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THE CONNECTIVITY AND NATURE DIAGNOSABILITY OF EXPANDED
k-ARY n-CUBES*

MUJIANGSHAN WANG!, YUQING LIN' AND SHIYING WANG?

Abstract. Connectivity and Diagnosability play an important role in measuring the fault tolerance
of interconnection networks. As a topology structure of interconnection networks, the expanded k-ary
n-cube XQF has many good properties. In this paper, we prove that (1) the connectivity of XQF is
4n; (2) the nature connectivity of XQF is 8n —4; (3) the nature diagnosability of XQ% under the PMC
model and MM™ model is 8n — 3 for n > 2.
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1. INTRODUCTION

Many multiprocessor systems have interconnection networks (networks for short) as underlying topologies and
a network is usually represented by a graph where nodes represent processors and links represent communication
links between processors. We use graphs and networks interchangeably. For the system, study of the topological
properties of its network is important. Furthermore, some processors may fail in the system, so processor fault
identification plays an important role for reliable computing. The first step to deal with faults is to identify the
faulty processors from the fault-free ones. The identification process is called the diagnosis of the system. A
system G is said to be t-diagnosable if all faulty processors can be identified without replacement, provided that
the number of faults presented does not exceed t. The diagnosability ¢(G) of G is the maximum value of ¢ such
that G is t-diagnosable [6,8,12]. For a t-diagnosable system, Dahbura and Masson [6] proposed an algorithm
with time complex O(n?-?), which can effectively identify the set of faulty processors.

Several diagnosis models (e.g., Preparata, Metze, and Chien’s (PMC) model [18], Barsi, Grandoni, and
Maestrini’s (BGM) model [2], and Maeng and Malek’s (MM) model [14]) have been proposed to investigate the
diagnosability of multiprocessor systems. In particular, two of the proposed models, the PMC model and MM
model, are well known and widely used. In the PMC model, the diagnosis of the system is achieved through two
linked processors testing each other. In the MM model, to diagnose a system, a node sends the same task to
two of its neighbor vertices, and then compares their responses. For this reason, the MM model is also said to
be the comparison model. Sengupta and Dahbura [6] proposed a special case of the MM model, called the MM*
model, in which each node must test its any pair of adjacent nodes. Numerous studies have been investigated
under the PMC model and MM model or MM* model, see [5,8,12,13,16, 26].

In the traditional measurement of a system-level diagnosability for the multiprocessor system, one generally
assumes that any subset of processors may simultaneously fail. If all the neighbor vertices of some node v
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are faulty simultaneously, it is impossible to determine whether v is faulty or fault-free. As a consequence,
the diagnosability of a system is less than its minimum node degree. However, in a large-scale multiprocessor
system, we can safely assume that all neighbor vertices of any node do not fail at the same time. Based on
this assumption, Lai et al. [12] introduced the restricted diagnosability of the multiprocessor system called the
conditional diagnosability of the system. They consider the situation that any fault set cannot contain all the
neighbor vertices of any vertex in a system. Since the probability that the all neighbors of a fault node fail
and create faults is more to the probability that the all neighbors of a fault-free node fail and create faults
in the system, we consider the situation that no fault set can contain all the neighbors of any fault-free node
in the system, which is called the nature diagnosability of the system. In 2012, Peng et al. [16] proposed a
measure for fault diagnosis of the system, namely, the g-good-neighbor diagnosability of the system (which is
also called the g-good-neighbor conditional diagnosability), which requires that every fault-free node contains
at least g fault-free neighbors. In [16], they studied the g-good-neighbor diagnosability of the n-dimensional
hypercube under the PMC model. In [21], Wang and Han studied the g-good-neighbor diagnosability of the
n-dimensional hypercube under MM* model. Yuan et al. [26,27] studied that the g-good-neighbor diagnosability
of the k-ary n-cube (k > 3) under the PMC model and MM* model. The Cayley graph CT,, generated by the
transposition tree I, has recently received considerable attention. In [19,20], Wang et al. studied the g-good-
neighbor diagnosability of CT}, under the PMC model and MM* model for g = 1,2. In [19], Wang et al.
proved that the nature diagnosability of the system is less than or equal to the conditional diagnosability of
the system. Therefore, the nature diagnosability of the system is nature and one important study topic. The
n-dimensional bubble-sort star graph BS,, has many good properties. In 2016, Wang et al. [23] studied the
2-good-neighbor connectivity and 2-good-neighbor diagnosability of BS,,. In 2015, Zhang et al. [28] proposed
a new measure for fault diagnosis of the system, namely, the g-extra diagnosability, which restrains that every
fault-free component has at least (g + 1) fault-free nodes. In [28], they studied the g-extra diagnosability of
the n-dimensional hypercube under the PMC model and MM* model. In 2016, Wang et al. [22] studied the
2-extra diagnosability of BS,, under the PMC model and MM* model. In 2017, Wang and Yang [24] studied
the 2-good-neighbor (2-extra) diagnosability of alternating group graph networks under the PMC model and
MM* model.

The k-ary n-cube has many desirable properties, such as ease of implementation of algorithms and ability
to reduce message latency by exploiting communication locality found in many parallel applications [4, 7].
Therefore, a number of distributed-memory parallel systems (also known as multicomputers) have been built
with a k-ary m-cube forming the underlying topology, such as the Cray T3D [11], the J-machine [15], the
iWarp [17] and the IBM Blue Gene [1]. In 2011, Xiang and Stewart [25] proposed the augmented k-ary n-cube.
In 2016, Zhao and Wang [29] studied the nature diagnosability of augmented 3-ary n-cubes, and Hao and
Wang [9] studied the nature diagnosability of augmented k-ary n-cubes for k& > 4. In this paper, we extend the
k-ary n-cube and define an expanded k-ary n-cube X Q. The connectivity and diagnosability of X Q* have been
studied in this paper. We prove that (1) the connectivity of X Q¥ is 4n and X Q¥ is tightly 4n super connected;
(2) the nature connectivity of XQF is 8n — 4; (3) the nature diagnosability of XQ¥ under the PMC model and
MM* model is 8n — 3 for n > 2.

2. PRELIMINARIES

In this section, some definitions and notations needed for our discussion, the expanded k-ary n-cube, the
PMC model and MM* model are introduced.

2.1. Definitions and Notations

A multiprocessor system is modeled as an undirected simple graph G = (V| E), whose vertices (nodes)
represent processors and edges (links) represent communication links. Given a nonempty vertex subset V' of V,
the induced subgraph by V' in G, denoted by G[V'], is a graph, whose vertex set is V/ and the edge set is the set
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of all the edges of G with both endpoints in V’. The degree dg(v) of a vertex v is the number of edges incident
with v. We denote by §(G) the minimum degrees of vertices of G. For any vertex v, we define the neighborhood
N¢g(v) of v in G to be the set of vertices adjacent to v. u is called a neighbor or a neighbor vertex of v for
u € Ng(v). Let S C V. We use N¢(S5) to denote the set UyesNg(v)\S. For neighborhoods and degrees, we will
usually omit the subscript for the graph when no confusion arises. Let F} and F» be two distinct subsets of V' for
G = (V, E). Define the symmetric difference Fy A Fy = (Fy \ F3) U(F, \ F1). A graph G is said to be k-regular if
for any vertex v, dg(v) = k. A set of edges M C E(G) is called a matching if they are independent. A matching
is said to be perfect if it covers all points of G. Let G = (V, E) be a connected graph. The connectivity x(G) of
a graph G is the minimum number of vertices whose removal results in a disconnected graph or only one vertex
left. A fault set F¥ C V is called a nature faulty set if |N(v) N (V\F)| > 1 for every vertex v in V\F. A nature
cut of G is a nature faulty set F' such that G — F' is disconnected. The minimum cardinality of nature cuts is
said to be the nature connectivity of G, denoted by «*(G). For graph-theoretical terminology and notation not
defined here we follow [3].

2.2. The PMC model and the M M* model

Under the PMC model [26], to diagnose a system G, two adjacent nodes in G are capable to perform tests on
each other. For two adjacent nodes v and v in V(G), the test performed by u on v is represented by the ordered
pair (u,v). The outcome of a test (u,v) is 1 (respectively, 0) if u evaluate v as faulty (respectively, fault-free).
In the PMC model, we usually assume that the testing result is reliable (respectively, unreliable) if the node u
is fault-free(respectively, faulty). A test assignment T for a system G is a collection of tests for every adjacent
pair of vertices. It can be modeled as a directed testing graph T'= (V(G), L), where (u,v) € L implies that u
and v are adjacent in G. The collection of all test results for a test assignment T is called a syndrome. Formally,
a syndrome is a function o : L — {0, 1}.

The set of all faulty processors in the system is called a faulty set. This can be any subset of V(G). For a
given syndrome o, a subset of vertices F' C V(G) is said to be consistent with ¢ if syndrome o can be produced
from the situation that, for any (u,v) € L such that u € V' \ F, o(u,v) = 1 if and only if v € F. This means
that F' is a possible set of faulty processors. Since a test outcome produced by a faulty processor is unreliable,
a given set I of faulty vertices may produce a lot of different syndromes. On the other hand, different fault sets
may produce the same syndrome. Let o(F') denote the set of all syndromes which F' is consistent with.

Under the PMC model, two distinct sets F} and F in V(G) are said to be indistinguishable if o(F})No(Fy) #
(), otherwise, Fy and Fy are said to be distinguishable. Besides, we say (F}, F3) is an indistinguishable pair if
o(F1) No(Fy) # 0; else, (F1, Fy) is a distinguishable pair.

Using the MM model [26], the diagnosis is carried out by sending the same testing task to a pair of processors
and comparing their responses. Under the MM model, we always assume the output of a comparison performed
by a faulty processor is unreliable. The comparison scheme of a system G = (V, E) is modeled as a multigraph,
denoted by M = (V(G), L), where L is the labeled-edge set. A labeled edge (u,v),, € L represents a comparison
in which two vertices u and v are compared by a vertex w, which implies uw, vw € E(G). The collection of all
comparison results in M = (V(G), L) is called the syndrome, denoted by o*, of the diagnosis. If the comparison
(u,v), disagrees, then o*((u,v),) = 1, otherwise, o*((u,v),) = 0. Hence, a syndrome is a function from L to
{0,1}. The MM* model is a special case of the MM model and each node of G must test its any pair of adjacent
nodes, i.e., if ww,vw € E(G), then (u,v), € L.

Similarly to the PMC model, we can define a subset of vertices F' C V(G) is consistent with a given syndrome
o+ and two distinct sets F; and F in V(@) are indistinguishable (respectively, distinguishable) under the MM*
model.

A system G = (V, E) is nature t-diagnosable if F} and F» are distinguishable, for each distinct pair of nature
faulty subsets Fy and Fy of V with |Fy| <t and |Fz| < t. The nature diagnosability ¢, (G) of G is the maximum
value of ¢ such that G is nature ¢t-diagnosable.
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FIGURE 1. Illustration of a distinguishable pair (Fy, F») under the PMC model.
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FIGURE 2. Tllustration of a distinguishable pair (F, F») under the MM* model.

Before discussing the nature diagnosability of the expanded k-ary n-cube X Q¥ under the PMC and MM*
model, we first give existing results.

Theorem 2.1 [26]. A system G = (V, E) is nature t-diagnosable under the PMC model if and only if there is
an edge wv € E with u € V\(F1 U Fy) and v € Fy A Fy for each distinct pair of nature faulty subsets Fy and Fy
of V with |Fy| <t and |Fy| <t (See Fig. 1).

Theorem 2.2 [6,26]. A system G = (V, E) is nature t-diagnosable under the M M* model if and only if each
distinct pair of nature faully subsets Fy and Fy of V with |Fy| < t and |Fy| < t satisfies one of the following
conditions.

(1) There are two vertices u,w € V'\ (F1UFy) and there is a vertex v € Fy A Fy such that uw € E and vw € E.

(2) There are two vertices u,v € Fy \ Fo and there is a vertex w € V' \ (Fy U Fy) such that uvw € E and vw € E.

(3) There are two vertices u,v € Fy \ F1 and there is a verter w € V '\ (Fy U Fy) such that uvw € E and vw € E
(See Fig. 2).

2.3. The expanded k-ary n-cube

The expanded k-ary n-cube, denoted by XQF (n > 1 and even k > 6), is a graph consisting of k™ vertices
{uoul...un_l 0<u; <k-1,0<i<n-— 1}. Two vertices u = ugty ...Up—1 and v = VoU1 ...V,_1 are
adjacent if and only if there exists an integer j € {0,1,...,n — 1} such that u; = v; + ¢ (mod k) and u; = v;,
fori € {0,1,...,n—1}\ {j} and g € {1, —1,2,—2}. For clarity of presentation, we omit writing “(mod k)” in
similar expressions for the remainder of the paper. For terminology and notation not defined here we follow [10].
The expanded k-ary 1-cube X Q% is depicted in Figure 3.

We can partition XQF into k disjoint subgraphs XQF[0], XQF[1],..., XQF[k — 1] (abbreviated as
XQI[0], XQ[1], ..., XQ[k — 1], if there is no ambiguity), where every vertex u = wuguy ... u,—1 € V(XQF)
has a fixed integer ¢ in the last position u,_; for i € {0,1,...,k—1}. Let u € V(XQ[i]). Then N(u)\ V(X Q[i])
is said to be outside neighbor vertices of u.
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FIGURE 3. (a) The expanded k-ary 1-cube X Q¥.

Proposition 2.3. Each XQli] is isomorphic to XQF | for 0 <i <k —1.

Proof. Note that the vertex set of XQ’fL_1 is {upur ... up—2:0<wu; <k—1,0<i<n-—2} and the vertex set
of XQli] is {uour .. . up—2t: 0 <u; <k—1,0<j<n-2i€{0,1,...,k—1}}. Therefore, [{uoui ... upn—2 :
0<u; <k—-1,0<i<n—-2}=[{uour...up—2i:0<u; <k—-1,0<j<n-214i€e{0,1,...,k—1}}|. Now
define a mapping from V(XQF_,) to V(XQJi]) given by

O UUIUL . . Up—2 —> UQUT - . . Up—2L.

It is clear that ¢ is bijective. Let u = woujug ... up—2, v = VoV1V3...Vy_2, and uv € E(XQ’fL_l). Then, the
definition of XQF _,, there exists an integer j € {0,1,...,n — 2} such that v; = u; + ¢ (mod k) and u; = v;,
for i € {0,1,...,n—2}\ {j}, where g € {1, —1,2, —2}. Therefore, p(v) = voviva ... Vp—20 = uous ... uj—1,u; +
g, Ujq1 ... Un—2t. Note that o(u) = wour ... uj—1,uj, Ujp1 . .. up—2t. Thus, p(u)p(v) € E(XQI]).

Let p(u) = wouq - .. Uj—1, Uj, Ujt1 - - . Un—2%, (V) = vov102 ... Vp—2i and @(u)p(v) € E(XQJi]). Then there
exists an integer j € {0,1,...,n — 2} such that v; = u; + ¢ (mod k) and u; = v;, for ¢ € {0,1,...,n—2}\ {4},
where g € {1,—1,2, -2}, d.e., o(v) = VeVIV2 ... Vp—2i = UQUT ... Uj—1,Uj+ G, Ujt1 - - . Up—2i. Therefore, o1 (v) =
VOUIV2 - .. Up—2 = UQUT - . . Uj—1,Uj + G, Ujt1 - .. Up—2. Note that o Hu) = uouy . .. Uj_1,Uj,

Wjt1 - .- Up—2. Thus, uv = p~Hu)p (v) € E(XQF_,). O

Let @ be a finite group, and let S be a spanning set of @) such that S does not contain the identity element. The
directed Cayley graph Cay(S, Q) is defined as follows: its vertex set is @, its arc set is {(g,gs) : g € Q,s € S}. If
for every s € S we also have s~1 € S, then each of the arc set of Cay(S, Q) has parallel edges going in different
directions. If we replace two arc of parallel edges going in different directions in Cay(S, Q) with an edge, then
we obtain an undirected graph called the undirected Cayley graph. Every Cayley graph in this paper is an
undirected Cayley graph.

Let (Zx)™ denote the n-fold Cartesian product of the group (Zy, @), where Z, = {0,1,...,k—1} and where
k denotes addition modulo k. Let = (2, 71,...,2n_1) € (Z;)". Then 27! = (k — x0, k — 21,..., k — 2,_1).

Theorem 2.4. Let n > 1 and even k > 6. The expanded k-ary n-cube XQF is the Cayley graph
Cay(S, (Zr)™), where the spanning set S is {(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1),(k—1,0,0,...,0), (0, k—
1,0,...,0),...,(0,...,0,k — 1),(2,0,...,0),(0,2,0,...,0),...,(0,...,0,2),(k — 2,0,...,0),(0,k —
2,0,...,0),...,(0,...,0,k —2)}.

Proof. Note that V(XQF) = (Zi)". Now define a mapping from V(X QF) to (Z)" given by
@i o ULUU3 ... Up—-1 — ULU2 ... Up—1-

Then ¢ is bijective. Let uv € E(XQF). Then, the definition of XQF, there exists an integer j € {0,1,...,n—1}
such that v; = u; + ¢ (mod k) and u; = v;, for ¢ € {0,1,...,n — 1} \ {j}, where g € {1,—1,2, —2}. Note that
k—1= -1 (mod k) and k —2 = —2 (mod k). Let s = (0,...,0,0+ ¢,0,...,0), and let 0 + g be the j position
in the s. Then s € S. Note that ¢(u)e(v) = uv. Therefore, v = u + s and hence p(u)p(v) € E(Cay(S, (Z;)™)).
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Let o(u)p(v) € E(Cay(S,(Zx)™)). Then, the definition of Cay(S, (Zx)™), there exists an s € S such that
p(v) = p(u) + s. Note that p(u) = v and ¢(v) = v. Therefore, v = p(v) = ¢(u) + s = u + s. Note that
o Hu)p t(v) = uv and v = u + 5. Let s = (0,...,0,0 + ¢,0,...,0), and let 0 + g be the j position in the s.
Then v; = u; + ¢ (mod k) and w; = v;, for i € {0,1,...,n — 1} \ {j}. Note that £k —1 = —1 (mod k) and
k —2 = —2 (mod k). Therefore, g € {1, —1,2, —2} and hence uv € E(XQF). O

Note that XQF is a special Cayley graph. Therefore, X QF has the following properties.
The automorphism group of a graph G is transitive if there exists an automorphism ¢ to any pair u,v of
vertices in G such that ¢(u) = v. In this case, G is called vertex transitive. The following proposition is clear.

Proposition 2.5. XQF is dn-reqular, vertex transitive.
The girth is the length of a shortest cycle in a graph G. The following proposition is clear.
Proposition 2.6. The girth of XQF is 3.
Proposition 2.7. Let u € V(XQIi]). Then four outside neighbor vertices of u are in four different X Q[j]’s.

Proof. Let w = uguy ... up—2i. Then v € V(XQ[i]), uou1 ... up—2t +1 € V(XQ[i + 1]), wouq ... up—2i — 1 €
V(XQ[i — 1)), upuy - . . tun—20 +2 € V(XQ[i + 2]) and upuy . .. up—2t —2 € V(XQ[i — 2]). O

Proposition 2.8. Let XQ¥ be the expanded k-ary 1-cube.

(1) If k = 6 and two vertices u,v are adjacent, then there are at most two common neighbor vertices of these
two vertices, i.e., IN(u) NN (v)| < 2. If k =6 and two vertices u,v are not adjacent, then there are at most
four common neighbor vertices of these two vertices, i.e., |[N(u) N N(v)| < 4.

(2) If k > 8, then there are at most two common neighbor vertices of two vertices u,v, i.e., |[N(u) N N(v)| < 2.

Proof. Let u,v € V(XQ¥). Suppose that k& = 6. Then XQ¥ = XQ$. By Proposition 2.5, without loss of
generality, we suppose that u = 0. Note that N(0) = {1,2,4,5} and N(3) = {1,2,4,5}. Note that two vertices
0, 3 are not adjacent and N(0) NN (3) = {1,2,4,5}. Therefore, there are at most four common neighbor vertices
of these two vertices, i.e., |[N(u) N N(v)| < 4. From Figures 3a and 3b (geometry) is symmetrical about the
axis 03. Therefore, we consider only edges 01 and 02 for adjacent two vertices. Note that N(0) = {1,2,4,5}
and N(1) ={0,2,3,5}. Therefore, N(0) N N(1) = {2,5}. N(0) = {1,2,4,5} and N(2) = {0, 1,3,4}. Therefore,
N(0)N N(2) = {1,4}. Thus, for adjacent two vertices u, v, there are at most two common neighbor vertices of
these two vertices, i.e., |[N(u) N N(v)| < 2.

Suppose that k& > 8. By Proposition 2.5, we suppose that u = 0. From Figure 3b, Figure 3b (geometry) is
symmetrical about the axis 0%. Therefore, we consider only two vertices: w = 0 and v € {1,2, ..., %} Note that
N(©0)={1,2,k—2,k—1}, N(1) ={0,2,3,k — 1} and N(2) = {0, 1, 3,4}. Therefore, N(0) N N(1) = {2,k — 1}
and N(0) N N(2) = {1}. Thus, for adjacent two vertices u, v, there are at most two common neighbor vertices
of these two vertices, i.e., [N(u) N N(v)| < 2. Now consider two vertices: u = 0 and v € {3,4,...,%}. Let
v = 3. Note that N(3) = {1,2,4,5}. Therefore, N(0) N N(3) = {1,2}. Note that N(4) = {2,3,5,6}. Therefore,
N(0) N N(4) = {2,6} when k = 8 and N(0) N N(4) = {2} when k > 10. Let v € {5,6,...,%} and z € N(v).
Then 3 < z < k — 3. Therefore, N(0) N N(z) = (). Thus, there are at most two common neighbor vertices of
these two vertices u, v, i.e., |[N(u) N N(v)] < 2. O

Proposition 2.9. Let XQF be the expanded k-ary n-cube.

(1) If k = 6 and two vertices u,v are adjacent, then there are al most two common neighbor vertices of these
two vertices, i.e., IN(u) N N(v)| < 2. If k =6 and two vertices u,v are not adjacent, then there are at most
four common neighbor vertices of these two vertices, i.e., |[N(u) N N(v)| < 4.

(2) If k> 8, then there are at most two common neighbor vertices of two vertices u,v, i.e., |[N(u) N N(v)| < 2.
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Proof. We can partition XQF into k disjoint subgraphs XQk[0], XQk[1],..., XQF[k — 1] (abbreviated as
XQ[0], XQ[1], ..., XQ[k — 1], if there is no ambiguity), where every vertex ugu; ...u,_1 € V(XQF) has a
fixed integer 7 in the last position u,_1 for i € {0,1,...,k—1}. By Proposition 2.3, each X Q[i] is isomorphic to
XQF | for 0<i<k—1. Let u,v € V(XQF). By Proposition 2.5, without loss of generality, we suppose that
u=00...0. Then u € V(XQ[0]).

n
Suppose that k = 6. When n = 1, the result holds by Proposition 2.8. We proceed by induction on n (n > 2).
Our induction hypothesis is the following.

(a) If two vertices u, v are adjacent, then there are at most two common neighbor vertices of these two vertices,
i.e., IN(u) N N(v)| <2in XQ5_,

(b) If two vertices u,v are not adjacent, then there are at most four common neighbor vertices of these two
vertices, i.e., [IN(u) N N(v)| <4in XQ%_,

Let v € V(X QI0]). By the induction hypothesis, (a) if two vertices u, v are adjacent, | N (u) NN (v)| < 2 in XQ[0];
(b) if two vertices u, v are not adjacent, [N (u) N N(v)| <4 in XQ[0]. By Proposition 2.7, (N(u) N V(XQ[i])) N
(N()NV(XQJi])) =0 fori € {1,2,...,5}. Therefore, |N(u) N N(v)] <2 for (a) and |N(u) N N(v)| < 4 for (b)
in this case.

Suppose that v € V(X Q[i]) fori € {1,2,...,5}.Ifv € {0...101,0...102,...,0...104,0...105},then, by the in-
duction hypothesis, (a) if two vertices u, v are adjacent, | N (u)NN (v)| < 2; (b) if two vertices u, v are not adjacent,
|N(u)NN(v)| < 4. Note that (N(u)ﬂV(XQ[i]))ﬁ(N(v)ﬁV(XQ[iD)\{O .01, O .02,. 0 .04,0. 05} =0

n— 1 n— 1 n— 1
for 1 € {0,1,2,. 5} Therefore, |N(u) N N(v)] < 2 or |[N(u) ﬂ N(v)\ < 4 in this case. Let v €
V(XQED\Q. .0 01, 0 102,0...03,0...04,0...05} for i € {1,2,3,4,5}. Since [N(u) N V(XQ[))| < 1 for
N~ N~

n— 1

S 1 and (N(w) N VXQUD) N (N() N VXQID) = 0 for i # j.

nl nl —1 n
|

i € {1,2,3,4,5}, [N(v) N V(XQI0])
|N(u) N N(v)| < 2 holds.

Suppose that k£ > 8. When n = 1, the result holds by Proposition 2.8. We proceed by induction on n. Our
induction hypothesis is that |N(u) N N(v)| < 2 for two vertices u,v in XQF . Let v € V(XQ[0]). By the
induction hypothesis, [N (u) NN (v)| < 2 for two vertices u, v in X @Q[0]. By Proposition 2.7, (N (u) NV (XQIi]))N
(N)NnV(XQ[i]) =0 forie {1,2,...,k —1}. Therefore, |[N(u) N N(v)| < 2 in this case.

Suppose that v € V(XQJi]) for i € {1,2,....k -2,k —1}. Ifv € {O .01, O .02,...,0...0(k — 1)}, then

n— 1 nfl n—1
- . ) -
|N(u) N N(v)| <2 by Propositions 2.7 and 2.8. Let v € V(XQ[i])\{0...01,0...02,...,0...0(k — 1)}. Note
n—1 n—1 n—1
that [N (u) N V(X Q] < 1, [N(v) NV(XQ[0))] < T and (N (u) NV(XQ[])) N (N(v) NV(XQ[j]) =0 for i # j.
Therefore, there are at most two common neighbor vertices of two vertices u, v, i.e., |[N(u) N N(v)| < 2 O

3. THE CONNECTIVITY OF THE EXPANDED k-ARY n-CUBE

In the process of the proof of the nature diagnosability of the expanded k-ary n-cube X Q¥ we use the nature
connectivity of XQ¥. Therefore, in this section, we shall show the connectivity and nature connectivity of X Q¥.

Proposition 3.1. The connectivity k(X QY) =

Proof. By Menger’s Theorem, a graph X Q% has connectivity £(X Q%) = 4 if and only if, given any two distinct
vertices of V(X QV), there are 4 vertex-disjoint paths joining them. By Theorem 2.4, it is sufficient to show
that, for u = 0 and a distinct vertex v of V(X Q¥), there are 4 vertex-disjoint paths joining u and v. By the
symmetry, we will prove that, for u = 0 and one v € {1,2,..., g}, there are 4 vertex-disjoint paths joining u
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and v. Let an odd ¢ € {2,3,..., g} We have that four vertex-disjoint paths: 0,1,3,5,...,4; 0,2,4,...,i — 1,4;
0,k—1,k—3,k—5,...,iand 0,k—2,k—4,...,i+1,i. When ¢ = 1, we have that four vertex-disjoint paths: 0, 1;
0,k—1,1;0,2,1and 0,k —2,k—4,...,4,3,1. Let an even i € {1,2,3,..., g} We have that four vertex-disjoint
paths: 0,1,3,...,4 — 1,4 0,2,4,...,i; 0,k — 1,k —3,k—5,...,i+1,iand 0,k — 2,k — 4, ..., i. 0

Proposition 3.2. The connectivity k(X Q%) = 8.

Proof. Note k(XQ5) < 6(XQ%) = 8. We prove this statement by contradiction. Suppose that F' C V(X Q%)
with |F| < 7 is a cut of XQ4. By Proposition 2.3, each XQ[i] is isomorphic to XQ% for 0 < i < k — 1. Let
F,=FnNV(XQ[i]) fori € {0,1,2,...,k—1}.

Suppose that |F;| = max{|F;| : 0 <i <k —1}. Note that the vertex set of XQ[i] is {upi: 0 <wug <k—1,i¢€
{1,...,k —1}} and the vertex set of XQ[0] is {10 : 0 < ug < k — 1}. Now define a mapping from V(X Q%) to
V(XQ5) given by

@ uour — ug(ug — 7).

Then ¢ (ugi) = uo0.

Claim 1. ¢ is an automorphism of X Q¥%.

It is clear that ¢ is bijective. Let u = uoui, v = vov1, and uv € E(XQ%). Then, the definition of XQ¥,
vo = ug+ ¢ (mod k) and v1 = uy, or vg = ug, v1 = u1+ g (mod k), where g € {1, —1,2, —2}. Suppose, first, that
vg = ug + ¢ (mod k) and v1 = uy. Note p(u) = up,u; — i and p(v) = p(up + g,u1) = uo + g, u1 — i. Suppose,
second, that vg = ug, v1 = u1 + g (mod k). Note p(u) = ug,u; — i and @(v) = p(ug, u1 + g) = ug, u1 + g — 1.
Therefore, p(u)p(v) € E(XQ%) by the definition of X Q.

Let ¢(u) = ug,us — i, p(v) = vo,v1 — i and p(u)p(v) € E(XQY). Then, the definition of XQ%, vg = up + g
(mod k) and v —i = uy — i, or vg = ug, v1 — i = ug — i + g (mod k), where g € {1,—1,2,—2}. Suppose,
first, that vo = ug + ¢ (mod k) and vy —i = u; — 4. Then ¢~ (u) = uou; and ¢~ (v) = ug + g, u1. Suppose,
second, that vg = ug, v1 —i = u; — i + g (mod k). Then ¢~ *(u) = uou; and = !(v) = ugp,u; + g. Therefore,
uv = p~H(u)p~(v) € B(XQF_,) by the definition of X Q4. Therefore, ¢ is an automorphism.

Claim 2. Let ¢ be the above. If F C V(X Q%) is a cut of XQ¥, then ¢(F) is also a cut of XQ5. In particular,
o(F) C V(XQ[]) and [o(F,)] = |Fi].

Since ¢ is bijective, |o(F)| = |F| and |¢(F;)| = |F;|. Let By, ..., By (k > 2) be the components of XQ% — F.
Then [V(B;),V(Bj)] =0 for 1 <i,j <k and i # j. Let b; € V(B;) and b; € V(B;j). Then b; is not adjacent
to b;. Since ¢ is an automorphism, ¢(b;) is not adjacent to ¢(b;). Therefore, [p(V(B;)), o(V(B;))] = 0 for
1<4,j7<kandi# j, and hence ¢(F) is also a cut of XQ5. Let f € F;. Then f = ugi for 0 < uy < k — 1.
Therefore, p(f) = up0 € V(X Q[0]) and hence ¢(F;) C V(XQI0]).

By Claim 2, without loss of generality, we suppose that |Fy| = max{|F;| : 0 < i < k — 1}. We consider the
following cases.

Case 1. |Fy| = 1.

Since |Fy| = max{|F;| : 0 < i < k—1}, there are six F;’s such that |F;| =1 fori € {1,2,...,k—1} and k > 8.
By Proposition 3.1, XQ[i] — F; is connected. Since there is a complete matching between X Q[i] and X Q[i + 1]
for i € {0,1,...,k — 2}, XQ& — F is connected, a contradiction to that F is a cut of X Q5.

Case 2. |Fy| =2.

Since | Fy| = max{|F;| : 0 < i < k—1}, there are at most five F;’s such that 1 < |F;| < 2fori € {1,2,...,k—1}.
By Proposition 3.1, XQ[i] — F; is connected. Since there is a complete matching between X Q[i] and X Q[i + 1]
for i € {0,1,...,k — 2}, XQ& — F is connected, a contradiction to that F is a cut of X Q5.

Case 3. [Fy| = 3.

Since | Fy| = max{|F;| : 0 <14 < k—1}, there are at most four F;’s such that 1 < |F;| < 3fori € {1,2,...,k—1}.
By Proposition 3.1, X Q[i] — F; is connected. Since there is a complete matching between X Q[i] and X Q[i+1] for
i€{0,1,...,k—2}, XQ5[V(XQ[1] - F1)U...UV(XQ[k — 1] — Fy_1)] is connected. Without loss of generality,
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we suppose that |Fi| = 3. Then |Fj_1| < 1. Since there is a complete matching between X Q[0] and XQ[k — 1],
X Q% — F is connected, a contradiction to that F is a cut of XQ5.

Case 4. |Fy| = 4.

In this case, there are at most three F;’s such that 1 < |F;| <3 fori e {1,2,...,k — 1}. By Proposition 3.1,
X Q[i]— F; is connected. Since there is a complete matching between X Q[i] and XQ[i+1] fori € {0,1,...,k—2},
XQ5V(XQ] — F1) U...UV(XQ[k — 1] — Fy_1)] is connected. Since |Fy| + |Fo| + ... + [Fx_1] = 3, by
Proposition 2.7, X Q% — I is connected, a contradiction to that F is a cut of X Q5.

Case 5. [Fy| = 5.

In this case, there are at most two F;’s such that 1 < |F;| <2 fori € {1,2,...,k — 1}. By Proposition 3.1,
X Q[i] — F; is connected. Since there is a complete matching between X Q[i] and XQ[i+1] fori € {0,1,...,k—2},
XQEV(XQ] — F)U...UV(XQ[k — 1] — Fy_1)] is connected. Since |Fy| + |Fa| + ... + |Fr_1| = 2, by
Proposition 2.7, X Q% — I is connected, a contradiction to that F is a cut of X Q5.

Case 6. |Fy| = 6.

In this case, there is one F’s such that |F;| = 1 for ¢ € {1,2,...,k — 1}. By Proposition 3.1, XQ[i| — F;
is connected. Since there is a complete matching between XQ[i] and XQ[i + 1] for i € {0,1,...,k — 2},
XQ5V(XQ] — F1) U ... UV(XQ[k — 1] — Fy_1)] is connected. Since |Fy| + |Fo| + ... + [Fx_1] = 1, by
Proposition 2.7, XQ% — F is connected, a contradiction to that F is a cut of X Q5.

Case 7. |Fy| =T.

In this case, |Fi| = |[Fy| = ... = |Fy—1| = 0. Since there is a complete matching between X Q[i] and
XQ[i + 1] for i € {0,1,....k — 2}, XQ.[V(XQ[l] — F1)U...UV(XQ[k — 1] — Fyx_1)] is connected. Since
|Fy| + |Fo| + ...+ |Fr_1] = 0, by Proposition 2.7, XQ% — F' is connected, a contradiction to that F is a cut of

X0k,

By Cases 1—7, The connectivity X Q5 is 8. O
Theorem 3.3. Let XQF be the expanded k-ary n-cube with n > 1 and even k > 6, Then the connectivity
K(XQF) = 4n.

Proof. We can partition XQF into k disjoint subgraphs XQk[0], XQk[1],..., XQF[k — 1] (abbreviated as
XQ[0], XQ[1], ..., XQ[k — 1], if there is no ambiguity), where every vertex u = uouy - ..u,—1 € V(XQF) has

a fixed integer ¢ in the last position u,_1 for i € {0,1,...,k —1}. When n = 1 and n = 2, the result holds by
Propositions 3.1 and 3.2. We proceed by induction on n. Our induction hypothesis is K(XQ%_;) = 4n — 4 when
n > 3. By Proposition 2.3, each XQ[i] is isomorphic to XQF | for 0 <4 < k — 1. We will prove k(X QF) = 4n.
Suppose that F' C V(XQF) is a minimum cut of XQF. Since k(XQF) < §(XQF) = 4n, |F| < 4n holds. It
is sufficient to show that XQF — F is connected for |F| < 4n — 1. We prove this statement by contradiction.
Suppose that F' C V(XQF) with |F| < 4n—11is a cut of XQF. Let F; = FNV(XQ]i]) fori € {0,1,2,...,k—1}
with |Fp| = max{|F;| : 0 < i <k — 1}. We consider the following cases.

Case 1. |Fy| < 4n — 5.

Since |Fy| = max{|F;| : 0 <i < k — 1}, |F;| < 4n — 5. By the induction hypothesis, X Q[i] — F; is connected.
Since k"' > 4n — 5 + (4n — 5) = 8n — 10 and there is a complete matching between X Q[i] and XQ[i + 1] for
i€{0,1,...,k—2}, XQF — F is connected, a contradiction to that F is a cut of XQF.

Case 2. 4n — 4 < |Fy| < 4n — 1.

In this case, there are at most three F;’s such that 1 < |F;| < 3. By Proposition 3.1, XQ[i] — F; is connected
fori € {1,2,...,k—1}. Since there is a complete matching between X Q[i] and XQ[i+1] fori € {0,1,...,k—2},
XQF[V(XQ[]— F1)U...UV(XQ[k — 1] — F_1)] is connected. By Proposition 2.7, XQF — F is connected, a
contradiction to that F is a cut of XQF.

By Cases 1 and 2, The connectivity XQF is 4n. O
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Remarks on Theorem 3.3. First, the connectivity of the expanded k-ary n-cube X Q¥ is maximum. Second,
by Menger’s Theorem, any two distinct vertices of XQF, there are 4n vertex-disjoint paths joining them. Having
a high connectivity is a desirable property of any interconnection network as it provides fault-tolerance with
regard to message routing, allows for hot-spots to be avoided, and allows large messages to be split up into
smaller ones and routed in parallel along vertex-disjoint paths.

A connected graph G is super connected if every minimum cut F' of G isolates one vertex. If, in addition,

G — F has two components, one of which is an isolated vertex, then G is tightly |F| super connected.

Theorem 3.4. Let XQF be the expanded k-ary n-cube with n > 1 and even k > 6, Then XQF is tightly 4n
super connected.

Proof. Let F C V(XQF) with |F| = 4n be any minimum cut of XQF. Let F; = F N V(XQJi]) for i €
{0,1,2,...,k — 1} with |Fy| = max{|F;| : 0 <i < k — 1}. We consider the following cases.

Case 1. |[Fy| < 4n —5.

Since |Fy| = max{|F;| : 0 < i < k — 1}, |F;| < 4n — 5. By Theorem 3.3, XQ[i] — F; is connected. Since
k"1 > 4n — 5 + (4n — 5) = 8n — 10 and there is a complete matching between XQ[i] and XQ[i + 1] for
i€{0,1,...,k—2}, XQF — F is connected, a contradiction to that F' is a cut of XQF.

Case 2. |Fy| = 4n — 4.

Suppose that there is only one F; such that |F;| # 0. Then |F;| = 4. Without loss of generality, we suppose
that |Fy| = 4. By Proposition 3.1, XQ[i] — F; is connected for ¢ € {2,3,...,k — 1}. Since there is a complete
matching between X Q[i] and XQ[i+1] fori € {0,1,...,k—2}, XQ5[V(XQ[2] - F3)U.. .UV (XQ[k—1] - Fj_1)]
is connected. Since |Fj_1| = 0 (or |F2| = 0) and there is a complete matching between XQ[0] and XQ[k — 1]
(or XQ[0] and XQ[2]), XQF — F is connected, a contradiction to that F is a cut of XQF.

Suppose that there are two F;’s such that |F;| # 0. Then |F;| < 3. By Proposition 3.1, XQ[i] — F; is connected
fori e {1,2,...,k—1}. Since there is a complete matching between X Q[i] and X Q[i+1] fori € {0,1,...,k—2},
XQ5V(XQ[1] - F1)U...UuV(XQ[k — 1] — Fy_1)] is connected. By Proposition 2.7, XQF — F is connected, a
contradiction to that F is a cut of XQF.

Suppose that there are three F;’s such that |F;| # 0. Then |F;| < 2. By Proposition 3.1, X Q[i]— F; is connected
fori € {1,2,...,k—1}. Since there is a complete matching between X Q[i] and XQ[i+1] fori € {0,1,...,k—2},
XQ5V(XQ] - Fy)U...UV(XQ[k — 1] — Fj_1)] is connected. By Proposition 2.7, XQF — F is connected, a
contradiction to that F is a cut of XQF.

Suppose that there are four F;’s such that |F;| # 0. Then |F;| < 1. By Proposition 3.1, XQ[i] — F; is
connected for ¢ € {1,2,...,k — 1}. Since there is a complete matching between XQ[i] and XQ[i + 1] for
i€ {0,1,....k -2}, XQ5[V(XQ[1] - F1)U...UV(XQ[k — 1] — Fj_1)] is connected. Let XQ[0] — Fy be
connected. Since k"1 > 4n — 4 + 1 = 4n — 3 and there is a complete matching between XQ[0] and XQ[1],
XQF — F is connected, a contradiction to that F is a cut of XQF. Let XQ[0] — Fy be disconnected and
let Bi,...,Br (k > 2) be the components of XQ[0] — Fy. If k& > 3, then, by Proposition 2.7, (N(V(B1)) U
NV (B)) N (V(XQ[] — F1)U...UV(XQ[k — 1] — Fx_1))| > 8. If [V(B,)| > 2 (1 <r < k—1), then,
by Proposition 2.7, |[N(V(B1) N (V(XQI[1] — Fi) U...U (V(XQ[k — 1] — Fx_1))| > 8. Combining this with
|Fi| + ...+ |Fx—1| = 4, we have that XQ[0] — Fy has two components, one of which is an isolated vertex
v. Since k"' > 4n — 4+ 1+ 1 = 4n — 2 and there is a complete matching between XQ[0] and XQ[1],
XQF[V(XQ[0]— Fy —v) UV(XQ] — F1)U...UV(XQ[k — 1] — Fj_1)] is connected. Therefore, XQF — F has
two components, one of which is an isolated vertex.

Case 3. 4n — 3 < |Fp| < 4n.

In this case, there are at most three F;’s such that 1 < |F;| < 3. By Proposition 3.1, XQ[i] — F; is connected
fori € {1,2,...,k—1}. Since there is a complete matching between X Q[i] and XQ[i+1] fori € {0,1,...,k—2},
XQ5V(XQ] - Fy)U...UV(XQ[k — 1] — Fj_1)] is connected. By Proposition 2.7, XQF — F is connected, a
contradiction to that F is a cut of XQF.

By Cases 1-3, XQF is tightly 4n super connected. O
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Proposition 3.5. Let XQk be the expanded k-ary 2-cube with even k > 6, and let F C V(X Q%) with |F| < 11.
If XQ% — F is disconnected, then XQ% — F has two components, one of which is an isolated vertex.

Proof. We can partition XQ} into k disjoint subgraphs XQ%[0], XQ5[1],..., XQL[k — 1] (abbreviated as
XQ[0], XQ[1], ..., XQ[k — 1], if there is no ambiguity), where every vertex ugu; € V(XQ%) has a fixed
integer 7 in the last position u; for i € {0,1,...,k — 1}. By Proposition 2.3, each XQ[i] is isomorphic to X Q%
for 0 < ¢ < k — 1. By Theorem 3.3, x(XQ[i]) = 4. Let F; = FNV(XQ[i]) for i € {0,1,2,...,k — 1} with
|Fo| = max{|F;| : 0 <i < k — 1}. We consider the following cases.

Case 1. |Fp| < 3.

Since |Fy| = max{|F;| : 0 <i <k — 1}, |F;| < 3. By Theorem 3.3, XQ[i] — F is connected.

Suppose that |Fy| < 2. Then |F;| < 2 for i € {1,2,...,k — 1}. Since there is a complete matching between
XQ[i] and XQ[i+1] fori € {0,1,...,k—2}, XQb — F is connected, a contradiction to that F is a cut of XQ5.

Suppose that |Fy| = 3. Then |F;| < 3 for ¢ € {1,2,...,k —1}. If |F;| < 2 for i € {1,2,...,k — 1}, then
XQk — F is connected, a contradiction to that F is a cut of XQ}. If k > 8, then XQ§ — F is connected, a
contradiction to that F' is a cut of XQ}. Therefore, let k = 6 and there be F}’s for i € {1,2,3,4,5} such that
|F;| = 3. Since |Fi| + ...+ |F5| < 8, there are at most two F;’s such that |F;| = 3. Suppose that there is one
F; such that |F;| = 3. Without loss of generality, let that |Fy| = 3. Then |F5| < 2. Since there is a complete
matching between XQ[i] and XQ[i + 1] for i € {0,1,...,4}, QS[V(XQ[l] — FA) U... UV(XQ[5] — F5)] is
connected. Since there is a complete matching between X Q[0] and X Q[5], QS — F is connected, a contradiction
to that F is a cut of Q§. Suppose that there are two F; such that |F;| = 3. Without loss of generality, let that
|Fi| = 3 and |F5| = 3. Since there is a complete matching between XQ[i] and XQ[i + 1] for 7 € {0,1,...,4},
QS[V(XQ[1] - Fy)U...UV(XQ[5] — F5)] is connected. Since there is a complete matching between X Q[0] and
XQ[2], QS — F is connected, a contradiction to that F is a cut of Q.

Case 2. |Fy| = 4.

Since |Fy| = max{|F;| : 0 < i < k — 1}, |F;| < 4. Since |Fi| + ...+ |F5| < 7, there is at most one F; such
that |F;| =4 for i € {1,2...,k— 1}. Without loss of generality, let that |F;| = 4. Then |Fa|+...+ |Fr—1| < 3.
By Theorem 3.3, XQ[i] — F is connected for i € {2,3,...,k — 1}. Since there is a complete matching between
XQli] and XQ[i + 1] for i € {0,1,...,4}, XQ5[V(XQ[2] — F2) U... UV (XQ[k — 1] — Fy_1)] is connected.
By Theorem 3.4, XQl[i] — F; is connected or X@Q[i] — F; has two components, one of which is an isolated
vertex v; for i € {0,1}. Let XQJi] — F; be connected for i € {1,2}. Then |V(XQ[i] — F;)| > 2 for i €
{1,2}. By Proposition 2.7, XQ& — F is connected, a contradiction to that F is a cut of XQ%. Without loss of
generality, suppose that X Q[1] — F; has two components, one of which is an isolated vertex and X Q[0] — Fy is
connected. Since |V(XQ[0] — Fp)| > 2 and |Fy| + ... + |Fy_1| < 3, by Proposition 2.7, XQ5[V (X Q[0] — Fp) U
V(XQ[2] — F2)U...UV(XQ[k — 1] — Fj_1)] is connected. Therefore, XQ& — F is connected, or XQ% — F' has
two components, one of which is an isolated vertex. Then XQ[i] — F; is disconnected for i € {1,2}. Suppose
that & = 6. Then XQ[i] — F; has two components, two of which are isolated vertices for ¢ € {1,2}. Since
|Fo| + ...+ |F5| < 3, by Theorem 3.4, XQS[V (X Q[i] — F;) UV(XQ[2] — F5) U...UV(XQ[5] — F5)] is connected,
or XQS[V(XQli] — F;) UV (XQ[2] — F»)U...UV(XQ[5] — F5)] has two components, one of which is an isolated
vertex v; for i € {0,1}. Note that [N (vg)NN (v1)| < 2. Since [N (v9)NN (v1)| < 2 and |Fa|+...+|F5| < 3, XQS—F
is connected, or XQ$ — F has two components, one of which is an isolated vertex. Suppose that k& > 8. Since
V(XQUO]— Fy)| > 3 and |Fo|+...+|Fy_1| < 3, XQKV(XQI0)— Fy)UV (X Q[2)— F2)U...UV (X Qllk—1] Fi_y)]
is connected, or XQ5[V(XQ[0] — Fy) UV(XQ[2] — F»)U...UV(XQ[k— 1] — Fj,_1)] has two components, one of
which is an isolated vertex. If XQ5[V (X Q0] — Fy) UV (XQ[2] — F2)U...UV(XQ[k —1] — F_1)] is connected,
then XQ%5 — F is connected, or XQF — F has two components, one of which is an isolated vertex. Then
XQ5V(XQI0] — Fo) UV (XQ[2] — F») U...UV(XQ[k — 1] — Fj—1)] has two components, one of which is an
isolated vertex. Since |V(XQ[1] — Fy)| > 3, XQ5[V(XQ[1] — F1) UV(XQ[2] — F»)U...UV(XQlk—1] — Fy_1)]
is connected, or XQ5[V(XQ[1] — F1)UV(XQ[2] — F»)U...UV(XQ[k— 1] — Fj,_1)] has two components, one of
which is an isolated vertex. Suppose that X Q5[V (X Q[i] — F;) UV (XQ[2] — F>)U...UV(XQ[k — 1] — Fj._1)] has
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two components, one of which is an isolated vertex v; for ¢ € {0,1}. By Proposition 2.9, |N(vy) N N(v1)] < 2.
Since [N (vg) NN (v1)| <2 and |Fo| +...+ |Fr_1]| < 3, XQ% — F is connected, or XQ& — F has two components,
one of which is an isolated vertex.

Suppose that there are at most three F;’s such that |F;| # 0. Then |F;| < 3 for ¢ € {2,3,...,k — 1}. By
Theorem 3.3, XQ[i] — F is connected for i € {2,3,...,k—1}. Since there is a complete matching between X Q[i]
and XQ[i + 1], for i € {0,1,...,k — 2}, XQ5[V(XQ[2] — F2) U ... UV (XQ[k — 1] — F}._1)] is connected. By
Proposition 2.7, XQ% — F is connected, a contradiction to that F is a cut of X Q5.

Case 3. |Fy| = 5.

In this case, |Fi| + ...+ |Fr—1] < 11 —5 = 6. Since |[Fy| = max{|F;| : 0 < i < k — 1}, |F;] < 5 for
1€{1,2,...,k—1}. Suppose that |F;| <3 fori € {1,2,...,k—1}. By Theorem 3.3, XQ[i] — F is connected for
i€{1,2...,k—1}. Since there is a complete matching between X Q[i] and XQ[i+ 1] (or XQ[i] and X Q[i+2]),
fori € {0,1,...,k—2}, XQ5[V(XQ[1] - F)U...UV(XQ[k—1]— F)_1)] is connected. Since |Fy|+...+|F5| <6,
by Proposition 2.7, XQ& — F is connected, or XQ% — F has two components, one of which is an isolated vertex.

Note that there is at most one F; such that |F;| =4 for i € {1,2,...,k — 1}. Without loss of generality, let
that |Fy| = 4. Since |Fi|+...+|Fr_1| < 6, there are at most three F;’s such that |F;| # 0 fori € {1,2,...,k—1}.
By Proposition 2.7, X@Q% — F is connected, a contradiction to that F is a cut of X Q5.

Note that there is at most one F; such that |F;| =5 for i € {1,2,...,k — 1}. Without loss of generality, let
that |Fy| = 5. Since |Fy|+... 4 |Fr—1] < 6, there are at most two F;’s such that |F;| # 0 fori € {1,2,...,k—1}.
By Proposition 2.7, XQ% — F is connected, a contradiction to that F is a cut of X Q5.

Case 4. |Fy| =6.

In this case, |Fi|+ ...+ |Fr—1| <11 —6 = 5. Suppose that |F;| < 3 for ¢ € {1,2,...,k —1}. By Theorem 3.3,
XQ[i]— F is connected for i € {1,2...,k—1}. Since there is a complete matching between X Q[i] and X Q[i +1],
fori € {0,1,...,k—2}, XQ5[V(XQ[1] - F)U...UV(XQ[k—1]— F)_1)] is connected. Since |Fy|+...+|F5| < 5,
by Proposition 2.7, XQ% — F is connected, or XQ% — F has two components, one of which is an isolated vertex.

Note that there is at most one F; such that |F;| = 4 for i € {1,2,...,k — 1}. Without loss of generality, let
that |Fy| = 4. Since |Fy|+. ..+ |Fr—1] < 5, there are at most two F;’s such that |F;| # 0 fori € {1,2,...,k—1}.
By Proposition 2.7, XQ% — F is connected, a contradiction to that F is a cut of X Q4.

Note that there is at most one F; such that |F;| =5 for i € {1,2,...,k — 1}. Without loss of generality, let
that |Fy| = 5. Since |F1|+ ...+ |Fr—1| < 5, there are at most one F; such that |F;| #0 for i € {1,2,...,k—1}.
By Proposition 2.7, XQ% — F is connected, a contradiction to that F is a cut of X Q5.

Case 5. |[Fy| =T.

In this case, k > 8 and |Fy|+ ...+ |F5| < 4. Suppose that |F;| < 3 for i e {1,2,...,k — 1}. By Theorem 3.3,
XQ[i]— F is connected for i € {1,2...,k—1}. Since there is a complete matching between X Q[i] and X Q[i +1],
fori € {0,1,...,k—2}, XQ5[V(XQ[1] - F)U.. . UV(XQ[k—1]— F)_1)] is connected. Since |Fy|+...+|F5| < 4,
by Proposition 2.7, X Q% — F is connected, or X Q% — F has two components, one of which is an isolated vertex.

Note that there is at most one F; such that |F;| = 4 for i € {1,2,...,k — 1}. Without loss of generality, let
that |Fy| = 4. Since |F1|+ ...+ |Fr—1| <4, there are at most one F; such that |F;| #0 for i € {1,2,...,k—1}.
By Proposition 2.7, XQ% — F is connected, a contradiction to that F is a cut of X Q4.

Case 6. 8 < |Fp| < 11.

In this case, |Fi| + ...+ |F5| < 3. Since there is a complete matching between XQ[i] and XQ[i + 1] for
i€ {0,1,....k—2}, Q5[V(XQ[1] - F1)U...UV(XQ[k—1] — Fj_1)] is connected. By Proposition 2.7, XQ% — F
is connected, a contradiction to that F is a cut of XQ5. O

Proposition 3.6. Let XQF be the expanded k-ary n-cube with even k > 6, and let F C V(X QF) with |F| <
8n — 5. If XQF — F is disconnected, then XQ — F has two components, one of which is an isolated vertex.

Proof. We can partition XQF into k disjoint subgraphs XQk[0], XQ%[1],..., XQF[k — 1] (abbreviated as
XQ[0], XQ[1], ..., XQ[k — 1], if there is no ambiguity), where every vertex ugu; ...u,_1 € V(XQF) has a
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fixed integer ¢ in the last position u,_; for i € {0,1,...,k — 1}. By Proposition 2.3, each XQ[i] is isomorphic
to XQk | for 0 <i < k—1. Let F C V(XQF) with |F| < 8n — 5 and let XQF — F is disconnected. Let
F, = FNnV(XQ]) fori € {0,1,2,...,k — 1} with |Fy| = max{|F;| : 0 < i < k —1}. When n = 2, the result
holds by Propositions 3.5. We proceed by induction on n. Our induction hypothesis is that XQ¥ | — F has two
components, one of which is an isolated vertex for |F| < 8n — 13 and n > 3 if XQ¥_, — F is disconnected. By
Proposition 2.3, each X Q[i] is isomorphic to XQF | for 0 <i < k — 1. We consider the following cases.

Case 1. |Fy| < 4n — 5.

Since |Fo| = max{|F;| : 0<i <k —1}, |F;| <4dn—5fori € {1,2,...,k — 1}. By Theorem 3.3, XQ[i] — F is
connected for i € {0,1,...,k —1}. Since k"1 > 4n — 5+ (4n — 5) = 8n — 10 and there is a complete matching
between X Q[i] and XQ[i + 1], for i € {0,1,...,k — 2}, XQF — F is connected, a contradiction to that F is a
cut of XQF.

Case 2. |Fy| = 4n — 4.

In this case, |Fi|+...+|Fr—1| < 8n—5—(4n—4) = 4n—1. Since |Fy| = max{|F;| : 0 <i < k—1}, |F;| < 4n—4
for i € {1,2,...,k — 1}. Therefore, there is at most one F; such that |F;| = 4n — 4 for i € {1,2,...,k — 1}.
Without loss of generality, let that |Fy| = 4n — 4.

Suppose that there are four F;’s such that |F;| # 0. Then |F;| <1 for i € {2,3,...,k —1}. By Theorem 3.3,
XQ[i]— F is connected for i € {2,3,...,k—1}. Since there is a complete matching between X Q[i] and X Q[i+1],
for i € {0,1,...,k — 2}, XQF[V(XQ2] — F>) U...UV(XQ[k — 1] — Fj_1)] is connected. By Theorem 3.4,
XQ[i] — F; is connected or XQ[i] — F; has two components, one of which is an isolated vertex v; for i € {0,1}.
Let XQ[i] — F; be connected for i € {1,2}. Note that k"1 — (4n — 4) > 2 and hence |V (XQ[i] — F;)| > 2. By
Proposition 2.7, XQF — F is connected, a contradiction to that F is a cut of X@QF. Without loss of generality,
suppose that XQ[1] — F} has two components, one of which is an isolated vertex and XQ[0] — Fy is connected.
Since |V (X Q0] — Fp)| > 2 and |Fo|+. ..+ |Fix_1| = 3, by Proposition 2.7, XQF [V (X Q[0] — Fp) UV (X Q[2] — F»)U
. UV(XQ[k — 1] — Fy_1)] is connected. Therefore, X Q¥ — F is connected, or XQ* — F has two components,
one of which is an isolated vertex. Then XQ[i] — F; be disconnected for i € {1,2}. Since |V(XQ[0] — Fp)| > 3
and [Fo| + ...+ |Fr_1| = 3, XQE[V(XQ[0] — Fo) UV (XQ[2] — Fo)U...UV(XQ[k — 1] — Fx_1)] is connected,
or XQE[V(XQ0] — Fo) UV(XQ[2] — F2) U...UV(XQ[k — 1] — Fx_1)] has two components, one of which
is an isolated vertex. If XQF[V(XQ[0] — Fy) U V(XQ[2] — F2) U... U V(XQ[k — 1] — Fix_1)] is connected,
then XQF — F is connected, or XQF — F has two components, one of which is an isolated vertex. Then
XQFV(XQI0] — Fp) UV(XQ[2] — F2)U...UV(XQ[k — 1] — Fj_1)] has two components, one of which is an
isolated vertex vg. Since |V (X Q[1]—F1)| > 3, XQk[V(XQ[1] - F1)UV (XQ[2] — F2)U.. .UV (XQ[k—1]— Fx_1)]
is connected, or XQF [V (XQ[1] — F1)UV(XQ[2] — F»)U...UV(XQ[k—1] — Fx_1)] has two components, one of
which is an isolated vertex. Suppose that XQ¥[V (X Q[i] — F;) UV (X Q2] — F»)U...UV(XQ[k — 1] — Fj_1)] has
two components, one of which is an isolated vertex v; for ¢ € {0,1}. By Proposition 2.9, |N(vy) N N(v1)] < 2.
Since [N (vg) N N(vq)| < 2 and |Fy|+...+|Fr_1| < 3, XQF — F is connected, or XQF — F has two components,
one of which is an isolated vertex.

Suppose that there are three F;’s such that |F;| # 0. Then |F;| < 2 fori € {2,3,...,k— 1}. By Theorem 3.3,
XQ[i]— F is connected for i € {2,3,...,k—1}. Since there is a complete matching between X Q[i] and X Q[i+1],
for i € {0,1,...,k -2}, XQF[V(XQ[2] — F2) U...UV(XQ[k — 1] — Fy_1)] is connected. By Proposition 2.7,
XQF — F is connected, a contradiction to that F is a cut of XQF.

Case 3. |Fy| =4n — 3.

In this case, |Fi|+...+|Fr-1| < 8n—5—(4n—3) = 4n—2. Since |Fy| = max{|F;| : 0 <i < k—1}, |F;| < 4n-3
for i € {1,2,...,k — 1}. Suppose that |F;| < 4n —5 for i € {1,2,...,k — 1}. By Theorem 3.3, XQ[i] — F'is
connected for ¢ € {1,2...,k — 1}. Since there is a complete matching between XQ[i] and XQ[i + 1], for
i€4{0,1,...,k—2}, XQFV(XQ[l]- F1)U...UV(XQ[k—1]— Fj_1)] is connected. Since |Fy| = 4n—3 < 8n—13,
XQI0] — Fy has two components, one of which is an isolated vertex vy by the induction hypothesis. Since
k"l >dn—3+4+4n—4+1=8n—6, XQF — F is connected, or has two components, one of which is an isolated.
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Note that there is at most one F; such that |F;| = 4n—4 fori € {1,2,...,k—1}. Without loss of generality, let
that |Fy| = 4n—4. Since |Fy|+. ..+ |Fr_1] < 4n—2, there are three F;’s such that |F;| # 0 fori € {1,2,...,k—1}.
By Proposition 2.7, XQF — F is connected, a contradiction to that F' is a cut of XQF.

Note that there is at most one F; such that |F;| = 4n—3 fori € {1,2,...,k—1}. Without loss of generality, let
that |F1| = 4n—3. Since |Fi|+. ..+ |Fi—1| < 4n—2, there are two F;’s such that |F;| # 0 for ¢ € {1,2,...,k—1}.
By Proposition 2.7, XQF — F is connected, a contradiction to that F is a cut of XQF.

Case 4. |Fy| = 4n — 2.

In this case, |Fi|+...+|Fr—1]| < 8n—5—(4n—2) = 4n—3. Suppose that |F;| < 4n—5fori € {1,2,...,k—1}.
By Theorem 3.3, XQJi] — F' is connected for ¢ € {1,2...,k — 1}. Since there is a complete matching between
XQ[i) and XQ[i+1], fori € {0,1,...,k—2}, XQF[V(XQ[1]— F1)U...UV(XQ[k—1]— Fj_1)] is connected. Since
|Fo| = 4n—2 < 8n—13, XQ[0] — Fy has two components, one of which is an isolated vertex vy by the induction
hypothesis. Since k"1 > 4n —2+4n—4+1=28n—5, XQF — F is connected, or has two components, one of
which is an isolated vertex. Note that there is at most one F; such that |F;| = 4n —4 for ¢ € {1,2,...,k — 1}.
Without loss of generality, let that |Fy| = 4n — 4. Since |Fy| + ... 4 |Fx_1| < 1, By Proposition 2.7, XQF —
is connected, a contradiction to that F is a cut of XQF.

Case 5. |Fy| =4n — 1.

In this case, |Fi|+...+|Fr—1]| < 8n—5—(4n—1) = 4n—4. Suppose that |F;| < 4n—5fori € {1,2,...,k—1}.
By Theorem 3.3, XQJi] — F' is connected for ¢ € {1,2...,k — 1}. Since there is a complete matching between
XQ[i) and XQ[i+1], fori € {0,1,...,k—2}, XQF[V(XQ[1]— F1)U...UV(XQ[k—1]— Fj_1)] is connected. Since
|Fo| = 4n—1 < 8n—13, XQ[0] — Fy has two components, one of which is an isolated vertex vy by the induction
hypothesis. Since k"1 > 4n —1+4n—4+1=8n—4, XQ¥ — F is connected, or has two components, one of
which is an isolated vertex. Note that there is at most one F; such that |F;| = 4n —4 for i € {1,2,...,k —1}.
Without loss of generality, let that |Fy| = 4n — 4. Since |Fy| + ...+ |Fx_1| = 0, By Proposition 2.7, XQF —
is connected, a contradiction to that F is a cut of XQF.

Case 6. 4n < |Fy| < 8n — 13.

In this case, |Fi| + ...+ |Fr—1| < 8n — 5 — 4n = 4n — 5. By Theorem 3.3, XQ[i] — F is connected for
1€ {1,2...,k—1}. Since there is a complete matching between X Q[i] and X Qi + 1], for i € {0,1,...,k — 2},
XQE[V(XQ[] — F1) U...UV(XQ[k — 1] — Fx_1)] is connected. Suppose that XQ[0] is connected. Since
k"1 > 8n—5, XQF — F is connected, a contradiction to that F is a cut of XQF. Then XQ[0] is disconnected.
By the induction hypothesis, X Q[0] — F, has two components, one of which is an isolated vertex. Since k"~ ! >
8n—5+1=8n—4, XQF — F is connected, or has two components, one of which is an isolated vertex.

Case 7. 8n — 12 < |Fy| < 8n — 5.

In this case, |Fi|+ ...+ [Fr—1] < 7. Since n > 3, k(XQ[i]) = 4(n — 1) > 8 holds for i € {1,2,...,k — 1}
by Theorem 3.3. By Theorem 3.3, XQ[i] — F; is connected for i € {1,2,...,k — 1}. Since there is a complete
matching between X Q[i] and XQ[i+1], fori € {0,1,...,k—2}, XQQ[V(XQ[l] —F)U.. . UV(XQlk—1]—Fr_1)]
is connected. Suppose that XQ[0] — Fp is connected. Since k"~! > 8n — 5 and there is a complete matching
between XQ[0] and XQ[1], XQF — F is connected, a contradiction to that F is a cut of XQ¥. Then XQ[0] — Fp
is disconnected. Let By,..., By (k > 2) be the components of XQ[0] — Fp. If & > 3, then, by Proposition 2.7,
IN(V(B1)UV(B2))N(V(XQ])U.. . UV(XQ[k—1]))| > 8.If |V (B;)| > 2, then, by Proposition 2.7, |[N(V(B;))N
(V(XQ)U...uV(XQlk—1]))| > 8 (1 < j < k). Combining this with |Fy|+ ...+ |Fr_1] < 7, we have that

XQF — F is connected or XQF — F has two components, one of which is an isolated vertex. a
Lemma 3.7. Let A ={0...0,10...0}. If Fi = Nxqy(4), F» = AU Nxqy(A), then |Fi| = 8n — 4, |Fy| =
n n— 1
8n—2,6(XQF —F)>1, and 6(XQF —Fy)>1 (n>2o0rn=1and k > 8) (See Fig. 2).
Proof. By A= {0 .0,10. ()} we have XQ¥[A] = K. From calculating, we have |Fy| = |INxqr(A)| =8n—4
n— 1

and |Fy| = |A] + \Fl\ = 8n — 2 by Proposition 2.6. Suppose n = 1 and k > 8. From Figure 3b, XQV —
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FIGURE 3. (b) An illustration about the proof of Lemma 3.7.

is connected. Therefore, 6(XQ% — F1) > 1 and §(XQF — ) > 1. Let n > 2, k > 8 and » € V(XQF) \ .
By Proposition 2.9, [Nxqk (z) N Fa| < 4. Therefore, S(XQF —Fy) >4n—4 > 1. Let n > 3, k = 6 and
z € V(XQF)\ Fy. By Proposition 2.9, |[Nxqx () N Fa| < 8. Therefore, 6(XQF — F) > 4n —8 > 1.

Let n =2, k =6 and z € V(XQ$) \ Fs. Then V(XQ[0]) — F» = 0. Suppose that = € V(XQJi]) \ F» for
1€ {1,2,...,5}. Let w = 00 and v = 10. If € {01,02,03,04,05}, then = 03. Note |[N(z) " N(v)| = 0
and hence \NXQg(ac) N F,| < 4 in this case. Let € V(XQ[i])\{01,02,03,04,05} for i € {1,2,3,4,5}. Since
IN(u) N V(XQ[i])| < 1 fori e {1,2,3,4,5}, |[N(x) N V(XQ[0])| < 1, [IN(u) N N(z)] < 2 holds. Similarly,
IN(v) "N (z)| < 2. Therefore, [Nxgs(z) N F2| < 4 and hence 5(XQS— Fy) >4 x2—4>1. Note that XQ$ —
has two parts XQ$ — F and XQ$[A] = K». Note that §(XQ$[A]) = 1. Therefore, §(X QS5 — Fy) > 1. O

Theorem 3.8. Let XQQ be the expanded k-ary n-cube with n > 1 and even k > 6, Then the nature connectivity
of XQF is 8n —4, ie., k*(XQF) =8n — 4.

Proof. Let A = {() .0,10. 0} in Lemma 3.7. Then |N(A)| = 8n — 4. Since N(A) is a nature cut of XQF,
n—l
K (XQF) <8n—4 holds.
By Proposition 3.6, if F C V(XQF) with |F| < 8n — 5, then XQF — F is connected or XQF — F has two
components, one of which is an isolated vertex. Therefore, if F is a nature cut of XQF, then |F| > 8n — 4
Combining this with x*(XQF) < 8n — 4, we have that & (XQ’fL) =8n—4. O

4. THE NATURE DIAGNOSABILITY OF THE EXPANDED k-ARY n-CUBE UNDER
THE PMC MODEL

In this section, we shall show the nature diagnosability of the he expanded k-ary n-cube under the PMC
model.

Lemma 4.1. Let XQF be the expanded k-ary n-cube with even k > 6. Then the nature diagnosability of X Q¥
under the PMC model is less than or equal to 8n — 3, i.e., t,(XQF) < 8n — 3.

Proof. Let A be defined in Lemma 3.7, and let Fy = Nx ¢« (A), Fh = AUNx gk (A). By Lemma 3.7, [F1| = 8n—4,

|Fy| = 8n — 2, §(XQF — Fy) > 1 and §(XQF — Fy) > 1. Therefore Fy and F» are both nature faulty sets of
XQF with |Fi| = 8n — 4 and |Fy| = 8n — 2. Since A = F; A F» and NXQ,’;(A) Iy C Fs, there is no edge
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of XQF between V(XQF)\(Fy U Fy) and F; A Fy. By Theorem 2.1, we can deduce that XQF is not nature
(8n — 2)-diagnosable under the PMC model. Hence, by the definition of the nature diagnosability, we conclude
that the nature diagnosability of XQF is less than 8n — 2, i.e., t,(XQF) < 8n — 3. O

Lemma 4.2. Let n > 2 and let XQQ be the expanded k-ary n-cube with even k > 6. Then the nature diagnos-
ability of XQF under the PMC model is more than or equal to 8n — 3, i.e., t,(XQF) > 8n — 3.

Proof. By the definition of the nature diagnosability, it is sufficient to show that XQF is nature (8n — 3)-
diagnosable. By Theorem 2.1, to prove XQF is nature (8n — 3)-diagnosable, it is equivalent to prove that there
is an edge uv € E(XQF) with u € V(XQF)\(Fy UF,) and v € Fy A F; for each distinct pair of nature faulty
subsets Fy and Fy of V(XQF) with |F1| < 8n — 3 and |Fy| < 8n — 3.

We prove this statement by contradiction. Suppose that there are two distinct nature faulty subsets F; and F;
of V(X QF) with |F1| < 8n—3 and |F»| < 8n—3, but the vertex set pair (Fy, F») is not satisfied with the condition
in Theorem 2.1, i.e., there are no edges between V(X QF)\(F, U Fy) and Fy A F,. Without loss of generality,
assume that F» \ F} # (). Suppose V(XQQ) = F1 U F,. By the definition of XQZ, |F1 U Fy| = k™. Tt is obvious
that k™ > 16n — 6 for n > 2. Since n > 5, we have that k" = |V(XQF)| = |FL U B3| = |F1| + |F2| — |[FiN F| <
|Fi| + | F2| < 2(8n — 3) = 16n — 6, a contradiction. Therefore, V(X QF) # Fy U Fy.

Since there are no edges between V(X QF)\ (F1UFy) and Fy A Fy, and F is a nature faulty set, XQ¥ — F} has
two parts X QF — Fy — Fy and X QF[F»\ F1] (for convenience). Thus, §(XQF — F1 — Fy) > 1 and §(XQF [F2\ F1]) >
1. Similarly, 5(XQZ[F1 \ F»]) > 1 when F; \ F» # 0. Therefore, Fy N F» is also a nature faulty set. When
Fi\F, =0, F; N F, = F, is also a nature faulty set. Since there are no edges between V(XQF — F} — I)
and Fy A Fy, Fy N Fy is a nature cut. By Theorem 3.8, |Fy N Fy| > 8n — 4. Note that |Fy\Fy| > 2. Therefore,
|Fo| = |Fo\Fy| + |Fy N Fy| > 2+ 8n — 4 = 8n — 2, which contradicts with that |Fy| < 8n — 3. So XQF is nature
(8n — 3)-diagnosable. By the definition of t,(XQF), ,,(XQF) > 8n — 3. O

Combining Lemmas 4.1 and 4.2, we have the following theorem.

Theorem 4.3. Let n > 2 and let XQF be the expanded k-ary n-cube with even k > 6. Then the nature
diagnosability of XQF under the PMC model is 8n — 3.

5. THE NATURE DIAGNOSABILITY OF THE EXPANDED k-ARY n-CUBE X QF UNDER
THE MM* MODEL

In this section, we shall show the nature diagnosability of the he expanded k-ary n-cube under the MM*
model.

Lemma 5.1. Let XQF be the expanded k-ary n-cube with even k > 6. Then the nature diagnosability of X Q¥
under the MM* model is less than or equal to 8n — 3, i.e., t,(XQF) < 8n — 3.

Proof. Let A, Fy and F» be defined in Lemma 3.7 (See Fig. 2). By Lemma 3.7, |Fy| = 8n — 4, |F»| = 8n — 2,
5(XQ§ —F) > 1and 6§(XQF — Fy) > 1. So both Fy and F; are nature faulty sets. By the definitions of F; and
Fy, 1 AFy=A. Note F; \ I, =0, F,\ F; = A and (V(XQF)\ (Fy UFy)) N A = (). Therefore, both I} and Fy
are not satisfied with any one condition in Theorem 2.2, and XQF is not nature (8n — 2)-diagnosable. Hence,
to(XQF) < 8n — 3. O

Lemma 5.2. Letn > 2 and let XQQ be the expanded k-ary n-cube with even k > 6. Then the nature diagnos-
ability of XQF under the MM* model is more than or equal to 8n — 3, i.e., t,(XQF) > 8n — 3.

Proof. By the definition of nature diagnosability, it is sufficient to show that X QF is nature (8n—3)-diagnosable.
By Theorem 2.2, suppose, on the contrary, that there are two distinct nature faulty subsets F; and Fh of
XQF with |Fi| < 8n — 3 and |Fz| < 8n — 3, but the vertex set pair (Fy, Fz) is not satisfied with any one
condition in Theorem 2.2. Without loss of generality, assume that F5 \ F; # (). Similarly to the discussion on
V(XQF) # Fy UF, in Lemma 4.2, we can deduce V(X QF) # Fy U Fy. Therefore, V(X QF) # Fy U Fy.



THE CONNECTIVITY AND NATURE DIAGNOSABILITY OF EXPANDED K-ARY N-CUBES 87

Claim 1. XQF — F; — I, has no 1solated vertex.

Suppose, on the contrary7 that XQF — Fy — F, has at least one isolated vertex w. Since F} is a nature faulty
set, there is a vertex u € Fy \ F} such that u is adjacent to w. Since the vertex set pair (Fy, F») is not satisfied
with any one condition in Theorem 2.2, there is at most one vertex u € Fy \ F} such that u is adjacent to w.
Thus, there is just a vertex u € Fy \ F1 such that u is adjacent to w. Assume F; \ Fy = (). Then F; C F5.
Since F} is a nature faulty set, XQF — [, = XQF — | — F; has no isolated vertex, a contradiction. Therefore,
let Fy \ F» # 0 as follows. Similarly, we can deduce that there is just a vertex v € Fy \ Fy such that v is
adjacent to w. Let W C V(X QFK)\ (Fy U F,) be the set of isolated vertices in XQF[V(XQF)\ (Fy U F3)], and
let H be the subgraph induced by the vertex set V(XQF)\ (Fy U F, UW). Then for any w € W, there are
(4n — 2) neighbors in Fy N F. Since |Fy| < 8n — 3, we have > ‘NXQk[(FlnFQ)UW]( w)| = [W]|(4n —2) <
> verinm dxgr (V) < [FINFy|(4n—2) < (|| —1)(4n —2) < (8n—4)(4n — 2) = 32n* — 32n+ 8. It follows that
W] < 32"1;# < 8n—4. Note |Fy U Fy| = |Fy| + | F2| — |[FA N Fy| <2(8n—3) — (4n —2) = 12n — 4. Suppose
V(H) = 0. Then k" = |V(XQF)| = |Fy U Fo| + |W| < 12n — 4+ 8n — 4 = 20n — 8. This is a contradiction to
n > 2. So V(H) # (. Since the vertex set pair (Fi, F3) is not satisfied with the condition (1) of Theorem 2.2,
and any vertex of V(H) is not isolated in H, we induce that there is no edge between V(H) and F; A Fb.
Thus, F1 N Fy is a vertex cut of XQF and §(XQF — (Fy N Fy)) > 1, i.e., [y N Fy is a nature cut of XQF. By
Theorem 3.8, |Fy N Fy| > 8n — 4. Because |Fy| < 8n — 3, |Fy| < 8n— 3, and neither Fy \ F; nor F, \ Fy is empty,
we have |y \ Fa| = |Fy \ Fi| = 1. Let Fy \ F5 = {v1} and F, \ F}; = {v2}. Then for any vertex w € W, w are
adjacent to v; and vs. According to Proposition 2.9, there are at most two common neighbors for any pair of
vertices in XQF when k > 8, it follows that there are at most two isolated vertices in XQF — Iy — Fy, i.e.,
[W|<2.

Suppose that there is exactly one isolated vertex v in XQ¥ — F; — F. Let vy and vy be adjacent to v. Then
NXQ,’,‘; (U)\{’U1, 1)2} C FiNFy, NXQ’fL (1)1)\{1), 1)2} C INNFy, NXQI:L (1)2)\{1), 1)1} C INNFy, ‘(NXQ’,‘L (U)\{’U1, ’Ug})ﬂ
(Nxqr (v1)\{v,v2})] < 1 and [(Nxqx (v)\{v1, v2)N(Nxqr (v2)\{v,v1})[ < 1 and |[Nxqr (v1)\{v}N[Nxqr (v2)\
[0} < 1. Thus, [P A B3| > [Nxqs (0)\ {01, va} -+ [Nxqs (00 \ {0, 2} + [ Nxcqe (1) \ v, 01}| = (dn—2) + (4
2) 4 (4n—2) —3 = 12n—9. It follows that |Fs| = [Fo \ Fi|+ |F1NF2| > 1+12n—9=12n—-8 > 8n—3 (n > 2),
which contradicts |Fz| < 8n — 3.

Suppose that there are exactly two isolated vertices v and w in XQ¥ — Fy — Fy. Let v; and vy be adjacent
to v and w, respectively. Then NXQ;Z(U) \ {vi,v2} C F1 N Fy, NXQ’;(W) \ {v1,v2} C F1 N Fy, NXQ’;(Ul) \
{v,w,v2} C F1 N Fy, Nxgr (v2) \ {v,w,v1} C F1 N Fa, [(Nxgr (v) \ {v1,02}) N (Nxgr (v1) \ {v, w,v2})[ <1 and
[(Nxqr (0) \ {v1,02}) 1 (Nxcqr (v2) \ {0, w0, 01 })] < 1. [(Nxgu () \ {v1,v2}) N (Nxcqr (v1) \ {0, w, v2})| < 1 and
|(Nxqr (w)\{v1,v2})N(Nxqr (v2)\{v, w,v1})| < 1. By Proposition 2.9, there are at most two common neighbors
for any pair of vertices in X Q. Thus, it follows that |(Nxgs (v1)\ {v, w,v2}) N (Nxgr (v2) \ {v,w,v1})| = 0 and
[(Nxqx (0)\ {01, 121) (N i (w)\ {01, v2})] = 0. Thus, [F 1P| > [Ny (0)\ {0n, v2} |+ | Nxcqe (w)\ {u1, va |+
[Nxqr (v1) \{v, w, va}|+|Nxqr (v2) \{v, w,v1 }| = (4n—2)+(4n—2)+ (4n—3)+(4n—3)—1-1-1-1=16n—14.
It follows that |Fy| = |Fo \ Fi|+ |[Fi N Fy| > 14 16n — 14 = 16n — 13 > 8n — 3 (n > 2), which contradicts
|F2| S &n — 3.

Suppose that k = 6, and v; and vy are adjacent. By Proposition 2.9, [N (v1) NN (v2)| < 2. Therefore, |W| < 2.

Suppose that there is exactly one isolated vertex v in XQ’C Fy — F5. Let v1 and vs be adjacent to v. Then
NXQ" ( )\{Ul,’l}g} C Fl ﬂFg, NXQk (vl)\{v ’Ug} C F1 ﬂFg, NXQk (’Uz)\{v ’Ul} C F1 ﬂFg, ‘(NXQ" ( )\{Ul, UQ})H
(Nxon (0)\ {0, v2})] < 1and |(Nxor (0)\{o1, 22 DO (N r (0)\ {0, 01 )| < 1 and |[Nxcgr (01)\ (o HA[Nxcor (22)\
{0l S 1. Thus, |[FL A B > [Ny (0)\ {or, v+ [Nx o (1) \ {0, 02} |+ [Ny (v2) \ {0, 01}] = (4n—2) + (47—
2)+(4n—2)—3 = 12n —9. It follows that |Fy| = |[Fo \ Fi|+|FANF3| > 14+12n—-9=12n—8 > 8n—3 (n > 2),
which contradicts |Fs| < 8n — 3.

Suppose that there are exactly two isolated vertices v and w in XQ¥ — Fy — Fy. Let v; and vy be adjacent
to v and w, respectively. Then Nxqk (v) \ {vi,v2} C Fi N Fa, Nxgr(w) \ {vi,v2} © F1 N Fa, Nxgr(v1) \
{v,w,v2} C F1 N Fy, Nxqgr(v2) \ {v,w,v1} C F1 N Fa, [(Nxgr(v) \ {v1,v2}) N (Nxgx (v1) \ {v,w,v2})] <1
and | (Nxqr (v) \ {v1,v2}) 1 (Nxqs (v2) \ {0,0,01 )] < 1. [(Nxge () \ {v1,02}) 1 (N (v1) \ {0, w, v })] < 1
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and [(Nxqr (w) \ {v1,v2}) N (Nxgr (v2) \ {v,w,v1})| < 1. By Proposition 2.9, there are at most two common
neighbors for any pair of vertices in XQF [(Nxgr (v)\{v1,v2}) N (Nxr (w)\ {v1,v2})| = 0. Thus, it follows that
(N (00) \ {0, w,u2}) 1 (N (v2) \ {0, w, 01 })| = 0 and [Ny (05)\ {o1,v2) ) (N (w) \ {u1, 02})] = 0.
Thus, [F " F3| > [Ny i (0)\ {01, 02} + Ny gt ()\ {01, 02} +|Nx o (61)\ {0, 0, 02+ [ Nxge (02)\ {00, 01} =
(An—2)+(Un—2)+(4n—3)+(4n—3)—1—-1—1—1=16n—14. It follows that |F5| = |F2 \ Fi| + |F1 N F5| >
14 16n —14 =16n— 13 > 8n — 3 (n > 2), which contradicts |Fz| < 8n — 3.

Suppose that k& = 6, and v; and ve are not adjacent. By Proposition 2.9, |[N(v1) N N(vs)| < 4 and hence
|[W| < 4. If [N(v1) N N(va)| = 4, then vy,vs € V(XQ[i]). From Figure 3, XQS[N(v1) N N(v2)] is connected.
Therefore, |W| < 3. Since |N(v1) N N(v2)| # 3, |W| < 2 holds.

Suppose that there is exactly one isolated vertex v in XQQ — Fy} — F5. Let v1 and v be adjacent to v. Then
Nxqr(v) \ {v1,v2} € F1 N F2, Nxgr (v1) \ {v} € F1 N F, Nxgr(v2) \ {v} C F1 N Fy, [(Nxgr (v) \ {ve,v2}) N
(Nxos () \ {oD)] < 2 and |(Nxqy (0)\ {o1,u21) N (N (1) \ {o})] < 2 and [[Nx gy (02)\ {0}] 1 [Ny (2) \
{0} < 3. Thus, [FL0Fsl > [Nxqr (0)\{o1, v2} 1+ Nxqr (0)\ {0} |+ [Ny i (1) \ {0} = (4n—2)+ (4n—1)+ (4n—
1)—2—-2-3=12n—11. It follows that |F5| = |Fo\ F1|+ |[F1NFe| > 1+12n—11=12n—10 > 8n—3 (n > 2),
which contradicts |Fz| < 8n — 3.

Suppose that there are exactly two isolated vertices v and w in XQF — Fy — F. Let v; and v be adjacent to v
and w, respectively. Then Nx g« (v)\{v1,v2} C FANFy, Nxqr (w)\{v1,v2} C FiNFy, Nxqx (v1)\{v,w} C FiNFy,
Nyqr (02) \ {v,w} € Fy 1 s, |(Nxge (0) \ {01, 023) 0 (Nyge (01) \ {o,w})] < 2 and |(Nxqx () \ {or,02}) 0
(Nxqr (v2) \ {v,w})] < 2. [(Nxgx(w) \ {v1,v2}) N (Nxqr (v1) \ {v,w})] < 2 and |[(Nxgr(w) \ {v,v2}) N
(Nxqr (v2) \ {v,w})| < 2. By Proposition 2.9, there are at most four common neighbors for any pair of vertices
in XQF. Thus, it follows that [(Nx g (v1) \ {v,w}) N (Nxgx (v2) \ {v,w})] < 2.

Thus, |[F1 N Fy| > [Nxqr (v) \ {v, v2}| + [Nxgr (w) \ {vr, va} [+ [Nxqr (v1) \ {v, w}| + [Nxqr (v2) \ {v, w}| =
(An—2)+(An—-2)+(Un—2)+(4n—2)—2—-2—-2—-2—-2 = 16n—18. It follows that |Fs| = |Fy\ F} |+ |F1 N Fy| >
14 16n —18 =16n — 17 > 8n — 3 (n > 2), which contradicts |F3| < 8n — 3.

The proof of Claim 1 is complete.

Let u € V(XQF)\ (Fy U Fy). By Claim 1, u has at least one neighbor in XQ¥ — Fy — Fy. Since the vertex set
pair (F1, F») is not satisfied with any one condition in Theorem 2.2, by the condition (1) of Theorem 2.2, for any
pair of adjacent vertices u,w € V(X QF)\ (Fy UFy), there is no vertex v € F; A Fy such that uw € E(XQF) and
vw € B(XQF). Tt follows that u has no neighbor in F; A Fy. By the arbitrariness of u, there is no edge between
V(XQF)\ (FLUF,) and Fy A Fy. Since Fy \ Fy # () and F} is a nature faulty set, 5XQﬁ([F2 \ F1]) > 1 and hence
|F» \ Fy| > 2. Since both Fy and F, are nature faulty sets, and there is no edge between V(X QF)\ (Fy U Fy)
and Fiy A Fy, F} N F5 is a nature cut of XQZ. By Theorem 3.8, we have |Fy N Fy| > 8n — 4. Therefore,
|Fo| = |Fo \ Fi| + |F1 N Fy| > 2+ (8n — 4) = 8n — 2, which contradicts |Fy| < 8n — 3. Therefore, XQF is nature
(8n — 3)-diagnosable and t,,(XQF) > 8n — 3. The proof is complete. O

Combining Lemmas 5.1 and 5.2, we have the following theorem.

Theorem 5.3. Let n > 2. Then the nature diagnosability of the expanded k-ary n-cube XQQ under the M M*
model is 8n — 3.

6. CONCLUSIONS

In this paper, we investigate the problem of the nature diagnosability of the expanded k-ary n-cube XQF
under the PMC model and MM*. It is proved that the nature diagnosability of X Q¥ under the PMC model and
MM* model is 8n — 3 for n > 2. The work will help engineers to develop more different measures of the nature
diagnosability based on application environment, network topology, network reliability, and statistics related to
fault patterns.
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