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FEEDBACK STABILIZATION OF THE 2-D AND 3-D NAVIER-STOKES
EQUATIONS BASED ON AN EXTENDED SYSTEM

MEHDI BADRA!

Abstract. We study the local exponential stabilization of the 2D and 3D Navier-Stokes equations in
a bounded domain, around a given steady-state flow, by means of a boundary control. We look for a
control so that the solution to the Navier-Stokes equations be a strong solution. In the 3D case, such
solutions may exist if the Dirichlet control satisfies a compatibility condition with the initial condition.
In order to determine a feedback law satisfying such a compatibility condition, we consider an extended
system coupling the Navier-Stokes equations with an equation satisfied by the control on the boundary
of the domain. We determine a linear feedback law by solving a linear quadratic control problem for
the linearized extended system. We show that this feedback law also stabilizes the nonlinear extended
system.
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1. INTRODUCTION

Let  be a bounded and connected domain in R? for d = 2 or d = 3, with a boundary I' = 9Q of class C*, and
composed of N connected components '™, ... T(N) Let us consider a stationary motion of an incompressible
fluid in © which is described by the pair (zs,ps), the velocity and the pressure, solution to the stationary
Navier-Stokes equations:

—VAzs+ (26 V)zs +Vps=f, V-2,=0in Q and z;=wv, on I (1.1)

In the above setting, v > 0 is the viscosity, f is a function in L?(), v, belongs to H?/?(T') and obeys frm vy =
0, for all j = 1... N, where n denotes the unit normal vector to I', exterior to 2. Notice that here and in the
following, we write in bold the spaces of vector fields: L?(Q) = (L2(2))4, H¥/2(T) = (H3/2(T))?, etc. We recall
that a solution to (1.1) is known to exist in H?(Q) x H'(Q2)/R [14], Chapter VIII, Theorems 4.1 and 5.2.

If zs is an unstable equilibrium state, and if we assume that at time ¢ = 0 the velocity is equal to zg # zs,
then even if zg is close to zs, the resulting unsteady velocity z(¢) when ¢ > 0 will not necessary stay close to zs.
Hence, the question we address here is: how to obtain a controller localized on the boundary I', which makes
Z(t) go back to zs as t — co?
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More precisely, we consider a pair (z,p) solution to the instationary Navier-Stokes equations:

Oz—vAZ+ (2-V)Z2+Vp=f and V-z=0 in Q, (1.2)
Z=w+u on %, Z(0)=zs+ 20, (1.3)

and we assume that z4 is an unstable solution of (1.2)-(1.3) corresponding to zop = 0 and w = 0. In the above
setting @ = 2 x (0,00) and ¥ =T X (0,00). Thus, if we make the change of variable (z,p) = (z5 + 2z,ps + p),
we have:

Oz —vAz+ (2 V)zs+ (25 - V)z+ (2-V)z+Vp=0 in Q, (1.4)
Vz=01in Q, z=wu on 3, z(0)= z, (1.5)

and the question of making z(t) go back to zs as t — oo is equivalent to the one of making z(¢) go back to 0 as
t — oo. The following questions may be addressed:

e Can we find a set of initial conditions W5 = {y € X (Q) | [|y|lx ) < 0}, where 6 > 0 and X(Q2) C {y €
L2(Q) | V -y = 0}, and can we find a space of controls U(T) such that, for zy € W;, there exists a
boundary control u € L?(0, 00; U(T)) for which the solution to (1.4)-(1.5) satisfies the exponential decay
stated below?

I2®)llx0) < Ce™[|zollx) 1> 0. (1.6)

e Can we express u in a feedback formulation? More precisely, we are interested in the existence of an
operator F' € L(X(Q2),U(T)), independent of the time variable ¢ > 0, and such that

u(t) = Fz(t), t>0. (1.7)

e Is there a practical way to compute F'?

First, let us mention some results partially answering those questions. In the two and three dimensional case,
the existence of a pair (z, u), which satisfies (1.4)-(1.5) and (1.6), is stated in [11,12] with X(Q) = {y € H'(Q2) |
V.y=0,ylr, =0, try-n=0}and U(I') = {y e H¥*([') | y|r, =0, [py-n=0}, =T UTyand I'NTy = 0.
The key idea in [11,12] relies in an adequate extension operator which maps an initial condition, defined in £,
to an extended and stable initial condition, defined in an open set G which contains 2. By this way, the author
obtains an operator Fy € £L(X (), L%(0,00; U(T'))) such that u = Fyzo, but he does not obtain a control in the
pointwise (in time) formulation (1.7).

In the two dimensional case, the existence of a pair (z,u) satisfying (1.4)-(1.5) and (1.6)-(1.7), and such
that u is localized in a part of I and has a non vanishing normal component, is proved in [21]. In this paper,
X(Q) ={yeHY?> () |V-y=0,y-n=00nT}and UT) = {my | y € L2T), [.my-n = 0}, where
€ € ]0,1/4] and m € C?(T') is an adequate localization function. The feedback controller is determined by
an algebraic Riccati equation which is obtained by solving an optimal control problem. The key point of this
approach relies in a reformulation of system (1.4)-(1.5), which only involves Pz, where P is the orthogonal
Leray projection operator (see Sect. 2.1). We point out the fact that, since the three dimensional case is
more demanding in terms of velocity regularity, and in particular we will see that it requires the compatibility
condition u(0) = zo|r, it cannot be treated in the same way. In [22] the author overcomes this difficulty, by
introducing a time dependent feedback law.

The three dimensional case is treated in [4]. The existence of a pair (z,u), which satisfies (1.4)-(1.5) and
(1.6)-(1.7), is stated. In this paper, X(Q) = {y € H/?*¢(Q) | V-y =0, y-n=0onT} and U(T) = {y €
L?(T) | y-n =0 on I'}. The authors follow the ideas developed in [3,5], where the case of pointwise feedback
stabilization of the 3D Navier-Stokes equations, by means of a distributed control, is investigated. However, the
boundary feedback law which is proposed in [4] cannot be numerically calculated. This difficulty is closely linked
to the high degree of regularity for the velocity which is necessary to obtain the exponential decrease of the
solution of the Navier-Stokes system in the three dimensional case. To obtain the required smoothness degree for
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the state, the authors solve an optimal control problem involving the velocity norm L?(0, oo; H*/?7¢(Q)) in the
cost functional, and it does not allow to define a feedback law from a well posed Riccati equation. Indeed, the
Riccati equation is only defined in D(A%), where Apg is the infinitesimal generator of the associated closed-loop
system, which itself depends on the unknown R of the Riccati equation.

In fact, when d = 3, obtaining a well-posed closed-loop system (1.4)-(1.5)-(1.7) is not an easy task. Let us
give some explanations about the difficulties linked to the three dimensional analysis, which requires a particular
compatibility condition between the state and the control. After we compare the maximal order derivatives in
time and in space appearing in (1.4), we introduce the function space

H*P(Q) = L*(0,00; H*(Q)) N H(0,00;L*(Q)), «a>0,82>0,

and we postulate that a strong solution to (1.4)-(1.5) should be searched in H'*1/2+5/2(Q) for s > 0. This
framework is used in [21] to define solutions to the two dimensional closed-loop Navier-Stokes system and in [23]
to obtain optimal regularity results for the Oseen system with a nonhomogeneous boundary condition. Hence,
z obeys:

Oz € H V2452000, L2(Q))  and  —vAz+ (2-V)zs + (2, - V)z € L2(0,00; H*7H(Q)).  (1.8)

In order to get rid of the pressure term in (1.4) and to simplify our analysis, it is more convenient to evaluate
the state equation (1.4) in a space of distributions which is orthogonal to the space of gradient pressures. By
projecting equation (1.4) onto Vg1 (€), the dual space of V5 5(Q) = {y € Hy, 5(Q) | V-y =0, y-n=0 on '}
(see Sect. 2.1), we obtain the following necessary condition from (1.8):

—P(z2-V)z=P(Orz —vAz+ (z-V)zs + (25 - V)2) € Y¥(Q),
where P is the Leray orthogonal projection operator (see Sect. 2.1), and where
Y*(Q) = HY/2%%/2(0,00;L3(Q)) + L*(0, 00; V5~ H(9)). (1.9)

Thus, by remarking that the free divergence condition V -z = 0 yields (z-V)z = V- (2 ® z), we deduce that we
shall look for a velocity z solution to (1.4)-(1.5)-(1.7) which obeys:

s c H1+s,1/2+s/2(Q) and PV - (z ® z) c YS(Q) (1.10)

A brief check of the regularity of V- (z ® z) which can be obtained from z € H't1/2+5/2(Q), shows that when
d = 3, the value s should be chosen greater than 1/2. Indeed, from the continuous embedding H'+%:1/2+5/2(Q) —
HY4(0,00; H**/2(Q)) and with

{uv | (u,v) € HY4(0, 008 HV/2(0)) Hl/‘*(o,oo;HSH/?(m)} € L2(0, 003 HE1/2(Q)),

it yields z ® z € L?(0,00; H**7/2(Q)). Then we obtain V - (z ® z) € L?(0,00; H**73/2(Q2)), and for s > 1/2
the second statement in (1.10) follows from L2(0, 00; H?$73/2(Q)) < L?(0,00; H™'*5(Q)). As a consequence,
when d = 3 the nonlinearity of the Navier-Stokes system imposes to define a solution z which belongs to
H!*+s1/2+5/2(Q) for s > 1/2. Hence, the trace theorem yields z|sz, € HY/2t51/4+5/2(3)) and the feedback
controller has to obey:

zls = Fz € HY45/2(0,00; L3(I")) s> 1/2. (1.11)
Since 1/4+ s/2 > 1/2, some kind of continuity is required for the control. In the particular case where s > 1/2,
the space H/4+5/2(0, 00; L?(T")) is a subspace of C([0, oo[; L2(I")) (the space of time continuous functions with
value in L2(T")) and we deduce from (1.11) that the velocity z must satisfy the initial compatibility condition
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zo|lr = Fzp. This explains why the feedback law which is given in [21] cannot be used in the three dimensional
case, and why the author overcomes this difficulty in [22] by introducing a feedback law which is time dependent
in an initial transitory time interval. Notice that spaces of initial conditions, for which a stabilization result can
be obtain with the Riccati approach, are precisely given in [2].

In fact, finding a feedback controller independent of the time variable and which satisfy Fzy = zo|r for a
sufficiently large class of initial conditions zg is not obvious. That is the reason why in the present paper, we
propose to search another type of pointwise (in time) feedback law. We search u as a solution to the following
evolution system:

Ou — Apu —on = K(z,u), u(0)=z]|r, (1.12)

where the feedback controller K now acts on the pair (z,u). Here A, is the vector-valued Laplace Beltrami
operator (see Sect. 5). Formulation (1.12) involves the time derivative of u, so we can fix the initial condition:
the initial boundary value u(0) now fits the initial trace zo|r. We underline that we had a large degree of
freedom in the choice of the boundary system. We have chosen (1.12) for its simplicity and for numerical
computational conveniences in view of future implementations (u must be numerically calculated). But one may
imagine another boundary system which would have a physical interpretation and which could be concretely
constructed. The present paper is a complete and detailed version of [1]. Its main objectives are:

(i) to show the existence of a pair (z,u) satisfying (1.4)-(1.5)-(1.6) and (1.12) in the two and three dimen-
sional case;
(ii) to find an operator K which is provided by a well-posed Riccati equation;
(iii) to find a way to obtain a control u localized on an arbitrary small part of T'.

e The Navier-Stokes equations coupled with a boundary system. We define the space of initial conditions:
X(Q)=V?(Q) := {y eH’(Q)| V-y=0, /y n=0 }, se€l1/2,1], (1.13)
r

and we assume that zgp € X (). In order to impose the compatibility condition u(0) = zo|r and to obtain a
sufficient time regularity level for z, we choose to search u as the first component of (u, o) which satisfies:

Ou— ANpu—on=K(z,u) in 3, u(0)=z|r and /u(t) -n=0. (1.14)
r

Recall that A, is the vector-valued Laplace Beltrami operator and o € L?(0,7) plays the role of the Lagrange
multiplier associated with the constraint fF u-n = 0. The feedback law K is a linear operator, independent of
t >0, and it couples (1.14) with (1.4)-(1.5). The state (z,u) now satisfies the following coupled system:

Oz —VvAZ+ (2-V)zg+ (25 V)z2+(2-V)z+Vp=0, V-2=0 in Q, (1.15)

Ou— Apu—on=K(z,u), z=u on %, /u(t)-nzO, (1.16)
r

2(0) =20 € V*(Q), u(0) = zo|r. (1.17)

We are going to show that we can choose K so that (1.15)-(1.16)-(1.17) is well defined when zg is small in
V#(£2), and so that z obeys (1.6). The operator K can be considered as a pointwise feedback controller which is
acting on (z,u) solution to the extended system (1.15)-(1.16)-(1.17). That is the reason why we shall say that
our approach is a compromise between the formulation of a control in the form (1.7), and the treatment of the
3 dimensional case which requires a high regularity level for the control.

e Cualculation of the feedback controller K. In a first step, we shall simplify our problem and consider the
question of stabilizing the linear system obtained from (1.15)-(1.16)-(1.17) by linearizing this one around (0, 0).
In other words, we want to find a control g € L?(0, oo; L2(T")), which can be expressed in a feedback form, and
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such that the solution (z,u) to the following linear system is stable:

Oz —VvAZ+ (2-V)zs+ (2s-V)z+Vp=0, V-2=01in Q, z(0)= z, (1.18)
Ou—Apu—on=g, zlg=u on X, /u(t)-nzO, u(0) = up. (1.19)
r

In the above setting, (20, ug) is an arbitrary initial pair satisfying zo-n = ug-n on I'. The question of constructing
a linear feedback controller stabilizing a linear dynamical system can be answered with the so-called “Riccati
approach”. It consists in solving an auxiliary optimal control problem, defined over an infinite time horizon,
and which involves a linear quadratic cost functional. It provides an optimal control in a feedback form, with
a feedback law depending on the solution to an algebraic Riccati equation. Such optimal control theory is
developed in [18], Chapter 2. We shall underline the fact that to use the Riccati theory, we shall work with an
abstract dynamical model representing equations (1.18)-(1.19) [18], Chapter 2, Section 2.1. Hence, we need to
rewrite the system (1.18)-(1.19) as an evolution equation of the type:

Y' =AY + AG on D(A"), Y(0) =Yy, (1.20)

where A is a linear free dynamic operator, A is a linear control operator, and Y and G are the new state and
control variables. This can be achieve with the new variable Y = (y,u)? = (Pz,u)”, where P is the orthogonal
Leray projection operator (see Sect. 2.1), with A as the canonical projection (y,u)? — (0,u)? and with an
operator A defined from the free dynamic operators related to each equations (1.18) and (1.19) separately. More
precisely, the dynamical system (1.20) can be obtain from the dynamical system related to y = Pz and u:

y' = Ay+ Bu on D(A*), y(0)= Pz,
v = Apu+g on D(A;), u(0)=up,

where A is the free dynamic Oseen operator (see Def. 6.1), A, is the free dynamic operator defined from A,
(see Sect. 5), and B is an input operator which allows to represent the trace condition linking y and u. We shall
insist on the fact that the main difficulty relies in the definition of the operator B, which can be done by using
the theory developed in [23]. Hence, we look for the control G and the associated state Y solution to (1.20)
which minimize the cost functional:

o0

TY,0) = / ey s + / 1G 2ty

where C is an observation operator with value in the space Z. We define the optimal control problem:
inf {j(Y, G), (Y, G) satisfies (1.20)} (1.21)

and the resolution of (1.21) provides a feedback control G = —AIIY where II is the solution of an algebraic
Riccati equation which can be formally written as follows:

LA + A*TI — TIAIL + C*C = 0. (1.22)

The precise definition of such a Riccati equation is given in Theorem 7.3. Thus, we apply this feedback control
to the nonlinear system, and it yields the following expression of K in (1.15)-(1.16)-(1.17):

I, II

K(z,u) = —II;Pz — IIgu  where II= ( L, I,

) is the solution to (1.22).
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Notice that (1.22) gives a practical way to calculate the operator K. Finally, we show that K stabilizes (1.15)-
(1.16)-(1.17) in a neighborhood of the origin: there is § > 0 such that, if ||zo|ys(q) < J, then there exists a
unique pair (z,u) satisfying (1.15)-(1.16)-(1.17), which obeys (1.6). We recall that V*(Q) is defined in (1.13).
e Localization of the control in a part of the boundary. To treat the case of a boundary control which is
localized in an open part of T', we replace the boundary condition z|x = u by z|s = m(u — oy (u) n), where
om(u) = (Jpm)™* [pmu-n and m € C*(T') is an adequate cut-off function with values in [0,1]. By this way,
the action of u is localized on T'y, = Supp(m). Thus, we define the corresponding operator (A,,, D(A;,)) and
Cp, and the resolution of

i [TV I+ [ IG R | Y =AY G YO =T | (1.23)
0 0

provides an operator II,, satisfying

HmAm + A* Hm - HmAHm + C* Cm = 07 Hm - Hl,m H27m .
" " HQ,m H3,m

Hence, we obtain a local stabilization result with the feedback control K (z,u) = —II3,, Pz — II3 ,,u. Such a
treatment of localized control only adds technical difficulties in the statement of the finite cost condition which
guarantees the well-posedness of (1.23). For readability convenience, the main parts of this paper deals with
the non localized case, and we postpone the treatment of a localized control to Sections 9 and 10.

The paper is organized as follows. In Section 2 we recall some background material needed throughout the
paper and we define spaces of initial conditions. Section 3 is dedicated to the statement of the local stabilization
result. We write the Oseen system in the form of an evolution equation in Section 4, and we write the differential
boundary system in the form of an evolution equation in Section 5. Next, we define the operator A and we
study the linear system (1.20) in Section 6. Section 7 is dedicated to the study of the optimal control problem
(1.21) which provides a feedback controller K. In Section 8, we apply this feedback law to the nonlinear system
and we give a proof of the local stabilization result. Finally, we deal with the localization of the control on a
part of the boundary in Section 9, and we postpone in a appendix the proof of a finite cost condition ensuring
the well-posedness of (1.21) and (1.23).

2. FUNCTIONAL FRAMEWORK

2.1. Notations

Let X and Y be two Hilbert spaces. If A is a closed linear mapping in X, we denote its domain by D(A).
We denote by L(X,Y) the space of all bounded operators from X to Y, and we use the shorter expression
L(X) = L(X,X). For 0 < T < oo, the space L?(0,7T; X) is the usual vector-valued Lebesgue space and
H*(0,T;X) for @« > 0 is the usual vector-valued Sobolev space. If C§°(]0,T[; X) is the space of infinitely
differentiable and compactly supported functions of ¢ € ]0,T[ with values in X, we denote by H(0,T; X) the
closure of C§°(]0,T[; X) in H*(0,T; X), and by H~*(0,T; X') the dual space of H§(0,T; X), where X’ denotes
the dual space of X. We also define:

d
W(0,T;X,Y) = {y € L*(0,T; X) | d—‘g e LQ(O,T;Y)}.

It is well known that if X is continuously and densely embedded in Y, then the space W (0,T; X,Y) is continu-
ously embedded in C([0, T]; [X, Y]y /2) if T' < o0 or in Cp([0, 0o[; [X, Y]y/2) if T' = oo, the space of bounded and
time continuous functions with values in the interpolation space [X,Y]; 5 [19].

Next, let us recall that © is a bounded and connected domain in R?, for d = 2 or d = 3, with a boundary
I' = 99 of class C*, and composed of N connected components I'™, ... ™) We will use the usual function
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spaces L2(Q), H*(Q2), H§(Q) and H—*(Q) = (H5())’, and we write in bold the spaces of vector fields L?(Q) =
(L2(Q)4, H*(Q) = (H*(Q)4, H5(Q) = (H(2)? and H™*(Q) = (H*(2))?. The norms are denoted by
| - | z(), where the subscript Z(£2) refers to the space which is considered, and we denote the scalar product in
L2(Q) by (-|-). We denote by A the vector-valued Laplace operator, with domain D(A) = H?(Q)NH(Q2), which
is known to be selfadjoint. For all s € [0, 2], its fractional power (—A)*/? is well defined and obeys D((—A)%/?) =
[H2(Q2) NH§(2), L2(Q)]1_s/2, where [+, -] denotes the complex interpolation method. Let L31/2 (Q) be the space
of functions y € L*(Q2) such that [, p(x)~!y[* < 400, where p(z) is the distance from x to T'. From [15],
Theorem 8.1, it can be deduced that D((—A)*/?) = H*(Q) if 0 < s < 1/2, that D((—A)Y/?) = {y € H/2(Q) |
y € L2, »(Q)} and that D((—-A)*/?) = {y e H*(Q) | ylr =0} if 1/2 <s <2

Next, if y € L2(Q) is such that V-y € L?(Q2), we can define its normal trace y-n in H~1/2(I") [13], Section IIL.3,
and we introduce the spaces of free divergence functions:

V4(Q) {yGHs(Q)|V~innQ,/Fy~nO}, s €0,2],

Vi) = {yGHs(Q)|V~innQ,y~n0 on F}, s €[0,2].

Moreover, we denote by P the so-called Leray projector which is the orthogonal projector from L2(Q2) onto
V9(Q) [13], Chapter III, Theorem 1.1, we define the self-adjoint operator Ag = PA with domain D(Ag) =
H?(Q)nHL(Q)NV,(Q), and for s € [0, 2] we introduce the space Vg (Q) = D((—Ag)*/?). According to [10], we
have

V5'(Q) = D((—A)"*) nV,)(Q) = [HA(Q) N Hi(Q), L*(Q)]

which yields the following equalities:

a2 N Vo) forallse 0,2,

‘/Oé(Q) - Vné(Q)a s € [Oal/Q[a
W = {yevie e, ,m ),
V5(@Q) = {erj(Q) | y=0 on F}, s€]1/2,2].

Notice that the subscript 0 in ViF(2) only means that one may have a vanishing Dirichlet boundary condi-
tion. The above characterization can also be obtain from the equality D((—A)%/?) = [H2(Q) N H{(Q) N
V2(Q), V2(Q)]1_s2 for s € [0,2] (which can be obtain from [6], Chap. 1, Cor. 6.1), by remarking that
Ko = Ay*PA defines a bounded projector from L?(Q2) into V°(2) which allows to invoke [26], Section 1.17.1,
Theorem 1. Finally, for s > 2 we define V5 () = VZ(2) N H*(Q) and for s < 0 we define V5(Q) = (V; *())’,
the dual space of V; *(Q) with respect to the pivot space V,%(Q). It is equipped with the duality pairing
<~|~)V075(Q)7V05(Q). We also recall that P can be extended to a bounded linear operator from H~!(Q) onto
Voil(Q) by

Py:we ViH(Q) — (y|w) [4], Appendix A.

H-1(Q),Hy(Q)’
Next, we define the spaces of pressures with free mean

13(9) = {p er’@| [ - o} and  EE(Q) = HE() NIAQ), s3>0,
Q
and we recall that the following Helmholtz decomposition holds:

L%(Q) = V2(Q) @ VHY(Q).
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Next, we define the following trace spaces with a free mean normal component

Ver) = {yeHS(m/Fy.no}, se0,3],

<

.

=
I

{y € His(].—‘) | <y|n>Hfs(F)st(p) = 0}, S € [0,3]

We make the identification (V*(T')) = H=*(I')/(V*(T"))+, where (V*(I'))" denotes the dual space of V*(T') with
respect to the pivot space VO(I') and (V*(I')* = {y € H*(T) | (ylw)u—r)m:a) = 0, Yw € V¥(I)}. We
verify that (V*(I'))* = Rn, and that:

V7HT) =H(I)/Rn = (VA(I))".

Moreover, we introduce the orthogonal projector P, from L?(T") onto V°(I'), which is explicitly given by

Ao =v= g [oen)n (2.1)

Next, we recall that the normal trace operator v, € L(L?(I)) is defined by v, (u) = (u-n)n € L2(T'), and we
extend its definition to V=5(I") for s > 0 with the formula

Yn(u) = <u|’}/n(')>vfs(r)7vs(r‘) for all w € V75(T).

The boundary normal derivative on T' of a vector field v € H?(Q) is defined by 9,,v = (Vv)n.
Finally, we shall underline that we will also need the spaces

HO =VOQ) xVV2(T) and H?=VO(Q) x VYD),
and the spaces H?? and H2Y, for all § € [—1, 1], which will be precisely defined later on in Definition 6.4.

2.2. Space of initial conditions

Definition (1.13) is unnecessary restrictive. We have fixed s > 1/2 in the introduction for readability conve-
nience but we can also assume that s € [0,1/2[ if d = 2. The limit case s = 1/2 may involve some technical
difficulties so we choose to avoid it (see Rem. 3.4). In the whole following, we choose X (Q2) = V*5(Q) for
s € [452,1]\{1/2} as the space of initial condition, and we introduce the operator v* : V*(Q) — V*~1/2(I) as
follows.

Definition 2.1. For all s € [0, 1]\{1/2}, we define the linear operator v° : V*(Q) — V*~/2(T) by

s ( 'n)na if se [071/2[7
') { gf|/F if se]1/2,1].

Proposition 2.2. The linear operator ~v° satisfies the following regqularity properties:
v* € L(VHQ), VA, s e 0,1\{1/2}. (2.2)

Proof. This proposition is a straightforward consequence of the well known trace and normal trace
properties. O
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3. MAIN RESULT

In this article, we prove the following local stabilization result.

Theorem 3.1. Let s € [952,1]\{1/2}. There ezists two linear operators Il € L(V2(Q), VI/3(I")) and I3 €

L(V=Y2T), VI2(T)) such that, if we consider the following coupled system:

Oz —vAZz+(2-V)zs+ (25 V)z+(2-V)z+Vp=0 and V-2=0 in Q,

Ou—Apu+1Ilzu—on=—-IPz in ¥, z=wu on X, /u(t)~n:0, t>0,
r

2(0) =20 € V°(Q), w(0) =+%(20),

then the following results hold. There exist ¢ > 0 and po > 0 such that, if 6 € (0, uo) and
zo € Wj = {Zo eVvVi(Q) | ||ZQHvs(Q) < 0(5},
then, (3.1)-(3.2)-(3.3) admits a unique solution in the set

D; = {(z,p,u,a)GW(O,oo;VSH(Q),VOS_l(Q)) x H*2712(0, 00; H* ()

x W (0, 00; VHY/2(D), VE3/2(I)) x L*(0,00) |

HZHW(O,oo;Verl(Q),Vos’l(Q)) + HUHW(O,oo;V”l/2(F),VS*3/2(F)) + ||U||L2(0,oo) <9,

HPHH<s/2—1/2(0700;H5(Q)) <5(1496) }

Moreover, there exist C > 0 and n > 0 such that (z,u) obeys

[I2(2)]

Ve (Q) + Hu(t)”vsfln(F) § C||Zo||vs(Q) 677715 Vt Z 0

(3.1)
(3.2)
(3.3)

(3.4)

(3.6)

Remark 3.2. The linear operators II; and I3 are components of II which is the solution to the Riccati

equation (7.7) given later on in Section 7, see Remark 7.4.

Remark 3.3. In fact, assuming Q of class C® [16], Chapter 1, Definition 1.2.1.2, is sufficient to obtain Theo-
rem 3.1. Indeed, the assumption Q of class C* is only needed in the second step of the proof of Theorem 10.2
of the appendix, to treat the case of a control localized on a part of the boundary (see Rem. 10.3). Notice that
with Q of class C? the trace space V*(I') is well defined for s € [0, 3] [16], Chapter 1, Definition 1.3.3.2. See

also Remark 5.3.

Remark 3.4. We decide to avoid the limit case s = 1/2 only because it involves technical difficulties. In fact,

Theorem 3.1 remains valid for initial condition (z(0),u(0)) = (2o, ug) belonging to
1/2 0 - 1/2
{(mw) € VY/2() x VO(T) | 20 — Dug € V(@) lzolly /2 + lollvor) < ca},

where D is the lifting operator given in Section 4. Hence, we have to replace (3.6) by
lz@)llvir2@) + llu@®llvor) < Clllzollvirza) + luollvoery) e™™, ¢ > 0.

Remark 3.5. For s € [452,1] and z) € V{(€2), Theorem 3.1 holds with u(0) = 0.
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As explained in the introduction, the case of a boundary control localized in an open part of I' can be treated
by introducing an adequate cut-off function m € C?(I'), with values in [0, 1]. We assume that m is supported in
I, C T, and is equal to 1 in I'y, where I'; is an open subset of I';,,. We introduce the space of initial conditions

V@) ={y e V*(Q) | (1 -m)y*(y) =0}, (3.7)
and we prove the following localized version of Theorem 3.1.

Theorem 3.6. Let s € [452,1]\{1/2}. There is two linear operators Il,, 5 € L(V2(Q),V/2(T')) and I, 3 €
L(V-Y2T),VY2(T)) such that, if we consider the following coupled system:

Oz —VAZz+ (2-V)zs+ (25 V)z+(2-V)z2+Vp=0 and V-2=0 in Q, (3.8)
—1
z=m(u—opu)n) on X, op(u) = (/ m) /mu -n, (3.9)
r r
Oru — Apu + 11, su —on = —1l,, o Pz in 3, (3.10)
20) = 20 € VAQ),  u(0) =7*(z0), (3.11)

then the following result holds. There exist ¢ > 0 and po > 0 such that, if 6 € (0,p0) and z0 € Wy, 5 =
Wi N V.2 (), then, (3.8)-(3.9)-(3.10)-(3.11) admits a unique solution in the set Dj, which is defined by (3.5).
Moreover, there exist C > 0 and n > 0 such that (z,u) obeys (3.6).

Remark 3.7. The linear operators II,, o and II,, 3 are components of II,, which is the solution to the Riccati
equation (9.24) given later on in Section 9, see (9.25).

4. THE OSEEN SYSTEM
The main objective of this section is to give a precise definition for the solution of the system:

Oz —vAz+ (2-V)zs+ (25 - V)z+Vp=f in Qr, (4.1)

Vez=01in Qr, z=wu on Xy, 2z(0)= z. (4.2)
In the above setting, T' € (0,00) is a fixed time horizon, Qr = Q x (0,7), ¥y = ' x (0,7) and f €
L?(0,T; H(Q)). By following the ideas introduced in [23], we will rewrite (4.1)-(4.2) as an evolution equation.
First, we introduce the following unbounded operators (D(A), A) and (D(A4*), A*) in V,2(Q):

D(A) = V() and Ay=vPAy— P(y-V)z, — P(z,-V)y,
D(A*) = VZQ) and A*'y=vPAy— P(Vz)Ty+ Pz - V)y.
Here, (b-V)a = (Z?zl bi0z,ai)1<j<a and (Va)Tb = (Zle bi0z;a;)1<j<d, and one can verify that (D(A*), A*) is

the adjoint of (D(A), A) with respect to the pivot space V,°(Q). Throughout the following we denote by Ao > 0
an element in the resolvent set of A satisfying:

14
(Mo = Dyly)y-1 v = 51Ul forally e Vi(Q). (4.3)
@@ 2 5 IYIv@

Theorem 4.1. The unbounded operator (D(A),A) (resp. (D(A*), A*)) is the infinitesimal generator of an
analytic semigroup on V2(Q), and the characterization below holds:

D((Ao — A)Y) = D((No — A))) = VH(Q)  for all 6 € [0,1]. (4.4)

Proof. See [23], Lemma 4.1. O
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We now introduce the Dirichlet operator D : VO(T') — L2(£2) defined as follows. For u € VO(T), set Du = w
where (w, ¢) satisfies the following system:

Aow — VAW 4 (w-V)zs + (2zs - VJw+Vg=0, V-w=0, w=u on I. (4.5)
For rough data u € VO(I'), defining a solution to (4.5) can be done with the transposition method. It consists

in looking for a velocity w € L?(Q) obeying:
/Fu- (rn — vohp) = /Qw f forall feL*), (4.6)
where (p,7) € VZ(2) x HY(Q) is the unique pair satisfying
Mo — VA 4+ (Vze) o — (25 V)p+Vr=f and V-9 =0 inQ, ¢=0 on T, /Fr:O. (4.7)

The existence and uniqueness of w € L2() solution to (4.6) is a consequence of the Riesz representation
theorem, and an integration by parts allows to prove that a smooth velocity (say w € H?(Q) and u € V3/2(T"))
solution to (4.5) in a classical sense is also the solution to (4.6). Moreover, since a smooth solution satisfies
w|r = u, a density argument ensures that this trace condition remains true when w € H*(2) for s > 1/2:

(Du)lr=u if DueH*(Q), s>1/2. (4.8)

However, if we are only interested in rough solution w € L?(), it is sufficient to consider a boundary value
u € V-Y2(I) in (4.6) (where the sign [;. must be understood as a duality product), and we can verify that

V-Du=0 and (Du)lr-n=u-n. (4.9)

Here is the argument. By choosing f = Vr in (4.6), successively for 7 € H3(Q) and for # € H'(Q) obeying
fF m = 0, we can deduce that ¢ = 0 and @ = r from (4.7), and integrations by parts allow to recover the free
divergence condition V-w = 0 and the normal trace condition w|r-n = u-n. About such a Dirichlet operator D
one may refer to [23], Appendix 2, from which the following proposition is taken.

Proposition 4.2. (i) The operator D is bounded from VO(T') into VO(Q) and it satisfies
D e L(VSY2(M),Ve(Q))  for all s €0,2]. (4.10)
(ii) The operator D* € L(VO(Q),VO(T)), the adjoint of D, is defined by
D*f =rn—vdnp, (p,1) € VF(Q) x HY(Q) satisfies (4.7). (4.11)

Proof. See [23], Appendix 2. O

Remark 4.3. According to [23], Lemma 7.4, the operator D* belongs to L(V(Q), V*T1/2(T)) for all s € [0,2].
Hence, it allows to extend D by duality to an element of £(V*=/2(T),V*(Q)) for s € [~2,0].

Remark 4.4. As in the proof of [4], Lemma 3.3.1, one can prove that every ¢ € H?(Q) N H} () satisfies
Onp-n = V-p|r. Hence, every ¢ in VZ(Q2) has a boundary normal derivative 9, € V1/2(I') which is tangential.
As a consequence, in (4.11) rn and —vd,,¢ are respectively the normal and the tangential component of D* f.
In fact, the set of tangential boundary values in V''/ 2(T) is totally described by the normal derivatives of vector
fields in VZ(Q): for all u € V/2(T) such that u - n = 0, there exists ¢, € VZ(Q) which obeys

Viopu=0in Q, Ohpu=u, @, =0 on ' and |gulla2@) < cHuHle(F), (4.12)
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where ¢ > 0 only depends on the geometry. Such a vector field ¢, can be obtained as follows. In a first step, using
a continuous right inverse of the trace and the boundary normal derivative operators [16], Theorem 1.5.1.5, we
construct ¢,, € H2(Q)NHE(2) such that 9,,¢,, = u. Hence, by recalling that u is tangential we have 0,,¢,,-n = 0,
and since ¢, |r = 0 yields the equality V - ¢u|r = 9n¢y - n, we deduce that V - ¢, € H}(Q). Thus, it allows to
construct ¢, € HZ(Q) such that V-¢,, = —V-¢, [13], Chapter III, Theorem 3.2, and the vector field ¢, = ¢y, +C,
satisfies (4.12).

Remark 4.5. In fact, the trace equality in (4.8) is still valid for s € [0,1/2]. Indeed, as in [19], Theorem 6.5,
Chapter 2, it can be proved that the trace operator can be extended to a continuous operator from {y €
VOQ) | vAy — (y-V)zs — (25 - V)y € Vg 2(Q)} into V—/2(T). Here is the argument. For all u € VY/2(T) we
construct a pair (¢u,7my) € VE(Q) x HY(Q), depending continuously on u, and which obeys 7,|r = u - n and
—v0pp = u — Yn(u) (the tangential component of u, see Rem. 4.4). Thus, for all y € V2(Q) an integration by
parts yields

/(Tun - Van@u) Yy = / (VAy - (y : V)Zs - (Zs : V)y) * Pu +/ Y- (V’I‘u — VAP, + (VZS)T‘Pu - (Zs : V)(,Du),
T Q Q

and by taking the supremum over all u = r,n — vd,p, € V/? (T), the following estimate can be obtained:
lylellv-1/2y < Cllyllvo) + lIvAY = (y - V)zs = (25 - V)ylly—2(q))-

Finally, it remains to extend the trace operator with a density argument.

We are now in position to state the following corollary.
Corollary 4.6. Let s € [0,1]\{1/2}. The linear operator v* € L(V*(Q),V*~Y2(T')), which is given by Defini-
tion 2.1, satisfies the following compatibility condition:

y—Dv(y) e V5 (Q)  for ally € V(). (4.13)

Next, let us define solutions to (4.1)-(4.2).
Definition 4.7. Let zp € VO(Q), u € L*(0,T;V-Y%(T)) and f € L?*(0,T;V; %(Q)). We shall say that
z € L?(0,T;V°(Q)) is a weak solution to (4.1)-(4.2), if and only if,
(i) Pz is a weak solution of the evolution equation:
(Pz) = APz+ (A — A)PDu+ f € L*(0,T;Vy %)), (4.14)
Pz(0) = Pz €V2(Q). (4.15)

(ii) (I — P)z is defined by:
(I — P)z = (I — P)Dvy,(u) € L*(0,T;V°(Q)). (4.16)
Remark 4.8. Let us underline that (4.16) can be reduced to
(I = P)z= (I — P)Du € L*(0,T;V°(Q)). (4.17)

Indeed, by remarking that v, (u) — u is the tangential component of u, we have D(v,(u) — u) € V,2(Q) which
gives (I — P)D(yn(u) —u) = 0, or equivalently (I — P)D~v,(u) = (I — P)Du.

Theorem 4.9. Let f € L*(0,T;H1(Q)), 20 € VO(Q) and u € C([0,T); V-Y2(T')) obeying zo - n = u(0) - n.

(i) If z € W(0,T;VY(Q),V; H(Q)) is a weak solution in the sense of Definition 4.7, associated with zy and
u, then there is a unique p € H~Y2(0,T;L3(Q)) such that (z,p) satisfies (4.1)-(4.2). Moreover, if z €
W(0,T;V2(2),VO(RQ)), then we have p € L*(0,T; HY(Q)).
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(i) Conversely, if (z,p) € W(0,T; V1), Vy 1 (Q)) x H-1/2(0,T;L3(Q)) satisfies (4.1)-(4.2), then z is a weak
solution in the sense of Definition 4.7.
Remark 4.10. Equation (4.1) is understood as an equality in the distribution space D’(0,00; H™1(Q)) and

the divergence condition and the trace condition in (4.2) are understood as equalities in L?(Q x (0,7)) and in
L2(0,T;L*(T)) respectively.

Proof. (i) Let z € W(0,T;V'(Q),Vy ' (Q)) be a weak solution in the sense of Definition 4.7. In a first step, let
us prove that for (p,r) obeying:

(p,7) € VE(Q) x H'(Q) and /r =0, (4.18)
we have:
d
i, 2(t) - = /Qz(t) c(WAp — (Vz) T o+ (26 - V) — Vr) + /F u(t) - (rmn — vopp) + /Q fo. (4.19)

First, by evaluating the equality (4.14) on the test function ¢ € VZ(§2) we obtain for all ¢ > 0:

d

‘. Qz(t)-wz/Q(Pz(t)—PDu(t))-A*go—i—)\o/QDu(t)-<,0+/Qf-<p. (4.20)

Thus, by successively using /(Pz(t) — PDu(t)) - Vr = 0, the expression of A*p, and the fact that (4.17)

guarantees Pz — PDu = z — ﬁu, we make the following first calculations:
/Q(Pz(t) — PDu(t))- A% = /Q(Pz(t) — PDu(t)) - (A*¢ — Vr)
= /Q(z(t) — Du(t)) - (vAp — (Vz)Tp + (25 - V) — V7). (4.21)
Moreover, from (4.11) we have:

/ Du(t) - (Mo — vAp + (Vz)Tp — (2, - V) + Vr) = / u(t) - (rn — vonp),
Q r

and the above equality combined with (4.21) yields:

/ (Pz(t) — PDu(t)) ~A*<p+)\0/ Du(t)-p = / 2(t) - (vAp — (Vze) T+ (25- V) — V) +/ u(t) - (rm —vonp).
Q Q Q r

Hence, with (4.20) it gives (4.19). Next, let us prove that the trace condition in (4.2) is true. From (4.19), an
integration by parts in space yields:

d

e Qz(t) o o= = /Q(z/Vz(t) Vo4 (2(t) - V)zs - o+ (25 - V)2(t) - ) + /Q f-e (4.22)

+ ) = 20) - (n = o),
r
for every (p,r) obeying (4.18). Hence, in the particular case where r = 0 and ¢ is infinitely differentiable,

divergence free and compactly supported in €2, the boundary integral vanishes and we have:

d

G | 2®-e=- / (V) : Vo + (1) - V)2 - 0 + (25 - V)2(8) - ) + / foe (4.23)
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Thus, a density argument guarantees that the above equation remains valid for all p € Vi (Q2), and by comparing
it with (4.22), it follows that for all (¢, r) obeying (4.18) we have:

/F (2(8) — u(t)) - (rn — vdup) = 0.

Finally, since the set {rn — v0,p, (¢,7) obeys (4.18)} describes the trace space V1/2(T"), it allows to recover
the trace condition in (4.2), see Remark 4.4. Next, it remains to prove that z obeys (4.1). First, we define

) )
Z(~):/O 2(t)dt € HY(0,T;V*(Q)) and F(~):/O ft)ydt € HY (0, T; H1(Q)),

and because z € C([0, T]; H 1(Q)), we deduce that z(t) — 20 — vAZ(t) + (Vz5) Z(t) + (VZ(t))zs — F(t) belongs
to C([0,T]; H™(Q)). Hence, by recalling that (4.23) is valid for all p € V' (Q2), by integrating in time over (0, t)
we obtain the pointwise (in time) equality:

(2(t) =20 —vAZ(t) + (V25)Z(t) + (VZ(t))2s — F(D)o)u-1() mi =0 forall ¢e€ Vi (Q). (4.24)
As a consequence, there exists P(t) € L3(Q2) [25], Remark 1.4 (i), Chapter 1, page 15, obeying:
VP(t) = 2(t) — 20 — VAZ(t) + (Vzs) Z(t) + (VZ(t))zs — F(t) € H Q). (4.25)

Thus, since z € W(0,T;V'(Q),V; 1(Q)) € HY?(0,T;V°(Q)), (4.25) guarantees VP € H'Y/2(0, T; H~1(Q)),
and from [25], Remark 1.4 (ii), Chapter 1, page 15, we obtain:

P e HY2(0,T; L3()).

Hence, we can define the pressure function p = &P belonging to H~'/2(0,T;L3(12)), and by differentiat-
ing (4.25) we obtain that (z,p) satisfies (4.1). Notice that it the case where z € W (0,T;V?(2),V°()), we
deduce that P € H*(0,T;H(Q)) andp = £ P € L2(0,T;H!(Q)) in a similar way. Finally, it remains to recover
the initial condition z(0) = zo € V°(Q). On the first hand, from u € C([0,T); V—Y%(T")), (4.16) and (4.10) for
s = 0, we deduce that (I — P)z(0) = (I — P)Dv,(u)(0) € V°(Q). On the other hand, since we have assumed
u(0)-n = 29-n, from (4.9) we obtain (Dv,(u)(0))-n = zo-n. As a consequence, we have D, (u)(0) — 2o € V,2(Q)
which yields (I—P)D~,u(0) = (I—P)zo. Then we have proved that (I—P)z(0) = (I—P)D~,(u)(0) = (I—P)zp,
and with Pz(0) = Pz € V,2(2) we can conclude.

(ii) Conversely, if we assume that z € W(0,T;V'(Q),V, (Q)) satisfies (4.1)-(4.2), by evaluating (4.1) on
o € VZ(Q2) we get rid of the pressure and obtain (4.23). Thus, by taking into account the trace condition
in (4.1) an integration by parts in space yields (4.19), which, in view of the first step in (i), implies (4.20) or
equivalently (4.14). Finally, (4.16) is a direct consequence of the trace condition in (4.1). O

5. THE SYSTEM DEFINED ON THE BOUNDARY

The main objective of this section is to give a precise definition of the solution to the system:
u—Npu—on=g in Xp, u(0)=uo, /u(?ﬁ)-n:O7 t>0. (5.1)
r

We recall that T € (0,00) is a fixed time horizon and that ¥ = T x (0,7). Notice that in (5.1), o plays
the role of the Lagrange multiplier associated with the constraint fr“ -n = 0. First, let us consider the
gradient operator Vr : H(I') — L?*(T") and the Laplace operator Ar : HY(I') — H~1(T") (usually called
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Laplace Beltrami operator) defined on the Riemannian manifold T" without boundary which is equipped with
the Euclidean metric [24], Chapter 2, page 137. The following equality holds:

(Ar@|Y) -1 (ry 11 (r) = — /F Vr¢-Vry  forall (¢,4) € HY(T') x HY(T).

Hence, we define A, : HY(I') — H~!(T") as the following vector-valued operator

T

T
1<icqg Torallu= (u;) c HY(I"),

Abu = (Arui) 1<i<d

and we have:
¢ T T
(Apulv)yg-1(r)H1 (1) = — Z /F Vru; - Vrv;  for all u = (“i)lgigd cHY () and ov= (Ui)1§igd c HY(I).
i=1

Remark 5.1. We underline that we consider I as a manifold placed in the space R? equipped with a fixed
orthogonal basis. Hence, each component of A, is the Laplace Beltrami operator Ar which applies to the

corresponding component in R? of the vector field u = (u1,...,uq)’:
up(x) Aruy(z)
Veel A, ; = : e R%.
ug(x) Arug(x)

By this way, Apu(z) does not necessarily belong to the tangent space of T, as it is the case for general definition
of the Laplace operator for vector fields on manifolds which is based on the notion of Levi-Civita connection,
see for instance [8].

Thus, by recalling that P, is the orthogonal projector from L2(I') onto V°(T') whose explicit definition is
given by (2.1), we are now in position to introduce the unbounded operator A, = P,A; in VO(I') with domain
D(Ap) = VA(T).

Theorem 5.2. The unbounded operator (D(Ap), Apy) = (V2(T), P,Ay) is the infinitesimal generator of an
analytic semigroup on VO(T'), and it obeys:

D((Ao — Ap)?) = V() for all 6 € [0,1]. (5.2)

Proof. For all u > 0, we introduce the following coercive bilinear form in V!(T):
a,(v,w) = —(Apv|w)ya-1(r),m1 (1) + u/ v-w for all (v,w) € VHI) x VI(T).
r

According to the Lax-Milgram Lemma, for any g € VO(I'), there exists a unique u € V(T') satisfying

a,(u,v) = / g-v forallve VHT). (5.3)

r

Thus, replacing v € VI(I') by v — [I|7*( [L v n)n for v € HY(T) in (5.3), we deduce that (u— Ap)u=g+on
where o = |F|’1((ufAb)ufg|n>H71(p)7H1(p). Hence, since g+on € L2(T'), classical elliptic regularity results on
compact manifold without boundary [24], Chapter 5, Proposition 1.6, yields v € V2(I"). Since (5.3) is equivalent

to (p — Ap)u = g where > 0, we have shown that ]0, oo[ is included in the resolvent set of A,. Finally, since
(D(Ap), Ap) = (VZ(T), P,Ayp) is self-adjoint, it generates an analytic semigroup on VO(T) and (5.2) holds. O



STABILIZATION OF THE NAVIER-STOKES EQUATIONS 949

Remark 5.3. We shall underline the fact that [24], Chapter 5, Proposition 1.6, which is invoked in the proof
of Theorem 5.2, requires the manifold ' to be of class C*°. However, since A, only involves second order
derivatives, it is sufficient to assume I' only of class C2.

We are now in position to give a definition of weak solution to (5.1).

Definition 5.4. Let ug € V~'/2(I") and g € L?(0,T;V~2(T")). We shall say that u € L?(0,T;V%(T)) is a weak
solution to (5.1), if and only if, u is a weak solution to the evolution equation

u' = Ayu+g e L20,T;V2T)), u(0)=uo e VD). (5.4)
Theorem 5.5. Let ug € V=Y2(T') and g € L?(0,T; VO(T)).
(i) Ifu € W(0,T;VY?(T),V—3/2(T)) is a weak solution in the sense of Definition 5.4, associated with ug and g,
then there is a unique o € L?(0,T) such that (u,o) satisfies the first equation in (5.1) in the distribution sense.

(ii) Conwersely, if (u, o) € W(0,T;VY/2(T),V=3/2(T")) x L*(0,T) satisfies (5.1), then u is a weak solution.

Proof. Since (ii) is obvious, we focus on (i). First, we define U(-) = 0(.) u(t)dt and G(-) = O(')g(t)dt, and by
integrating in time over (0,¢) the first equality in (5.4), we obtain:

<u(t) — Uy — AbU(t) - G(t)|U>H*2(F),H2(F) =0 forall ve VQ(F)
Thus, replacing v € VZ(I') by v — (|T|~! [, v-n)n for v € H*(I) in the above equality, we deduce that:

1
u—ug— AU —G=%Xn where X(-)= m(u() —ug — AU () — G()In)a—2(r),m2ry € L*(0,T).

Moreover, by recalling that [ u(-)-n =0 and that (uo|n)m-2(r)m2mr) = 0 we deduce that

() = ﬁ«AbU(-) —G()n) € HY(0,T),

and we have u — ug = AU + G + En. Finally, we set 0 = &3 and we verify that (u, o) obeys (5.1). O

6. THE EXTENDED SYSTEM

The main objective of this section is to rewrite the system (4.1)-(4.2)-(5.1) in the following form:
Y =AY +F, Y(0)=Y, (6.1)

where Y is the new state variable and F' is the new nonhomogeneous source term. First, let us define the linear
operator A of system (6.1) as the following unbounded operator in H°.

Definition 6.1. Let (D(A), A) be the unbounded operator defined in H° = V.9(Q) x V-/2(T) by
D(A) = { (y:w) € V() x V() | y — PDu € Vi () }7 (6.2)

A - ( vPA — P(Vzs) — P(zs - V) (A —vPA+ P(Vzs)+ P(z,- V))PD )
h 0 Py Ay '
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Theorem 6.2. (i) The domain D(A) is dense in H°.
(ii) The unbounded operator (D(A*), A*) defined in HO = V.)(Q) x VV/2(T') by

A = W@ x VPR, (6.4
o _ vPA — P(Vzs)T + P(z5 - V) 0
AT = ( D*(A\g —vPA + P(Vz)" — P(z, - V)) P,A, ), (6.5)

is the adjoint of (D(A), A) with respect to the pivot space V.2(Q) x VO(T).
(iii) (D(A), A) (resp. (D(A*), A*)) is the infinitesimal generator of an analytic semigroup on H® (resp. HY).
Let us set A = X\ — A and A* = X\ — A*, where A\ > \g > 0 is large enough so that (D(A), —A) (resp.
(D(A), —A* )) is the infinitesimal generator of analytic and exponentially stable semigroup on H (resp. HY).
(iv) For all 6 € [0,1] the following equalities hold:
DAY = {D(A), HO] = { (y, )" € V2(Q) x V*7V2(T) | y — PDu € Vi?(Q) } (6.6)
1-6

{D(A*),HS} = V2(Q) x V1/2+20(1), (6.7)
1-6

-~

D(.A*e)

Remark 6.3. In order to keep a natural gap equal of 1/2 in term of Sobolev index, between the regularity
of vector fields defined in Q and their traces on T, we choose H® = V,9(Q) x V~1/2(T') as the state space.
However, “duality” and “adjointness” are understood with respect to the V.?(2) x VO(I')-topology. Indeed,
HO = VO(Q) x VI/2(T) is the dual space of HC with respect to the pivot space V,2(Q) x VO(T'), and A*, which
is defined in H?, is the V,?(Q) x VO(I')-adjoint of A. Hence, the duality pairing (-|-)30 70 between H® and HY,
is defined from the following scalar product of V,2(2) x V9(T):

(C))) Jore ]
s = Y-w+ u-v.
b v ve@xvery e r

Let us give relations which allow to pass from the V,?(2) x V°(I')-topology to the H°-topology. For s € R, we
introduce the following isomorphism:

I V2(Q) x V() — V() x VOI)  and I(S)< ’ ) = < (o _Zb)s/% )

and we suppose that H? is equipped with the following scalar product:

(C) 0= (=G () i

Hence, if (D(A"), A%) is the H%-adjoint of (D(A), A), an easy calculation yield:
DAY = V() x V¥2(M)  and  Af = 1/ L[/ (6.9)
as well as the following relationship:
At = [/ AT F(=1/2) >, (6.10)

Proof of Theorem 6.2. (a) Proof of (i). Let (y,u)” € H°. Since u € V~V2(T'), from (4.10) with s = 0 we
deduce that Du € V() and y — PDu € V,?(2). Moreover, the density of V() in V,?() gives us a sequence
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(2n)nen € (VE(Q))N converging to y— PDu in V,2(Q), and the density of V3/2(T') in V~1/2(T') gives us a sequence
(tn)nen € (V3/2(T)N converging to u in V—1/2(T). Therefore, (2, + PDuy,u,) € D(A), for all n € N, and
(2n + PDuy,,up,)T converges to (y,u)? in HO.

(b) Proof of (ii). Let us denote by (D(A*), A%) the adjoint of (D(A), .A) with respect to the pivot space V() x
Vo). We have D(A*) c HY = V9(Q) x VV/2(I'), and we must prove that (D(A*), A*), defined by (6.4)-(6.5),
is such that (D(A*), A*) = (D(A*), A%). First, for Y € D(A), the equality (AY|[W )0 10 = (Y| A*W )30 30
obviously holds for every W € ViZ(Q) x V®/2(T"). Thus, the inclusion VZ(Q) x V?/2(I') € D(A*) holds and we
have A*W = AXW for every W € VZ(Q) x V5/2(T"). Thus, it remains to show that D(A*) C VZ(Q) x V3/2(T).
Let W = (w,v)T € D(A*). According to the definition of D(AX), there is a constant Cy > 0, depending
on W and obeying

|<AY|W>H0,H$| < CWHYHHO forall Y € D(A),

or equivalently:

vo) + llully-12ry),  (6.11)

/(A*)\o)(ypru)'er)\o/y~’w+<AbU'U>V71/2(F)’V1/2(F) §Cw(||y
Q Q

for every (y,u)T € D(A). By choosing y € VZ(Q2) and u = 0 in (6.11), we obtain

vo)lylivo),

/ w- (N — A)y‘ < (Cw + Mo|w
Q

and the Riesz representation theorem yields (Ag — A*)w € V,2(Q2). Then we have w € VZ(2) and it remains to
prove that v € V®/2(I"). By using the following integration by parts in (6.11)

[ 4= - PDu)w= [ (= PDw)- (4" =X ()" € DA
Q Q

we obtain the estimate

[(Avu - v)y 1720y, vz | < Kw(llully-1/20) + [yllve), (6.12)

where Ky = Cw + Aollw|lvoq) + (1 + [[Dll zv-1/2(r),vo(a)) (Mo — A*)w|[voq). Thus, by choosing (y,u)” =
(PDu,u)T € D(A) in (6.12), we deduce that

[(Avu - v)y 1720y, 2yl < Kw (1 + (| Dl gev-12(ry,vo ) 1l 1720y

which guarantees that Ayv € V/2(T). Finally, v € V>/2(T'), and the inclusion D(A*) C VZ(Q) x V/2(T) is
proved.
(¢) Proof of (iii). First, analyticity of (e4*);>o stated in Theorem 4.1 yields the following resolvent estimate:

for all v € Sp, 0 = {1/ eC| v#w, larglv —w)| < 90}, (6.13)

where Cy > 0, w > 0 and 6y € |Z, 7| do not depend on v. Moreover, invoking the analyticity of (e/**);>( on

VO(T) which is given by Theorem 5.2, and since ||(A — Ap)~1/4. lvo(ry defines a norm on V=Y2(T), from the
equality (Mg — Ap) " V4(v — Ap) 7! = (v — Ay) " (Mo — Ap)'/* we obtain:

(v = Ap) Ml cov-1/2ry) < B for all v € Sy, ., (6.14)
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where C7 > 0 does not depend on v. Next, we fix € > 0, and for F = (f,g)T € H" and
v E Spywte = {VG(C| v#w+e, |arg(v —w — €)] <90},

searching a solution Y € D(A) to (v — . A)Y = F is equivalent to search the solution (y,u)? € D(A) to

vy — PDu) — Aty — PDu) = [+ (Ao —v)PDuc V(Q), (6.15)
vu—Ayu = ge VYD), (6.16)

Hence, with (v—A)~! € L(V)(Q), VE(Q)), with (v—A4,)~' € L(V~Y2(T), V3/2(T)) and with (4.10) for s = 3/2,
system (6.15)-(6.16) yields:

y — PDu (v — A)7Hf - (v—2o)(v — A)_lPD(V —Ay)lge ‘/})2((2),
y = (V—A)_1f+PD(V—Ab)_1g— (V—)\Q)(V—A)_IPD(V—Ab)_lgE VnQ(Q)7
(v — Ay)"tg e VIH(D).

u
Then, from (6.13), (6.14) and (4.10) with s = 0, we deduce the existence of C' > 0, independent of v, such that

|l/>\0|> C

v —w| ) v —uw

C
vae + lully-sewy < ———|If lglly-s/2cr:

vl
.Y —w— F

R (= A ECEC T

vesmnee T =l ) el [v—w—d

This last estimate proves that (D(A),.A) is the infinitesimal generator of an analytic semigroup on H". Finally,
by invoking [20], Chapter 1, Lemma 10.1-2, we have ||R(v, A*)||z(x0) = [|R(v, A)* || c(no) = [[R(v, A)| 230y, for
every v € Sp,.w+e, and the analyticity of (eA*t)tZO on H? is a direct consequence of the analyticity of (eAt)tZO
on H.

(d) Proof of (iv). Let us equip H° with the scalar product (6.8) and let us consider (D(AF), A*), the adjoint
of (D(A),.A) with respect to the pivot space H’ (see Rem. 6.3). According to (6.9) we have D(A*) = VZ(Q) x
V3/2(T') which yields [D(A),H’]1_g = [D(A),H 1o = V,29(Q) x V*~Y2(T) for 0 < 6 < 1/4. Then it
allows to invoke [27], Theorem B, (i), and to obtain the identity D(A?) = [D(A), H%]1_q, for every 6 € [0, 1].
According to [27], Theorem B, (iv), this last identity is equivalent to the fact that the function z € {z €
C | Re z > 0} — H./Z%Hﬁm(;) can be extended to a strongly continuous function on {z € C | Re z > 0}.

v = A Fllwo =y

Vo) (1 +

IN

By invoking [20], Chapter 1, Lemma 10.1-2, we obtain H.,Zl\*_ZHc(Hg) = H.,Zl\_Z*Hc(Hg) = ||A\_Z||£(H0). So we
deduce that z € {z € C | Re z > 0} — ||.Z*’Z||L(Hg) can be extended to a strongly continuous function on
{z € C| Re z > 0}, and we conclude that D(A*?) = [D(A*), H]1_g, for all § € [0,1], from [27], Theorem B,
(iv). Now, it remains to prove the second equality in (6.6) and in (6.7). According to [15], Definition 2.2, we
have (y,u)T € [D(A), H%)y, if and only if, there exists

(y*,u")" € LART; D(A)) N H2UZO(RYH), - (y7(0),0(0)) = (y, ),

which is equivalent to

y* € LARYVZ(Q) N H2O-ORY; VI(Q)), y*(0) =y,
ut € LARY;V2(T)nHY2O-ORY, V-UY2(T)),  u*(0) =u,
y* — PDu* € L*RT;VE(Q)nHY?O-0(R;VY(Q)), 2*(0) = y — PDu.
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Hence, still by invoking [15], Definition 2.2, the above setting is equivalent to
y € V2(Q), V) Qlig, uwe[VAI),V V20, y—PDuc [V;I(Q), V) (D)o,

and with [V2(Q), Vo)1 = V2(Q), with [V32(),V-12)];.¢ = V2~ V2) and with
[V2(Q), V()16 = V29(Q2), we obtain the second equality in (6.6). Finally, the second equality in (6.7)
follows from

[D(A"), H1—o = [VE'(2) x VP/2(D), V() x VI2(D)]i—o = [VE (), V) (D)1 x [VO/2(I), VI/2(D)]1-0,
with [VZ(Q), V2(Q)]1_p = VZ(Q) and with [V?/2(T), VI/2(I")];_g = V/2+20(T). O

Next, we introduce a shorter notation for the function spaces defined in (6.6) and (6.7).

Definition 6.4. For 0 € [0, 1], we define the function spaces:

H29

[D(A% HO} _ { (v.u)T € V() x VEYA(T) |y — PDu € V() }

1-0
= D | v v,
1-0

and
H—29 — (Hie)l — ‘/'0729(9) X V—1/2—29(F) and H*—29 — (HQG)I.

The following theorem is a consequence of the analyticity of (e*);>¢ (resp. (e *);>0) on HO (resp. H2).
Theorem 6.5. For every 0 < 6 < 1, the following mapping is an isomorphism:

W(O,OO;H26’H2(671)) _ LQ(O’OO;HQ(Ofl)) % [H26,H2(071)]1/2,
Y — (Y + AY, Y (0)).

Proof. 1t is a consequence of maximal regularity results for analytic semigroups which can be found in [6],
Chapter 3, Theorem 2.2, page 166, where we can take T' = oo because (e*At)tZO is exponentially stable
on HO. O

Next, we determine the spaces of initial conditions [H2, H2(9_1)]1/2.

Lemma 6.6. The following equality holds:
(2, HPOD], =R for all 6 € [0, 1], (6.17)

Proof. According to [15], Definition 2.2, we have (y,u)? € [H%,HQ(G_”]UQ, if and only if, there is (y*,u*)
obeying:

y* € L2RT; V() N H' (R V5 2(9)), (6.18)
u* e LA(RY; VP-V2()) n HY(RY; V20=5/2(I)), (6.19)
y* — PDu* € L*(RT; V9 (Q)), (6.20)
(57(0),u7(0)) = (y,w). (6.21)

Moreover, from (6.19) and Remark 4.3, we also have y* — PDu* € HY(RT;VZ’7%(Q)), and the use of [15],
Definition 2.2, with [V20~1/2(T"), V#=5/2(T)], ;5 = V¥*~3/2(I') and with [VZ(Q), V' 2(Q)]1/2 = VZ' (),
ensures that (6.19)-(6.20)-(6.21) is equivalent to

y e [V2(Q), V22N, uwe VP 32T), y—PDue V(). (6.22)
n 0 / 0
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Thus, for 6 € [1/2,1], observing that
y=vy— PDu+ PDu c V2 1(Q) + V*¥ Q) c V?~1(Q),

and
VI Q) = V), (VA (2)) a2 € V() VE ()],
we conclude that (6.22) is true, if and only if

(y,u) € {(y,u)T e V2=HQ) x V¥3/2(T) | y — PDu € 1/029—1(9)} =N

The case 6 € [0,1/2] may be treated similarly, by remarking that
y=y— PDu+ PDuc V@ (Q) + V¥ Q) = V¥ H(Q),
and

Vel Q) = [V029(Q)7‘/629_2(Q)]1/2 C [V2(@), VOQG_Q(Q)]UQ-
Then we conclude that (6.22) is true, if and only if

(y,u) € {(y,u)T e V21 Q) x VP3/2) |y — PDu € V0291(Q)},

and by observing that (y,u) € VZ2/~1(Q) x V20=3/2() imply y — PDu € VZ’~1(Q), it follows that (6.22) is
equivalent to
(y’ U) c ‘/02071(9) % V29_3/2(F) _ (Hi—29)l _ H20_1- O
Let us collect some useful results in the following corollary.

Corollary 6.7. (i) The linear mapping Yo — e_“ZtYo is bounded from H* into L?(0,00; H?).
(ii) The operators K : L*(0,00; H) — L?(0,00; H®) and K* : L?(0, 00; H?) — L?(0, 00; HO) defined by

t oo
K:F »—>/ AT R(Ddr  and K F r—»/ e AT R(r)dr (6.23)
0 t

obey K € L(L?(0,00; HY), W (0,00; H?, H®)) and K € L(L?(0,00; H?), W (0, 00; HZ, H?)).
(iii) For T € (0,00), F € L*(0,T;H°) and Yo € H°, there exists a unique Y € W(0,T; H*, H™1) solution to

Y =AY + F on D(A*), Y(0) =Y. (6.24)

Proof. Part (i) follows from Theorem 6.5 and Lemma 6.6 when 6§ = 1. Part (ii) follows from Theorem 6.5 when
§ = 1: one can verify that K(F) is the solution to Y + AY = F and Y(0) = 0, and that K* is the adjoint
of K with respect to the pivot space L2(0,00; V,2(2) x VO(T')). Finally, part (iii) follows from Theorem 6.5 and
Lemma 6.6 when 6 = 1/2, by remarking that Y = ¢*'Y where ¥ + AY = ¢ *'F and Y (0) = Yj. O

Remark 6.8. In (6.24), A abusively denotes the extension of the operator A to D(A*)’ (the dual space of D(A*)
with respect to the pivot space V,2(Q2) x VO(I)), obtained with the extrapolation method [18], Section 0.3.

We are now in position to rewrite the two coupled systems (4.14)-(4.15)-(4.16) and (5.4) as an evolution
system.

Theorem 6.9. Let (z9,ug) € VO(Q)x V=Y2(T) and F = (f,9)" € L*(0,T;D(A*)"). Then u is a weak solution
to (5.1) associated with (ug, g) in the sense of Definition 5.4, and z is a weak solution to (4.1)-(4.2) associated
with (2o, u, ) in the sense of Definition 4.7, if and only if:



STABILIZATION OF THE NAVIER-STOKES EQUATIONS 955

(i) the state Y = (Pz,u)T is a weak solution of the evolution equation:

Y' = AY + F € L*(0, T; D(A*)), Y(0)= ( ]zzo ) € H% (6.25)
(ii) the pair (z,u) obeys:
(I = P)z() = (I = P)Dy(u)(-) € L*(0,T;V°(92)).

Proof. The first statement in (6.25) can be rewritten as follows:

d * *
T Y OV g0 = YOI V)0 50 + (F0)V)p(ary,piary  forall Ve D(AY),
or equivalently, with Y = (Pz,u)’:

4 Pz(t) - ¢

7/ u(t)-v = /QPz(t)-A*ap—i—/QPDu(t)-()\O—A*)go—i—/ru(t)-PbAbv

T

+/Qf-<p+/rg(t)-v for all (p,v) € VZ(Q) x V¥/2(I).

Finally, we extend the above equality by density to (¢,v) € VZ(Q) x VZ(T'), and we conclude by setting ¢ = 0
and v = 0 alternatively. O

7. THE CONTROL PROBLEM

The goal of this section is to find a control G € L?(0,00; V.?(2) x VO(T')), which can be expressed in a
feedback form, and which stabilizes the system:

Y' = AY + AG on D(A*), Y(0)=Y, e H°, (7.1)

where A is the control operator defined as the following canonical projection:

A:H'—H  and A(?}’):(O). (7.2)

v

Hence, we introduce the optimal control problem:
(Py,) inf {j(Y, G) | G e L*0,00; V2(Q) x VOI), (Y,G) satisfies (7.1)},

where

T(Y.C) = / ey 2 + / 1G )20 xvo: (73)

In (7.3), the observation space and the observation operator are given by Z = L2(2) x L?(, Rd2) and

C:H'—Z  and C(i)<v?y++(ff_Pﬁ?E§,f?i» ) (7.4)

Proposition 7.1. The operator C belongs to L(H', Z), and the following properties hold:

IC-llz~|l.lsx  and C*C € L(H', H') N L(H?, HY). (7.5)
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Proof. The first inequality ||C- ||z < Ci||-||3 in (7.5) is a straightforward consequence of (4.10), and conversely,
the trace inequality [|u|y1/2ry < Clly+ (I — P)Dyn(u)|v1(q) provides the second inequality |- |41 < Cof|C-| =.
Next, since the first statement in (7.5) holds, we obviously have C*C € L(H', H!). Finally, for (y,u)? € H?
and (w,v)T € H2, we consider the scalar product ((y,u)T|(w,v)T)z whose expression is given by:

|+ T = P)D3a(w) - (w1 = PID1u0) + [ S+ (1 = PYDyw)  V+ (1 = P)Dyu).
By integrating by parts we deduce that
C*C( y ) = ( (D" = P) =3 45 4 Do) D" PYA ST £ 0u)(E = P)YDne) ) ’
and C*C € L(H?,H?) follows from (4.10), D* € L(VO(Q),VY/2(T")) and 8,, € L(V?(Q2), VV/2(T)). O

Remark 7.2. Assume that Yy = (Pzg,u0)”, where 2o € V°(Q) and ug € V’1/2(I‘) obeys zo|r-n = up-n. From
Theorems 6.9, 5.5 and 4.9 one can verify that problem (Py,) is equivalent to the following control problem:

o0 o0
(D) inf{ﬂz,g)|geL2<o,oo;v°<r>>} where Z(.g) = [ el + [ Lol

and z € W(0, 00; VI(Q), V; 1(Q)) satisfies (1.18)-(1.19). Indeed, for Y = (y,u)” and z = y + (I — P)Dv,(u) we
have the following equalities

”ZH%Il(Q) = ”ZH%?(Q) + ||VZ||i2(Q) =lly+ - P)D’Yn(U)H%?(Q) +IV(y+ (I - P)D%U)H%ﬂ(g) = HCY||237

which prove that functionals Z(z, g) and J (Y, G) are equal.
In order to characterize the solution of (Py, ), we are going to use the optimal control theory over an infinite
time horizon which is developed in [18], Chapter 2. However, we shall underline that we are not exactly in the

framework given there. Indeed, since we have D(C) = D(ﬁl/ 2) and A is not self-adjoint, C does not fit the
assumption [18], Chapter 2, equation (2.5.5) (where we are in the case § = 1/2 and v = 0), and we cannot

directly apply [18], Chapter 2, Theorem 2.5.1. However, with Corollary 6.7(i) and CA-V2 ¢ L(HY, Z), it can
be shown that R

Ce=** . continuous H° — L?(0, 00; HY),
and assumption [18], Chapter 2, equation (2.5.1), is recovered. The second reason why we are not in the
framework of [18], Chapter 2, is that we use the pivot space V,2(2) x VO(T') to define adjointness (see Rem. 6.3).
Indeed, it is explained in [18], Chapter 2, page 122, that adjointness must be understood with respect to the
HC-topology.

Theorem 7.3. Let Yy € HY. The following results hold.
(i) There exists a unique operator 11 in the space

X = { Le L(H' HY) | (L&) 1o = (E|L w0 mo and (LE|E)yo 30 >0 for all (£,() € H' x Hl}, (7.6)
solution to the following Riccati equation:

(TIEJAQ) 10 300 + (AETIC) 30 30 — (AILEATIC) vo o) xvoqry + (CEICC)z =0 V(€ C) € D(A) x D(A).  (7.7)

(ii) The problem (Py,) admits a unique optimal pair (Yy,,Gy,) which obeys Gy, = —AIlYy, and

J Yy, Gy,) = (I1Yp|Y0) 0,30 = inf {j(Y7 G) | (Y,G) satisfies (7.1) } (7.8)



STABILIZATION OF THE NAVIER-STOKES EQUATIONS 957
(ili) The unbounded operator (D(An), —An) defined by
D(Ap) = H? and Ap = AIl — A,

is the infinitesimal generator of an analytic and exponentially stable semigroup on H°, and the optimal state Yy,
1s the unique solution to the closed-loop system:

Y+ AnY =0, Y(0)=Y,. (7.9)
Moreover, the following equalities hold:
D(AY) =H?®, DAY =H*  for all 6 €[0,1]. (7.10)
(iv) The operator I obeys:
T € L(H*, H2%)  for all 6 € [0,1/2]. (7.11)

Remark 7.4. Since II is the solution to an extended Riccati equation, involving extended operator A, C and
A, it can be viewed as an extended operator. One easily verify that there is a triplet (II;, IIo, II3) which obeys:

= ( gl gi > (1, I, T5) € L(V,2(Q)) x L(V2(Q), VI/2(D)) x L(VY2(I), VIAT).  (7.12)

Proof. (a) Augiliary control problem (Py,). For all Yy € H, the existence and uniqueness of the optimal
pair (Yy,, Gy,) solution to (Py,) is a direct consequence of the finite cost condition given in the appendix in
Corollary 10.4. In order to characterize such an optimal pair, let us use the change of variable method of [18],
Chapter 2, Section 2.5. We recall that to fit the framework given there, the H°-topology should be used to
define the adjoint of A. In the following, (D(A*), A*) denotes the H%-adjoint of (D(A), A) (see Rem. 6.3), we

set A% = X\ — A where A > 0 is given in (iii) in Theorem 6.2, and for a given Hilbert space X we denote by X*®
the dual X with respect to the H°-topology. Let us consider the system:

Y' =AY + BG on D(A)® and Y(0)=Y,eH°, (7.13)

where
B e L(VO(Q) x VO, D(AF/2)®)  and BG = A2AG,

and let us define the auxiliary control problem:

(Py,) inf {j(Y,G) | G € L*(0,00; V2(Q) x VOI")) and (Y, G) satisfies (7.13)},
where

JY,Q) :/O ICY % +/O G o @yxvory with C=CA™Y2 e L(H, 2). (7.14)
Problem (Py,) now fits the framework of [18], Chapter 2 (where with the notations there we are in the case
v:i=1/2,Y :=HO, U :=VI(Q) x VO(I'), Z := Z, R:=C). If Y; € H!, then we have Y, = AY/2Y; € H°, and

for all admissible pairs (Y, G) and (Y, G) of (Py,) and (Py,) respectively we have J(Y,G) = J(Y,G). As a
consequence, existence and uniqueness of (}7370, GYO) solution to (75370) can be deduced from Corollary 10.4, and

J(Yyy, Gyy) = T (Vy,, Gy,), Gy, =Gy, and Yy, = A"Y2Vg  where Yo = AY2Y,. (7.15)
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From [18], Chapter 2, Theorems 2.2.1(az) and 2.2.1(b2), we have Gy, = —B*IIYy, where II is the unique
operator of £(H"), within the class of H’-self-adjoint operator L such that AR/ L(H), solution to:

(MEJAQ) o + (AETIC) o — (BFIIE|BFTIC)vo(ry + (CEICC)z = 0 for all (£,¢) € D(A) x D(A). (7.16)
Moreover, [18], Chapter 2, Theorem 2.2.1(a4), (as), with the first statement in (7.15) yields
(ﬁY0|Y0)HO = j(YYmGYU)a (717)

and from [18], Chapter 2, Theorem 2.2.1(ag), we obtain that II obeys:

Yy = Q(0) where Q(t) = /00 e_m(T_t)(C_ﬁC_—i— 2XoID) (e 2T Yy, (7))dr. (7.18)
t

In the above setting, the operators B* € L(D(A/2) VO(Q) x VO(T)) and C* € L(Z,H°) are the H-adjoints
of B and C respectively, which are given by:

Bf = AA2[-12) ang CF = 102 A+1/2¢x, (7.19)

where I(=1/2) and T (Al/ 2) are the isomorphisms which have been introduced in Remark 6.3. Indeed, because we
have A#/2 = [(1/2) *1/2](=1/2) (see (6.9)), equalities in (7.19) are obtained from the following calculations:

(BGI&) p(as/zye piaszy = (AGIA2€) 50 = (GIAA 2 TEYDE) o o) o r),
CCl2)z = (CAY2¢|Z)z = ((JA2C* Z)voyxvor) = (YD A2 Z)40,

where (G,€) € (V;)(2) x VO(I)) x pgﬂlﬂ) and (¢(,Z) € H° x Z. Finally, the optimal state is given by

the expression Yy, = ®(t)Yy, where (®(t));>; is an analytic and exponentially stable semigroup on H° [18],
Chapter 2, Theorems 2.2.1(ag) and 2.2.1(b1). Hence, we have

Yy, () = ®(H)Yo, t>0, and & =A"23AY? is analytic and exponentially stable on H'. (7.20)
(b) Definition of 11 (proof of (i) and (iv)). Let us define the operator II as follows:
IT = AV2TCYDAY? € £(HY, HO). (7.21)
Since II is self-adjoint with respect to the H-topology, it is easy to see that II belongs to X. Moreover,
from equation (7.16) with (6.8) and (7.19), we deduce that IT is solution to the Riccati equation (7.7), and its
uniqueness follows from the uniqueness of II. Next, by setting Yy = A'Y/2Y for Yy € H! in (7.17), we obtain:
I (Yyy, Gyy) = (IIY,[Yo)po 40 for all Yy € H, (7.22)
and from (7.18) with (6.10), (6.23), (7.15) and (7.19) we deduce that Q = A*}/21(-1/2(Q satisfies
Yy, = Q(0) where Q= K*(C*C + 2)\0H)(e_“z(')Yo + K(AGy,)).

Hence, with Corollary 6.7, C*C € L(H?, H?), IT € L(H', H?) and (7.22), we can make the following calculation

1Q0) Iz < Cr(I¥ollrr + Gy | 2(0,005v0 () x vorry)) < CalllYollzer + (TTY5[Yo) 20 340) /%) < Cs||Yollp¢r,
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and we deduce that 1T € L(H!,H!). Finally, since Il € X, an easy duality argument yields IT € L(H !, H, 1),
and (7.11) follows by interpolation.

(¢) Closed-loop system (proof of (iii)). If Yy € H* and Yy = AY2Y;, then (7.15), (7.19) and (7.21) yields:
Gy, = Gy, = —BIIYy, = —AAY2[CYDIAY Yy, = — AllYy,.

As a consequence, for all Yy € H' the optimal state Yy, = ®(-)Y; is solution to (7.9). Moreover, since
ATI € L(H), we obviously have D(Ar) = D(A — AIl) = D(A) = H? and the analyticity of (e~41*);~q on H°
follows from [20], Chapter 3, page 81, Corollary 2.2. Notice that since e~An()Y] is the unique solution to
(7.9) for all Yy € H° [20], Corollary 4.1.5, the semigroups ®(-) and e~1() coincide on H', and e~A1() is
the unique extension of ®(-) to H°. Finally, since D(An) = H? and D(Af) = H? (which can be deduced
from IIA € £(H?)), then proving (7.10) can be reduced to proving equalities D(An’) = [D(An), H%]1_¢ and
D(An*?) = [D(An*), H?)1 ¢ for all 6 € [0,1]. According to [27], it is equivalent to show that the holomorphic
function z € {z € C | Re(z) > 0} — An~* € L(H") can be extended to a strongly continuous function from
{2 € C| Re(z) > 0} into L(H"). We verify that:

(t+An) =t +X—A) T ({EF X —A) TN = AID(E+Ap)"E >0,
which yields the following equality:

sinmz

AnF = (o= A1), I(2) = /;Oo Ao = A) o — AT (6 + An) .

™

Hence, it remains to show that z — I(z) can be extended to a strongly continuous function from {z € C |
Re(z) > 0} into £(H?). The values p and o being respectively the real and imaginary part of z, we invoke the
resolvent property of the generators Ao — A and Ay of analytic semigroups [20], Chapter 2, equation (6.2), to

obtain || 1(2)]| g0y < Ce™ [1° t*p(df:-ty < 400. We conclude by virtue of [17], Theorem 17.9.1, Chapter 17.

(d) Extension to Yy € H® (proof of (ii)). Let Yo € H° and (Y, G) € L%(0, 0o; H') x L?(0, 00; V.2(Q) x VO(T')) be an
admissible pair for (Py; ). Since the analyticity of (e**);>q on H® ensures that Y € C([1/n, T]; H))NC([0, T]; H°)
for all n € N* [6], Chapter 1, Proposition 3.8, then Y (1/n),en- is a sequence of H' converging to Yy in HC.
Thus, for all n € N* we verify that t — (Y,,(¢),Gn(t)) = (Y(t +1/n),G(t + 1/n)) is admissible for (Py (1/y)),
and (7.22) (where we set Yy := Y (1/n) € H') with the optimality of (Yy (1/n), Gy (1/n)) yields:

oo

(LY (1/0)[Y (/)0 20 = T (Vi (1 mys Gyt ymy) < T (Yo Go) = / el / e

Vo@xvomy.  (7:23)

Thus, by passing to the limit sup in (7.23), we obtain the strong convergence of Yy (1/n) = e=An)Y (1/n)
to e A1)y, in L2(0,00; H'), and of Gy@/m) = —Alle=An0)Y (1/n) to —Alle~A10)Yy in L2(0, 00; V2(Q) x
VO(T')). Hence, by taking the inf over all admissible pair (Y, G) in the resulting inequality, we obtain (7.8) and
(Yy,,Gy,) = (e=An0)Y,, —Alle=An0)Yy). Tt follows that e~ A1)y, € L2(0,00; H') for all Yy € H°, and the
exponential stability of e=41() on H° can be deduced from [20], Theorem 4.4.1. O

8. STABILIZATION OF THE NAVIER-STOKES EQUATIONS

The goal of this section is to prove that for initial conditions belonging to an adequate neighborhood of the
origin, the nonlinear system (3.1)-(3.2)-(3.3) admits a unique solution which is exponentially stable. For s €
922 1] and 2y € V*(Q) the initial condition Yy = (Pzo,7*(20))” belongs to H*, and according to Theorems 6.9,
4.9, 5.5 and (7.12) system (3.1)-(3.2)-(3.3) can be rewritten in the following abstract form:

Y' £ ApY = B(Y,Y), Y(0)=Y, e M, (8.1)
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where B(-,-) is defined by

B<< y > ( w )) B < (v + (I = P)Dyu(w)) - V) (w + (I ~ P)Dra(v)) > 52)

U v 0

The proof of the stability of the solution to (8.1) relies in an adequate choice of the norm of H* and H!*s. We
first need to define the following operator.

Definition 8.1. For s € [0, 1], we define the following linear operator:
O 1 — H*  and OO = Ag™/2 1AL
Proposition 8.2. For s € [0,1], the linear operator II*) obeys:
%) e L(H?F H29=%)  for all 6 € [0,1/2]. (8.3)
Proof. (8.3) is a direct consequence of (7.10) and (7.11). O
We are now in position to define the following new scalar product (-|-)m,s on H?:
(ElOm,s = DEC)pg-a a0 for all (£,¢) € H® x H°, (8:4)

Proposition 8.3. For all s € [0,1], the bilinear form (-|-)m,s defined by (8.4) is a scalar product on H®. If we
define ||€]m,s = ((§|§)H,s)1/2, then the following norm equivalence holds:

s ~ |+ [l (8.5)

Moreover, we also have:
(Am - [)m,s ~ || - H?-{Hs- (8.6)

Proof. Let us show (8.5) for s = 0. The inequality || - |0 < Ci]| - |l30 is a straightforward consequence of (7.11)
with § = 0. The converse one follows from the next calculation where we invoke successively a trace theorem,
the first equation in (7.9), the first statement in (7.5), and (7.8):

1€ll30 < 02(||Y§||%2(0,00;H1) + ||Ygl|‘%2(o,oo;7rl))
< Cs(IYellZ2 (0 00er) T IATIYE [ (g scie-1))
< Oy (TIEIE )0 10
Next, from [|-[|.0 ~ |||/, we obtain ||| s = A ||mo ~ HA;/Q-HVWQ(Q), and (8.5) follows from (7.10). Finally,

we invoke the density of D(A) in H! with IT € L(H!, H.) to extend the validity of (7.7) to (&,¢) € H* x H1,

and we replace £ and ( by A;/ %¢ to obtain the following explicit expression of (Anélé)m,s:

1 1
(Ang€)ms = (AnEE)y v p-r = SICAn?E|% + SIIALAR2E|Fo(ry forall & € HIFe.

Hence, (8.6) is a consequence of the first statement in (7.5) with (7.10). O

Next, in order to prove the well posedness of (8.1), as well as a local exponential stabilization result for (8.1),
we also need some estimates of the nonlinearity B(-, ).
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Lemma 8.4. Let (s, 82,53) € [0,1]° such that s1 +so+s3 > % ifs; # 2,0 =1,2,3 or s1 + s2 + 53 > 2 if
S; = %, for at least one i. There is C > 0 such that:

[(B(Y1,Y2)[Y3)34-s5 50

< Y3

Yo [ 3140 || Yallpgss  V(Y1, Y2, Y3) € H x HITS2 x HEo. (8.7)

Proof. According to [7], Chapter 6, Section 6.9, for such s1, sy and s3 there exists a constant ¢ > 0 depending
on (s1, $2, 83,2, d), such that:

< cl|lwilvsi @ llwallvites @) llwslves ), (8.8)

/Q(wl V)ws - ws

for all (wy,wy,ws) € V() x VI+52(Q) x V(). Hence, since for (Y1,Ys,Ys) € H™ x H2 x H55 where
Y; = (yi,ui)", i =1,2,3, we have

(B(Y1,Y2)[Y3) 3420 3430 = —/Q ((y1+ (I = P)Dyn(wa)) - V) (y2 + (I = P)Dyn(u2)) - ys,

from estimate (8.8) we deduce that:

[(B(Y1,Y2)[Ys)3-a 5420

<dllyr + (I = P)Dyn(un)ver@lly2 + (I = P)Dyn(ua)|[vr+ez ) wsllvgs @) -

Finally, (8.7) follows from |ly1 + (I — P) Dy, (u1)llver o) < Cillyillver ) + luallye-120y) = Chl[Yil[#e1, from
1y2 + (I = P)Dyn(u2)llvrrez () < Calllvzllyree ) + lluallyarizr)) = ColYallprees, and from [lys|[yes o) <
[EITMER O

Finally, Theorem 3.1 is a consequence of the following theorem.

Theorem 8.5. Let s € [252,1]. There exist co > 0 and po > 0 such that, if § € (0, 0) and
Yy € Vi = {Y eH | IV < 005}, (8.9)
system (8.1) admits a unique solution in the set
S; = {Y € W(0, 00 H' P, HT') | Y [lwr (0,004 3145y < 0 } (8.10)

Moreover, there exist C > 0 and n > 0 such that
1Y ()|l < C[[Yollpe=e7™. (8.11)

Proof. Let us treat the cases s > 0 and s = 0 separately.
(i) The case s > 0.
Since — Ay is the infinitesimal generator of an analytic semigroup of negative type, the following application

W(0,00; HITS  H=1S)  —  L2(0,00; H~ %) x H?,

Y — (Y + AnY, Y (0)), (8.12)

is an isomorphism, see [6], Chapter 3, Theorem 2.2, where we can set T = co because (e‘A“t)tZO is exponentially
stable. Thus, we consider the mapping

U:ZeW(0,00; H™ S H1S) v Yy,
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where, for all T' € (0,00), Yz € W(0,T; H'*, H~1%%) is the solution to
Y+ AnY = B(Z,Z), Y(0)=Y, € H".

We look for values ¢y > 0 and po > 0 such that, for every Yy € V5 with § € (0, 1), ¥ is a contraction in Sj.
Since (8.12) is an isomorphism, and according to (8.7) for (s1, $2,83) = (s, 8,1 — ), there is Cy > 0 such that

19 (2)lw(0,00:11+5 1=1+5) < Co(|Z]| o< (0,0057) | Z | L2(0,00:11+5) + [|Y0[#¢2)- (8.13)
Hence, the continuous embedding W (0, oo; HT* H=1F$) — L°°(0, 00; H*) gives C; > 0 such that
19(2) |l w 0,001+ H-1+5) < ColCLIZ |y (0.005m1 42 21+ + [ Yoll22),
and since Z € §§ and Yy € V5, we have
1 (Z)|lw (0,001 45,1145y < Co(Crpo + co)d. (8.14)
Next, for Z; and Z in 8§ we verify that Y = ¥(Z,) — U(Z,) satisfies
Y'+ AnY = B(Zy — Za, Z1) + B(Za, Z1 — Z,), Y (0) =0,

and since (8.12) is an isomorphism, according to (8.7) when (s1, $2,53) = (s,s,1 — s), there is Co > 0 such that

[W(Z1) = U(Z2)|lw 0,001+ 1145y < Ca(l|[Z1 — Za|| Lo (0,00:15) | 211 L2 (0,051 +9)
Z1 — ZQ||L2(O,oo;H1+5))' (8.15)

+ |22l Lo (0,00;1%)

Hence, we invoke the continuous embedding W (0, co; H1 ¢, H=1+%) «— L°°(0,00;H*), and since Z; and Z,
belong to S§, we obtain the existence of C3 > 0, such that:

W (Z1) = W(Z2)llw (0,001 +2 H—1+5) < C2C3p0l| Z1 = Za||w (0,004 3= 1+5)- (8.16)

Then for po = min(wlcl, ﬁ) and ¢y < ﬁ in (8.14) and (8.16), ¥ is a contraction in Sj and system (8.1)

admits a unique solution in S§. Next, we multiply the first equation in (8.1) by )Y (t) and we obtain

1d

5allY(t)||121,s + (AnY ()Y ())ms = (B (6), Y E)ITY ()5 1. (8.17)

Thus, from (8.7) with (s1, $2,83) = (s,8,1 — ), from (8.3) with # = 1/2 and from (8.5) and (8.6), we obtain

[(B(Y (£),Y (£))[IDY (1)) < K |Y ()| (AnY (DY (8))rr,s, (8.18)
and (8.17) yields:
d
Y Ol + 20 = KoY ) lm,6) (AnY )Y (), < 0. (8.19)
If we choose Yy so that ||Yp]m,s < %Ks’ then the mapping ¢ — ||Y(¢)|,s is a nonincreasing function with values
less than ﬁ Finally, let Cy > 0 and 7 > 0 such that || - [[ir,s < Cull - [|s and 2n[| - |7, < (An - [-)ms. If we
choose g = min(QCicl, 20103, 2c061‘4K5)’ then ||Yo|ls < copo implies ||Yo|lm,s < Cacopo < 211(5 and (8.19) yields
d 2 2
1Y Ollis + 20llY (®)llz,. < 0. (8.20)

Finally, (8.11) follows from (8.5).
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(ii) The case s =0 and d = 2.
For all Z = (z,x)T € W(0,00; H', H™!) and V = (w,v)T € H., an integration by parts yields

/Q (24 (I - PYD3(x)) - V)w - (= + (I — P)Dn(x))
0

(B(Z(), ZW)V )yy1 50 =

and with (8.8) for (s1, s2,s3) = (1/2,0,1/2) we obtain
(B(Z(), ZW)V )1 40 < CUZWB) a2 llwllvg o) 1212

Thus, from the interpolation inequality

/2 1/2
I ez < CIL U - e (8.21)
we deduce that || B(Z(t), Z(t))||ln-1 < C|Z(t)||0 ]| Z(t)||2 and we obtain (8.13) when s = 0. A similar argument
also yields (8.15) when s = 0 and existence and uniqueness of a solution to (8.1) can be deduce as in the case
s> 0. Finally, (8.7) with (s1, s2,s3) = (1/2,0,1/2) and (8.3) with s =0 and § = 1/2 yields

(B(Y (1), Y (0))ITOY (1) < CIIY 0)l30/2 1Y ()52,
and (8.18) when s = 0 follows from (8.21) and from (8.5) and (8.6) with s = 0. O

Remark 8.6. The mapping £ € H® — [|{[|, is a Lyapunov function of system (8.1). Indeed, according to
(8.20), for all Yy € V3 the solution Y € Sj of (8.1) is such that ¢ — [|Y(¢)|; , decreases to 0 with values in RT.

Proof of Theorem 3.1. Let s € [452 1]\{1/2} and set Yy = (P20,7°(20))7. According to Theorems 6.9, 4.9
and 5.5 and to (7.12), the formulation (8.1) is equivalent to (3.1)-(3.2)-(3.3) where z = y + (I — P)D~y,(u).
Moreover, (2.2) and (4.13) guarantee that Y € H*, and that there exists ¢; > 0 such that

Yol[#: < eallzollve(a)-
Next, with Y = (y,u)? and 2z = y + (I — P)D~,(u), we obtain ¢y > 0 such that
2w 0,005+ +1 (00, vie=1 () F Nullw ©,00,v e 1720y ve—sr2ry) < call Yllw (0,00m1 42 10 149).

Moreover, from the continuous embedding W (0, 00; VS+1(Q), Vi1 (Q)) — H/21/2(0,00; V(Q)) we deduce
that O;u € H*/271/2(0,00; V°(Q)), and by recalling that p obeys (3.1) we obtain Vp € H*/21/2(0, 00; H*~1(Q))
and p € H*/271/2(0,00; H*(Q)). Hence, (3.1) and (3.2) with Y = (y,u)” and z = y + (I — P)D~,(u), provide
c3 > 0 and ¢4 > 0 such that

1Dl s/2-1/2(0,005m7 (2)) es (1Y lwo.ooimrt ae-1+0) + 1Y (0 sorprss 2100y,

<
lollzz0,00) < callYllw(o,00m1+2 3¢=1+5).-
As a consequence, for ¢ = max(l,co,cs,cq) the above inequalities with Theorem 8.5 guarantee that if zg

obeys ||zolvs) < 65255 then we successively obtain [|[Yp|ys < 2_257 Y € S‘; and (z,u,p,0) € Dj. Finally,

Theorem 3.1 holds with ¢ = 625 in (3.4). O

c1
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9. LOCALIZATION OF THE CONTROL ON A PART OF THE BOUNDARY

In the previous sections, we deal with a boundary control u acting on the whole boundary I'. Nevertheless,
it is possible to treat the case of a boundary control which is localized in an open subset of I'. We introduce a
weight function m € C?(T") with values in [0,1], with support in I',,, C I' and equal to 1 in 'y, where I'; is an
open subset of I',,,. Thus, we define D,, : VO(T') — V°(Q) by D,,u = w where (w, q) is the solution to

Aow —vAw + (w-V)zs + (2zs - Vw+Vg=0, V- -w=0,

wlr = M — om (W) 1), om(v) = (/Fm)_l/rmv-n.

Notice that for all u € VO(I') the boundary value m(u — o,,(u)n) is supported in T',,, and belongs to VO(T).
Hence, we define the operator (D(A,,), Am) in H° by

D(An) = { (y.u) € V2(Q) x V32(T) | y — PDyu € Vi (Q) }
A = vPA — P(Vzs) — P(z5 - V) (M —vPA+ P(Vzs)+ P(zs - V))PD,,
"o ( 0 P,A, )

By following the path of Section 6, we can prove that the V,2(Q) x V°(T')-adjoint of (D(A,,), Anm) is defined by

(9.22)

D(A;,) = VE(Q) x V(D) A:f( vPA = P(Vz,)" + P(z - V) 0 )

D: (Ao — vPA+ P(Vz)T — Pz, - V) Py
and that (D(A,), An) (resp. (D(AZ,), A%))) is the infinitesimal generator of an analytic semigroup on H° (resp.
HY). Thus, for 6 € [0, 1], we introduce the spaces

Hol = { (y,w) € V°(Q) x VI7H2(T) | y — PDyu € Vi () } Hln = V&' (Q) x V2H2(0) = 1,
H,20 = (H2,) and H, 20 = (H2?)', and we remark that H2? = H? when 6 € [0,1/4]. As in Corollary 6.7, we
show that for Yy € H° and G € L2(0,T; V2 (Q) x VO(T)), there is a unique Y € W(0,T;H},, H,!) solution to

Y' =AY +AG on D(AL), Y(0)=Y,cH’ (9.23)

Next, we define the observation space = = L2(2) x L?(€, Rd2) x L*(Q, Rd2) and the observation operator:
Y+ (I - P)Dm’}/n(u)

Co:H: — = and C,Y =|[ V(y+{I —P)Dpyn(u) |,
VDu

and we easily verify that [|Cp.[|= ~ || - [l32 and C},Cp € L(H,,, Hs 1) N L(HE,, HY,). We have added the third
component V Du in order to control |[u[[y1/2(r), and so that the inequality || - [l7;2 < C||Cy, - [|= be true. Finally,
we define the optimal control problem:

(Pun.yv) inf{Jm(Y, Q) | G e L*(0,00; VO(Q) x VOT)), (Y,G) satisfies (9.23)},

where

Tnl¥,C) = / ICm Y12 + / TelcAmam—
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Solving (Py.v,) provides I1,,, € £L(H°, H?) which is the unique solution in X' (defined by (7.6)) to the following
Riccati equation:

(& Am ) o 1o + (Am& Tm () a0 10 — (AL &AL () vo () x vor) + (Cim|Cim )= = 0, V(, () € D(Am) xD(Am).
(9.24)
As in Remark 7.4 one shall also underline that there is a triplet (IL,, 1,11, 2,11, 3) which obeys:

I, = ( g:’kné gmi ) y (Hm,I;Hm,27Hm,3) S E(VS(Q)) X E(V,,?(Q)’VI/Q(F)) X E(V71/2(F),V1/2(F))
| (9.25)

Thus, as what has been done in Sections 7 and 8, we introduce the unbounded operator A,, 11,, = AIL,, — A,,

in ‘H® with domain D(A,, 11,,) = HZ,, and for s € [42, 1] we introduce the operator ey = fn/én Hm.Af,{?Hm,
the scalar product (-|')m,, s = (Hgﬁ) . |')H;’s ws » and the two norms || - ||m,, s = (|)111/2S and (A1, - |)111/25,
which are respectively equivalent to | - |3z, and || - [[,,1+<. An obvious adaptation of the proof of Theorem 8.5

shows that there exist C' > 0, n > 0, ¢g > 0 and po > 0 such that, if § € (0, ug) and
Yo €EVos= {Y € My | 1Y |3, < 006},

then the system
Y' 4+ A, Y = B(Y,Y), Y(0)=Yp, (9.26)

admits a unique solution in
:;1,6 = {Y S W(O, 00; H;j‘sv’]-{;l-i-s) | ||YHW(O,oo;H$n+S,'H;,1+S) <4 },

which obeys ||Y(t)[|3;, < C|Yollns e Finally, if s # 1/2, we easily verify that for zo € V3 (Q) (defined
in (3.7)) we have zo — D,,v*(20) € V5 (Q) and (Pzo,7°(20))? € HE,. As a consequence, for Yy = (Pz,v*(20))"
we rewrite (9.26) in the equivalent formulation (3.8)-(3.9)-(3.10)-(3.11), and Theorem 3.6 follows.

10. APPENDIX

The goal of the present appendix is to prove a finite cost condition ensuring that (Pp,,y,) admits solutions.
The main argument of the proof relies in a geometrical extension procedure which consists in working with a
system defined in a larger domain Q= Int(Q U®), where w is an open bounded domain of R? such that Qis of
class C*, wNQ =0 and 0 = Ow N T is an open subset of I';. See Figure 1, where ¢ is the part of I' going from
A to B in the clockwise direction, where I'; is the part of I' going from A; to By in the clockwise direction and
where I'y, is the part of I going from A,, to B, in the clockwise direction. We recall that I'; is an open subset
of I on which the cut-off function m is equal to 1. With such a choice of w, it will be possible to construct
a boundary control u supported in I'y, and so that u = m(u — o (u)n). We set I = Ulef(j) = 90 where

I, ... T denote the connected components of 89, and for s > 0 we define the spaces V,5(2), Vi (€) and
V(') in the same way as V,?(Q2), V5 (Q) and V*(T'), and we introduce the spaces:

V2(Q) = {y evVi(Q) | (y- n|1>H—1/2(F(j))7H1/2(F(j)) =0,7=1,.. .,N}, (10.27)
{ye V(@) [ (y- ”|1>H—1/2(fu>),H1/2(fu>) =0,j=1,...,N}. (10.28)

<
/-L:J
2
I

Thus, we establish an extension lemma that is lifting a function z € V2(Q) to a function Z € V2(1).

Lemma 10.1. There ezists an operator E € L(V2(Q),V2(Q)) such that E(z)|q = z for all z € V(Q).



966 M. BADRA

FIGURE 1. Geometrical extended domain €.

Proof. Let z € ‘72(9) According to [25], Appendix I, Proposition 1.3, Remark 1.5 and Proposition 1.4, page 467,
there exists F' € (H?(Q2))* such that V x F = z, where k = 1 if d = 2 and k = 3 if d = 3. Thus, we extend F
to a function F' € (H?(Q))* by classical ways, and we define E(z) =V x F. O

We now define the Oseen operator in €. From z, € V() we define Z, = E(z,) € V2(Q) and (D(A), A) =
(VE(Q),vPA - P(Vzs) — P(Z;-V)) in V,2(Q), where P is the orthogonal projector from L?(2) into V,%(2). The
following theorem states the existence of a pair (Y, G) obeying (9.23) and J(Y,G) < +oc.

Theorem 10.2. For all Yy € H°, there is G € L?(0,00; V2(Q) x VO(I)) such that Y € W(0,00; H', H™1) and
Y' =AY +AG on D(AL), Y(0)=Y, e H (10.29)

Proof. In three steps, we are going to exhibit a pair (Y,G) € W(0,00; HY, H™1) x L2(0,00; V,9(Q2) x VO(T))
satisfying (10.29). Let us fix 0 < t; < t3 < +00.

Step 1. Here, we exhibit a control G € L?(0,t1; V,2(2) x VO(T')) which brings Y (0) = Y5 € H® to Y(t1) =
(21,0)T where z1 € V(). Let us assume that 0 < 7/ < 7”7 < t;. First, by setting G = (0,0)” on [0, 7],
the analyticity of (em?);>o on HC ensures that Y (') = (y(7'),u(r'))T € D( Nf,{4) = Hy/%. Hence, since
u(t') € VHT) we can choose v € W(r',7"; VZ(I'),VO(T')) obeying v(7’) = u(r’) and v(r”) = 0. Thus, by
choosing the control G = (0,v' — Ayw)T € L2(7,7"; V2(Q) x VO(T')) on [r/, 7] we obtain Y () = (y(7"),0)T
where y(7"") € V(). As a consequence, by applying G = (0,0)7 on [7”, 1], we have Y () = (et~ )y (1), 0)”
on [7,t1], and with the analyticity of (e*);> on V,2(Q), we deduce that Y (1) = (21,0)” where 2; € VZ(Q).

Step 2. Here, we exhibit a control G € L%(ty,t2; V,0(Q)x VO(T')) which brings Y (1) = (21,0)” where z; € VZ(Q)
to Y(ta) = (Pza,2|r)T where z; is the restriction to © of a function Z, € V2(Q). First, z, € V2(Q) C
V2(Q) with Lemma 10.1 ensures that we can define 7 = E(z1) € V2(Q). Hence, we have Zilp € V3/2(T) =
[V3/2(T), VO(T)]ays and there exists @& € L?(t1,t; VO/2(T)) N HO4(t1,t2; VO(T)) such that a(t;) = Zp [15].
Notice that since ;| is equal to zero outside 7 = 8wﬂ8§~2, even by replacing u by pu where p € Coo(f X (t1,t2))
is an adequate cut-off function, on can suppose that @ is equal to zero on I'\I'; and obeys u(t2) = 0. By this
way, the velocity z solution to the following Oseen system defined in Q:

0Z—vAZ+(Z- V)2 +(E-V)Z+Vp=0, V-2=0 in Qx (t1,t2),

Z=7u on fX (tl,tg), Z(tl):gl,
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admits on I' a trace u = Z|r supported in I'y and such that v = m(u — op(u)n). Moreover, with @ €
L2(ty, t2; VO/2(T)) N HY4(ty, 23 VO(T)), with Z; € V2(Q) and with € of class C%, one can use regularity results
for the Oseen system [23], Theorem 4.1(v), which yields 3 € L2(t1, to; V3(Q)) N H3/2(ty, 2; VO(Q)). Hence, we
have Z € C([t1,t2]; V2()), and since @ obeys 1(ty) = 0, we deduce that (t2) = Z» € V2(Q). Then by setting
29 = Za|a, 2 = Z|q and recalling u = Z|r and u = m(u — o, (u)n), one easily verify that Y = (Pz,u)? satisfies
the first equation in (10.29) for G = (0,u' — Ayu)T € L2(t1,t2; V2 (Q)x VO(T)), and we have Y (t3) = (Pza, 22|r)T
where 29 = 23] and 2 € VOQ(KNZ)

Step 3. Here, we exhibit a control G € L%(tz, 00; V.9(Q)x VO(T)) which brings Y (t2) = (P22, z2|r)? to zero at in-
finity. To overcome this goal, it is sufficient to construct a control f € L*(0,00; L? (ﬁ)) supported in w, for which
the solution Z to the Oseen system in €2, which obeys Z(t2) = 25 € VZ(Q), belongs to W (t2, c0; VZ (), Vi (Q)).
By this way, z = z|o € W(t2,00; V3(Q),V1(Q)) obeys z(t2) = 22 and is solution to the Oseen system in  for
the boundary control v = Z|r supported in I'y, and so that u = m(u — oy, (u)n). Moreover, one can verify that
G = (0,u' — Apu)T € L?(0,00; V2(Q) x VO(T)) and that Y = (Pz,u)? € W (t2,00; H', H ) satisfies (10.29).
Let M € C°°(S~2) be supported in w and obeying M]|,, = 1, where w; is an open subset of w, and let us choose

f(y,f)/0+m/§|yl2+/o+m/§|f|2,

y' = Ay+ PMf on D(A*), y(0)=yo € VoQ). (10.30)
An exact controllability result [9] ensures the existence of a finite time Ty € 0,00, and of a control fr, €
L2(0, 00; L2(9)) supported in w; x (0,Tp) for which the solution to (10.30) is zero past Tp. Notice that since
Mlw, = 1 we have fr, = M fr,. Hence, we have a finite cost F(yz,, fr,) < 400, and we can apply the
theory of [18], Chapter 2. There exists an optlmal control given by the feedback expression f = —PM?R Y,
where R is a linear operator in E(VO( ), Vo( ), and if we set Ap = A — PM2R, the semigroup (e ARt)tZO
is analytic and exponentially stable on V) (Q) Hence, classical regularlty results [6] ensures that eAr( )y €
W (0, oc; D(A3/2) D(A1/2)) for all yo € D(AR). Moreover, since Ap is a bounded perturbatlon of A, we deduce
that D(AR) = D(A) = VZ(Q) and that D(A}%/Q) = V1(Q), and since equation AR y = X is equivalent to

f which minimizes the cost

where

—vAy+Vp=—(Z-V)y — (y-V)Z — M*Ry — A,'?x,

from Z, € H2(Q), M2R € L(V°(Q),H(Q)), /T_lmx € D(/Tlm) = VH(Q) for all x € Vo), and Q of
class C3, regularity results for the Stokes system [13] yields the continuous embedding D(As/ %) — V3(9). As
a consequence, for all yo € V2(Q) we have eAr()y, € W (0, 00; VE(R), Vi (€)), and Z = eAr(—12)Z, belongs to
W (t2, 003 V3 (Q), V(). O
Remark 10.3. Since E does not map V() onto V2(Q), we cannot claim that 2; = E(z1) € VZ(Q) and skip
the second step of the proof of Theorem 10.2. However, in the particular case of non localized control (where

Iy =T =T"), we have 90N Jw =T' and we can obtain an extension operator Ey € L(VZ(Q),VZ(Q)). Indeed,
in the proof of Lemma 10.1, it suffices to set Eg(z) = V x (pF) where p € C*(Q) is an adequate cut-off function.

Corollary 10.4. For all Yy € H°, there is G € L*(0,00; V2(2) x VO(T')) such that Y € W(0,00; H', H™!) and
=AY + AG on D(A*), Y(0)=Y, € H

Proof. Tt is a consequence of Theorem 10.2 in the particular case m =1 and I'y =T, =T (]
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