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A NOTE ON THE REGULARITY OF SOLUTIONS
OF HAMILTON-JACOBI EQUATIONS WITH SUPERLINEAR GROWTH
IN THE GRADIENT VARIABLE

PIERRE CARDALIAGUET!

Abstract. We investigate the regularity of solutions of first order Hamilton-Jacobi equation with
super linear growth in the gradient variable. We show that the solutions are locally Hélder continuous
with Holder exponent depending only on the growth of the Hamiltonian. The proof relies on a reverse
Holder inequality.
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1. INTRODUCTION

We investigate the regularity of solutions to the Hamilton-Jacobi equation

—uy(z,t) + b(z,t)|Du(z, t)|? + f(z,t).Du(z,t) =0 in RN x (0,T) 11
u(z, T) = g(x) for z € RN (1.1)

under the following assumptions:

q>1, (1.2)

b:RY x (0,T) =R, f:RYN x (0,7) = RN and g: RY — R (1.3)
are continuous and bounded by some constant M, '

b(z,t) >85>0  Y(x,t) €RY x (0,7) (1.4)

for some § > 0.

Regularity of solutions of Hamilton-Jacobi equations with superlinear growth have been the object of several
works (see in particular Lions [6], Barles [2], Rampazzo and Sartori [7]). Our aim is to show that v is locally
Holder continuous with Holder exponent and constant depending only M, é, ¢ and T. What is new compared
to the previous works is that the regularity does not depend on the smoothness of the maps b, f and g, but only
on the growth condition. The motivation for this is the homogenization of Hamilton-Jacobi equations, where
such estimates are needed. Here is our result.
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Theorem 1.1. There is some constant§ = 0(M,6,q,T) and, for any ™ > 0, some constant K, = K(1,M,0,q,T)
such that, for any xo, 1 € RN, for any to,t1 € [0,T — 7],

|U($0,t0) — u(xl,t1)| < KT (|$0 — x1|(9*1’)/(9*1) + |t0 _ tll(G*P)/G).

The proof of the result relies on the representation of the solution u of (1.1) as the value function of a problem

of calculus of variations (see [1,3]): Namely, setting p = L3, we have

T
u(z,t) = inf </ a(z(s), s) | f(x(s), 5) +2'(s)|" ds + g(ﬂf(T))> (1.5)
¢
where the infimum is taken over the set of functions z(-) € WP ([t, T],RY) such that z(t) = x and where
1 \*! p—1
)= — -1/(p=1) _ ,—p/(p—1) )
a(w,t) (b(x, t)) (p p )

From now on we work on the control representation of the solution w. To simplify the notations, we assume
without loss of generality that b is also bounded by M and satisfies

a(z,t)>6>0  VY(x,t) e RY x (0,7).

The paper is organized as follows. In the first section, we use a kind of reverse Holder inequality to prove
that the optimal solutions of (1.5) are in some sense slightly “more integrable” than what we could expect. In
the second step we show that this integrability implies the desired Holder regularity for the value function. In
Appendix, we prove the reverse Holder inequality.

2. ESTIMATE OF THE OPTIMAL OF THE CONTROLLED SYSTEM

The key remark of this section is Lemma 2.5 stating that optimal controls are “more integrable” than what
could be expected. This is proved through several steps and the use of a reverse Holder inequality.

Lemma 2.1. There is a constant K > 0 depending only on M,6,p, T, such that, for any optimal solution T
of (1.5) starting from xzq at time to, we have

T
/ |7’ (s)|Pds < K. (2.1)
to
Proof of Lemma 2.1. Comparing T with the constant solution Z(t) = x¢ we get
T T
| a@o).5)#(a(s),9) + 6P ds+ 9@lT) < [ aleo,)| (0,9 ds + glao)
to to

with
9(z0) — g(z(T)) < 2M,

| a0+ ords = [ |f<a-s<s>,s>+g—a<s>|pdsz2,55_1<

to to to

/ |:Tc’(s)|pdsMp(Tt0)>
and .
/ a(xo, s)|f(zo,s)[Pds < MPTHT —ty).

to
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Whence the result with K = 2°P~(MPHT +2M) /5 + MPT.
Lemma 2.2. There are some constants A > 1 and B > 0 depending only on M,§,p, T, such that, for any

optimal solution T of (1.5) starting from xo at time to, we have
1 [toth 1 [toth p
1 / F(s)Pds < A[ L / #(s)|ds | +B  Vhe[0,T—tq (2.2)
h Jy, h Jy,
Proof of Lemma 2.2. Let us fix h € (0,T — tp) and let us define
H(t) = W (t—to) +@o if ¢ € [to, o + h].
z(t) otherwise.
Since Z is optimal and Z(T") = Z(T') we have
to+h to+h
/ a(z(s), s)|f((s),s) + @' (s)[" ds < / a(i(s), s)|f(@(s),s) + &' (s)[" ds.
to to
Then we get the desired result by noticing that
to+h to+h 5 to+h
[ el s d@pds = [ 5 a6 dsz oo ([ 1@ ds -
to to to
and
to+h to+h
/ a(@(s), s)|f(2(s),s) + &' (s)[" ds < M |£(&(s), ) + ' (s)|" ds
t to
’ to+h
< 2”_1M(Mph+/ |(Z(h) — x0)/h|P ds)
t
’ to+h
< P IM(MPh + hl—p(/ 1(5)] ds)?). 0
to

In the following lemma we get rid of the constant B in (2.2). Assume that a € L?([tg, T],RT) satisfies

1 ftoth p
(ﬁ/ |a(s)|ds) +B  Vhe[0,T—tg).
to

1 to+h
N / la(s)Pds < A
to

Let z(t) = /1t a(s)ds and

to

1/p
21(s) = max {z(s), (%) (s—to)} Vs € [to, T

Set a1 (t) = 21 (t). We note for later use that z1(t) > z(t) on [to, T'] and that, if z1(t) = z(t), then ftz (a1(s))Pds <

f; (a(s))P ds. We claim:
(1 /to+h o1 (s)] ds) Vh € [0,T — to].

to

Lemma 2.3.
1 to+h
N / laz(s)|Pds < 24
to
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Proof of Lemma 2.3. Let v = (B/A)Y/P. If z(to + h) = z(to + h), then from the definition of z; we have
B < A(z(to + h)/h)P = A(z1(to + h)/h)?

and therefore

to+h to+h
/ Im®W®§/ ()P ds <

—1
to to hp

A aalto + B,

2
(z(to + h))P + Bh < ==

If on the contrary z1(tg + h) > z(tg + h), then there is some h; < h such that z1(to + h1) = z(to + h1) and
z1(s) = v(s —to) on [to + h1,to + h]. Then we have from the previous step

to+h to+h1 to+h
/ |m®W®:/ me@+/ o (s)]P ds

to to to+h1

2A
< e (z1(to + h1))P + (h — ha)yP
< 2A9"hy + (h — hy)¥?

2A

Next we show — in a kind of reverse Holder inequality — that if a map satisfies the inequality given by
Lemma 2.3, then it is “more integrable” than what we could expect. There are several results of this nature in
the literature since Gehring seminal work [5] (see for instance [4] and the references therein).

Lemma 2.4. Let A> 1 and p > 1. Then there are constants 6 = 0(A,p) > p and C = C(A,p) > 0 such that,
for any a € LP(0,1) such that

h h p
%/0 la(s)|Pds < A (%/O |a(s)] ds) Vh € [0,1], (2.3)

h
/ la(s)|ds < Cllall,h' =Y Vhe0,1].
0

we have

Moreover, the optimal choice of 0 is such that v =1 —1/0 is the smallest root of p(s) = s? — A(1 — p+ ps).
A possible proof of the lemma is the following: using Gehring’s result we can show that a map a satisfy-

ing (2.3) belongs in some L" for some r > p with a L” norm controlled by its L? norm, and then use Holder

inequality. We have chosen to present in Appendix a new and direct proof using a completely different approach.
Combining Lemmas 2.2, 2.3 and 2.4 we get:

Lemma 2.5. There are constants 0 > p and C depending only on M,0,p, T such that, for any xo € RN and
any to < T, if T is optimal for the initial position xy at time ty, then

to+h
/ Z'(s)| ds < C(T — to) /= Y/PR=Y0  Vh € [ty, T).
to

Proof of Lemma 2.5. Let T be optimal for (z,tp). From Lemma 2.2 we know that

1 [toth 1 [toth p
E/ |Z'(s)|Pds < A E/ |Z'(s)|ds | +B  Vhe[0,T -t
to

to
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for some constants A, B depending only on M, §,T and p. Setting «a(t) = |Z'(t)|, 2(t) = j;i a(s)ds, z1(t) =
max{z(t), (B/A)/? (t — to)} and a;(t) = 2 (t), we have from Lemma 2.3:

1 [toth 1 [toth p
E/ (aq(s))Pds <24 E/ ag(s)ds Vh € [0,T — to].
to to

Applying Lemma 2.4 to the constants p and 2A and with a proper scaling, we get that there exists > p and Cy
depending only on M, d,T and p such that

t0+h t0+h 1 1
/ 7' (s)]ds < / ai(s)ds < (T —tg)? ~» Callay ||, h*~1/°

to to
where we can estimate ||a||zr(f,,77) as follows: Let
t = max{t € [to,T] | z1(t) = z(t)}.

Then

[ atas= [atoass [ (B) as< [weas (§) @-n

where, from Lemma 2.1, we have

/tap(s)ds <K

to
Therefore ||aq]|, < Cs, where C3 = C3(M, d,p,T) and the proof is complete. O

3. REGULARITY OF THE VALUE FUNCTION

We are now ready to prove Theorem 1.1.

Space regularity. Let 2o, 21 € RY, ¢y < T. We assume that

(1—p/0)

= (T —to)' Y7 A 1, (3.1)

|1 — 20| < C

where C' and 6 are the constants which appear in Lemma 2.5. We claim that
w(xy, to) — u(zo, to) < Ki(T — to)~ P~ DO=P/@O-1) ) _ 4y (0=P)/(0-1) (3.2)

where K1 = K1(M,p,T,9).
Indeed, let Z be an optimal trajectory for (xo,to). For h € (0,T — to) let

H(t) = W (t—to)+a1 ifte [;o,to + 1)
z(t) otherwise.

From Lemma 2.5 we have

to+h
|Q_L‘(t0 + h) — l‘o| < / |g7;l(5)| ds < C’(T _ to)l/e—l/phl—l/e'

to
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Therefore, since Z(T') = Z(T), we have

(o to) g/ a(@(s), $)|f(#(s), 5) + #(s)P ds + g(#(T))

to

to+h
< u(zo, to) + / a(i(5), )| £ (#(5), 5) + 7 (5)]” ds

to
< u(zo,to) + M2P~H(MPh 4+ h'P|Z(tg + h) — z1|P)
u($0,t0) + M2p71(Mph + hlip(lj(to + h) — Iol + |I0 - $1|)p)
u(wo, to) + M2P~H(MPh + R*P(Coh* Y% + |zg — 1])P)

IN

IN

where we have set Cp = C(T — t0)1/9—1/p. Choosing

h= 1 p-1 |xg — 1] ey
“\Co1=p/e? !

we have h < (T —to) (from assumption (3.1)) and therefore
u(zy,to) — u(zo, to) < Kj(T — to)f(efp)(pfl)/(p((?fl))|x1 _ m0|(97p)/(971)
where K| = K{(M,§,p, T). Whence (3.2).
Time regularity. Let xg be fixed and tg < t1 < T — 7. We assume that
t —to < Kyr(20p—p=0)/(p(6-1)) (3.3)
for some constant K3 = K3(M,d,p,T') to be fixed later, where 6 is given by Lemma 2.5. We claim that
lu(zo,t0) — u(zo, t1)| < Ko™ ORI/ (4 — 14)0—P)/0

for some constant Ko = Ko(M,0,p,T).
Indeed, let Z be optimal for (zg,t1). Then setting

2

(t) . X0 ift e [to,tl]
| z(t) otherwise

we have

IN

t
-—ftgl a($0a 3)|f($07 5)|p ds + u($05 t1)
MPH |ty —to| + u(wo, 1)
which gives the desired inequality provided K3 is sufficiently large.
To get a reverse inequality, let Z be now optimal for (zg,%p). Using Lemma 2.5 we have that

u(xo, to)

IN

IN

S & (s)|ds < C(T — to) YO~ 1P(ty — tg)1~1/°
Gz -t p 1

|Z(t1) — ol (3.4)

IN

from the choice of t; — ty in (3.3) and K3 sufficiently small. Note that we have

w(@(t1),t) < U(xo,to)*/1a(ﬂ?(S),S)If(ﬂ?(S),S)+=’f'(8)l”dsSU(xo,to)-

to
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Hence, using the space regularity of u (recall that (3.4) holds) we get

u(wo,t1) < u(wo,t1) — u(Z(t1), t1) + u(zo, to)
u(zo, to) + K1C(T — tl)—(p—l)(G—p)/(p(G—l))|50(t1) — $O|(9—p)/(9—1)
u(l‘o, to) + KQTi(Gip)/G(tl — to)(eip)/e.

IN

IN

4. APPENDIX: PROOF OF LEMMA 2.4

We note later use that the map p(s) = s? — A(1 — p + ps) has two roots, the smallest one — denoted by v —
belonging to the interval (1 — 1/p, A=) the other one being larger than A/~ Moreover, if ¢(s) <0,
then s > ~.

Let

E={aeL”0,1), a >0, asatisfies (2.3) and ||a|, <1}.
We note that £ is convex, closed and bounded in L”(0,1). Therefore the problem

£(r) = max {/OT a(s)ds, a € 5}

has a unique maximum denoted @, for any 7 € (0,1] (uniqueness comes from the fact that inequality (2.3) is
positively homogeneous, which entails that at the optimum inequality |«|, <1 is an equality).
In order to prove the lemma, we only need to show that

() < Cr7 v € [0,1] (4.1)
for a suitable choice of C, because again inequality (2.3) is positively homogeneous in «.

The proof of (4.1) is achieved in two steps. In the first one, we explain the structure of the optima. Then we
deduce from this that £ satisfies a differential equation, which gives the desired bound.

Structure of the optima. We claim that there is some 7 > 0 such that for any 7 € (0,7),

ar on [0,7)
a-(t)=<{ b, on [7,71)
A=VPytr=1 on [, 1]

where 0 < b, <a, and 7 <71 < 1.

Proof of the claim. Let Z.(t) = fg a,(s)ds. To show that @, is constant on [0,7), we introduce the map

as) = ETT(T) on [0,7), & = &, otherwise. Then « belongs to £ and is also optimal. Hence oo = &, which shows
that &, is constant on [0, 7).

With similar arguments we can prove that, if there is a strict inequality in (2.3) for @, at some h > 7, then @,
is locally constant in a neighbourhood of h in [r, 1]. In particular, since @&, is constant on [0, 7), inequality (2.3)
is strict for @, at 7, and there is a maximal interval [, 71) on which @, is constant. We set a, = a@,(0") and
b, = a, ().

In order to show that a, > b, we prove that

the map ¢t — Z,(¢)/t is nonincreasing. (4.2)

Indeed, let t > 0 be fixed and x(s) = max{Z,(s), f*t(t)s} if s € [0,¢] and # = Z, otherwise. Let us check that 2’

is admissible and optimal. Let I C (0,¢) be the open set {x > Z,}. We can write I as the (at most) enumerable
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union of disjoint intervals (¢;,d;). Since z is affine on each interval (¢;, d;) with z(¢;) = Z(¢;) and z(d;) = Z(d;)

we have
d; d;
/ |:U'|”§/ P Vi (4.3)
(& (&

Since 2’ = Z, a.e. in [0, 1]\, we get ||z’||, < ||Z||, = 1. Moreover, for any h > 0 such that z(h) = Z.(h), (4.3)
and the admissibility of Z also give

<t [ <a(pem) = a(m)
hox_hOxT_ T = »e )

If (h) > Z.(h), let hy = max{s < h | x(s) = Z,(s)}. Then z(s) = xf(t)s on [hy, k] and so

Bl = I
< A (ae) g (54)°
< Al ft@)) + AL (- h1)<z<>)
< A=) = A (k)

So 2’ is admissible. Since z(7) > Z,(7), x is also optimal. So x = Z, and (4.2) is proved.
Note that (4.2) implies that a, > b, and

P
S;fT(S) S 1< Al/(p_l) for a.e. s = [0, 1] (44)

Let us now assume that 7, < 1. To prove that a,(s) = A~'/Pys7~! on [ry,1], we show that there is an
equality in (2.3) for &, on [r,1]. Indeed, otherwise, &, is constant on some maximal interval (u,v) with
71 <u < v < 1. We note that equality holds in (2.3) at u because @, is not locally constant at this point.
Taking the derivative with respect to h in (2.3) at u we get

@)y < LG g 24

From the analysis of ¢, this implies that

i.e.,

Let us define

|
—~

x(s) = Z+(s) on [0,u], z(s) = o Wu) s7 on [u,v], x(s) = Z(s) on [v, 1]

)
and o = 2’. Since a(ut) = f*iu) < a,(u™), one easily checks that * < z, and a < @, on [0,1]. Moreover, a
straightforward verification shows that x satisfies (2.3). Hence z is also optimal, which is impossible. So there
is an equality in (2.3) for &, on [r,1]. Taking the derivative in this equality shows that a., solves

a2(s) = ~ A () + 5

g (Z, ()P (s) on [r, 1].
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From (4.4) and the analysis of o, this implies that #.(s) = vZ=%) on [r,1]. Hence Z(s) = Cs” for some
constant C. Since there is an equality in (2.3) at A = 1 and since [|&,||, = 1, 1 = A(Z-(1))? and therefore
C=A"Yr
Finally we have to show that 7 < 1 for any 7 € (0,7). Indeed, assume otherwise that 7 = 1 for arbitrary
small 7. Since z(t) = A~Y/Pt7 is admissible, we have a,7 > A~Y/Pr7. Hence a, — +oo as 7 — 0T. Moreover
the constraint ||@,||, = 1 implies that b, is bounded when 7 — 01. Hence, for any k large, we can find 7 > 0
such that a, > kb,. Writing inequality (2.3) at h = k7 then gives

A A 2P A
'g P yZ— P
Oz = (1+ k)yp—1rp1 (@77 +brkr)” < (1+ k)yp—17p1 (2a-7)" = 1t k197"

whence a contradiction since k is arbitrarily large.

A differential equation for . To complete the proof of (4.1), we are going to show that ¢ is locally Lipschitz
continuous and satisfies

(—7)E (1) +~&(1) =0  for ae. 7€ (0,7). (4.5)
From this (4.1) follows easily for a suitable choice of C.

Proof of (4.5). Let us extend the optimal solutions by A~/Pys7~! on [1, +00) for 7 € (0,7). For A > 0, let
axr(s) = a-(As) 5> 0.

Then ay, satisfies (2.3) and

A 1/p
laacllp = X7 <1 +f Mi) |
1

Hence ay-/||axr||p is admissible and

T/ _
¢ (I) > Jo " anr _ AP 15(7)1 (4.6)

with an equality for A = 1. In particular, this shows that £ is locally Lipschitz continuous in (0, 1]. Moreover, at
each point 7 at which £ has a derivative, we have, by taking the derivative with respect to A at A =1 in (4.6):

()¢ (r) = (1/p = 1)&(7) - 5%)045(1) =&(1)(1/p— 1= AP /p) = —¢(7)

n (0,7). Whence (4.5). O
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