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A YOUNG MEASURES APPROACH TO QUASISTATIC EVOLUTION
FOR A CLASS OF MATERIAL MODELS WITH NONCONVEX
ELASTIC ENERGIES *

ALICE F1AscHI!

Abstract. Rate-independent evolution for material models with nonconvex elastic energies is studied
without any spatial regularization of the inner variable; due to lack of convexity, the model is developed
in the framework of Young measures. An existence result for the quasistatic evolution is obtained in
terms of compatible systems of Young measures. We also show as this result can be equivalently
reformulated with probabilistic language and leads to the description of the quasistatic evolution in
terms of stochastic processes on a suitable probability space.
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1. INTRODUCTION

The energetic formulation of many rate-independent evolution processes for elastic materials involve an energy
functional depending on the elastic deformation of the body and on an internal variable; an important role is
played by the dissipation distance, which depends just on the internal variable (see e.g. [9,14,15]).

The standard method to solve this kind of problems is via time-discretization and resolution of incremental
minimum problems (see [11-13,16] and references therein); to apply this method, lower semicontinuity and
coerciveness of the energy functional are needed in the space where the problem is formulated.

As in [8], we consider the case in which the energy functional W and the dissipation distance H take the
form

W(z,v) z/DW(z(ac),Vv(ac)) dz, (1.1)

H(z1 — 20) = /D H(z1(x) — zo(z)) da, (1.2)

where D C R? is the reference configuration.
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Since for the mechanical applications considered in [8] it is not natural to assume W convex with respect
to the internal variable z, there is no function space where the energy functional can be simultaneously lower
semicontinuous and coercive. The way proposed in [8] to overcome this difficulty is to assume quasiconvexity
of W with respect to its second argument and to add a spatial regularizing term of the form

0l V23, (1.3)

with > 0: thanks to the hypotheses made on W and H, the regularized functional is coercive in suitable
Sobolev spaces, and classical results (see [1]) guarantees its lower semicontinuity in the same spaces; however
the regularizing term (1.3) is not always physically justified.

In this paper we propose an approach to this problem which does not require any assumption on the con-
vexity /quasiconvexity of the energy functional and does not need any regularizing term: lower semicontinuity
and coerciveness are obtained by formulating the problem in a suitable space of Young measures, as proposed
in [6] for a different problem.

Without entering in the details of the hypotheses, we just mention that we will assume that the body
is subjected to an external load l(¢) depending on time and to a time-dependent prescribed boundary de-
formation ((t); moreover we will ask that W: R™ x RN¥X4 — [0, +00) has quadratic growth and that
H:R™ — [0,+00) is convex and has linear growth.

Given an initial value of the variables (zp,v9) and a partition of the time interval [0,7] in which we study
the evolution

0=t"<tl<...<tF =T,
the approximate solution should be defined inductively by solving the following incremental minimum problem:
inf W(z,0) — (U(#), 0) + H(z — 2(#1)} (1.4)

among all (z,v) which make the energy finite and satisfy the boundary condition at time ¢*. As anticipated,
these problems are not well-posed in Sobolev spaces and we will present an explicit example in which (1.4) has
actually no solution (see Rem. 7.3).

To obtain lower semicontinuity and coerciveness of the energy functional we place the problem in a suitable
space of Young measures and solve the incremental minimum problems in this extended setting. Differently
from [6], the quadratic growth hypothesis on W allows us to use Young measures with finite second moments
instead of generalized Young measures; to this aim we specialize to the more regular setting the definition and
properties of the space of compatible systems introduced in [5] .

The next step is the study of the convergence of the approximate solutions as the time step ¢'—#~! tends to 0.
Up to careful choices of subsequences, we can obtain the convergence of the approximations to a pair (v, pu),
with v a time-dependent family of Young measures with finite second moments and values in R™ x RV*? and
p a compatible system of Young measures with finite second moments and values in R™, connected to v by a
suitable projection property.

The main result is Theorem 6.15, which shows that this pair satisfies a global stability condition and an energy
inequality, suitably reformulated in Young measures language (see Def. 6.14); therefore it can be considered as
a solution of the quasistatic evolution problem in the framework of Young measures.

Since we do not need to use generalized Young measures, we can rephrase the definition of compatible
systems introduced in [6] using a probabilistic language: in Theorem 3.3, with a modified version of Kolmogorov
Theorem, we prove that we can associate to any compatible system of Young measures with finite second
moments a suitable stochastic process on a probability space of the form (D x Q, P).

The advantage of the probabilistic formulation is that it motivates, in some sense, and clarifies the notions
related to compatible systems of Young measures: in particular the notion of variation of a compatible system in
a time interval [a, b] agrees with the usual variation on [a, b] of the corresponding stochastic process (Z¢).c(o, 1)
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considered as function from [0,7] into LY(D x Q;R™). Moreover, thanks to Theorem 3.5, the pair (v, )
representing the solution can be described by a unique stochastic process with values in R™ x RN>4,

In the last section we give an alternative proof of the main theorem under the special assumption that the
stored energy density is quasiconvex with respect to its second argument; we use the result in [8], Section 4, to
obtain solutions of spatially regularized problems, and prove that we can pass to the limit as the regularization
parameter vanishes, to obtain a globally stable quasistatic evolution in terms of Young measures in the sense
of Definition 6.14.

2. MATHEMATICAL PRELIMINARIES

Functions and measures. We denote by £? the Lebesgue measure on R?, d > 1, and by H* the k-
dimensional Hausdorff measure. ||- ||, is the usual norm on L?. H*(D;RY) denotes the usual Sobolev space of
all functions from an open domain D C R? into R lying in L? with their first derivatives. The symbol (-,-)
will denote a duality pairing depending on the context.

Given a finite dimensional Hilbert space Z, f: D x £ — R is said to be a Carathéodory function if f(z, )
is continuous for a.e. © € D and f(-,€) is measurable for every & € =.

Given D an open bounded domain in R? and = a finite dimensional Hilbert space, we denote by M (D x =)
the space of all bounded Radon measures on D x Z; this space can be identified with the dual of the Banach
space Co(D x Z) of all continuous functions ¢: D x = — R such that || > ¢ is compact for every € > 0. We
will consider on M(D x =) the weak* topology deriving from this duality.

Let v and p be nonnegative measures in My(D) and M,(D x Z), respectively, such that 7p(p) = v. The
Disintegration Theorem (see, e.g., [18], Appendix A2) guarantees the existence of a measurable family (u*).ep
of probability measures on =, such that

[ teouee = [ ([ feoar©) ),

for every bounded Borel function f: D x = — R. The measures u* are uniquely determined for a.e. z € D
and we will write

u:/D,ﬁ' dv(z).

In the whole paper we will use the following notation: 7p and w= will denote the usual projections of the
product space D x = on D and Z respectively; in the case = = =1 x 2y, 7z, will denote the projection of
D x =21 xZy on D xZ; and 7z, the projection of =1 X Z9 on Z;, for i =1,2.

Young measures. Now we will recall the definition and the main properties of Young measures.
In the whole paper D will denote a bounded open domain in R? and =, =;, = will denote finite dimensional
Hilbert spaces; we will assume, without loss of generality, that

LYD) = 1. (2.1)

The space Y (D;Z) of the Young measures on D with values in = is the space of all nonnegative measures
€ My(D x Z) such that

mo(p) = L4 (2:2)

Applying the Disintegration Theorem to p € Y (D;Z), we deduce the existence of a measurable family of
probability measures on Z, (u%)zep, with
= / ©® de.
D
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Y?2(D;Z) denotes the space of all p € Y(D; =), whose second moment

JRTCEE ( L du““’(&)) dz
is finite.

To every u € L?(D;E) we can associate a Young measure with finite second moment denoted by 4, and
defined by

/ f(x’g) d5u($,§) ::/ f(ac,u(ac)) de, (23)
Dx= D

for every bounded Borel function f: D x = — R. In particular for every € € 2, we will denote the Young
measure associated to the function z +— & simply by d¢.

3. YOUNG MEASURES WITH PROBABILISTIC LANGUAGE

In this section we want to point out that Young measures can be presented using a probabilistic language,
and precisely the notion of random variable. While for a single Young measure this probabilistic presentation
does not introduce relevant simplifications, it will be very useful in the case of families of time-dependent Young
measures.

Probability spaces of the form (D x Q, B(D)® F, P), where (2, F) is a measurable space, B(D) denotes the
Borel o-algebra on D, and P a probability measure with the property 7p(P) = £, will be called (D, £?)-
probability spaces.

We can associate to every Young measure p on D with values in = a random variable Y defined on a
(D, £L%)-probability space with values in =, in such a way that

| _teoaueo= [ f@yew) e (3.1

for every bounded Borel function f: D x Z — R. Indeed it is enough to take as € the space = itself, as Y
the projection on =, and as P the measure p itself, which is a probability measure thanks to (2.1) and (2.2).
Conversely, given any Z-valued random variable Y on a (D, £%)-probability space, formula (3.1) defines a
Young measure p, which will be denoted by (7p,Y)(P), since it coincides with the image of the measure P
under the map (7p,Y): D xQ — D x E.

We say that a random variable Y on a (D, £%)-probability space (D x €, P) has finite second moment if

/ Y (2,w)|* dP(z,w) < oco.
DxQ

Hence a Young measure has finite second moment if and only if the associated random variable does.
In the particular case of =6, € Y?(D;Z) with u € L2(D;Z), for every (D, £%)-probability space we can
associate to §, the random variable Y: D x Q — =, defined by Y (z,w) := u(z) for £L¥-a.e. x € D and for

every w € ); we will denote this random variable simply by w.

3.1. Stochastic processes and compatible systems of Young measures

As we have seen, if we deal with a single random variable the association to a Young measure is immediate;
more complicated is the case of a stochastic process (Y)ier on a (D, L£4)-probability space in a time set T':
indeed the family of measures ((7wp, Y )(P))ier gives an insuflicient information on the stochastic process, since
in general we cannot go back to (7p,Y4,,..., Y )(P), for an increasing sequence of time instants t; < ... < t,,
just using (7p, Y, )(P), i=1,...,n.
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In this section, using a modification of Kolmogorov Theorem (see [10], p. 29), we want to show that the
correct correspondence is between stochastic processes and compatible systems of Young measures, which have
been introduced in [5] in the more general context of generalized Young measures.

Given a stochastic process (Y¢)ier on a (D, £4)-probability space, with

Y; € L3(D x Q;5),
we can define a family of Young measures on D, indexed by the nonempty finite subsets F' of T', as

pp = (7D, (Yi)ter)(P). (3.2)

It is immediate to see that every pp has finite second moment and that this family satisfies the following
compatibility condition

& (k) = B, (3.3)

for every nonempty finite subsets G C F of T', where 7f: D X [[,cpE¢ — D x [[,c; Es maps (, (& )er) in
(@, (&s)sea)-

According to [5], we define a compatible system of Young measures with finite second moments on D with
time set 7' and values in [[,.,Z; as a family p = (pp) of Young measures pp € Y*(D;[],cpE), with F
varying among all nonempty finite subsets of T, such that the compatibility condition (3.3) is satisfied.

The space of all such systems is denoted by SY?(D; [I;cr Et); in the special case of Z; = =, for every t € T
we will use the notation SY?(T,D;=).

The two following remarks are technical and will be used to prove the correspondence between compatible
systems and stochastic processes.

Remark 3.1. If p satisfies the compatibility condition, for every nonempty finite subsets G C F' of T there
exists a set N& of D with £4(NE) = 0, such that
& (u%) = uE for every x € D\ N§. (3.4)

Conversely, if (3.4) holds for a.e. € D, then p satisfies the compatibility condition (3.3).
Hence, up to subsets of D with zero measure, the compatibility condition commutes in some sense with the
disintegration.

Remark 3.2. Let Y?(D;=)7 denote the set of all families of Young measures with finite second moments on D

with values in Z, indexed on the set T. Given (u¢)ier € Y2(D;ZE)T, we can always construct a compatible

system p € SY?(T, D;Z) satisfying p, = s for every ¢t € T. Indeed it is enough to define

uF:=/(® i) da,
D teF

for every nonempty finite subset F' of T'.

In the next theorem we will show that to every compatible system of Young measures with finite second
moments we can associate a stochastic process on a suitable (D, £?)-probability space.

Theorem 3.3. Given a set of indices T and a compatible system p € SY?(D; [L,cr Et), there exist a (D, L4 -
probability space and a stochastic process (Xi)ier with

X, € L*(D x O E), (3.5)
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for every t € T, such that

(mp, (Xt)ter)(P) = pp, (3.6)

for every nonempty finite subset F of T.

Proof. Let to be an index such that to ¢ T. Set T := {too} UT and let =, _ :=D.

We want to construct a system of finite dimensional distributions indexed on T, satisfying the hypotheses
of Kolmogorov Theorem.

Let F be a nonempty finite subset of 7'; we distinguish three cases. If to € F and F\ {t} # O we set

VE = Hp\(i} (3.7)
If too ¢ F, we set
Vp =T]] &, (), (3.8)
TEFR

where 77 = 1 DX [I,crEr — Il cr Er denotes the usual projection. Finally, if F' = {t}, we set

vp = L% (3.9)

The system of finite dimensional distributions v satisfies the following compatibility condition: for every
nonempty finite subsets G C F' of T', we have

tE(vr) = ve. (3.10)

Indeed, in the case to € F and F \ {to} # O, it follows from compatibility condition for p if to € G and
G\ {teo} # D, it comes from (2.2) if G = {to}, and it easily follows from (3.8) if o ¢ G. In case to ¢ F,
(3.10) can be proved using the construction in (3.8) and the analysis of the previous case.

By (3.10), v satisfies the hypotheses of Kolmogorov Theorem; therefore it is enough to choose  := [[,c; =,
F the product of the Borel o-algebras of Z;, for t € T', X: Q — Z;, for t € T, the usual projections,
and Kolmogorov Theorem guarantees the existence of a probability measure P on (D x ,B(D) x F) with
7p(P) = L? which satisfies (3.6). O

Using the previous result we will prove that we can associate to a pair of two compatible systems, connected
by a further compatibility condition, a pair of stochastic processes on the same probability space.

Lemma 3.4. Let V and W finite dimensional Hilbert spaces, p € Y2(D; V) and v € Y?(D;V x W) be such
that
v (v) = . (3.11)
Then for L%-a.e. x € D we have

(Vx)v _ V(;c,v)’
for p® -a.e. v €V, where (V*) is the disintegration of v* with respect to u® and v\®v) the disintegration of v
with respect to .

Proof. It is easy to see, as for Remark 3.1, that there exists a set N C D, with £4(N) = 0, such that for every
x€ D\ N

Ty (V7)) = p”. (3.12)
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Hence for every bounded Borel function f: D x V x W — R,

/DXVXWf(:E,v,w) dv(z,v,w) = /D </VXWf(:E,v,w) dl/““’(’u,w)) dx

~ [ ([ ([ sow aomrw) aw) a

On the other hand, thanks to (3.11),

/DxVfo(m,,U)w) dv(@,v,w) = /va (/Wf(:v,v,w) dy(x’v)(w)) du(z,v)

:/D (/V (/W Fla,v,w) dyW)(w)) d/ﬁ'(v)) da.

This concludes the proof. (I
Theorem 3.5. Let T a set of indices, Vi and W, finite dimensional Hilbert spaces, for every t € T. Let
€ SY2(D; (Vi)ier) and v € SY2(D; (Ve x Wi)ier). Assume that

v, (Vt) = My,
for every t € T'. Then there exist a (D, L) -probability space (D x Q,B(D) ® F,P) and a stochastic process
(Zt;Yt)tET with

Z; € LA(D x ;3 V),
Y, € L3(D x Q; W),
for every t € T, such that

(7D, (Z¢t)ier)(P) = pp, (3.13)
for every nonempty finite subset F of T, and

(7D, Z4, Y1) (P) = vy, (3.14)

for every t € T.

Proof. We want to construct from p and v a unique compatible system and to apply to it Theorem 3.3.

Fix a nonempty finite subset F' of T'. Denote by (u%).ep, (V¥)zep the disintegrations with respect to £¢
of pp, and vy, t € F, respectively. As observed in (3.12), wy, (vf) = uf, for a.e. x € D, for every t € F.
Hence, for a.e. x € D, we can write

vi= [ WD duz (o)
Vi

Using the fact that the disintegration is a measurable family, a Dynkin class argument, and Lemma 3.4, we can
deduce that

(. oher) = 8,00 ) () (3.15)

teF

is a Borel measurable function, for every Borel subset B of [[,.p W;. In particular for a.e. x € D the function
(vi)ter — (Dter(vi))(B) is Borel measurable; hence, for every Borel sets A C [[,c Vi and B C [[,cp Wt,
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we can define a measure g on [[,. (Vi x Wy) by

Fp(Ax B)i= [ (& 01))(B) duk(n)ier) (3.16)

fora.e. x € D.
By construction, for a.e. x € D, D} is a probability measure with the properties

T 11 vi.(VR) = K, (3.17)
teF
v, xw, (VR) = Vi, (3.18)

for every t € F'.
The Borel measurability of the function in (3.15) guarantees that (U%).ecp is a measurable family of proba-
bility measures on [],.»(V: x W;) and we can define

DF 2:/ I)% dx.
D

It is easy to check that, for F' running over all nonempty finite subsets of T', r € Y?(D; [Lcr(Vi x W) and
satisfies the compatibility condition; hence we have v € SY2(D; (V; x Wy)ier). Moreover, thanks to (3.17)
and (3.18),

ﬁ-HtGF‘/t(i}F) =Hp; (319)

for every nonempty finite subset F' of T" and

Tvoxw, (D) = v, (3.20)
for every t € T'.

Applying Theorem 3.3 to &, we obtain a (D, £%)-probability space (D x Q,B(D) ® F, P) and a stochastic
process (Z¢, Y )ier, with (Z4,Y,): D x Q — V; x Wy, such that

(7D, (Y't, Zi)ier)(P) = U, (3.21)

for every nonempty finite subset F' of T'. Using the construction of (Z;,Y) and (3.19), (3.20), we can obtain
the thesis. 0

If the time set is an interval [0,7] C R and E; = E for every ¢ € [0,T], the notion of variation of a stochastic
process (Y¢)icjo,r) on a (D, L4)-probability space, with Y; € L'(D x Q;Z), is defined in the usual way: for
every time interval [a,b] C [0,T] we set

k
Var(Y, P;a,b) := SupZ/ Y, (v,w) =Yy,  (z,w)] dP(z,w)
i=1 Y/ DxQ
k
= Supz HYL - Yti—l Hlv
i=1

where the supremum is taken over all finite partitions a = t < ... < t* = b of the interval [a,b] (with the
convention Var(Y, P;a,b) =0, if a =0).
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Using the correspondence between stochastic processes and compatible systems we define the variation of
p e SY2([0,T), D;=) on [a,b] C [0,7) by

k
Var(p; a,b) :=sup » & — &1l dpyy g, (2. €0, - Ek)
i—1 Y DxEk+1
where the supremum is taken over all finite partitions a = tg < ... < ¢ = b of the interval [a,b] (with the

convention Var(p;a,b) =0, if a = ).
From these definitions, if p is the compatible system associated to the stochastic process Y we have
Var(Y, P;a,b) = Var(p; a,b).

4. SOME TECHNICAL TOOLS

For technical reasons it is more convenient to deal with Young measures and compatible systems than with
random variables and stochastic processes; therefore we want to point out some results about measures which
will be needed in the sequel.

We say that a sequence py in Y(D;E) weakly™ converges if it converges in the weak™ topology of M;,(D xZ).

Remark 4.1. Since the total variation of a Young measure 1 is |u|(D xZ) = £L4(D) = 1, Y/(D; =) is contained
in a bounded subset of the dual of a separable Banach space, therefore it is metrizable with respect to the weak™*
topology.

We will say that pp — p 2-weakly™ if the second moments of py are equibounded and pp — p weakly™.
We recall that Y(D; Z) is not closed with respect to the weak* convergence, differently from Y?(D;Z), which
is closed under 2-weakly* convergence, as can be deduced from the following remarks.

Remark 4.2. If py is a sequence in Y(D;Z) and u weakly™ converges to some pu € My(D x Z), then for
every positive Carathéodory function f on D x = we have

[ @9 dutw.e) <timint [ .9 dus(.9) (11)
Dx= - Dx=

oo

(see [18], Th. 4). Moreover, for every bounded Carathéodory function f with compact support on D X =, we
have

| _teganeo— [ o e

DxE

Therefore, if a sequence (ux)r C Y?(D;Z) 2-weakly* converges to a measure p € M,(D x =), then p €
Y?(D;Z); moreover from the previous remark we can deduce that a sequence in Y?(D; =) with equibounded
second moments has always a subsequence which converges 2-weakly™.

The following remark is a slight modification of [17], Proposition 6.5.

Remark 4.3. If pp — p 2-weakly®, for every Carathéodory function f: D x E — R, with |f(z,&)] <
a(z) + b(z)[€], for every x € D, € € Z, for suitable b € L?(D) and a € L*(D), it holds

| @9 ameo— [ @

DxEZE

This allows to prove that if px — p 2-weakly™, ug, u € Y2(D;Z;1 x Z3), then 7;(py) — 7i(p) in Y2(D;Z,),
as k — oo, for i =1,2.

Moreover we have the following result, where for every g € L?(X;Z) the translation map 7, from D x E
into itself is defined by T4(x,€) := (x,€ + g(z)).
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Lemma 4.4. Let (ux)r be a sequence in Y?(D;E), such that px — pu 2-weakly*. Then Ty(px) — Ty(p)
2 -weakly*, for every g € L2(X;E).

More in general:

Lemma 4.5. Let pi, — p 2-weakly* and gi, be a bounded sequence in L2(D;Z) such that g, — g strongly
in LY(D;Z). Then Ty, (k) — T,(1) 2-weakly*.

Proof. Since (gi)x is bounded in L?(D;E), the second moments of 7Ty, (i) are equibounded. We now prove
that 7y, (ur) = T4(p) weakly*. Since Co(D x Z) is the closure of C3°(D x Z) with respect to the norm || ||,
thanks to (2.2), to prove that 7, (ui) — Z4(un) weakly™ it is enough to show that

| _taerata) du@o— [ g+ o) duwo).

Dx=

for every f e C(D x E).
Let f e CP(D x 2), we have

[ _teera) duwo- [

[ _teera) due - |
[ U gla)) - £ 6+ o) e,
Dx=

ﬂ%£+guw>m%ufﬁg

f@.6 + 9(@) dpn(a,€)|

By the Lipschitz continuity of f and (2.2), the last line can be estimated by ¢||g—gx||1 for a positive constant c;
Lemma 4.4 implies now the thesis. O

If we deal with Young measures generated by gradients, the following lemma, in the version of
Fonseca et al. [7], Lemma 1.2, can be very useful.

Lemma 4.6 (decomposition lemma). Let (vj); be a bounded sequence in H'(D;Z). Then there exists a

—_

subsequence (vj, )k of (vj);, and another sequence (wy)y bounded in H'(D; =), such that
L{vj, # wg or Vv, # Vwg}) — 0, (4.2)

as k — oo, and (|Vwy|?)y is equiintegrable.

Note that condition (4.2) implies that both sequences (Vv;, )i and (Vwy)r, generate the same Young measure,
i.e., 6VUjk and dv,,, converge to the same Young measure.

Using part of the arguments of [7] and a more careful diagonalization argument, it can be proved the following
lemma.

Lemma 4.7. Let (vj); be a bounded sequence in L?(D;Z) such that there exists a Young measure pu € Y?(D;E)
with 6,, — p weakly™. Then there exists another sequence (wj);, bounded in L3(D; =), such that

£4({0; # ;) — 0, (43)
as j — oo, and (|w;|*); is equiintegrable.

The following theorem (see [2]) gives an important convergence result in case we deal with equiintegrable
sequences.
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Theorem 4.8 (fundamental theorem for Young measures). Given a Young measure (i, generated by a sequence
of functions (u;);, and a function f € C(Z;R) such that the sequence (f(u;)); is weakly sequentially relatively
compact in L*(D), then

f(uj) = f, weakly in L'(D),

where the function f, € LY(D) is defined by f.(x) := J= f(&) du*(&) for a.e. x € D. In particular
[ sy de— [ 50 dut,o)
D DxE
The barycentre of a Young measure p € Y?(D;Z) is the function bar(u) € L2(D;Z) defined as

bar(p)(x) := /:5 dp” (§),

for a.e. z € D.

Lemma 4.9. Let u be a sequence in Y2(D;Z), such that up — p 2-weakly*. Assume that there ewists
a sequence of functions vy € Hy(D;Z) such that Vuvg = bar(uy) for every k. Then there exists a function
v € HY(D; =) such that vy — v weakly in H' and Vv = bar(u).

Proof. Since ||Vu||3 < fDXa |€? dpg (2, €) which is bounded uniformly with respect to k by hypothesis, using
Poincaré inequality we can deduce that there exists a subsequence vy, and a function v € H}(D;E), such that
v, — v weakly in H'. Using the definition of barycentre and (4.3), we deduce that Vv = bar(u) and hence
Vo, — bar(u) weakly in L?(D;Z); together with Poincaré inequality, this implies that the whole sequence vy,
converges to v weakly in H!. O

The space SYQ(D;HteT =) will be equipped with the weakest topology for which the maps pu — pp
from SY?(D;[[,crE¢) into Y*(D;][,cp ), endowed with the weak* topology of My(D x [[,cpEt), are
continuous for every nonempty finite subset F' of T'. We will refer to this topology as the weak* topology of
SY?(D; [Tier Bo)-

From now on we consider the case in which the time set is an interval [0,7]. A compatible system of Young
measures with finite second moments p is said to be left continuous if for every finite sequence t1,...,t,,
in [0,7T], with ¢t; < ... < t,,, the following property holds:

.=m

y’sl.,.sm - ”’tlmtm Weakly* il’l YQ(D7‘—‘ )7

as s; — t;, with s; € [0,7] and s; < t;. We will denote the space of all left continuous compatible systems
by SY2([0,T],D;=).
The following theorem can be considered as a version of Helly’s Theorem.

Theorem 4.10. Let p* be a sequence in SY?([0,T), D;Z) such that

sup Var(uk; 0,7)<C, (4.4)
k
sup Sup/ |€° dpf (2,€) < C*, (4.5)
tel0,T] k JDxZ=

for finite constants C' and C*. Then there exist a subsequence, still denoted by p*, a set © C [0,T)], contain-
ing 0 and such that [0,T]\© is at most countable, and p € SY?([0,T], D; =) with

Var(p;0,T) < C, (4.6)
[ € dpay(2,€) < O for every t € 0,71, (1.7)
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such that, for every nonempty finite subset F of ©, we have
uh = 2-weakly*. (4.8)

The proof of this theorem follows easily from Theorem 8.10 of [5], since every Young measure can be

seen as a generalized Young measure and our more restrictive hypotheses force the limit to be an element
of SY?2([0,T], D;Z).

If H: 2 — [0,+00) is positively homogeneous of degree one and satisfies the triangle inequality, we can
define the H -variation of p € SY2([0,T], D;=) on the time interval [a,b] C [0,T] as

k
Varg (p;a,b) := sup Z . H(& —&-1) dpg, 4, (2,80, -+, &), (4.9)
i—1 Y DXE
where the supremum is taken over all finite partitions a = tgp < ... <t = b of the interval [a,b] (with the

convention Vary(p;a,b) =0, if a =b).
Adapting the argument in [5] (Th. 8.11), it can be proved the following lemma.

Lemma 4.11. Let p* be a sequence in SY?([0,T],D;Z). Suppose that there exist a dense set © C [0,T]
containing 0 and p € SY?([0,T], D;Z), such that

uh = pp 2-weakly®

for every nonempty finite subset F' in O ; then

Varg (p;0,T) < 1ikm inf Varg (u";0,T)

for every positively one homogeneous function H: Z — [0,+00) satisfying the triangle inequality.

Definition 4.12. Fix a finite sequence 0 = t; < ... < t,, = T in [0,T]. For every p € Y2(D;Z™), it is
possible to define the piecewise constant interpolation puP*c € SY?2([0,T], D;Z) in the following way. For every
finite sequence 7 < ... <7, of elements of [0,7] let pr,. - : DX E™ xR — D x E” x R be defined by

p'rl...rn (l‘, ftla cee 7§tm) = (l‘, f‘rla e 75‘%)7

with &, = &, where j is the largest index such that ¢; < 7;. The compatible system of Young measures with
finite second moments pP" is then defined by

KL = Pryr, (R)-
Lemma 4.13. Let (u"), and (v™), be sequences in SY?2([0,T],D;Z;1) and SY?([0,T],D;Z1 x Za), respec-
tively, satisfying 7=, (W}) = pl, for every t € [0,T]. Assume that

sup sup / (62, 6)% duP(z.61.6) < C, (4.10)
tel0,T] n JDxE;xE,

for a positive constant C, and that there exist a subset © of [0,T], containing 0, with £*([0,T]\ ©) =0, and
p e SY2([0,T),D;=1) such that

n *
Myt = Moty it 2-weakly*,

for every t1 < ... <ty in ©. For every t € © let (n}), be an increasing sequence of integers; then there exists
v e SY?([0,T], D;Z1 x Zg), such that 7z, (Vi) = p,, for every t € [0,T] and satisfying the following properties:
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t t
(1) for every t € ©, there exists a subsequence I/?“ of vy* such that

t
vE s py 2-weakly®; (4.11)
(2) for every t € [0,T]\ ©, there exists a sequence s’ in O, converging to t, with s’ <t, such that

vy — vy 2-weakly*. (4.12)

The proof of this lemma was contained in a preliminary version of [6].

Proof. Fix t € ©; thanks to (4.10), we can deduce that there exist 1 € Y2(D;Z; x Z5) and a subsequence
ng ni . .
(vy"")i of (vy "), satisfying (4.11). Thanks to Remarks 4.2 and 4.3, for every ¢t € © we have

/D . (&1, &)1? & (z,6,&) < C (4.13)

and ﬁ-El(l/to) = M-

Consider now the sets B; defined in the following way:

e if t € ©, B; denotes the collection of all v € SY?([0,T], D;=; x Z5) such that the second moments
of v, are bounded by the constant C' appearing in (4.10), for every s € [0,T], and satisfying v; = v?;

o if t ¢ ©, B, is the collection of all v € SY?2([0,T], D;Z; x Zp), such that the second moments of v
are bounded by the constant C' appearing in (4.10), for every s € [0,7], and for which there exists a
sequence s’ in ©, converging to ¢t with s/ < ¢, such that ng — vy, weakly*.

For every t € [0,T], By # @: indeed, if t € © it comes immediately from Remark 3.2 applied to (vs)sepo,1] €
Y2(D;Z)0T] defined by v, := v for every s € [0,T]; if t ¢ ©, thanks to (4.13), there exist s/, with s/ € ©,
s — t and s/ <t,and p € Y?(D;Z; x Z3), such that l/gj — u 2-weakly*, hence the second moment of p
is bounded by C' and we can apply Remark 3.2 to (vy)seo,7] € Y2(D;Z)7] defined by v, := pu, for every
s € 10,7, and find an element of B;. Using Remark 4.1 we can see that the set of all Young measures p for
which there exists a sequence s/ — ¢ with s/ <t and ng — 1 weakly* is sequentially closed with respect to the
weak* topology (thanks to (4.13)); moreover we observe that the set of all v € SY?2([0, T, D; Z) with the second
moments equibounded by the constant C is closed in the weak* topology of SY?([0,T], D; E), therefore, using
again Remark 4.1, we can conclude that, for every t € [0,T], B; are closed subsets of SY2([0,T], D;Z; x Z2),
endowed with the weak® topology. Moreover the family has the finite intersection property (for every finite
sequence t1 < ... < ty, in [0,7], using Definition 4.12, we can find an element belonging to By, N...N By,)
and is contained in the set of all v € SY?2([0,T], D;Z; x Z3) for which the second moments of v, are uniformly
bounded by the constant C' appearing in (4.10); since, thanks to Tychonoff’s Theorem, this is a compact subset
of SY?2([0,T],D;Z; x Z3), endowed with the weak* topology, we can conclude that there exists v belonging
to By, for every ¢t € [0,T]. By construction v satisfies (1) and (2) and from the left continuity of p we can
deduce that 7z, (v¢) = p,, for every t € [0, 7], as required. O

5. MECHANICAL MODEL

The reference configuration D is a bounded connected open subset of R¢ with Lipschitz boundary 9D =
I'oUT, where Iy is assumed to be a nonempty closed subset of D with H91(I'g) # 0, and T’y = 9D \ I'g.
Without loss of generality, we also assume for simplicity that £¢(D) = 1.

We will indicate the deformation by v and the internal variable by z. We will denote the stored energy density
by W:R™ x RV*d — [0, +00) and the dissipation rate density by H: R™ — [0,+0c0). For every 0,0 ¢ R™
and F € RVX4 we will make the following assumptions:
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(W.1) there exist positive constants ¢, C' such that

c(|0] + |F[*) = C < W(0,F) < C(L+ 0] + | FP*);

(W.2) W(,-) is of class C!,

oW
—_— <
(6, F)| < C+16]+ ),

and
\W(0+6,F)—W(0,F)| < Clo|(1+ 0] + |0] + |F|);

(H.1) H is positively homogeneous of degree one and convex;
(H.2) there exists a positive constant A, such that }|6] < H(6) < A|6].

Let W be the functional W(z,v) := [, W(z(z), Vo(z)) dz, for every z € L?*(D;R™) and every v €
H'(D;RY), and ‘H the functional H(z) := [, H(z(z)) dz, for every z € L'(D;R™).

Given two distinct times s < t, the global dissipation of a possibly discontinuous function z: [0,7] —
L%(D;R™) in the interval [s,t] will be

k
Varg (z;s,t) := supZH(z(Ti) — 2(1i—1)),

i=1

where the supremum will be taken among all finite partitions s =7 <7 < ... <7, =t.

The external load at time ¢ and the prescribed boundary datum on T’y at time ¢ are denoted by I(¢) and
@(t), respectively; we assume I € AC([0, T]; HY(D; RY)*) and ¢ € AC([0,T]; H(D; RY)).

The kinematically admissible values at time t for z and v are those which make the total energy finite and
satisfy the boundary condition, i.e., v = () on Iy H? !-a.e. (in the sense of traces). From the previous
assumption it follows that the kinematically admissible values at time ¢ are contained in L2(D;R™) x A(t),
where A(t) = Hp (¢(t)) == {v € H'(D;RY) : v = p(t) H% '-a.e. on I'o}.

6. GLOBALLY STABLE QUASISTATIC EVOLUTION FOR YOUNG MEASURES

6.1. Admissible set in terms of stochastic processes

Now we describe the set of admissible stochastic processes in which we look for a solution of our quasistatic
evolution problem: the definition takes into account approximation properties with functions which satisfy the
boundary condition.

Definition 6.1. Given A C R and w: A — HY(D;RY), we define AY,(A,w) as the set of all stochastic
processes (Z¢, Y¢)iea on a (D, L?)-probability space (D x Q,B(D) ® F, P) with

Z, € L2(D x Q;R™),
Y, € L2(D x Q; RV*4),

satisfying the following property: for every finite sequence t; < ... < t, in A there exist sequences (zF)r C

L*(D;R™), (vf)r C HE (w(t;)), for i =1,...,n such that
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(apspl) we have
(ﬂ-D,Z{C, ce 722)(P) - (,/TDv Ztl? ceey Ztn)(P)

2-weakly* as k — oo;

ki i
(apsp2) for every ¢ = 1,...,n, there exists a subsequence, possibly depending on i, (z;7,v,”);, such
that

(p, 2%, Vo) (P) = (p, Z4,, Y 1,)(P)
2-weakly* as j — 00.

6.2. Admissible set in terms of Young measures

The notion of admissible set is now presented in terms of Young measures.

Definition 6.2. Given A C R and w: A — HY(D;RY), we define AY (A, w) as the set of all pairs (v, ) €
Y2(D;R™ x RV*H)A 5 §Y2( A, D;R™) satisfying the following property: for every finite sequence t; < ... < t,
in A there exist sequences (zf)r C L2(D;R™), (vF), € Hf (w(t;)), for i =1,...,n such that

(apl) we have

O ozh) = Pyt (6.1)
2-weakly* as k — oo;
Kk
(ap2) for every i =1,...,n, there exists a subsequence, possibly depending on i, (z,”,v,”);, such that
0wy ky =V 6.2
(zfj ,vaj) b ( )

2-weakly* as 7 — oo.

Remark 6.3. If (v,u) € AY (A, w), then Tgm (v¢) = p,, for every t € A. Indeed, fixed ¢t € A, by definition
there exist (2%), C L2(D;R™), (v*), C Hi (w(t)) such that 6 r gory — v 2-weakly® and 6, — p,
2-weakly*; in particular Tgm (d(r yor)) = Trm (V¢) 2-weakly* and this prove the claim.

Remark 6.4. If (Z;,Y)ica € AY,p(A, w), we can define (v, u) € AY (A, w) as

vy = (mp, Z:,Y+)(P) foreveryte A
l‘l'tlmtn = (7TD, Ztl) see 7Ztn)(P) fOI' every ﬁnite sequence tl <. < tn n A

On the other side, thanks to Remark 6.3 and Theorem 3.5, for every (v,u) € AY (A, w) there exists a
stochastic process (Z¢,Y)iea € AYp(A, w) such that, for every finite sequence t; < ... <t, in A,

(TrsztU .. '7Ztn)(P) = Myt
(7D, Z+,,Y1,)(P) =vy, foreveryi=1,...,n.

and a finite sequence

Remark 6.5. Thanks to decomposition Lemmas 4.6 and 4.7, given (v, u) € AY (A, w)
=1,...,m, in such a way

t1 < ...<tm in A, we can always choose z}' € L*(D;R™) and vf € H}, (w(t?)), for i

.. . . . kX Ok . .
that |2¥|? are equiintegrable, satisfy (6.1), and for every i there exists a subsequence (2,7, v,”); satisfying (6.2),
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ki
such that |Vv,” |2 are equiintegrable with respect to j. Hence, by Theorem 4.8, we can always assume that

Gt 2zm)l3 — |01, 0n)* dpty, s, (2,01, On), (6.3)
DX(R'HL)‘VL
ki 3
”(zij’vvij)”g*> |(9aF)|2 thi(l‘,o,f), (64)
DxR™ xRN xd
as j — oo, for i =1,...,m. This allows us to assume, without loss of generality, that
sup ||zf]|3 < C1 +1, (6.5)
k
ki ki o
sup [|(2;7, Vo' ) |3 < C2 + 1, (6.6)
J
with

Cy:= sup / 101> dp,, (,0),
nJ DxR™

i=1,...

Caim swp [ (0. F)P dv, (2,0, F).
DxRmM xRN xd

1=1,...,n

In the following two lemmas we want to point out some closure properties of AY (A, w).

Lemma 6.6. Let (v,pn) € Y2(D;R™ x RVNXHA x SY2(A, D;R™), and assume that for every finite sequence
t1 <...<ty in A there exists a sequence (V7 ,u?); in AY ({t1,...,tn}, w), such that

H’{l...tn — Ky, 2-weakly*, (6.7)

as j — oo, and such that for every i there exists a subsequence, possibly depending on i, (ijiz)h, satisfying

-7

(th)tq, - Ut 2'wea/kly*a (68)

as h — oco. Then (v,p) € AY (A, w).

Proof. Fix a finite sequence t; < ... < t, in A. By definition of AY ({t1,...,t,},w), for every j and every
i=1,...,n, there exist (z"), € L2(D;R™) and (v7%)) € Hi (w(t;)) satisfying (6.1) for p; and such that

K3 K3
P RN ] RN
for every i and j there exists an increasing sequence of integers (k;”’); for which (] i ,vg’kl ) satisfies (6.2)
for v7; thanks to Remark 6.5 we can assume, without loss of generality, that

122713 < /D . 0> dpf (x,6) + 1, for every k,
e m

and

||Vv].l’kij||2 </ (0, F)|> dv! (2,0, F) +1, for every I;
[ 2 = ’ ti \ Yy ’ y o

DxRm xRN xd

hence thanks to (6.7) and (6.8) there exists a positive constant C' such that

127¥)13 < O +1, (6.9)
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for every i, j, k, and

i
];Iakl
i

h
supsup || Vv |3<C+1, (6.10)
hool

for every i, h,l. Thanks to Remark 4.1, we can find a metric d; on Y(D; (R™)") and a metric dy on Y (D;R™ x
RN*4) which induce the weak* topologies of Y (D; (R™)") and Y (D;R™ x RNVN*4) respectively; therefore, for
every j we can find an integer k(j) such that, for every k > k(j) it holds

i 1
A0k Lawys By 1) < 5 (6.11)
analogously, for every ¢ = 1,...,n, there exists an integer ;(j) such that,
da(8 i 1-11/J‘)<1 (6.12)
2R gy T '

whenever kl” > ki(J).

By taking, if needed, a larger value of k(j), we may assume that (6.11) and (6.12) are satisfied whenever
k > k(j) and kzl” > K(j), respectively. Another slight modification allows us to assume that, for every
i =1,...,n and for every j, there exists kl”J with

K(j) <k < R(G+1). (6.13)

Let (a(k))p>r(1) be the unique sequence such that w(a(k)) < k < k(a(k) + 1), for every k > x(1). This
implies

dy (5(zzlx<k),kw’zg<k>,k)al‘?l(.].f.)tn) < ﬁa (6.14)
which, together with (6.7) and (6.9), implies that
5(4“*’“,...;3“*’“) = iyt (6.15)
2-weakly™ as k — oo.
Now, for every i = 1,...,n we can choose an integer (3;(j) in such a way that
BiG) = k7, (6.16)

for every j, so that we have k(j) < 5;(j) < k(j + 1), for every j, by (6.13). This implies that «(8;()) = j
and B;(j) > k(j) so that, by (6.12)

S| =

do (5(Z¢,6,, OREEDE V%) <
Therefore, thanks to (6.8) and (6.10) we can conclude that

5(za(m (35)):8; L)

i

W«_xwi(jp),ﬁiu,g)) — Vi, (6.17)

as h — oo, for every i = 1,...,n. Since for every i the sequence (8;(j}))n is increasing, (6.15) and (6.17) show
that conditions (apl) and (ap2) in Definition 6.2 are satisfied. O
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The following lemma consider the case of varying boundary conditions.

Lemma 6.7. Let w’ be a sequence of functions from A into H*(D,R™), such that w’(t) — w(t) strongly
in H, for every t € A and let (v, ) € Y2(D;R™ x RNXHA 5 §Y2(A D;R™). Assume that for every finite
sequence t1 < ... <t, in A there exists a sequence (V7 /) € AY ({t1,...,tn}, w?) such that

u{lmtn =y, . 2-weakly®, (6.18)
as j — oo, and such that for every i there exists a subsequence, possibly depending on i, (Vj'il)h, satisfying
(Vj’it)ti — vy, 2-weakly*, (6.19)
as h — oco. Then (v,p) € AY (A, w).
Proof. Fixed t; < ... <ty in [0,T], thanks to Lemma 4.5 from (6.19) we can deduce that for every i = 1,...,n

s Y p 9weaklvk
vw(ti)—V‘wJ;:,(t%)(V )ti Vy, weakly

as h — oo, where 72 S is the map defined by 72 "
Vw(t;)—Vw’h (t;) Vw(t;)—Vw’h (t;)

Vaw’h (t;)). Thanks to Lemma 4.4 it is easy to see that the hypotheses of Lemma 6.6 are satisfied with (194 )y,

laced by 72 ) AYRY
replaced by Vw(t7,)—Vw”?z(ti)((V h)tq,)

(2,0, F) := (2,0, F + Vw(t;) —

O

Remark 6.8. If (v, ) € AY (A, w), for every t € A there exists a function v(t) € Hy, (w(t)) such that Vo(t) =
bar(fgn«a(v1)). Indeed, by definition of AY (A, w), for every ¢ € A there exists a sequence v* € H{, (w(t))
such that dg,x — Tpaxa(vy), 2-weakly*; thanks to a variant of Lemma 4.9 with Hj replaced by Hyp (w(t)),
there exists a function v(t) € H'(D;R), such that v* — v(t) weakly in H' and Vv(t) = bar(fgy«a(v¢)); since
Hi (w(t)) is closed with respect to the weak convergence, we can conclude that v(t) € Hf, (w(t)).

Translating the previous remark in terms of stochastic processes we obtain the following:

Remark 6.9. If (Z;,Y)icjo,r) € AYsp([0,T], ), for every t € A there exists a function v(t) € Hp (w(t))
such that Vo(t) = bar((rp,Y:)(P)).

Remark 6.10. If (v, pu) € AY (A, w), for every t € A we define

ow

o(t,z) = /Rmem (0. F) dui (0, F), (6.20)

for a.e. * € D. For every t € A we have that o(t) € L?(D;RY*?): this comes immediately from (W.2),

(2.2), and from the fact that vy, € Y2(D;R™ x RV*4). In the language of stochastic processes o (t) can be
characterized as the unique element of L2(D;RY*?) such that

ow

/Da(t,x)g(ac) dz = /DXQ a—F(Zt(ac,w),Yt(x,w))g(ac) dP(z,w), (6.21)

for every g € L2(D; RN*4) | where (Z;, Y't)ieo, 1) is the stochastic process corresponding to (v, u).

Remark 6.11. Since ¢ € AC([0,T]; H(D;RN)) and I € AC([0, T]; H'(D; RN)*), the time derivative ¢ and I
are well defined for a.e. t € [0,7] and belong to the space L!([0,T]; HY(D;R"Y)) and L([0,7]; H(D;RY)*),
respectively. Moreover the fundamental Theorem of Calculus holds (see, e.g., [3], Appendice).
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6.3. Main result
We are now in the position to define the notion of globally stable quasistatic evolution of stochastic processes.

Definition 6.12. Given ¢ € AC([0,T]; H'(D;RY)), I € AC([0,T]; H'(D; RN)*), 2 € L2(D;R™), v € A(0),
and T > 0, a globally stable quasistatic evolution of stochastic processes with boundary datum ¢, external
load I, and initial condition (29,v0), in the time interval [0,77, is a stochastic process (Z¢,Yt)iejo,1] €
AY,,([0,T], ), such that for every finite sequence t; < ... <t, in [0,T] we have

(7TD7ZS{;"'7Zj)(P)A(ﬂsztla"thn)(P)

Sn

2-weakly*, as sZ — t; with sZ < t;, and satisfying the following conditions:
(ev0) initial condition: (Zo,Y o) = (20, Vup);
(evl) global stability: for every t € [0,T], we have

/ W(Zi(,w), Y o(2,w)) dP(z,w) <
DxQ

- W(Zi(z,w) + 2(x),Y(z,w) + Va(z)) dP(z,w) — (I(t), a) + H(Z),

for every z € L?(D;R™) and every @ € Hp (0);
(ev2) energy inequality: for every ¢ € [0,T] we have
k
Vary (Z, P;0,t) := supz H(Z, (z,w) — Zy,_, (z,w)) dP(x,w) < oo,
=17 DXQ

where the supremum is taken over all finite partitions 0 =ty < ... < tx = t, and the map

t— [(o(t), Ve(t)) — (1), (1))

is measurable on [0,7], where o(t) is the function defined in (6.21) and wv(¢) that one defined in
Remark 6.9; moreover

- W(Zi(z,w),Y(x,w)) dP(z,w) — (I(t),v(t)) + Vary (Z, P;0,t) <

W(z0,0) — (1(0), vo) + / (o(5), Vo(s)) ds
- / [(s), () + (i(s), v(s))] ds.

We now state the main existence theorem in terms of stochastic processes.
Theorem 6.13. Let ¢ € AC([0,T]; HY(D;RM)), 1 € AC([0,T); HY(D;RM)*), T > 0, 2y € L2(D;R™) and
vo € A(0) be such that
W(Zo, ’Uo) < W(ZO + Z,u0+10) — <l(0), ’EL> + H(E), (6.22)

for every z € L2(D;R™) and every u € H%O (0). Then there exists a globally stable quasistatic evolution
for stochastic processes with boundary datum ¢, external load U, and initial condition (zo,v), in the time
interval [0,T7].
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Thanks to Remark 6.4, we can translate the definition of globally stable quasistatic evolution of stochastic
processes in terms of globally stable quasistatic evolution of Young measures.

Definition 6.14. Given ¢ € AC([0,T);HY(D;RN)), 1 € AC([0,T];HY(D;RN)*), 2y € L2(D;R™), vy €
A(0), and T > 0, a globally stable quasistatic evolution of Young measures with boundary datum ¢, external
load I and initial condition (zp,vo), in the time interval [0,T7], is a pair (v,pu) € AY([0,T],¢), with p €
SY2([0,T], D;R™), satisfying the following conditions:

(ev0) initial condition: vo = (2, vug);
(evl) global stability: for every t € [0,T], we have

/ W(0,F) dve(z,0,F) <
DxRmM xRN xd
/ WO+ 3(2), F + Vii(z)) dve(z, 0, F) — (1(8), @) + H(Z),
DxRm xRN xd

for every z € L?(D;R™) and every @ € Hy (0);
(ev2) energy inequality: for every t € [0,T] we have that Varg(p;0,t) < co, (see (4.9)), and the map

t = [{o(t), V(1)) — {U(t), v())] (6.23)
is measurable on [0,7], where o(t) is the function defined in (6.20) and wv(¢) that one defined in
Remark 6.8; moreover

/ W(0,F) dv(x,0, F) — (L(t),v(t)) + Varg (p; 0,t) <
DxR™ xRN xd

W(z0,v0) — (L(0), o) + / (o(5), Vep(s)) ds — / (), (5)) + (i(5), v(5))] ds.

Thanks to Theorem 3.5, to obtain the main theorem it is enough to prove the following version for Young
measures.

Theorem 6.15. Let ¢ € AC([0,T);HY(D;RY)), L € AC([0,T); H}(D;RN)*), T > 0, 29 € L%(D;R™), and
vo € A(0) be such that

W(zo,v0) < W(zo + Z,v0 + ) — (1(0), @) + H(Z), (6.24)

for every z € L2(D;R™) and every i € H%O (0). Then there exists a globally stable quasistatic evolution for
Young measures with boundary datum ¢, external load 1, and initial condition (zo,vo), in the time interval
[0,77.

Remark 6.16. In the proof of Theorem 6.15 we will obtain, in particular, a globally stable quasistatic evolu-
tion (v, pu) and a subset © of [0,7T] which satisfy the following property:

(appr) for every t € [0,T] there exists a sequence s/ in © with s/ <t and s/ — ¢, such that
vy — vy 2-weakly*.

7. PROOF OF THE MAIN THEOREM

The proof is obtained wvia time discretization, resolution of incremental minimum problems, and passing to
the limit as the discretization step tends to 0.
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7.1. The incremental minimum problem

Let us fix a sequence of subdivisions of [0,7], 0=t <tl <... < )

%

=T, such that sup;—; i)  —0,
n::t%—t%_l,fore_zveryilzl,...,kjl(n). .

For every i =0,1,...,k(n) we set I, :=I(¢) and ¢!, := @(t%).

We will define (vi, pl) € AY ({t),...,tL}, ) by induction on i: set (19, ud) := 6(2, vuy)» and for i > 0 we
define (V¢ u!) as a minimizer (see Lem. 7.2 below) of the functional

as n — oo, where T,

/ W0, F) dvy; (2,0, F) — (I () + / H(; — 6i1) dpyisy (2,0,0,05),  (7.1)
DxR™ xRN xd Dx (R™)2 rom

in the set A% of all (v, u) € AY({t9,... .}, ¢), satisfying

H’t%mtffl = (“’i;l)t%mtffl (72)
vy =y, 1), forevery j <i, (7.3)

where the function v(t!) appearing in (7.1) is that one defined in Remark 6.8.
Lemma 7.1. The set A% is nonempty, for every i > 1.

Proof. Fixed (vi ', ui1), we consider the map TVQW vt (2,0, F) — (2,0, F + Vi, (z) — Vil (x)),

and the map 7(: D x (R™)" — D x (R™)*! defined by 7@ (x,01,...,0;_1) = (z,01,...,60;_1,0;_1); let
0 i i . . = i

v € Y2(D;R™) -t} be defined by vy =Wy, for j <iand vy = TVQ(P;’in%,l((Vn Yyi-1) and p

the unique element of SY?2({t9 ... .} D;R™) satisfying Ko i = ﬂ(i)((u%’l)tomt:l). It is evident that v

and p so defined satisfy the projection properties (7.2) and (7.3). Moreover it is easy to prove that (v,pu) €

AY({t?L, R ,t:l}, QO)Z since 7(?) ((5(207“.,21'71)) = (5(20,___721'71,21'71) and Té‘PiL_va:‘L—l (6(z,V7j)) = 5(z,V'u+V<p§L—V4pfj1) )

with v + ¢! — it € A(t!) whenever v € A(t; 1), applying Lemma 4.4 we can obtain the approximation
properties (6.1) and (6.2). O

Lemma 7.2. For every i the functional (7.1) has a minimizer over A .

Proof. Let (v" u"), C Al be a minimizing sequence. By the bounds on W and the assumption on I, using
Poincaré inequality we have

0/ [16] + |FI*] dvg (2,0, F) — C"(1+ [ Vo' (8;,)]|2) <
Dx xRNxd "
/ W0, F) dvl (2,0, F) — (I, " (1)) < C",
DxR™ xRN xd "
for every h, for positive constants ¢, C’. Since by Remark 6.8
, 1/2
vl < ( PP vl (2.0.5)) (7.9
DxR™ xRN xd "

we can deduce that

sup/ |0, F)> dvl (z,0,F) < C'. (7.5)
h  JDxRm xRN xd n
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Since, thanks to Remark 6.3
i+1
/ (B 0 dptl s (5,80, 00) = Z/ 0,2 dp, (,0,)
D x (Rm)i+1 ' =0 D xR™ "

i+1
:Z/D . ]RNxd|9j|2 dyi(x’F’ej)7
=0/ DxRm X

the projection property (7.3) and (7.5) imply that the second moments of UQO. are bounded uniformly with

At

respect to h. From this and from (7.5) we can deduce that, up to a subsequence, there exist i € Y2(D; (R™)*+1)
and 7 € Y2(D;R™ x RV*4) such that

puhy o = @ 2-weakly*,

vl —~ 7 2-weakly*.

i
Hence defining

e (401 ; ;
vy = (v, )z, foreveryj<i,

Dt::. = 17,
and ft as the unique element of SY?2({t%, ... t!}, D;R™) such that f1,0 , = ji, we obtain
— m 0,‘“7 i 1 .Tpm
(0, ) € Y2(D;R™ x RV {tutud 5 gy 2({10, ... ¢8}, D;R™).

Since the hypotheses of Lemma 6.6 are satisfied, we deduce that (7, ) € AY ({t%,...,t.}, ). Moreover, by
construction, (v, 1) satisfies also the projection properties (7.2) and (7.3), so we can conclude that (v, x) € A%, .

By (4.1) the terms of (7.1) containing W and H are lower semicontinuous with respect to the 2-weak*
convergence; on the other hand a variant of Lemma 4.9, with H} replaced by A(t!), shows that the term
of (7.1) containing 1!, is continuous with respect to the 2-weak* convergence, therefore the functional (7.1) is
2-weakly* lower semicontinuous and this implies that (, 1) is a minimizer for it in A% . U

Remark 7.3. Even if W(0,-): RNX4 — [0, +00) is convex for every 6 € R™, it may happen that the incre-
mental minimum problems have no solutions representable by functions.

We give an example in which this happens even for the first time step. By definition of Al there exists
a solution of the first incremental minimum problem representable by function if and only if there exist z; €
L2(D;R™) and vy € A(t}) such that ((6¢20,9v0)s O(21,v01)) O(20,21)) Tealizes the minimum of the functional (7.1)
on Al . Consider the following case: D = (0,1)2 and N=m=1,T =1,1=0 and o(t, (21,72)) := (1 —t)z1,
for every t € [0,1] and every (z1,22) € (0,1)%. We consider

WO, (Fy, Fy)) := |Fy —a(0)]> + |F2|* + b(0) + c, (7.8)

where a is a C! function satisfying a(0) = a(1) = 1 and a(—1) = —1, while b a C! function such that
b(6) := b(#) + |0] is positive and vanishes only at 0, 1, and —1, and ¢ := —infb. It can be easily verified that
(W.1) and (W.2) are satisfied by suitable choices of a and b compatible with the requirements above. Now
choose H(0) := 10|, zo =0 and vo(z1,22) := x1. It is immediate to check that (zp,v9) satisfy the boundary
conditions and (6.24). Moreover, by standard arguments, it can be easily shown that the infimum of functional

in (7.1), for ¢ =1, is ¢ and cannot be attained by functions which satisfy the boundary conditions. A minimizer
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of (7.1) on Al is defined by
! tn tr
(Va)u, = F0caron + (1= F) daa,0;
| tn tn
()i, = 5001 + (L= 5) S0,1)-

Set 77(s) := £, whenever ti < s < i+ where we set th) T =T +

For every i and n we set

3=

, oW .
= [ SR A,
and define
an(t ) = oy, (2),
for a.e. z € D, whenever ¢! <t < ¢it!.

We define v,, € Y2(D;R™ x RV*)0T] by

(Vn)s == (Vil)ti )

n

267

(7.9)

(7.10)

whenever t, = 77(s), for every s € [0,T]; we define also u, € SY?2([0,T], D;R™) as the piecewise constant

interpolation of pf™ | as in Definition 4.12.
Note that (v, u,,) € AY ([0, T],(7"(-))) by construction.

7.2. A priori estimates

First of all we want to deduce a discrete version of the energy inequality for (v, w,,).

Using the competitor defined in the proof of Lemma 7.1 and the fact that

bar(foa (T2, g it (V5)13)) = bar(avsa (v5)10)) + Vi, — Vgl

for every ¢ and n, we have

/ WO F) dwhey (0.0 F) — o)) + [ HO = ) i)y (061,00 <
D xR™ xRN xd Dx (R™)2 "

/ W(0,F + Ve, (x) = Ve, ' (2)) dwy )i (2,0, F) = L, 0t + ¢l — @i )
DxRm xRN xd )

+/ H(O; — 0 1) d(xO (Y060, 051, 6).
Dx (Rm)i+1 "

‘We deduce that

/ WO, F) d(vy)e, (@, 0, F) = (L, v (1)) + / H (0 —0i-1) d(p) g5 (@, 601, 65) <
D xRm xRN xd Dx (R™)2 n th
/ W (0, F) dvy, ) (@, 6, F) = (0 vl (5,7)
DxR™ xRN Xd n

+/ (W0, F + Ve, (2) — Ve, (2)) = W(0, F)] d(v; ) - (2,0, F)
DxR™ xRN xd

— Lo ) e — e )+ (L w

i—1
n

().
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Let us fix t € [0,T] such that tJ, <t < t/™!; using
/ (6, F + Vgl () — Vgl (@) — W (B, F)] d(wir s (2,0, F) =
DxR™ xRN xd

/ " ( /| W g, F + en(s, ) Vp(s,2) d<vn>s<x,97F>) s,

171 xRm xRN xd 3F

n

where £"(s,x) := V(s,z) — Ve (77(s),z), for every s € [0,T] and every x € D, and

T o () + gl — iy — (I b () = / "), @)+ (U(s), vl N (ETY) = p(7(s)) + (s))] ds,

i—1
n

and iterating from 0 to j, we obtain
/ W(0,F) d(wn)e(z, 0, F) — (U1" (1)), vn(t)) + Varg (p,;0,t) <
DxR™ xRN xd
7" (t) T"(E)
Wi o) = 0) ) + [ (o) Tl ds = [ H(5) va(9) + W(5). @) ds
() oW . oW ,
+/O (/DmexRNxd [a—F(G,F—i—E (s,x)) — a—F(H,F)}ch(s) d(l/n)s(x,G,F)> ds

)
+/0 {U(s), o(1"(5)) — p(s))ds. (7.11)

From (7.11), we can deduce the following a priori estimates on (v, i,,)-

Lemma 7.4. There exists a positive constant C', such that

sup sup / 10, F)> d(vp)s (2,0, F) < C, (7.12)
DxR™ xRN xd

n t€[0,7]
sup Varg (p,,;0,7) < C. (7.13)
n

Proof. Using the fact that supc(o ) [[1(2)]] 1)- » fOT Hi(t)”(Hl)* dt, and fOT llo(t)||mr dt are finite, the hypotheses
on W and the inequality

sup / 10, P)2 d(wn)s(2, 6, F) < oo,
s€[0,T) J DxRm xRN xd

(since v,, are piecewise constant interpolations of Young measures with finite second moments) we can deduce
from (7.11) that, for n sufficiently large,

S 1/2
/ (0, F)|? d(vn)e(z,0,F) < C +C sup (1 + 5/ (0, F)|? d(un)s(m,Q,F)) . (7.14)
DxR™ xRN xd s€[0,T] DxR™ xRN xd

for suitable positive constants C' and & independent of ¢ and n (to estimate the terms in the third line in (7.11)
we use (7.4), while the term in the fourth line of (7.11) can be treated using 7p((v,)s) = £¢ and Hélder
inequality).

Since this can be repeated for every ¢ € [0,7], we deduce (7.12). Inequality (7.13) comes now from (7.12)
and (7.11). O
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We can also deduce the following energy inequality for (v, w,,).

Lemma 7.5. For every t € [0,T] we have

/Dmex]RNxd W(O,F) d(vn)e(x,0, F) — (7" (t)), vn(t)) + Varg (p,,; 0,t) <
() O
W(z0,0) — (1(0), vo) + / (0n(s), Vp(s)) ds — / (), vn (5)) + (1), @())] d5 + pn,  (7.15)

where pp, — 0 as n — 0o.

Proof. Thanks to (7.11) it is enough to prove that

. (8 oW § P -
e | [ GRer e - GE6.R)] Tets.a) dwa)te6.0) | as

D xR™ xRN xd

and

tend to 0 as n — co. Since ¢ is uniformly continuous on [0, 7] with values in H*(D;RY), it is immediate to
see that p2 — 0 as n — oo. It remains to prove that, fixed § > 0, pl < for n sufficiently large.

We recall that, since Vg € L1([0, T]; L2(D; RV *4)) | we can find a sequence v; € C°([0,T]; C°(D;RY)) such
that [ [[o;(t) — V@(t)|ladt — 0, as j — oco.

Since 7p((vn)s) = L4, using (W.2), we can deduce for every M > 1 and every s € [0,7]

ow ow
il n - : ; <
5F (0,F +&"(s,x)) oF (0,F)| Vp(s) dvy)s(x, 0, F) <
{(z,0,F):|0|+|F|>M}
¢ [ 20 IFDIVe(si) ~ i) el 6, )
{(z,0,F):|0|+|F|>M}
v [ 2 FDl s, )., F) + Cl )2 ()

{(x,0,F):|0|+|F|>M}
therefore, thanks to Lemma 7.4, for every j we have
@ oW . ow _
— (0, F +¢e"(s,x)) 0,F)| Vo(s) divn)s(z,0,F) | ds <
0

oF ~aF
{(z,0,F):|0|+|F|>M}

2,
8C / IV (5) - v5(5)]|2 ds

sup sup | (0, F)? d(v,), (2,0, F)
s€[0,7] n JDxRmxRNxd

) T
+ 4T sup sup/ (0, F)? d(Vn)s(fc,H,F)MJrC sup ||€"(S)||2/ [Veo(s)|2ds.
s€[0,7] n JDxRmxRNxd M s€[0,T] 0
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Since s — (s) is continuous from [0, 7] into H'(D;RY), the term in the last line tends to 0 as n — occ.
Therefore there exist 7 and M such that

" (t)
/ oW ow , (7.16)
0

T 0.7+ (5.2) = GE6.F)] Te(o) dw)(o. ) | ds <

|

{(z,0,F):|0|+|F|>M}

for n sufficiently large. -
We now consider the contribution of the integral on {(z,6, F) : 0] + |F| < M}.
For every M > 0 and r > 0, define

‘?)‘g(ew' Frry - p).

wp(r) == sup oF

[(0,F)|<M,|(0",F")|<r

Thanks to the continuity properties of 2%  for every M we have wpr(r) — 0 as r tends to 0; moreover it is
wm(r) <2C(M +1) +Cr.

In particular, for M chosen before, it is immediate that

6F’

/T”“) )% oW
0

O 0.7+ e (s.) — 206, F)} Vo(s) d(a)s(e,0.F) | ds <

{(z,0,F):|0|+|F|<M}

/Ot ( /D wir(e"(s,2))|Vep(s, )| dm> as

by the Dominated Convergence Theorem, we have
wiz (g™ (s)Dll2 — 0,
for a.e. s €]0,T], as n tends to oo; since we have the estimate
lwxr(le” ()DII20Ve(s)ll2 < ClIVR(s)l|2(2M + 2+ ||e™(s)]l2),

for every s € [0,7] and sup,ejo 7 [le"(s)[l2 — 0 as n — oo, we can apply again the Dominated Convergence
Theorem and obtain

"t o - 5
0, F Y 0, )| Ve(s) dw,)s(z,6,F) | ds< 2, (7.1
/o / [6F( +e"(s5,2)) = 5= (0, F) | V(s) d(vn)s (2,0, F) | ds < 5, (7.17)
{(z,0,F):|6]|+|F|<M}
for n sufficiently large. Therefore (7.16) and (7.17) give the thesis. O

7.3. Passage to the limit

Thanks to (7.12), (7.13), and hypothesis (H.2), we can apply our version of Helly Theorem (Th. 4.10) to
the sequence p, and obtain a subsequence, still indicated by u,,, a subset © of [0,T], containing 0, with
LY[0,T]\©) =0, and p € SY2([0,T], D;R™), such that, for every finite sequence t; < ... <, in ©, we have

(”’n)tlmtz - ”’tl...tla 2'Weak1y*- (718)
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For every t € © we choose an increasing sequence of integers nl,, possibly depending on ¢, such that

tim supl(o (1), V(1)) + (1(1), 0 (6))] = lim{ (o7 (1), V(1)) + (1), 0,y ()], (7.19)

n

where v,,(t) is defined as in Remark 6.8 (this choice is crucial in order to apply the argument in [4], Sect. 7).
Thanks to (7.12) and Lemma 4.13, there exists v € Y2(D; R™ x RVN*4)[0.T] such that #gm (v;) = p, for every
t € [0,T], and satisfying the following properties:

(conv) For every t € ©, there exists a subsequence of (V¢ ), still denoted by (v, )x, such that
(Ve )t = vy, 2-weakly™. (7.20)
(appr) For every t € [0,7]\ ©, there exists a sequence s/ € ©, converging to ¢, with s/ < ¢, such that
Vg — vy, 2-weakly*. (7.21)

Note that the map (6.23) is measurable on [0,T] since

(o (t), Ve(t) — (1), v(t)) = lim sup[(ora (£), Vep(£)) — {L(t), v (1)), (7.22)
for every t € ©, thanks to (7.19), (W.2), Remarks 4.3 and 6.8.

It can be shown that (v, u) € AY([0,T], ). Indeed, thanks to (7.18) and (7.20), we can apply Lemma 6.7
to get

(v,p) € AY (O, ). (7.23)

Let now t; < ... < t; be a finite sequence in [0,7]. Thanks to left continuity of p and to (appr), for every
i=1,...,1, there exists a sequence s} — t; as j — oo, with s] < t;, such that

Pgi i = Bty g, 2-weakly™, (7.24)

v — vy, 2-weakly®, foreveryi=1,...,n (7.25)

as j — oo. If we define 7: {t;,....t;} — HY(D;RY) by /(¢ ) p(s] ), for every i = 1,...,n, we have

that 7 (t;) — @(t;) strongly in HI(D,RN) for every i = 1,...,n; if we define (&7, ?) € Y?(D;R™ x

RV*){totid 5 SY2({ty, ..., 1}, D;R™) by

for everyi=1,...,n,
vty T P LsTs
thanks to (7.23), we have that (&7, /) € AY ({t1,...,t,}, ) and

(ﬁj)tl...tz — Ky gy 2-weakly™*

(D7), = vy, 2-weakly* for every i =1,...,1,

as j — 0o. Hence we are again in the hypotheses of Lemma 6.7 and we can conclude that (v, ) € AY ([0, 7], o).
By construction, (v, u) satisfies (ev0).
Now we want to prove that (v, p) satisfies (evl).
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Let z € L*(D;R™), @ € Hy, (0); for every n and for every i = 1,...,k(n), let consider the pair (&, &), where
U= ((Uh)w, o (Vh) -1, Tz vay (V)i )) and fi is the unique compatible system in SY?({t),,...,t,}, D;R™)
satisfying fro i = T2 ()0 01 ), with
,T(Z,Vﬂ) (:L'a 0, F) - (l‘, 0+ 2(1)7 F+ Vﬁ(l‘))
and
TN, 00,...,0;) = (x,00,...,0,-1,0; + 2(2)).

This is an element of AY ({t9,...,t.}, ) and satisfies (7.2) and (7.3), hence we can use it as a competitor to
obtain

/ WO F) )y, (06,F) = (L0t t)) + [ H(O:— 0m1) At g,
DxR™ xRN xd Dx(Rm)itt
</ WO+ 2(2), F + Vii(e)) d(vh ) (2,0, F) = (B, w3, (6) + )
DxR™ xRN xd
+/ H(0; + 2(x) — 0;-1) d(py,)e0..t1 -
Dx (Rm)i+1
Thanks to the triangular inequality for H (which follows from (H.1)), this implies that
/ (W(0. ) ~ W (0 + (2). F + Vi(2))] Ay, (2.0.F) < H(Z) — (1. 0).
DxR™ xRN xd
By definition of v,,, for every t € © we obtain
/ W(0,F) = W(0+z(z), F + Vu(z))] dwn)(z, 0, F) < H(Z) — {I(7"(1)), ).
DxR™ xRN xd
Since
(W (0, F) =W (0 + 2(x), F + Vi(x))| < C[(12(x)| + |Va(2)])* + 1] + C(|2(2)| + [Va(z) ) (16] + | F]),

for a suitable positive constant C', and (Ve )¢ — vi 2-weakly*, for a suitable subsequence ((v,1)¢)r, we can
deduce from Remark 4.3 that

/D e a WO F) = WO+ 2(2), F + V()] d(ag )e(2, 8, F) —
/mem[w(‘g’ F) = W(0 + (), F + V()] dvy (2,0, F),

as n — oo. Since I(7"(t)) — L(t), strongly in H!(D;RN)*, for every t € [0,7], we obtain (evl) for t € ©.
Let now t € [0,7]\ ©. Thanks to (appr), we can find a sequence s/ — t, with s/ <t and s’ € O, such
that vy — vy 2-weakly™; as before we have that

/D mex]RM[W(e’ F) —=W(0 + 2(z), F + V()] dvg (2,0, F) —

/ W, F)—W(0+ z2(z), F + Vau(z))] dve(zx, 0, F),
DxRm xRN xd
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as j — o0o. Again, since I(s7) — I(t) strongly in H'(D;R™)*, using (evl) for s/, we obtain (evl) for every
t€0,T].

Now we want to prove (ev2). Fix t € © and let (v,:): be a subsequence satisfying (7.19) and such that
(Vnt ) = v 2-weakly™ as k — oo; then, thanks to (7.18),

Bt = I, (7.26)

weakly* in SY2([0, 7], D;R™); since the term containing I is continuous with respect to 2-weak* convergence,
the term containing W is weakly lower semicontinuous and the variation is weakly lower semicontinuous thanks
to (7.26) and Lemma 4.11, we have

/ W(HaF) th(I,H,F) - <l(t),’l)(t)> +VarH(ll’;07t) <
DxR™ xRN xd
lim inf [/ W(0,F) d(v,)(z,0,F) — (l(T”}i (), vyt (£)) + Varg (p,,:;0,t) | .
k DxR™ xRN xd ‘ » k
Using (7.15) of Lemma 7.5, we can deduce that
/ W0, F) dvy(x,0, F) — (U(t), v(t)) + Vars (;0,4) <
DxR™ xRN xd

W(z0,v0) — (1(0), v(0)) — / (1(5). p(s)) ds

7k (8) .
+ limnf /O (s (5), V@ (5)) — {i(5), vt ()] s

Since sup,ejo,7) SUPy, [|on ()2 and sup,cp 71 sup,, [[vn(s)|l2 are finite, we can deduce, using Fatou Lemma, that

n

7k (t) _ () -
1imkinf/0 (o (5), Vp(s)) — (U(s), v ()] ds < limsup/O [(on(s), Vp(s)) — (I(s),v,(s))] ds

§/ lim sup[(o,(s), Vi (s)) — (I(s), v, (s))] ds.
0

n

Thanks to (7.22) this implies that

1k (2) _ ¢ .
tmint [ [l (5). V() = ((s). vy (D] ds < [ [(9). Vo) = (0(s) w(s))] ds.

k

This implies (ev2) for t € ©.
Let now ¢t € [0,7]\ © and let s/ — ¢, satisfy s; <, and (7.21); it is easy to verify, using Lemma 4.11, that

Varg (p;0,t) < lim inf Varg (u; 0, s7),
J

hence (ev2) for ¢ can be deduced from (ev2) for s7.

8. AN ALTERNATIVE PROOF OF THE EXISTENCE RESULT IN THE QUASICONVEX CASE

In this section we focus on the particular case of W (#,-) quasiconvex, which can be treated using a spatial
regularization depending on the gradient of the internal variable, as proposed in [8].
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Definition 8.1. Let n > 0, ¢ € AC([0,7);H}(D;RYN)), 1 € AC([0,T];HY(D;RN)*), 2, € HY(D;R™),
vo € A(0), and T > 0. A solution of the n-regqularized problem with external load I, boundary datum ¢,
and initial condition (29,v0), in the time interval (0,77, is a pair (z,,v,), with z,: [0,7] — H*(D;R™) and
v, [0,T] — HY(D; RY), satisfying the following properties:

(ev0)reg initial condition: (zy,(0),v,(0)) = (20,v0);

(evl)eg kinematic admissibility: v, (t) € A(t) for every t € [0,T7;

(ev2)eg global stability: for every t € (0,T] and (2,0) € H'(D;R™) x A(t)

W(zy (1), 04 (1)) = (UE), vy (1)) + 3V (0)F < W(E,0) = (Ut), 0) + FIIVE]Z + H(Z — 24 (t));

(ev3)reg energy inequality: Varg(z,;0,T) < oo, the map t + [(o,(t), V(1)) — (L(t), v,(t))] is measur-
able on [0,T], and for every t € [0, 7]

W(zy(t), v9(1)) = (UE), vy (1)) + FI Vg ()3 + Varg (2,50,1) <
W(z0,v0) — <l(0),’vo>+%||VZo||§*/O <l(8)7¢(8)>d8+/0 [(o(5), Vp(s)) — (L(s), vy (s))] ds,

where o,(s) == 2% (2, (s), Vv, (s)) for every s € [0,T].
The proof of Theorem 4.1 in [8] can be repeated in our case to obtain the following result.
Theorem 8.2. Let n, ¢, 1, (z0,v0), and T be as in Definition 8.1. Then there exists a solution of the
n-regqularized problem with external load 1, boundary datum ¢, and initial condition (z9,vo), in the time
interval (0,T]. Moreover there exists a positive constant K, such that

sup ||z (t)]|2 < Ky, (8.1)
t€[0,77]

sup oy (t)[|ur < K. (8.2)
t€[0,77]

Lemma 8.3. Let ¢, I, vy, and T be as in Definition 8.1, and let (z])y>0 be a family of functions in
HY(D;R™), such that

sup ||zl ]2 < M, (8.3)
n
supn||Vzi[3 < M, (8.4)
n

for a suitable positive constant M . Then there exists a positive constant K such that the solutions (z,,vy) of

the n-regularized problems with initial condition (z(,vo) satisfy the following conditions

sup sup||zy(t)|2 < K, sup sup ||[Vv,(t)| < K, (8.5)
tefo,1] tel0,7] n
sup Varg (z,;0,7) < K, sup 2[|Vz,(t)||3 < K. (8.6)
n t€[0,77]

Proof. Using the fact that sup,co 7 [|1(2)]] 1)~ fOT ||i(t)||(H1)* dt, and fOT llo(t)||mr dt are finite, the hypotheses
on W, the hypotheses (8.3) and (8.4), and the inequalities (8.1) and (8.2), we can deduce from (ev3),eg that,
for every n >0,

c(lza @13 + Voy(D)]3) = C < C + ¢ S‘[%PT](||ZTI(3)H2 + [y (8)llr),
se|0,
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for suitable positive constants ¢ C independent of ¢ and 7. Since this can be repeated for every ¢ € [0,77],
Poincaré inequality implies (8.5). Inequalities (8.6) come now from (ev3)ys and (8.5). O

Remark 8.4. From (8.6) we can deduce that
M Vzy, (t) — 0

strongly in L2(D;R™*4) for every positive sequence 7, — 0 and every t € [0,7].

Definition 8.5. Given an external load I € AC([0, T]; HY(D; RY)*), an initial condition (z,v) € L2(D;R™) x
A(0), a boundary datum ¢ € AC([0,T]; H}(D;RY)), and T > 0, a quasistatic evolution obtained by spatial
regularizations in the time interval [0,7] is a pair (v, ) € Y2(D;R™ x RN*H)0T] 5 §y2([0, T], D; R™) with

rm (V¢) = @y, for every t € [0,T], (8.7)

for which there exist:
e asequence (z{}), C H'(D;R™), with

28— 29 strongly in L?(D;R™), (8.8)
e a positive sequence 7, converging to 0, with
Ml Vaglls — 0, (8.9)

e a subset © of [0,7], with 0 € © and £}([0,T]\ ©) =0,

such that v and © satisfy property (appr) of Remark 6.16, and the solutions (z,,,, vy, ) of the n,-regularized
problems with initial conditions (z{,vo) in the time interval (0,7 satisfy the following conditions:

(convl),es for every finite sequence ¢ < ... <t; in ©

Oz (£1) sz (1)) — Myt 2-Weakly™, (8.10)

as n — 00;
(conv2).eg for every t € © there exists a subsequence (2, , , vy , )i of (24, , Vs, )n, Possibly depending
er er v v

on t, with
limsup [{o, (£), Ve (1)) ~ (A1), vy, (£)) = lim [(oy,, (1), V(1)) = (U(t), vy, (1)), (8.11)
and
Ozn,, (6 Vwn, , () = Vi 2-weakly™, (8.12)
as k — 0.

In the next theorem we will show that the quasistatic evolution obtained by spatial regularizations fulfills
the requirements of Definition 6.14.

Theorem 8.6. Let I € AC([0,T);HY(D;RN)*), ¢ € AC([0,T]; HY(D;RY)), (20,v0), and T > 0 be as in
Definition 8.5, and assume that

Wi(z0,v0) < W(E,8) — (1(0), 5 — vo) + H(Z — 20), (8.13)

for every 2 € L2(D;R™) and every © € A(0). Then a quasistatic evolution obtained by spatial reqularizations
in the time interval [0,T] is a globally stable quasistatic evolution of Young measures with the same data in the
time interval [0,T].
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Proof. Let (v, p) € Y2(D;R™ x RN*4)[0.T] 5 §Y2([0, T, D; R™) be a quasistatic evolution obtained by spatial
regularizations.

First of all we show that (v,u) € AY ([0,7],¢): thanks to (8.10) and (8.12), it is immediate to see that
(v,n) € AY (O, ); as in the proof of the main theorem, (appr) allows now to prove that (v, u) € AY ([0,T], ).
In particular, for every ¢ € [0, 7] there exists a function v(t) € A(t) such that Vu(t) = bar(fgyxa(vt)), thanks
to Remark 6.8.

Let n, and z{ be the sequences appearing in Definition 8.5, and let (z,,,v,,) be the solutions of the
1y -regularized problems in the time interval (0,77; (ev0) comes immediately from (ev0)yeq, (8.8), and (8.12).

Now we prove that (v, u) satisfies (evl).

For t =0 it comes immediately from (8.13).

For t # 0, we first show that (evl) holds for test functions Z € HY(D;R™). Let t € © \ 0, (1t )i be the

sequence appearing in (conv2).e, and (Z,a) € H'(D;R™) x Hy (0). By (evl)yeq, we have

Myt
[V, (03 < Wiz,

- - - Mnt - -
LD +50, (0+0) = (0.7) + 2 |Vz, () + 23+ M),

VV(znn;c (t), Yn,p )+

Thanks to Remark 8.4,

Mt

Mnt - Mnt - -
T 92, () + VEIE — V2, ()15 = V208 + (g V2, (0. 92),— 0,

as k — o0o. On the other hand we have
Wiz, (1) 2,0, (1) + ) = Wiz, (0) 05, (1) =

/ [W(9 + 2(9’)), F+ Vﬁ(x)) — W(G, F)] d(S(z77 . (1), Vv, , (t))(l‘, 0, F);
DxR™ xRN xd nf, nt

(W(0 + 2(2), F + Vi(z)) = W(0, F)| < C[(|2(x)] + [Va(2)|)? + 1] + C(|2(x)| + [Va(@)))([6] + [F]),  (8.14)

thanks to Remarks 4.3 and (8.12) we can deduce that

/ WO+ 2(z), F + Va(z)) = W(0, F)] doz, , t),vv, , ) (@0, F) —
DxR™ xRN xd nj nt
/ W0 + 2(x), F + Vil(z)) — W0, F)] dvi(x, 0, F),
DxRmM xRN xd
and hence we can conclude that

/ W (0, F) dv(z,0,F) < / W (0 + 2(z), F + Vi(z)) dve(z, 0, F) — (L(t), @) + H(Z).
DxR™ xRN xd DxR™ xRN xd (8.15)

Using (appr) it is easy to extend the previous inequality to ¢ € [0, 7]\ © reasoning as in the proof of the
main theorem.

Now we prove that (8.15) holds also for test functions Z € L2(D;R™). Let t € (0,7], 2 € L2(D;R™),
@ € Hp (0), and assume that (Z,)p is a sequence in H'(D; R™) with Z, — Z strongly in L?(D;R™); then we
have

'H(Eh) — H(Z),
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and
/D . RNXJWW + 2(2), F + Vi(x)) — W(0 + Zp(2), F + Vi(z))] dvy(z, 0, F) — 0,

thanks to the hypotheses on H, and to (W.2) and (2.2), respectively; hence (evl) for test functions Z and @
can be deduce from (8.15) applied to Z, and @.

Finally we prove (ev2).
Thanks to (8.8) and (8.9), we have

W(zg,v0) + % V25113 — Wi(z0, o),

as n — o0; therefore we can argue as in the proof of the main theorem using (ev2),e, and the approximation
properties of (v, ). O

Theorem 8.7. Let I € AC([0, T}; HY(D;RM)*), ¢ € AC([0, T); HY(D;RYN)), T > 0, and (20,v0) € L2(D;R™)x
A(0). Then there exists a quasistatic evolution obtained by spatial regularizations with external load 1, boundary
datum @, and initial condition (z9,v9), in the time interval [0,T].

Proof. Fix a sequence (z), in H'(D;R™) satisfying (8.8) and a positive sequence 7, — 0 satisfying (8.9);
let (z,,,vy,) be the solutions of the 7, -regularized problems with external load !, boundary datum ¢, and
initial condition (z{§,vo). Thanks to (8.5), (8.6), and (H.2), we can apply Theorem 4.10 to obtain a subset ©
of [0,T] with 0 € © and £!([0,7]\ ©) = 0, a compatible system p € SY?2([0,7T], D;R™), and a subsequence
still indicated by (7n)n satisfying (convl)ieg. For every t € © we select a subsequence (1,¢ )i of (1n)n, possibly
depending on t, satisfying (8.11). Thanks to (8.5), we can apply Lemma 4.13 to obtain another subsequence still
denoted by (7, )x and v € Y?(D;R™ x RN *)0T] which verify conditions (conv2)eq, (appr), and (8.7). O
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and interesting discussions.
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