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NULL CONTROLLABILITY OF THE HEAT EQUATION WITH BOUNDARY
FOURIER CONDITIONS: THE LINEAR CASE*
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Abstract. In this paper, we prove the global null controllability of the linear heat equation completed
with linear Fourier boundary conditions of the form g—z + By = 0. We consider distributed controls
with support in a small set and nonregular coefficients 8 = (z,t). For the proof of null controllability,
a crucial tool will be a new Carleman estimate for the weak solutions of the classical heat equation
with nonhomogeneous Neumann boundary conditions.
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1. INTRODUCTION

Let © ¢ IRY be a bounded connected open set whose boundary 9 is regular enough (N>1). Let wC
be a (small) nonempty open subset and let 7' > 0. We will use the notation @ = Q x (0,7) and ¥ = 92 x (0,T)
and we will denote by n(z) the outward unit normal to Q at z € 9. On the other hand, we will denote by C,
Cy, Cy, ... generic positive constants (usually depending on 2 and w).

We will consider the linear heat equation with linear Fourier (or Robin) conditions

yt — Ay + B(z,t) - Vy + a(z, t)y = v(z,t)l, in @,
% 4 B(z,t)y =0 on X, (1)

y(x, 0) = yO(x) in €.
Here, it will be assumed that the coefficients a, B and 3 satisfy
a€L¥(Q), BelL>@Q)", BelL>(). (2)
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On the other hand, we suppose that v € L?(w x (0,7)), 1, is the characteristic function of w and y° € L?(Q).
In (1), y = y(x,t) is the state and v = v(x,t) is the control. It is assumed that we can act on the system only
through w x (0,T).

An illustrative interpretation of the data and variables in (1) is the following. The function y can be viewed
as the relative temperature of a body (with respect to the exterior surrounding air). The parabolic equation
in (1) means, among other things, that a heat source v1, acts on a part of the body. On the boundary, —g—z
must be viewed as the normal heat fluz, directed inwards, up to a positive coefficient. Thus, the equality

o, — PY
means that this flux is a linear function of the temperature. Thus, it is reasonable to suppose that 3 > 0
(although this assumption will not be imposed in this paper).

The main goal of this paper is to analyze the controllability properties of (1). It will be said that this system
is null controllable at time T if, for each y° € L%(f), there exists v € L?(w x (0,7')) such that the associated
solution satisfies

y(,T)=0 in Q. (3)
The null controllability of linear parabolic equations has been intensively studied these last years; see for
instance [1,4,5,7,8].

In this paper, we will be concerned with (1), where the main difficulties arise from the particular form of the
boundary condition. Indeed, it has been shown in [2,5] that this is more difficult to analyze than the case of
Dirichlet boundary conditions, considered in [4,5,7].

More precisely, what has been proved until now is that (1) is null controllable with B = 0 under the
assumptions (2) whenever §; € L°°(X). This was shown in [5]. However, it would be important to prove the
null controllability of (1) without this regularity hypothesis on §; in view of applications to control systems
with nonlinear boundary conditions.

The first main result in this paper concerns a Carleman inequality for a general (adjoint) system of the form

_@t_A@:fl(xat)—’—v'fQ(Iat) in Qa
(Vo + fa(z,t) - n= fs(z,t) on X, (4)
p(a,T) = ¢°(x) in Q,

where f1 € L?(Q), fo € L*(Q)" and f3 € L?(X). Observe that, as long as ¢ € L2(Q), Vo+ f2 € L2(Q)N and V-

(Vip+fo) € H-1(0,T; L?(Q)), we can give a sense to the boundary condition in the space H=1(0,T; H~1/2(0Q)).
We present now this result:

Theorem 1. Under the previous assumptions on f1, fa and fs, there exist X\, 01, 02 and C, only depending
on  and w, such that, for any X > X, any s > 5 = 01(e“2* T + T?) and any ¢° € L*(Q), the weak solution
to (4) satisfies

// e 25 (s N2 V|2 + 53 A €3 |p|?)da dt + s2\3 // e 252 |2 do dt
Q b))

gc( / /Q (AP 4 PN E | fo)dedt

+sA // e 25 ¢ | f32 dodt + s3A\? // e 20 g3 o2 dxdt | . (5)
b wx(0,T)

,t) are appropriate positive functions, again only depending on  and w. They
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As a consequence of Theorem 1, we can deduce an observability inequality for the adjoint system associated
to (1). More precisely, let us consider the backward in time system

—or —Ap =V - (pB(z,t)) +a(z,t)p=0 inQ,
(Vo +9B(x,1)) -n+ B(x,t)p =0 on ¥, (6)
o(x,T) = ¢°(x) in Q,

where ©° € L?(Q). It will be seen that, for some K of the form
K= eC(H%+|Iallz3+|\BII§o+Hﬁllio), (7)

the solutions of (6) satisfy

// lo|? dz dt < K// l|? da dt. (8)
Qx(T/4,3T/4) wx(0,T)

Remark 1. In fact, (8) is not the unique way of saying that (6) is observable. It is indeed more frequent to
use other inequalities of the form

e, 0)lIF 20 < C// )2 daz dt 9)
wx(0,T)

for some C. The estimates (9) can be easily deduced from (8) and the energy inequalities satisfied by ¢.
The second main result in this paper concerns the null controllability of (1). It is the following:

Theorem 2. Let us assume that (2) is satisfied. Then, for each T >0, (1) is null controllable at time T with
controls v € L*(w x (0,T)). Moreover, one can find v such that

0]l z2wx 0, < H 197022, (10)
with a constant H of the form

H = oCO++all 22+ Bl A8l +T (lall oo+ BlI2+1611%)) (11)

for some C = C(Q,w).

In the proof of Theorem 2, the main tool is the estimate (8). This arises from a general principle that
asserts that the null controllability of (1) with controls in L?(w x (0,7')) (depending continuously on the data)
is equivalent to the observability of (6). More details will be given below.

In a second part of this work, which will appear in a forthcoming paper, we will consider controllability
questions for semilinear heat equations completed with nonlinear Fourier boundary conditions of the form

Jy

%—i_f(y)zo on 27

where f : IR — IR is locally Lipschitz-continuous. For the analysis of these systems, Theorems 1 and 2 of the
present paper will be crucial.

The rest of this paper is organized as follows. Section 2 is devoted to the proof of Theorem 1. In Section 3,
we deduce the observability inequality (8) and we prove Theorem 2. For completeness, we have included an
Appendix, where we give a detailed proof of the standard Carleman estimate for the solutions of the heat
equation with homogeneous Neumann boundary conditions. (this estimate was already proved in [5]; however,
in this paper, a careful study of the dependence of the constants on s, A and T is needed).
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2. PROOF OF THEOREM 1

The main arguments used below are similar to those in [6]. This is related to a general strategy which is
used to relax the regularity assumptions on the various coefficients involved in the problem. Here, it will allow
us to proceed without any kind of regularity on the coefficient 5 = §(z,t).

Let us recall the definition of a weak solution: we say that ¢ is a weak solution to (4) if it satisfies

p € L*(0,T; H(Q)) N C°([0, T]; L*(2)),

—<<Pt7U>(H1(ﬂ))/,H1(Q)+/ V@'VUdJU:/ fi(z, t)vdz
Q Q

—/ holwnt) Vode+ | foat)vdo
Q oN

a.e.in (0,7), Yve HY(Q),
o5, T) = () in Q.

It is well known that, for f1 € L2(Q), fo € L*(Q)", f3 € L*(X) and ¢° € L?(f), (4) possesses exactly one weak
solution .
To prove the Carleman inequality (5), we will need two weight functions:

e’ () o2’ llee _ oAn° (@) 13
t = — t =
Sot) =37y o HT — 1) (13)
Here, A > 1 is a parameter to be chosen below and n° = 7°(z) is a function satisfying
€ C?(Q), 7°%x)>0inQ, 7°%sz)=0on 09, (14)

|Vn®(z)| >0 in Q\ o/,

where w’ CC w is a nonempty open set. The existence of n° satisfying (14) is proved in [5].
For the proof of Theorem 1, we will need an auxiliary result: a Carleman inequality for the solutions to the
heat equation with homogeneous Neumann boundary conditions. This is given in the following result:

Lemma 1. Let f € L?(Q) be given. There exist \*, o* and C only depending on Q and w such that, for any
A >N any s > s*(N) = o (e2M°lle T4 T2 and any ¢° € L2(Q), the weak solution to

—qt — Aq = f(x,t) inQ,

dq

99 _ 5
o 0 on X,
q(z,T) = ¢°(x) in

satisfies

I;z(q) <C // e 25 |f|2 da dt + $2\* // e 25 g3 |q|2dz dt |, (15)
Q wx(0,T)

where we have used the notation
a0 = [ e (7 ol +180%) 45X V0l 45X ) e

This result is a particular case of Lemma 1.2 of Chapter I in [5]. For completeness and also in order to explain
and justify the particular form of the constants A* and s*(\), we give a complete proof in the appendix, at the
end of this paper.
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Let us continue with the proof of Theorem 1. We can view ¢ as a solution by transposition of (4)
means that ¢ is the unique function in L?(Q) satisfying

. This

//Qaphdxdtz//Q fl(ac,t)zdxdt—//Q folz,t) - Vzdzdt

(16)
0 2
+//2 fg(x,t)zdodtJr/Q o' (x) z(x, T)dz Vh € L*(Q),

where we have denoted by z the (strong) solution of the following problem:

2zt — Az = h(z,t) inQ,
% =0 on 3,

z(x,0) =0 in .

We will argue as follows. Let us first estimate the second term in the left hand side of (5), i.e

s3A // e 25 €3 | dz dt.
Q

To this end, we will deal with techniques inspired by the arguments in [6].
Thus, let us see that the term in (17) can be bounded by the right hand side of (5), i.e

s34 // e 252 3 o2 dr dt < C(Q,w) (// e 25| f1 |2 da dt
Q Q

(17)

+52>\2// e’25a§2|f2|2d:cdt+s)\// e 2% ¢ | f3|> do dt
Q by

+s30\4 // e 25 3| dadt | (18)
wx(0,T)
for a good choice of the parameters A and s.

Let us consider the following constrained extremal problem:

1 . ;
Min = // e 22 dadt + 573N // 5@ ¢ 73 |2 da dt
2\JJe wx(0,T)

subject to v € L%(Q) and

. 19
2z — Az = P\ 2593 + 01, in Q, (19)
% =0 on X,

2(x,0) =0, z(z,T)=0 in Q.

Here, s and A are chosen like in Lemma 1, that is to say, A > A* and s > s*(A\) = ¢ (eQ’\””O”“’ T+T?).

By virtue of Lagrange’s principle and arguing as in [6], we are led from (19) to the next optimality system,
which is of fourth order in space and second order in time:

£(€725a ﬁ*p) 4 53)\46725a§3p1w _ 53)\4672504&3(‘0 in Q7
ap _ 8 —2sa px _
m=-% 3 (e L'p)=0

on X, (20)

(efQSaﬁ*p)‘tzo = (efQSaﬁ*p)‘t:T =0 in Q.



CONTROLLABILITY OF LINEAR HEAT EQUATION... 447

Here, £ = 9; — A is the heat operator and £* = —9; — A is its formal adjoint. If p is a solution to (20) (in an
appropriate sense), then

v=—sNe ¢ pl, and Z=e L (21)

solve (19).
Let us show that (20) has a unique weak solution. To this end, we are going to rewrite this problem as a
Lax-Milgram variational equation. Let us introduce the space

Xo = {z € C*(Q): 0

.%zoonE}

and the norm || - || x , with

lall% = // e 25| L*q|? dz dt + s*\* // e 2 ¢ |gl? dz dt
Q wx(0,T)
forall g € Xp.

Due to Lemma 1, || - || x is indeed a norm in Xy. Let X be the completion of X for the norm || - ||x . Then
X is a Hilbert space for the scalar product (-,-)x , with

(p,9)x = // e 2% (L*p)(L*q) dx dt + s // e 2523 pgdadt.
Q wx(0,T)

With this notation, system (20) is equivalent to find a function p € X such that

(p,a)x =1(q) Vq€eX, (22)

where
{(q) = s>\ // e 22 pgdrdt Vge X.
Q

Of course, (22) is equivalent to another extremal problem

1
Minimize 5((1, )x —£(q)
subject to ¢ € X.

By virtue of Lemma 1, one can easily check that £ € X’. Consequently, one can apply Lax-Milgram lemma and
deduce that there exists a unique solution to (20).
Let us now take

h =3 e 250¢3 0 1 71,
in (16). This gives

53)\4// e 25 3 )2 dxdt:// flgdxdt—// fg-Vdedt—l—// fgé\dadt—// podrdt (23)
Q Q Q b wx(0,T)

(recall that v and Z are given by (21)). The idea of the proof of (18) is to bound z, VZ and ¥ in @) and the
trace of Z on ¥ in terms of the left hand side of (23). For this purpose, we first multiply the equation in (20)
by p and integrate in (), which gives

Ipl% < l1ellx lIpllx.
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Consequently,

||p||§(:// e 2P dedt + 52N // e ¢T3 P2 dadt < Cs®A? // e 253 |2 dadt,  (24)
Q wx(0,T) Q

for A > A(Q,w), s > 7(Q, w)(e2M°lle T4 T2) | since

1/2
€]l xr < s%/222 (// e 25 &3 )2 dxdt)
Q

for this choice of the parameters s and A. This provides the desired bounds of Z and v1,,
Let us now multiply the equation satisfied by Z by s “2A~2e2**¢ 22 and let us integrate in Q After integration
by parts, we obtain:

’QA // 2sag A|2d:vdt+s’2)\ // a2 |z dedt — s AT // ez e’ . vz de dt

2572\ 1 // e2s =2 (v . V2) zdzdt:s/\2/ Epzdrdt+ s 272 // e25* ¢72p 2 dx dt,
Q Q wx(0,T)

whence

s*2x2// e ¢ 2|V dadt — 57N // 25“51 |A|2dodt *2)\ // p (e®*¢72) 1212 dz dt
Q

—s At // V- (e ¢t vn®) |22 da dt
Q

257 2\71 // e 72y’ . VZZda dt + s\ / Epzdrdt
Q Q

S // e ¢ 25 2da dt. (25)
wx(0,T)

We need now some estimates concerning the weight functions in order to preserve explicit bounds in s, A and T'.
Notice that

%(62504 572) _ 72(T . Qt) ef)\no era(S ef/\no (62/\|\770||OQ o e)\no) o 571)

<C TeQSa(eQA”"O”“ s+EH <CTse*™ e””"[)”‘”,
where we have taken s > C T?. More generally, observe that, for any fixed m, one also has
[V (€25 ¢™)| < Ci (2, w) s A5 ¢mH! (26)
whenever s > C T2. Indeed, we have
V(e ™) = e A\Vn" €M (2s& +m) < C(Qw) e XM (sE+ 1)

and, taking into account that
2

CséE>1 f >
s&€> 0r5_407

(27)
we directly get (26).
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Turning back to (25), we obtain

0
s*2x2// e25a§’2|V2|2d:cdt—s’1)\’1// e25a5*181|2|2dadt
< C(Q,w) (Ts 122 2"l // ez |2dxdt—|—// e 122 drdt + 57N // e e Z2 da dt
+s*2// e 2 1212 dx dt 4 s2X\4 // e 250 ¢2 |2 da dt
Q Q
1
457N // eZs g4 |6|2dmdt> +5s*2x2 // e ¢2|Vz? dr dt,
Q Q

where we have taken s > C'T?. Now, we take into account (27) and we deduce that

0
522 // e25a§’2|V2|2d:cdt—s’1)\’1// e25a5*1%i|2|2dadt
Q b2 "
C(Q,w) (// e |Z2dadt + 53\ // e 25 3o dedt 3N // ez €73 5)? dxdt)
Q Q Q

for any A > C(Q,w) and any s > C(€,w) (M7l T 4 T2),
From (14), this gives an estimate of the gradient and the trace of Z in terms of z, v1,, and ¢. In view of (24),
we now have

// e |22 dadt + 5222 // e25a§’2|V2|2d:cdt+s’1>\’1// eZoe1 1212 do dt
Q Q b

+ 53N // e ¢T3 92 dadt < C(Q,w) 83\ // e 250 g3 |2 dw dt
wx(0,T) Q

for A > C(Q,w), s > C(Q,w) (M7l T 4 T2),
It suffices to combine this inequality and the identity (23) to deduce (18).
Let us now show that

sA? // e 25 ¢ V| dedt < C( <// e 25| f1]? da dt
+5%)\? // e 25 2| fol2 da dt + s\ // e 25 ¢ | f3|* dodt +s3\? // e 253 o2 drdt | . (28)
Q b)) wx(0,T)

To this end, we now have to use not only that ¢ is a solution by transposition but a weak solution as well. More
precisely, let us take

v = S)\Qe—Qsa(~,t)€(., t)go(, t)
n (12). Then, let us integrate in (0,7") and let us perform integrations by parts similarly as we did before. We
get:

1
— —s)\? // e_28a52|<p|2d:cdt+s>\2 // e 25 |Vo|? da dt + s\? // V- V(e 2*¢) pdrdt
2 o ot 0 0
=s\? // e 3¢ fLpdrdt — s)\2/ fo- V(e3¢ ) dxdt + sA\? // e 2% ¢ fa pdo dt.
Q Q )



450 E. FERNANDEZ-CARA ET AL.

We integrate by parts again and we obtain

S)\2 //Q ef2Sa§|vsﬁ|2dl’dt = 7%(3)\2 /\/Q (ef2so‘§)t |90|2 dxdti S)\2 //Q VQO' v(eflsa g)sﬁdl’dt

+ s\? // e ¢ f1 pdrdt — sA? // fo- V(e &) pdadt
Q Q

fs)\2// f2.vcpe*25agdzdt+sv// e 250 ¢ fapdodt.
Q =

In view of (26), we find:

sA? //Q e 25 V2 dzdt < C(Q,w) (T 2 A2 2l lloe //Q e 2503 P drdt 4 s3\* //Q e 25 &3 |2 da dt

+// e 25| P dadt + s2X\4 // e 252 €2 |2 da dt +s\> // e 250 ¢ | fol* da dt
Q Q Q
. 1 .
SA // e 250 | f3)2 dodt + sA\3 // e 25 ¢ p|? do dt) + 53)\2 // e 25 |Vl dz dt,
= by Q
where we have taken s > CT? and A > C. Making several simplifications, we easily see that
sA? // e 2 Vol dedt < C <53A4 // e 25 €3 o2 d dt
Q Q
+ // e 2% | f112 da dt + s2\? // e 25 2| fol® da dt (29)
Q Q

+sA // e 25 ¢ | f3)* do dt + sA3 // e 25 ¢ o2 do dt) ,
) )

for s > C(e2M"’lle T 4 T2) and A > C, whence (28) follows easily.
Let us finally estimate the trace of ¢ in terms of ¢ and V. Notice that

0
— 523 // e s g2 (vnO.w)@dzdt:f%sW // e_2so‘§2%i|go|2dodt
Q ) n
1
+552>\3 // V- (725 2 Vn0) |p|? dz dt.
Q

Taking into account (14), the following is found:
s\ // e 22 |pP dodt < Cs* N3 // IV - (e7 2> 2 Vn°)| || da dt
= Q

+C (53)\4 // e 25 &3 |2 dz dt + s\? // e 25 |Vp|? dz dt)
Q Q

<C <53A4 // e 25 &3 |2 dr dt + sA? // e 25 |Vl da dt> :
Q Q
with s > C(T 4+ T?) and A > C.

This last inequality, together with (18) and (29), provides (5) and permits to achieve the proof of Theorem 1.
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3. CONTROLLABILITY OF THE LINEAR SYSTEM

This section is devoted to prove Theorem 2. This will be a consequence of the Carleman inequality (5).
We will start with an explicit bound of the weak solution to the linear problem

yt—AerB(:c,t)~Vy+a(:c,t)y:f(:n,t) iI’lQ,

Jy

_ 30
an + ﬁ(.ﬁ,t)y 0 on E, ( )
y(z,0) = y°(x) in Q,

where f € L?(Q), y° € L*(Q) and (2) is fulfilled. Then, we will use this result in combination with (5) to
deduce the observability inequality (8) for the solutions to (6). Finally, we will end the proof of theorem 2 in a
classical way, using this observability inequality.

Proposition 1. Under the previous assumptions, the weak solution to (30) satisfies the estimate

lylly < eCT Qtllalloc+IBIZHIBIZ) (| £l 12y + 19022 (31)
for some constant C' > 0. Here, Y is the usual energy space:
Y = L2(0,7; H'(2)) N C°((0, T); L*(€)),

Proof. The existence and uniqueness of a solution to (30) is well known. Furthermore, the following identity
can be deduced for each ¢t € (0,T') in a standard way:

1d
1d / ly(a, B)? dz + / Wy ) do + / B, ) [y(z, D] do
2dt Jq Q 20

+/ Bla, 1) - Vy(a,t) y(a, 1) de +/ a(, 1) |y(a, £)]? da = / Fa )yt de. (32)
Q Q Q
We will now use the following trace estimate for the functions in H!(Q):
1/2 1/2
/ lu|?*do < C (/ (Jul?* + |Vu|2)d:c) </ || d:c)
a0 Q Q (33)
Vu € HY(Q),

for some positive C = C(2). This inequality can be proved arguing first for regular functions in a dense subspace
of H'() and then passing to the limit. For a regular function u, (33) is very easy to establish when Q = IRf .
Then, a standard localization argument leads to the proof in the case of a general domain ).

In view of (32) and (33), we have:

1d
14 / (e D2 de + / Wy, t)? do < — / B(z,t) - Vy(a, ) y(z, 1) da
2dt Jo 0 Q

—/Qa(fv,t) Iy(m)Ide+/Qf(x’t)y(x,t)dx+0||ﬁl\ooIIy(-,t)IIme 1yC )l 220
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Combining this and Young’s inequality, we obtain:

d
T D) + Iy C B o) < OO+ llalloe + IBIS + 1812V Ol Z2i0) + 1 BIZ2@)

for all ¢ € (0,T). From these estimates, it is not difficult to obtain (31).
This ends the proof. (Il

The announced observability estimate is proved in the following result:

Proposition 2. For every ¢° € L?(2), the associated solution to (6) satisfies the observability inequality

// lo? da dt < K// || da dt (34)
Qx(T/4,3T/4) wx(0,T)

for a constant K of the form
1
K=o {e (14 7+ 1l + 1B + 161 ) }. (35)
Proof. Let ¢° € L%(Q) be given. Notice that the corresponding ¢ solves (4) with
— 2 _ 2 L7200\ N _ 2
fl—fachL(Q), f2*<pB€L(OaTaL (Q) )7 f3*7690€L(E)
Thus, we can apply theorem 1 to ¢ and deduce that
// e 25 (s A2 E V2 + 83 M &3 |pP)da dt + s2N\3 // e 2502 |2 do dt
Q b

< @) (ol [ e loPazars 2B [[ oo arar
Q Q

TS / / e 2 € |pf? dordi + 90 / / e25a53|sa|2dmdt)
b wx (0,T)

for any A > X and any s > g(eMn°lle 4 T2),

We will now try to eliminate the global terms in the right hand side of this inequality by making a convenient
choice of the parameter s.

Taking s > C' T*? (||a||§é3 +||1B||%,), we see that

1
C (52)\2||B|Zo// e 25 2 |2 dxdt + ||a||§o// e 25 |ga|2d:£dt> < 3 s3 M // e 252 €3 | |2 dz dt.
Q Q Q

On the other hand, taking s > C T?||3||%, , we find that

1
ol [[ erneloPdoar < gx0 [[ e pp doar
z z
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All this leads to the estimate

// e 2 g3 |<,0|2 dedt < C // e 25 g3 |<,0|2 dx dt,
Q wx(0,T)

which holds for A > X and s > 5(e*Mn’l T+ T2(1 + ||a||2® + || B|Z + 18]|%.))-
Taking into account the properties of the weight functions as well as the choice of s and A we have made, it
is not difficult to realize that the function

t — exp (—25 max a(t)) min £(t)3
z€Q z€Q

reaches its minimum in (7'/4,37/4) at ¢t = T'/4 and that the function

t — exp (—25 min a(t)) max &(t)*
€N zeN

reaches its maximum in (0,7") at t = T'/2. With this, the previous Carleman inequality directly gives

2 . T T
|p]®dedt < expq—2s(mina |z, = | —maxa |z, —
Qx(T/4,3T/4) z€Q 2 €0 4

T\ 3 7\ 3
X min & <:c, —) max & <:c, —> // | dz dt,
zeQ 4 zeQ 2 wx(0,T)
for the same choice of the parameters s and A.
Now, taking A = X and s = 5 = ("""l T T2(1 4 [|al|2® + || B|%, + ||8]|2.)), we have

// p|2 dadt < C(Q, w) eC2e) /T // |o|? da dt,
Qx(T/4,3T/4) wx(0,T)

which gives (35) and (34).
This ends the proof of Proposition 2. (I

Let us now finish the proof of Theorem 2. We will apply a well known argument that has already been used
in several similar situations (see [3,5]).
Let us introduce a function n € C*°(0,T"), with

n(t)=1 fort € (0,7/4), n(t) =0 fort e (37/4,T)

and
|n'(t)] < C/T for t € (0,T).
Let x be the weak solution of

xt —Ax + B(z,t) - Vx +a(z,t)x =0 inQ,
g—i‘lJrﬁ(x,t)x:O on %,
x(z,0) = y°(z) in .
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and let us put y = w + nx. If y is the state associated to v, i.e. the solution to (1), then w satisfies

wy — Aw + B(xz,t) - Vw + a(z,t)w = —n'(t) x + vl, in Q,

ow
B + Bz, t)w =0 on X, (36)
w(z,0) =0 in Q.

Our task is to find a control v € L?(w x (0,T)) such that the associated solution to (36) satisfies
w(z,T)=0 in Q. (37)

After this, just taking y = w + nx we will have proved our result with a control in L?(w x (0,T)).
For each € > 0, let us consider the functional J. , with

1
T =5 [ el dedt s el - [[ wxedear
wx(0,T) Q
Ve € L*(Q),

where, for each ¢ € L2(Q), ¢ is the solution to (6) associated to °.
It is clear that

¢ = Je (‘PO)
is a continuous, strictly convex and (in view of (8)) coercive function on L?(£2). Consequently, it possesses
exactly one minimizer ¢? and it is not difficult to check that ¢ = 0 if and only if the solution @ to (36)
associated to v = 0 satisfies ||w(-, T)||z2(q) < €.
Let us denote by ¢. the solution to (6) associated to ¢?, let us put

Ve = pely
and let us denote by w, the solution to (36) associated to the control v.. Then
|we(, T)[[L2) <e. (38)
Indeed, it is not restrictive to assume that ¢? # 0. Accordingly, J. is differentiable at ¢? and

(J2(02), %) 2y =0 Ve € L*().

0
// @awdxdt—i—(s%,g@o) —// 7 xedrdt =0
wx (0,T) o2l 22 L2(Q) Q

That is to say,

vl € L2(Q).
Since
// %cpdxdt*// n' xedrdt = (w-(-,T), %) 2(0)
wx(0,T) Q
we have
0
1'%
(we (-, T), SOO)L2(Q) == (5076, 900) V‘PO € LQ(Q)7
92l 20 L2(Q)

which implies (38).
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Since J.(¢?) < J-(0) = 0, we also have

1/2 1/2
el 2o o) < ( Il |so€|2dxdt> < /I |n’x|2dxdt> .
Qx(T/4,3T/4) Qx(T/4,3T/4)

From Proposition 2 and the definition of v., we deduce now that

1/2
C
HUEH%2(W><(O,T)) < TK1/2 HUE||L2(Q) <// |X|2 dxdt)
Qx(T/4,3T/4)

and, using Proposition 1, we have
[vell 20,y < C K2 Ixlly < H [[9°]l 220 » (39)

where the constant H is as in (11).
Consequently, v.1,, and w. are uniformly bounded in the spaces L?(w x (0,T)) and

Z ={we L*0,T; HY(Q)) : w;, € L*(0,T; H1(Q))},

respectively. Obviously, we can extract sequences converging weakly to a control v1,, and the associated solution
w of (36), with
w(z,T)=0 in Q.

We have thus proved the existence of a control v € L?(Q) such that (10) and (37) are fulfilled.
This ends the proof of Theorem 2.

APPENDIX: PROOF OF LEMMA 1
We divide the proof in three steps:

1 - First, we set 1) = e7** ¢ and we prove the following inequality:
[t + 180R) 45X VP 4 X o) o
Q
0
~ 25323 // VPP e O 2 do dt — 4 A2 // e 2 v do ar
» on » on
o oy ? on° 2
—4s A — & |=| dodt+2sA — ¢ |Vy|*dodt
s On ~ |0n s On
0
+2// a—wwtdadt—QSQ)\// o0 I ¢ 2 do dt
» on » on

—2sa 2 314 3 2
gc(//Qe f2 dadt + 55 A //Mmg | dxdt) (40)

for A > C(Q,w) and s > C(Q, w) (2"l T T2),
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2 - Then, we set z/; = e ** ¢ and we prove that
[T E P AT 5 EIVIP 4 5 X E° 9 dal
Q

~ O ~ ~ /s ~
+ 25323 //E |Vn0|2§3ai|w|2dadt74s)\2 // |Vn0|2§g—:f1/)dodt

+ 4s )\// 8—¢ dodt — 2s )\// £|VY|2dodt
+2// —wtdadt—i—Qs )\// G —— §|¢|2d dt
gC(//Q e | f2 dadt + 53\ //W(OT) £3|1E|2dxdt> (41)

for any A > C(Q,w) and s > C(Q,w)(e2""l= T 4 T?2). Here, £ and & stand for the functions

oA (@) 2%l = An°(x)

gy ‘@)= HT — 1)

g(l‘,t) -

3 - Finally, we add the previous two inequalities and we come back to the original variable ¢. This will give the
desired inequality (15).

Step 1. Let us put ¢ = e **¢q. Since —¢q; — Aq = f, we also have
My + Myt = F, (42)
where
Myt =2s NIV P 4 + 25 XEVR" - Vb — 1)y
Mo = —s* N 2 [V ) — AY — sy 1),
F=e"f—s XA’ + s N2 E[V° 2.
From (42), we have that

IM1[|72 () + 1Mot ll72 gy + 2(Matp, Math) 12 () = [ F 1720 (43)

The main idea is to expand the term 2(M;v, Mat))r2(g) and use the particular structure of o and the fact
that s is large enough in order to obtain large positive terms in this scalar product. Denoting by (M;); (1 <
i <2,1<7<3) the j-th term in the above expression of M;1, we find that

(M1, May))12(q) = Z (M19))i, (M21) ) L2(Q)-

1<ij<3

Let us compute each of these terms.
First, we have

(My)1, (Maw)1) 2(q) = —28° A* /Q |Vn0) &3 |¢|? dedt = A.
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Then,
(Mr0)a, (Mot )o@y = —25° X3 //Q P € (V0 - Vi) dit
= 353\ // |Vt &3 |w|2dxdt+33)\3// An® |Vn°)2 €3 |y|* de dt

Q Q

+253 23 // in® 9;;m° 9;n° €3 || da dt
Q

313 02 3377O 2

—S)\ |Vn|£%|w| dUdt:Bl+BQ+B3+B4

¥

We clearly have that A + Bj is a positive term. As a consequence of the properties of n° (see (14)), we have

s3 A // |Vt €3 |92 dedt > O s3 M // E P dedt — C s>\ // & > da dt
Q Q w’ x(0,T)

for some C' = C(Q,w). The first of these last two integrals will stay in the left hand side and the second one
will go to the right.

The boundary term By will also stay in the left hand side, while Bo and B3 will be absorbed by simply taking
A>C(Qw).

We also have

(My)s, (Math)1) 120y = 8% N2 / /Q V02 €2 4y o et

:752%// |Vn0|2§§t|1/)|2d:cdt§052)\2T// & |Y)? de dt,
Q Q

which is also absorbed by taking A > 1 and s > C(Q,w) T.
Consequently, we obtain

(M1, (M2tp)1) L2y = (M1tp)1 + (M1tp)2 + (M11))3, (M2v)1) £2(@)
. . on°
sz‘X*//@@ )2 dw dt — 53 A3 //Z|V770|2£38ln|¢|2dadt

—Cs3\ // €3 | da dt, (44)
w’x(0,T)

for any A > C(,w) and s > C(Q,w) T.
On the other hand, we have

(My)1, (Math)2) 12y = —25 A2 // IV’ € Ay dae dt
Q
)
:_25A2//Z |V770|2§a—1swdadt+2s)\2//cg |V 12 & |Vap|? de dt

+4s>\2// &no&jnogajwwdxdtJrs)\S// |VnP )2 evn° - V| dz dt
Q Q
=C1+Cy+C35+ Cy4.
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We will keep C7 and C5 in the left hand side. For C5 and Cy, we have
C3 < Cs)\4// §|1/)|2d:cdt+Cs/ E|VY|* de dt
Q Q

and

C4§C’52>\4// &2 |z/;|2d:cdt+0)\2// |Vap|? da dt.
Q Q

Therefore, by taking s > C' T2, we find that

9

C’1+C’2+C’3+C’42—25>\2/ |Vn0|2§6nz/;dadt
b

+25A2// |V770|2£|Vw|2dxdt—032)\4// €2 |w|2dxdt—0// (s&+ M%) Vo2 dzdt.  (45)
Q Q Q
We also have

(M1)2, (Mat))2) 12(0) = —25 )\// £(Vn° - Vo) Ay da dt

o f] e

+23A2// £|vn® -v¢|2dxdt+sA// £V’ V|V dz dt
Q Q
= D1+ Dy + D3 + Dy.

do dt+2s>\// 8;n° € D Ojp dar dt

As before, we will keep the boundary integral Dy in the left hand side. Also,

Dy ngA// €|Vy|? dz dt.
Q

Moreover, D3 > 0. After some additional computations, we also see that

D4—s>\// eV’ V|V¢|2dxdt—s)\// 5677 V|2 do dt
fsv// |Vn0|2§|Vz/;|2dxdtfs>\// An® ¢ |Vy|? da dt
Q Q
= D41 + Dyo + Dys.

Now, we keep once more Dy in the left and we notice that D43 can be bounded in the same form as D5 .
Consequently,

Dy + Do+ Ds+ Dy > 2,9)\// ‘ do dt

0
+3A//0lg|v¢|2dadt—sA2// |vn0|2§|w|2d:cdt—csA//§|v¢|2d:cdt. (46)
5 On Q Q
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Additionally, we find that

(M1¥)s, (M2%)2)12(q) = // Wy Aty dadt

(47)
- // 98y do dt =
which will stay in the left hand side.
From (45)—(47), we deduce that
(M1, (M2v))2) 2@y = (M13)1 + (M13)2 + (M13)3, (M2v))2) 12(@)
> 5 \? // |V € |Vep|? da dt — 25 A2 / |Vn0|2§g—1swdadt
b
on° 2
—2s A dadt—i—s)\ —§|Vw| dz dt
// Yydodt — Cs* A // 2 |w|2dxdt c// (s NE+A?) | Vo|? dadt
for any A > 1. Hence, we have the following for any A\ > C(Q,w) and any s > C(Q,w) T?
(M9, (Maw)2) 12(q) > CS)\Q// §|v¢|2dxdt—2sA2// |V 0|2§ wdadt—Qs)\// ‘ do dt

+ s A// €|V da dt+//—wtdadt 032)\4// §2|w|2dxdt—05)\2// £|Vy|? dz dt.
Q w’ % (0,T)

(48)

Let us now consider the scalar product
(M1ah)1, (Ma)3) 2(q) = —28* A? // VO % ay € || da dt
Q
< C’(Q,w) e2)\||770||oo $2 )\2 T // 53 |1/)|2 dl‘dt, (49)
Q

Obviously, this will be absorbed by the term in s \* in (44) if we take A > 1 and s > C(Q,w) 2% lloe 7,
Furthermore,

((M10)2, Ot)ini) = 252X [[ € (V- Vo) wdwa

Q

_ 2 8_770 2 242 0)2 2

=—5°A oy EYl dodt + 5= A oy [VnP |2 €| de dt
> on Q

+ 5%\ // Vag - Vi € p? dedt 4 s2 A // o An° € ) da dt.
Q Q
With A > 1, the last three terms in the left hand side can be bounded by

C’(Q,w)eQ’\””O”w,sQ)\QT/ € |y[2 da dt.
Q
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Thus, we have

(M1)2, (Mav)3)r2(q) = — )\// ap —o— §|¢|2 dzdt — C el 2 N2 T / & y)? da dt.

Finally, we have

(M1v)3, (Mat))3) r2(q) = $ //Q ap b drdt < C e’ llee g2 /Q €3 [Y)? dx dt,

since
ap < CQQAH??OHoo 52(1 + 72 £) < 062/\H770||oo T2 53.

From (49)-(51), we deduce that, for A > C(Q,w) and s > C(Q,w) e2M°l= T one has

(Myap, (Mav))3) 20y = (M1)1 + (M1y))2 + (My3))s, (Mav))3) 2(0)
G—-Cs3\ 3 y|? dz dt,
29 [ i

0
G = —SQA// - %i§|w|2dodt.
» n

Taking into account (44), (48) and (52), we obtain

v

where

(M, Mot) o) > C // (s X2 E[Vy|? + 5 X1 €3 [?) dar dt

—s A3// |vn0|253 |w|2dadt 25A2// |V 0|2,5 wdgdt

—2s )\// g‘ dodt + s A// ——¢&|VypPdedt
//—wtdodt—sQA//z:at%EWFdadt

70// (s N2 E|VY)? + 83N €3 [9)?) da dt
W' x(0,T)

for any A > C(Q,w) and s > C(Q,w)(e2""l= T 4 T2). Using (43), this gives

M2y + 1Mot |72y + //Q(S N EIVYR+ 57 X []?) dedt

+2(By+Ci1+ D1+ Dy + E+G) < C (||F||2L2(Q)

+5 A2 // E|Vy? dzdt + 52 \* // € yp|?) da dt
w’x(0,T) w’x(0,T)
gc(// e’25a|f|2d:cdt+52>\4/ €2 || da dt
Q Q

(50)

(51)

+5 A2 // E|Vy|2dedt + s* X*// £ |z/;|2)dxdt>.
W' x(0,T) W’ x(0,T)
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Thus, we also have

V122 ) + (Mo 2) + / /Q (s X2 [VHP + 5 A €8 [2) dr dt

+2(B4+01+D1+D41+E+G)gC(// e 2% | f12 da dt
Q

+5 A2 // VY2 dedt + s* X*// E A dedt | (53)
W% (0,T) W' x(0,T)

for A > C(Q,w) and s > C(Q,w) (A"l T 4 72),
The next step is to try to add integrals of |Aw|? and |¢|? to the left hand side of (53). This can be made
using the expressions of M;1 (i = 1,2). Indeed, we have

st //Q ¢ thIQd:cdrfSC(sA2 //Q§|V1p|2dxdt +s At //Qg|¢|2d:cdt+|leliz<Q>)

and

st // §1|Aw|2dxdt§0<s3)\4 // E )P dedt +sT2 el // & |¢|2dxdt+||M2¢||%2(Q))
Q Q Q

for s > CT?. Accordingly, we deduce from (53) that

//Q ()7 ([el® + [AP) + s N2 €[V + 5* A [9)?) dadt

+2(B4+01+D1+D41+E+G)gc(// e 2% | f12 da dt
Q

+5\2 // ¢V P drdt + s* A4// £ |w|2)dxdt> (54)
w'x(0,T) w'x(0,T)

for A > C(Q,w) and s > C(Q,w) ("l T 4 72),
We are now ready to eliminate the second integral in the right hand side. To this end, let us introduce a
function 6 = 0(x), with

fecCiw), #=1nw, 0<H<1

and let us make some computations:

sA\? // E|VpPdrdt < s\? // 0&|Vip|* d dt
w’x(0,T) wx(0,T)
=—s\? // 0&AYpdadt — s\ // (VO - Vi) drdt
wx(0,T) wx(0,T)

— s\ // 0&(Vn® Vi) pdedt < es? // 1 AY|? drdt
wx(0,T) wx(0,T7)

+C’<s3>\4 // E 2 drdt + s \* // §|z/;|2dxdt>,
wx(0,T) wx(0,T)
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where we have used that A > 1. In view of this estimate, we deduce that the integral on |V|? of the right hand
side of (54) can be suppressed if the last integral is performed in the slightly greater set w x (0,T"). From (54)
and this remark, we deduce (40).

Step 2. The proof of (41) is very similar to the proof of (40). We will only sketch the main points.
We start from the identity

Mﬂz) + M21Z; = F?
where o o R o
My =25 N V[P €4 — 25 AEVR" - Vb — 4y

le/; =—s*\? |V7IO|2§~21/~1 - Ai/; — sy l/;;

F=ef+ s EA ¢+ s N2 |V |24,
We then have

M7 20y + 1Mot |17 2y + 2(Mith, Math) 12y = 1 F I 2(q) - (55)

After a lengthy computation, we find that

(b Sty = € [[ GNEVHE+ 5N E 3P d e
Q
+2(By+Ch+ Dy + Dy + E+G) — c// (s N2 E|VOI? 4+ 8 M €3 |§[2) dar it
W' x(0,T)

for any A > C(Q,w) and s > C’(Q,c«.})(e””"o”oo T + T?), where
5 343 02 73" -»
By=s"A [Vn°|# €% —— |[¢|° do dt,
> on
Cy = —2s \? // |vn0|2£a—¢ Y do dt,
» on

. on® -

Dy =2s) —

! 3 //2 on

~ 7y ~ ~ O,.., ~
E://a—wwtdodt, G=52A// G0 P2 do at.
gan » a’ﬂ

This, together with (55), gives

~ 12

~ O ~ ~
O\ gpat, Dy = —S)\// al£|vw|2dxdt,
an ) an

IV 12 2 ) + M2 + / /Q (s N EIVIP + 5 N3 19 dar dit

+2(By+ Gy + Dy + Dy + B+ G) < C (IF32()

+s>\2// £|w3|2dzdt+s3A4// £ |1[)|2)dxdt>. (56)
W’ x(0,T) W’ x(0,T)

With similar arguments to those in the first step, we can now assume that, in (56), HFH%Q(Q) is replaced by

// e 259 | f|2 da dt
Q
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and |\M11/~)||%2(Q) + HMQQ/;H%z(Q) is replaced by

// e (G2 + |ABPR) dadt.

Finally, for A > C(Q,w) and s > C(Q,w) T? large enough, we can replace the integrals of |Vz/~1|2 and |z/~1|2 in the
right hand side by
53\ // €3 9 dz dt.
wx(0,T)
This yields the estimate (41).

Step 3. Now, let us add the inequalities (40) and (41) and let us check that all the integrals on 3 can be
simplified, so that there will only remain integrals in Q.
Since n° = 0 on 9Q, we have

=& a=a and Y=1 on. (57)

Consequently, By + B, =0 and G + G = 0.
Let us see that

g—:/; = 7?)_:/; on X. (58)
From the definitions of ¢ and 1), we have
O =e** (Dig +sAOm°€Eq), Oinp = e (@‘q —sAoin° €Q> ; (59)
whence - 0

and we certainly have (58). . . .
We deduce from (57) and (58) that C1 +C1 =0, Dy + Dy =0and E+ E =0.
On the other hand, since ¢ satisfies a zero Neumann condition and 7° = 0 on 952, we also have

IVY|* = VP[> on%,

whence Dy + D41 =0.
With all this, we obtain

51 // V(el? 4 [A[2) + E ([ + |AD[)) da dt

FaX // (EIVYP +EIVEP) dedt 4 57 X1 / (& [l + €7 [f*) et
0 Q

for A > C(Q,w) and s > C(Q,w) (e’ T 4 72),
From the definitions of &, £, a and &, we have

£<E eV < inQ,
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so (60) yields
//Q (O (el + 1A¥I%) + s A [V + 5 X € [¢]?) dadt

<C (// e 2% | f2dadt + 53 M\ // I3 |w|2dxdt>, (61)
Q wx(0,T)

for any A > C(Q,w) and s > C(Q,w)(e2"l= T 4 T2).
We finally turn back to . For the moment, we have

—1 —1 2 A 2 dzd )\2 \v4 2d d 3)\4 —2sa ¢3 2d d
S (T R R R | G

<C // e 2| fIPdzdt + 53 \* // e 253 gt dadt | . (62)
Q wx(0,T)

Using (59), we find that

s\? // e 25 ¢ Vg2 dedt < Cs\? // €|V dedt + Cs3 A // e 25 3 |g> dw dt.
Q Q Q

Accordingly, the previous integral of [Vq|? can be added to the left hand side of (62):

st // E P dadt + 571 // EMAY)P dodt + s )2 // €|Vq|? dwdt + s> \* // e 25 &3 g2 dw dt
Q Q Q Q
<C (st // e 25 g3 |q|2dmdt+// e 2% |fI2dadt | .
wx(0,T) Q

At =e 5 (Aq+sAAP Eq+ s N2 VPP Eq+2s2EVRY - Vg + 2 X2 |[V°|2 €2 q)

For Aq, we use the identity

and we obtain

st // e 2 ¢ Agltdedt < C <31 // £ AY e dt
Q Q
+5\? // e 20 ¢ gl dadt + s A // e 25 g dardt
Q Q

+5 A2 // e 2% ¢ V|2 dedt + s> \* // e 2% €3 g2 da dt> :
Q Q
Finally, for ¢; , we get

871 // 672501 gfl |Qt|2 dx dt < C(Q,w) (Sl // 571 |,¢t|2 de dt +Se4)\||770||c(5) T2 // ef2sa€3 |q|2 dIdt) ,
Q Q Q

where we have used the identity
q =" (Y + s ).
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Thus, taking A > 1 and s > C(Q,w) (e’ T 4 T2) we are able to introduce all terms of I5 2 (q) in the left
hand side of (62). This yields (15) and concludes the proof of Lemma 1.
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