x*, a word y over A, and a word Z over B such that

(P1.1) : T=2aky, |yl <1, f(y) =109, f(x) =mZ, and f(v) = Zm

(P1.2) :or T =yzk, |y =1, f(y) = M09, f(x) = Zoo, and f(v) = 022.
e (P.2) : There exist a pure k-power x* and a non-empty word y over A such that

(P.2.1) : T = 2%y with |f(«* )| < |71 f(v)]

(P.2.2) : or T = yx* with |f(z*~1)| < |f(v)oa].
e (P.3) : f is not k-power-free.



208 F. WLAZINSKI

flq) @ flq,)

M, ,pu . pup up %

©np e fl@ v f(@ o f@ Vv o o,

TP UPp PUP PH PHP UP PHP PU OO

FIGURE 1. Image of f(q19¢2).

3. ABOUT CUBE-FREE-MORPHISMS

As mentioned in the introduction and in Section 2, Lemma 2.10 is no longer valid for k = 3. Even if parts of
its proof can be extended to this case, some new problems appear. The following lemma is one of the situations
we can obtain:

Lemma 3.1. Let f be a ps-morphism from A* to B*. Let us assume that there exist p, p, «, 5, and 0 words
over B and q1, q2, and q words over A such that q # €, p = af is not the image of a word by f, 0 = pppuppi,
f(q) = pup, f(q1) ends with 50, f(q2) starts with O, and the words q1[2..|q1|] ¢ and q g2[1..]q2| — 1] are cube-free.
Then f is not cube-free.

The proof of Lemma 3.1 is simply done using iteratively Lemma 3.2. By induction, if f was not cube-free, we
could find an infinite sequence (;)i>o of non-empty words starting with xo = ¢ such that | f(x;)| > [f(xi+1)| > 0;
this is impossible.

Lemma 3.2. Let f be a ps-morphism from A* to B*. Let us assume that there exist p, p, a, 5, and 0 words
over B and q1, q2, and q words over A such that q # €, p = af is not the image of a word by f, 0 = uppuppi,
f(q) = pup, f(q1) ends with 50, f(q2) starts with O, and the words q1[2..|q1|] ¢ and q gz2[1..]q2| — 1] are cube-free.

Then either f is not cube-free or there exist p', ', o, 5, and 8’ words over B and q}, ¢4, and ¢’ words over
A such that ¢ # ¢, p' = /B is not the image of a word by f, 0/ = (' p'p'u/'p' o'y, f(¢') = p'v'p', f(qy) ends
with 8’0", f(q5) starts with 6'a’, and the words ¢}[2..|¢}|] ¢’ and ¢’ ¢5[1..|¢5| — 1] are cube-free.

Moreover, we have |f(q")| < |f(q)]-

Proof. Let us first remark that the condition g # ¢ is simply a consequence of the fact that p is not the image
of a word by f. Indeed, it implies p # f(e) = . Therefore, f(q) = pup # € and so q # €. Moreover, the fact
that f is a ps-morphism implies that f is bifix and non-erasing.

We can write f(¢1) = m180 and f(q2) = 6oy for two words m and o9 over B. Let ¢ = up and 1 = pu so
0=ef(0)y.

Let @1 be the smallest suffix of ¢; whose image by f ends with ¥ and @2 be the smallest prefix of ¢o whose
image by f starts with . Since p # ¢, @1 and @2 are not empty. There exist two words I1; and Y5 such that
£(Q1) = I, £(Q2) = ¢, || < |F(@i[1])] and |Zs] < | F(Qa[1Qa )]

We have that f(Q19Q2) = I f(q)eX2 = II1(pu)?pX2 and that Q1qQ- is a factor of q1qqs.

The situation can be summed up by Figure 1.

If Q1¢Q2 is cube-free, then f is not cube-free. Otherwise, Q1¢Q> contains a shortest cube ¢’3; any proper
factor of ¢'3 is cube-free, i.e., ¢’* is a pure cube. So we can write Q1¢Q2 = ¢} ¢3¢} for some words ¢} and gb.

Let us remark that @1q is necessarily cube-free. Indeed, if Q1 # ¢1 then Q1q is a suffix of ¢1[2..|¢1|]¢ which is
cube-free by assumption. If Q1 = ¢, by definition of Q1, ¢ is not a suffix of f(q1[2..|¢1]]) and so | f(g1[2-.]g1]])| <
lop|. It implies that | f(Q1[1])] = |f (1 [1])| > |mBef ()| > |f(g1[2--|q1]]g)]. In particular, it means that the first
letter of g1, i.e., g1[1] = Q1][1] is not a letter of ¢1[2..]g1|]¢g. Since no cube appears in ¢;[2..g1|]g, it follows that
q1q = @Q1q is cube-free.

In the same way, we obtain that g@- is cube-free.
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FIGURE 2. Case 1.

So ¢'3 is neither a factor of Q1q nor a factor of qQs. It follows that |¢i¢"3| > |Q1q| and |¢"3¢}| > |qQ2|, that
i, Jqb < |Qal and [g}] < |Qul.

Let ¢’ be the greatest prefix of ¢ = pup such that f(Q1q)¢’ is a prefix of f(¢;q"). Let 1’ be the greatest suffix
of 1 = pp such that ¥’ f(qQ2) is a suffix of f(¢'3¢5).

With these definitions, the word ' f(q)¢’ = ¥/ pupy’ is a common factor (not necessarily the greatest)
of f(¢')® and (pp)*. In order to use Corollary 2.3, we have to study [¢'f(q)¢’|. Note that the inequality

[V f(@)e'| > | f(a")] + |ppl is equivalent to [f(q")| < [o'| 4 '] + |p].

Case 1: |(¢)] < /] + 1¢/] + Iol. |

By Corollary 2.3, there exist two words t; and t3, and two integers ¢ and j such that f(¢') = (t1t2)" and
1 = pu = (tat1)? where t1to and tot; are primitive words. If j > 2, f(Q1q) ends with ¥ f(q) = (pp)?p = (t2t1)%p
where 25 > 3. If i > 2, f(¢'?) = (t:1t2)?" with ¢’? a proper prefix of ¢’ and 2i > 3. In these two cases, the image
by f of a cube-free word contains a cube; f is not cube-free. So i = j = 1.

We have f(Q1qQ2) = II1(t2t1)3pX2 = f(q1q"3d5) = f(q})(t1t2)®f(qgh). Since tits is not an internal factor
of (ti1t2)? (otherwise, by Lemma 2.2, t1t5 would not be primitive), |f(q¢})| < |f(Q1)| = [IT1t2t1] and |f(gy)] <
|f(Q2)| = [tat1 2], we have either Iy = f(¢})t1 and f(q3) = tipXs, or Itz = f(q}) and t2f(g3) = pX2. This
situation can be summed up by Figure 2.

Case 1.1: IT; = f(¢})t1.

Since |II| < |f(@1[1])] = [f((¢1@)[1])] and f is bifix, ¢} = ¢, II1 = t1, and f(Q1) = I} = titats = f(¢')ta
where t; is a prefix of f(¢'). Since f is a ps-morphism, and then a bifix morphism, by Lemma 2.4, we obtain
that there exists a prefix « (possibly empty) of ¢’ such that f(z) = t;. From f(¢') = tito = f(x)ty with t5 a
prefix of f(q) and f bifix, we obtain that there exists a prefix y of ¢ such that f(y) = to.

From f(q) = pup = f(yz)p and f bifix, we obtain that p is the image of a word; a contradiction with the
definition of p with the hypotheses of this lemma.

Case 1.2: IT1ty = f(q})-

This case is solved in the same way as Case 1.1.

From f(Q1) = II1tat; = f(q})t1, we obtain that ¢; is the image of a word. From f(q') = t1t2, we obtain that
to is the image of a word. It follows that p is the image of a word; a contradiction with the definition of p.

Case 2: [f(q¢)] > [¢'[ + ¢ + |p].

If ¢ = ¢, i.e., Q1qQ2 = ¢">¢, then, by definition of 1’ ¥/ = 1 = pu. It follows that |f(¢')| > [¢'| + |¢| +
ol = |£(@)] + [#'|. Furthermore, |f(¢")*| > [IT] + 2[f(q)| + 2l¢'| = [I¢| + | f(a)] + [p] + 2], i.e., |f(¢)?] >
| (Q19)] + |p| + 2|¢'|- Since |p| # 0, we have |p| + 2|¢'| > |¢'|. If ¢, # & then |f(¢})| > | X=2| and, by definition of
¢, we obtain | f(¢')3| = | f(Q1q)¢'|; this is impossible. Hence, ¢4 = € and ¢’ = ¢ = up. It follows that |f(q’)?| =
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11(QuaQa)| — F(&)] = 1T paf (@up D] — |F(&)] < [TapuSal. T |g'] > 2 then [F(@)f(@)] > [T 5| + [£(a')] >
[IT1 o]+ [¢] + ||+ |p| = |1 Zs| + |pupup| with |p| # 0; this conflicts with the previous inequality. Consequently,
we have |¢/| = 1 and ¢’ = Q1¢Q2 with Q1, ¢, and Q2 non-empty words. Therefore, Q1 = ¢ = Q2 = ¢’ with
pup = f(q) = f(Q1) = H1pp, i.e., up = pu. By Proposition 2.1(2), there exist a non-empty word w over A and
two integers n, and p such that p = w™ and p = wP. Since p # £, we obtain that n > 1. It follows that f(Q1q)
contains w3 2P with Q1q cube-free and 3n + 2p > 3; f is not cube-free.

In the same way, we obtain that either ¢4 # € or f is not cube-free.

Since Q1Q2 = q1q” 3, we have | f(qi[1])| = |f(Q:[1])] > || and | f(g5[la2]])| = |f(Q=[Q2[])| > |Z2|. Hence,
|| < || and |¢'] < || Tt follows from the definitions of 1" and ¢’ that f(¢')® = ¢’ f(q)¢’.

We have [¢/] + 2Jp| + |l + ¢/] = [0/ f(@)2'| = |F(@)*] > 30| + |¢/] + |ol), that s, |u] > 21| + 21¢/] + |o].
It means that u starts with ¢’ and ends with 1’

This situation can be summed up by Figure 3.

The word f(q’) starts with ¢’p and ends with py’. There exist two words X and Y such that f(¢') = ¢'pX =
Ypo'. Since |f(q")| > [¢&'| + || + |pl, we have | X| > |¢| and Y| > |¢’|. Therefore, there exist two non-empty
words X’ and Y’ such that X = X'¢'| Y = 'Y’ and f(¢') = ¢'pX'¢' = 'Y py’. It follows that pX' = Y/p.
By Proposition 2.1(1), there exist two words r and s and an integer i such that p = r(sr)?, X’ = sr,and Y’ = rs.
Let us also note that p ends with Y’ and starts with X".

If i > 1 then f(Q1q) contains upp which contains Y/pX’ = (rs)?Tir with Q1q cube-free and 2 +i > 3; f is
not cube-free.

Let us now consider the case i = 0. We have p =1, Y’ = ps, X' = sp, and f(¢') = ¢'pspy’. From f(q')® =
V' f(q)¢’ = pupy’, we also obtain that u = spp’ f(¢')Y' ps. Let us remark that p starts and ends with s. But
the word p also starts with ¢’ and also ends with ¢’. In particular, the word f(Q1q) contains p(p)p which
contains ¢’ ps(p)spy’.

If [s| < |¢’| then s is a prefix of ¢’ and ¢’ ps p spp’ contains the cube (ps)3. If |s| < || then s is a suffix of
Y and ¢’ ps pspp’ contains the cube (sp)3. If |s| > ||, |s| > 2’|, and |s| < || + |[¢'| then there exist three
words a, b, and ¢ such that s = abe, ¢’ = ab, and ' = be. It follows that 1’ ps p spp’ contains the cube (bepa)?.
In these three cases, f(Q1¢) contains a cube with Q1¢ cube-free; f is not cube-free.

The remaining case is |s| > |¢'| + [¢']; there exists a non-empty word p’ such that s = ¢'u/¢)’ and we have
(@) =9 pe’ W' py'.

Let us denote o = ¢'p, /' = ¢, p' = ¢P'pp’ = 'F', and 0 =p'p
w=spp' f(g)' ps = o"Wp' f(d)p' 'y = '0")".

Since f(Q1) = f(¢})¢' ends with u, we obtain that f(¢}) ends with ¢'6’ = 5'6". And, since f(Q2) = ¢’ f(¢5)
starts with up, we obtain that f(g}) starts with 68’¢)'p = 8'a’. Moreover, by Lemma 2.4, ¢’ and ¢’ are images
of words by f.

Since f is bifix, if p’ = 1)'py’ is the image of a word by f, then so is p; a contradiction with the hypotheses.
So p’ is not the image of a word by f.

Since q}q’ is a prefix of Q1q and ¢’q} is a suffix of ¢Q2, the words ¢;¢" and ¢'¢} are cube-free.

Finally, since 3| f(¢')| = [¢'f(9)¢'| < |¥f(@)¢l < 3[f(q)|, we obtain that |f(¢)] <[f(q)|- N

UPNARN BN AN i)

Pp'p' . We have f(q') = p'p/p" and
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FIGURE 4. First decomposition.

When the image of a word w by a morphism f covers a cube, three factors of f(w) are identical. This gives
us three equations on words. To solve these equations when f is cube-free is the first part of the study. A first
conclusion is given by the following lemma; a cube in w necessarily has a particular form.

Lemma 3.3. Let f be a ps-morphism from A* to B*. Let q1, q2, and q be non-empty words over A and let
w= %0, Let us assume that f(w) = m f(2)%0s, |m| < |F@[1D], lo2] < |/ (@all@2])], and = is @ non-empty
word over A such that 2% is a pure cube.

If lg| <2, if |z| = 2, orif 2|f(q)| > |f(2)| then f is not cube-free.

Otherwise, either f is not cube-free or there exist two words X and Y such that |Y| <1, 2|f(¢)| < |f(X)| =
|f(2)| < 3|f(a)], and q1¢°q2 = X°Y with q1 a prefiz of X, qo a suffiv of XY, and |f(Y)| < |f(2)o2| or ¢14°q2 =
Y X3 with q1 a prefiz of Y X, g2 a suffiv of X, and |f(Y)| < |71 £(2)].

Proof. Let us first remark that we can assume that the image by f of any proper factor of 23 is cube-free.

The hypotheses imply |f(z)| > |f(¢)|- Furthermore, there exist a suffix o1 of f(q1) and a prefix w2 of f(g2)
such that f(q) = mio1 and f(g2) = m209. It means that f(2)% = oy f(q)>m2.

If |o1f(¢®)] < |f(2)2f(2[1..]z| — 1])| then f(2)?f(2[1..|z| —1]) contains the cube f(q)* with 22(z[1..|z| —1])
a proper factor of z® and so cube-free. It ends the proof; f is not cube-free. Identically, if |f(¢3)ma| <
|f(2]2..]z]]) f(2)?] then f is not cube-free. Consequently, we obtain that |ma| < |f(z[|z]])] and |o1| < |f(2[1])];
there exist two non-empty words a and 3 such that f(z) = o1 = Bms and f(q)® = af(2)B.

This situation can be summed up by Figure 4.

Let us note that a # € or 8 # ¢. Otherwise, f(2?) contains f(g)3. It ends the proof; f is not cube-free.

If [f(¢*)] = |f(2)| then |af + (8] = [f(¢*)| = [f(2)] = |f(q)| and the length of af(z)8 € Fets (f(2)°) N
Fets (f(q)?) is at least |f(z)| + |f(q)|. Let us note that this situation happens in particular when |z| > 2
because in this case |a| + |5 > |f(z[2..]z]])] + | f(z[1..|z] = 1])| = |f(2)| > |f(¢)|. By Corollary 2.3, there exist
two words z; and zp, and two integers i and j such that f(z) = (z122)" and f(q) = (2221)’. The inequality
|f(2)| > |f(q)|(> 0) implies i > j > 1. It follows that f(z)? = (2122)?" with 2i > 3, that is, f(2)? contains a
cube; f is not cube-free.

From now on, z is a letter and |f(¢?)| < |f(2)|, i.e., 0 < |a| 4+ |B| < |f(q)|. We obtain that f(q)® = af(2)3
starts and ends with af3, i.e., af is a prefix and a suffix of f(g). There exist two non-empty words ¢ and 9
such that f(q) = (af)p = ¥(ap) and f(z) = Bef(q)a. By Proposition 2.1(1), there exist two words p and p,
and an integer j such that a8 = p(up)’, ¢ = up, and ¥ = pp.

Since f(2)? contains (vYa)(By) = pup(pp)up = p(pp)?*2 and f(2)? is cube-free, we necessarily have j = 0.

In this case, if we pose 0 = pf(q)¥, we have af = p, f(q) = pup, f(z) = Bupf(q)puc. Thus we have
0 = ppppppp, f(z) = Boa, f(q1) = m1 80 and f(g2) = Oaos.

Since f is a ps-morphism, and hence, is non-erasing and since ¢ # ¢, we have pu # €. Since f(z) is cube-free,
we necessarily have p # ¢ and p # e. Otherwise, the factor 6 = uppuppp of f(2) would be equal to p* or u3.

We also necessarily have ¢1[2..]q1|]]¢ and ¢ga[l..|g2| — 1] cube-free. Otherwise, f(qi[2..]g1|]]q) or
f(gga[l..|g2| — 1]) both factors of f(2)? would contain a cube.

By Lemma 3.1, if p is not the image of a word by f then f is not cube-free; it ends the proof.

Let us now assume that p is the image of a word and let ¢ be the non-empty word such that f(¢) = p =
afB(# €). Since f is bifix, f(q) = pup and p # €, there exists a non-empty word g such that f(g) = p. It follows
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that ¢ = ¢g¢ and necessarily |g| > 3. In particular, |f(gqdq)| = |f(2)| and ¢qdq is an internal factor of w; f(w)
and f(z)3 are synchronised.

Furthermore, if we denote = G4qqq, we obtain that f(z) =0, f(q1) = m18f(z), and f(q2) = f(x)aoy. Since
f is bifix, it follows, by Lemma 2.4, that ¢ = Wiz for a non-empty word Wi satisfying f(W;) = m18(# €) and
g2 = xWs for a non-empty word Wy satisfying f(W2) = aoa(# €).

Since |m| < |f(@[1])] = [f(Wi[1])], |oa| < [f(gz(lg2lD] = [f(W2[[W2[])], and f(¢) = p = a3, by Lemma 2.6,
we obtain that ¢ = a, Wy = b, W5 = ¢ for some letters a, b, c. Moreover, we have b = a or ¢ = a. It means that
01¢3q2 = br(¢qq)>zc = bravaxc.

If b =a, let X = ax. It follows that ¢1¢°q2 = X3c with |f(X)| = |f(az)| = |f(¢2)| = |Bf(x)a| = |f(2)| =
3[f(@)| = |pl and [f(c)] — 02| = |a] < |f(q)] <[f(2)]-

In the same way, if ¢ = a, let X = za. We have ¢1¢>q2 = bX3 with |f(za)| = |f(2)| and |f(b)| < |71 f(2)]. O

We can now state a lemma for £ = 3 which completes Lemma 2.10.

Lemma 3.4. Let f be a ps-morphism from A* to B*. Let v and T be non-empty words over A such that v3
is a pure cube. Let us assume that f(T) = w1 f(v)30y with |mi| < |f(T[1))], |o2| < |f(T(T)))|, 1 a suffiz of the
image by f of a shortest word vi and oo a prefiz of the image by f of a shortest word vs.

Then one of the following holds:

e (P.1): There emst a cube x3, a word y over A, and a word Z over B such that

(P1.1): T = 23y, |y| <1, f( ) =mog, f(x) =mZ, and f(v) = Zm

(P1.2): or T =ya®, [yl =1, f(y) = mo2, f(x) = Zoy, and f(v) = 02 Z.

e (P.2): There exist a pure cube 23 and a non-empty word y over A such that

(P.2.1): T = 23y with | f(z?)| < |71 f(v)]

(P2.2): or T = ya® with |f(z?)| < |f(v)o2|.
o (P3): T =13 |v]| >3, |[t| =1 (ie., t is a letter), 2|f(v)| < |f(t)] < 3|f(v)|, and there exist two words x # ¢
and y such that |f(:v)| = |f(t)| and

(P.3.1): vivdvy = 23y with v1 a prefiz of x, va a suffix of zy, and |f(y)| < |f(t)o}]

(P.3.2): or ’U1’U3’02 = yx® with v1 a prefiz of yx, va2 @ suﬁfi:n of x, and |f(y)] < 7T1f( )|

where ) and ol are the words such that f(vi[1]) = wim1 and f(ve[|va]]) = 02

o (P4): f is not cube-free.

Proof. If T is cube-free, it ends the proof; f is not cube-free.

Let us suppose that T contains at least one cube. Among the cubes of T, we choose one whose image by f
is a shortest; we can write T = t1t3t, where | f()] = min{|f(#')| where ¢'* € Fcts (T')}. By this definition, since
f is bifix (as any ps-morphism) and so non-erasing, t3 is a pure cube.

If t; # € and ¢ # € then, by Lemma 3.3, T satisfies condition (P.1) or condition (P.4).

As in the proof of Lemma 2.10 (see Lem. 3.1 in [22]), if a power of f(¢) and a power of f(v) have a common
factor of length at least | f(¢)| + |f(v)|, we obtain that T satisfies condition (P.1).

From now, let us assume the converse holds, i.e., any common factor of f(¢)3 and f(v)? is of length at most
|f(®)] + |f(v)]. It means that |f(t)3] — |o2| < |f(t)| + |f(v)| when t; # ¢ and ta = €, and that |f(¢)?| — |m1| <
[f(D)] + |f(v)| when t; = € and t5 # €. Hence, T satisfies condition (P.2) with z = t.

Let us now treat the case where t; = t5 = . In this case, f(v)3 is factor of f(¢3) = f(T'). Hence, 2|f(v)| < | f(t)]
and |m1| + |o2| = 3|f(t)| — 3|f(v)| > 3|f(v)]. If 71 = € then f(#?) contains the cube f(v)® with t? cube-free; f
is not cube-free. In the same way, if o9 = € then f is not cube-free. It follows that v; # € and vy # ¢; there
exist a prefix ] of f(v1[1]) and a suffix oy of f(va[|va]]) such that f(viv3ve) = 77y f(v)3000h = 71 f(t)30h. By
Lemma 3.3 with ¢ = v, we obtain that either f is not cube-free (for instance if |v| < 2 or if |t| > 2) or T satisfies
condition (P.3). O
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fw)=[p I I fw)=|p I I I

I I 5] I I I 5]

FIGURE 5. Tetris.

By Lemma 2.8, we immediately obtain:

Corollary 3.5. With hypotheses and notations of Lemma 3.4, if f(T) and f(v)* are synchronised then either
f is not cube-free or T wverifies (P.1).

4. THE SPECIAL CASE OF UNIFORM MORPHISMS

If we represent the image of a letter by a morphism as a rectangle block, these blocks have the same length
in the case of uniform morphisms. The main idea is to delete blocks as shown in Figure 5. Corollary 4.1 proved
in [22] shows that, under some hypotheses, we can simplify the image of word by a uniform morphism in such
a way.

Corollary 4.1. Let Kk > 3 and ¢ > 1 be two integers, let « be an integer in {1,2} and let B be an integer in
{k —1,k}.

Let f be a morphism from A* to B*. Let (w;)i=a..p+1 and (T;)i=a..p be words over A such that |f(x;)| =
|f(x;)] # 0 for all integers i, j in [, B].

We denote by w the word wamf;...nggwgﬂ.

We assume that there exist U, p, s, (X;)i=a.. 8, and (Y;)i=a. g words over B such that f(w;) = Y;_1X; for all
integers i in [1 + o; B]. Furthermore, we also assume that f(w,) = pU*"1X; and f(wpi1) = YU Ps where
U= X;f(xh)Y;(# €) for all integers i in |, B]. It means that f(w) = pU~s.

Finally, we assume that there exists an integer q such that, for every integer i in [a, 5], 0 < [ X | — | X;| < [X/|
where X/ is a common suffiz of Xy and f(x,), 0 < |Xq| — | X;| < [f(2q)| when a =2, or 0 < |Y;| = |Yy| < [f(2q)]
when B =k — 1.

Then, for every integer 0 < ¢ < £, the word w' = waxﬁ...nggwgﬂ satisfies f(w') = pU'™s with U' =
X f(z2)Y; for every integer i in [1; ).

In particular, f(w'") and U™ are synchronised only if f(w) and U" are synchronised.

We need to specify the cases where the hypotheses of the corollary 4.1 are satisfied; More precisely, Lemma 4.2
proved in [22] describes sufficient conditions to remove blocks.

Again, in order to unify notations from the two papers, our notations come from [22]. For the next lemma
and the rest of the paper, we use some specific variables. Without going into details, ), is the integer such that
f(v3) starts in the \,"" occurrence of U; d, = 1 if the first occurrence of f(v) from f(v)? is factor of U and
dy = 0 if not; ¢, = min{i | f(v)? is a factor of U}; and Dy is a prefix of U such that w = v,v3vs and f(vyv)
ends with D, or D, f(v). Moreover, Condition (P.1) in Lemma 3.4 leads us to consider the sets L,, (resp.
Rj.) of the words 23 such that x3 verifies Condition (P.1.1) (resp. Condition (P.1.2)) and f(23) starts in the
(7 — max{dy, dx })™ (vesp. (j — min{dy,dy})*") occurrence of U.

Lemma 4.2. Let k > 3 be an integer and let k € {k;k+1}. Let f be a morphism from A* to B* and let w be a
word over A such that f(w) = pU"S for some words p, S and U # € over B such that |p| < | f(w[1])|. Moreover,
we assume that |S| < |f(w[|w|])| when k =k + 1 and v3 is a chosen factor of a pure k-power v*.
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d,=0 BzinL;, yinR, d=1 *inL, 3R,

D, | f» | f» | f» | |

| D, [ s» [ 70|
o [ @ [ fo ] o [ Jo | jo ]

| /o | ro | ro | L /o | ro | ro |
[ o | r& | f@ | [T/ | f@o | fo |
- U -> U--—> U - U -

c,=2 c,=1 c,=3 c,=2

v v

FIGURE 6. Examples of values for d, and c,.

When one of the four following situations holds, there exists a word w such that f(w) = p'(U")*S’ for some
words p', S', and U’ # € over B satisfying |p'| < |f(w[1])] and 0 < |U’| < |U|; moreover f(w) and (U')" are
synchronised only if f(w) and U™ are synchronised.

1. dy =1, |Dyf(v)?| < |U|, and Lj, U Rj., # 0 for every integer j € [2, k).

2.dy =1, Lj,UR;, # 0 for every integer j € 2,k — 1], and there exists a positive integer ¢ such that
wny..|wl] starts with v*72 and sup {2|f(v)];| Dy f(v)?|} < |U| < |Dy f(v)?T1].

3. dy =0, |Dyf(v)? <|U|, and L;, URj, # 0 for every integer j € [1,k].

4. dy =0, [U| < |Dyf(v)?| < |DyU|, and L;,UR;, # 0 for every integer j € [1,x — 1].

We say that we made a reduction of f(w).

Using Lemma 3.4 and Lemma 4.2 with ¥ = 4, we can reduce a word whose image by a uniform morphism
contains a cube. We state our main result.

Theorem 4.3. Let A and B be two alphabets. A cube-free uniform morphism from A* to B* is k-power-free
for all integers k > 4.

It is a consequence of Proposition 2.9 (Prop. 4.1 in [22]) and Proposition 4.4:
Proposition 4.4. Let A and B be two alphabets. A cube-free uniform morphism from A* to B* is 4-power-free.

As previously said, we could not conclude in [22] for the case k = 3 due to the fact that Lemma 2.10 does
not hold for this value.

Now, using Lemma 3.4, we only have to follow the proof of Proposition 2.9 (Prop. 4.1 in [22]). It would be
unnecessary and redundant to give all the details of the notations that we have used in it. In fact, since the two
proofs are almost the same, we only give the main ideas. And we only verify that all the steps are effectively
checked for k£ = 3.

Proof. Let f be a uniform ps-morphism from A* to B*. We assume that f is not 4-power-free and we want to
show that f is not cube-free.

Let w be a shortest 4-power-free word whose image by f contains a 4-power u* such that f(w) and u* are
not synchronised.

The central point of the proof is that, starting with w and u, we use iteratively the reduction of Corollary 4.1
on the word whose image contains a 4-power in such a way that it is not possible de reduce anymore. We obtain
new words W et U such that f(W) = pU?s with p a proper prefix of W[1], s a proper suffix of W[|W|], and
f(W) and U* are not synchronised.
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We show that either f is not cube-free, or f(W) and U can again be reduced using Lemma 4.2 itself using
Corollary 4.1; a contradiction with their definitions.

The first two steps are strictly identical to the first two steps in the proof of Proposition 2.9 (Prop. 4.1 in
[22]); we only have to replace k by 3.

Step 1: For any pure cube v* of W, the words U* and f(v)? do not have any common factor of length at least

U+ ()]
Step 2: W[2..|IW| — 1] contains a cube and so a pure-cube.

Step 3: For any pure cube v® € Fets (W[2..]W| — 1]), the word f(v)? is an internal factor of U? and | f(v?)| < |U].

For any pure cube v3 € Fets (W[2..]W| — 1]), the word f(v)? is an internal factor of U%. So |f(v)?| < |U| +
|f(v)], i.e., | f(v)?| < |U| and | f(v)?| < 3|U|. Hence, f(v)? is an internal factor of U®. This implies that ¢, = 1,2
or 3.

Let us recall that, for all integers j € [1;5 — ¢,], f(v)? is an internal factor of p;U% s, ., . Consequently, if v;
is the shortest factor of W{i;..ij4c,] such that f(v;) contains f(v) then, by Corollary 3.5, v; satisfies condition
(P.1) of Lemma 3.4 for all integers j € [1;5 — ¢y].

We are going to see that it implies that W can be reduced; a final contradiction.

Case 3.1: ¢, =3

Since |f(v?)| < |U] and by definition of ¢, we necessarily have d, = 1 and | D, f(v)| < |U| < | D, f(v?)|. For all
integers j € [1;2], if ; satisfies condition (P.1.1) of Lemma 3.4 then z;,3 € Lj{1,,. And if 0; satisfies condition
(P.1.2) of Lemma 3.4 then z;,% € Rj;1,. In other words, we have Lji1, U Rji1., # 0 with j + 1 € [2;3]; by
Lemma 4.2(2) with ¢ = 1, we can reduce W.

Case 3.2: ¢, #3 and d, =1

We necessarily have ¢, = 2, i.e, 5 — ¢, = 3. For all integers j € [1;3], if ¥, satisfies condition (P.1.1) of
Lemma 3.4 then x;,% € Lj;1,. And if 9, satisfies condition (P.1.2) of Lemma 3.4 then z;, € Rj;1,. That is,
L;,UR;, # 0 for all integers j € [2;4]; by Lemma 4.2(1), a reduction can be done.

Case 3.3: ¢, #3 and dy, =0

If ¢, =1 then |Dy f(v)?| < |U| and L;, U R;, # 0 for all integers j € [1;4]. By Lemma 4.2(3), a reduction
can be done.

If ¢, = 2 then |U| < |Dy f(v)?| and L;, U R;, # 0 for all integers j € [1;3]; by Lemma 4.2(4), a reduction
can be done.

As previously said, these three cases lead to a reduction of f(W): a contraction with its definition. So f is
not cube-free. O
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