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LOCAL EXACT CONTROLLABILITY TO THE TRAJECTORIES
OF THE NAVIER-STOKES SYSTEM WITH NONLINEAR NAVIER-SLIP
BOUNDARY CONDITIONS*

SERGIO GUERRERO!

Abstract. In this paper we deal with the local exact controllability of the Navier-Stokes system
with nonlinear Navier-slip boundary conditions and distributed controls supported in small sets. In a
first step, we prove a Carleman inequality for the linearized Navier-Stokes system, which leads to null
controllability of this system at any time 7" > 0. Then, fixed point arguments lead to the deduction of
a local result concerning the exact controllability to the trajectories of the Navier-Stokes system.
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INTRODUCTION

Let Q@ ¢ RY (N = 2 or 3) be a bounded connected open set whose boundary 9 is regular enough (for
instance, 00 € C?). Let w C Q be a (small) nonempty open subset and let 7 > 0. We will use the notation
Q=0x(0,T) and ¥ = 909 x (0,T) and we will denote by n(z) the outward unit normal to  at the point
x € 8.

On the other hand, we will denote by C' a generic positive constant (usually depending on Q2 and w).

Let us consider the controlled Navier-Stokes system with nonlinear Navier slip boundary conditions. Given
a nonlinear ‘regular’ function f : RY — R and an initial state y°, we consider the following system:

ye — V- (Dy) + (y,V)y + Vp = vl, in Q,

V-y=0 in Q, 1)
y-n= Oa (U(yap) ! n)tg + f(y)tg =0 on 2;
y(-,0) =y°() in Q,

where
o(y,p) = —pld+ Dy
is the stress tensor and
(Dy)i; =0,y +diy?  (1<4,j<N)
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is the deformation tensor. Here v denotes the control function which acts over system (1) trough w during the
time 7. On the other hand, the subscript “tg” stands for the tangential component of the corresponding vector
field, i.e.:

Wiy = w — (w - N)n.
The first of the boundary conditions is the slip condition and says that the particles in the fluid do not penetrate
the boundary. On the other hand and in order to explain the second one, let us remark that o(y, p) - n is the
force exerted by the fluid over the solid wall. Thus, a condition like

(o(y,p) -n)ig = —kyyg Kk constant

mean that the tangential component of this force is proportional to the velocity field on the boundary. But &
may not depend on |y| linearly, so

(U(yap) : n)tg = 7(f(y))tg

stands for a more general condition. Let us also point out that this kind of conditions appear in turbulence. In
such a context, we cannot expect to exactly find neither y nor p, not even approximatively. Then, one is led to
“average” the Navier-Stokes equations and solve them. When solid walls are concerned, experimental analysis
show that these averaged variables behave like

y-n=0 and (o(y,p) n)tg=—f(Y)g

near the boundary. This is known as “wall law”. For further literature on this subject, see for instance [5,18,19].
In the context of controllability, this problem has not been studied up to now, so their controllability properties
are somehow unknown.
A related linear control system which will be useful in this paper is

wy — V- (Dw) + (a(z,t) + b(x,t), VIw + (w, V)b(x,t) + Vg =vl, in Q,

V-w=0 in Q, @)
w-n=0, (c(w,q) n)g+ (Alz,t)w)yy =0 on X,
w(-,0) = w’(:) in Q,

with A € L°(RY;RY) a N x N matrix function and a and b divergence free vector field functions. Problems
of this kind have already been studied in [6], where the author proved an approximate controllability result for
system (2) in dimension 2 with a = b= A = 0. Another result concerning the local exact controllability of the
Navier-Stokes system with Navier slip boundary conditions was studied in [12].

Let us define the concepts of controllability which will be concerned in this paper. For system (2), we will
say that it is null controllable if for any (suitable) y° there exists a control v such that the associated solution
to (2) verifies

w(-,T)=0 in Q. (3)
For system (1), we will say that it is locally exactly controllable to the trajectories if for a suitable trajectory
(g,D) of system (1) with no control, there exists § > 0 such that

1y’ =)z <6 =3v:y(,T)=7(-T) inQ,

for some Banach space E. In fact, (y,p) will satisfy

_thy+(yav)y+vZ_7:0 iIlQ,
y-n=0, (07D n)g+ (f[H)y=0 onX.
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The strategy of this paper will be, in a first step, to establish a null controllability result for (2) (see Th. 0.1),
which can actually be seen as a linearization of system (1) around appropriate trajectories ¥ of (1). Then,
using this result and a fixed point argument, the local exact controllability to “regular enough” trajectories of
system (1) will be deduced (see Th. 0.2).

Let us introduce several spaces which are usual in the context of problems modelling incompressible fluids:
H={yeL? N :V.y=0inQ,y-n=0o0n00Q} (5)
and

W={yeH@QY:V.y=0inQ, y-n=0on 0Q}. (6)

In the sequel, some regularity assumptions will be imposed on the previous potentials and matrix functions.
Let 0 < £ < 1/2 arbitrarily close to 1/2. For vector fields d(x,t), we will assume certain regularity hypothesis:

(7)

de L*(@Q)Y, die L*(0,T;L"(Q)") (7"6 ifN3)7

r=4 ifN=2

while for a matrix function A the following will be imposed:

Ae Lx(m)M T, (8)
A€ H'7H0,T; Wit (o) NN, 9)
A e HB=92(0,T; H=(0Q)N*N), (10)

where 14 > 1 (arbitrarily small) in dimension 3 and v; = 1 in dimension 2 and v, = (1/2)(3—N)+(1—£)(N —2).
We recall here the definition of the Sobolev spaces W""2(Q): for r; € N, we have

Wrr2(Q) = {u € L™(Q) : D € L™ (), « € NV, |a] < r}.
In general, for 1 € R, we define (see, for instance, [1,16,17])

. [D%u(x) — Du(y)]

W (Q) = {u € Wil Q) : |z — y[ri— =N/

€ L™(Q % Q), |af = [r]}.

Another way to define W""2(Q) is as an interpolation space between W72 (Q) and Wi+ (Q).

In order to make these hypothesis more comprehensible, observe that for instance a function A € C3/2 (Z)NxN
would fulfill the previous properties.

As announced, the first main result of this paper concerns the null controllability of system (2) and is
presented in the following theorem.

Theorem 0.1. Let w® € H and let us suppose that A verifies (8)—(10) and a, b are divergence free vector fields
verifying (7). Then, there exist controls v € H*(0,T; L*(w)M)NC°([0,T); H*(w)Y) such that the corresponding
solution to (2) verifies (3).

Furthermore, there exists a positive constant C' depending on Q, w, T, ||al s,
IAll 1—eqwrvrva+1y and ||All ga-o/2(gvey, such that

blloos llatllzzcry, bell2zry,

vl 2y + [Vl oo 1y < Cllw®] .
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The proof of Theorem 0.1 is based on the obtention of the so-called observability inequality for a backwards
system associated to (2). In fact, we will consider the adjoint system

—<pt—V(Dap)—(a(ac,t),V)go—Dgob(ac,t)—|—V7T=0 in Q7

V-p=0 in Q, (11)
p-n=0, (0(p,m) n)g+ (A@,8)'p)eg =0 on X,
o T) = ¢"(") in Q.

The usual tools to obtain the observability for (11) are global Carleman inequalities. This was popularized by
Imanuvilov and Fursikov in [10] and several advances have been made since then (see, for instance, [13-15]).
The proof of the corresponding Carleman inequality for this system will be divided in two steps:

e We first obtain a Carleman inequality for a heat system associated to (11). Precisely, we consider a
function ¢ verifying

—pr =V (D) =Ge L*(Q)N, V-p=0 inQ,
e-n=0, (Dp-n)y+ (Az,t)p)g =0 on Y.

Similar techniques to those developed in [10] are employed in order to get the desired estimate. More
details will be given in Section 3.1.

e Then, following the general ideas of [8,13], a Carleman inequality for system (11) is established. Let
us remark here the particular difficulty an estimate of this kind contains due to the coupling boundary
conditions. The details are given in Section 3.2.

This usually provides L? controls leading to the null controllability of the velocity vector field solution of (2).
However, in order to perform a fixed point argument and extract some controllability properties for the nonlinear
system (1), a more regular control is needed. The regularization process we use here was introduced in [3].

The second main result of this paper concerns the local exact controllability to the trajectories of (1). Several
regularity hypotheses have to be assumed for the trajectories in order to be able to approach them:

yeL>@Q)YN, yeH TN, T; Wt (o)),

12
7€ HB=9/2(0,T; H”2(0Q)N), (12)

7(-,0) € H* Q)N N W,
(DY(+,0) - n)eg + (£(H(+,0)))tg = 0 on O
Observe that, with a suitable initial condition, 7 € C?/ 2(X)N would also suffice here to assure the the above

properties. On the other hand, we will impose regularity to the nonlinearities appearing on the boundary
condition:

(13)

f e C3(RN;RY). (14)
Theorem 0.2. Let f verify (14), and let y° € H*(Q)N N W satisfy the compatibility condition
(DY’ - n)ig + (Fy"))eg = 0 on OQ. (15)

Then, the exact controllability to the trajectories of (1) satisfying (12)—(13) holds, i.e., there exists § > 0 such
that if ||y° — ¥ (-, 0)|| msnw < 3, we can find controls v such that the corresponding solutions y to (1) satisfy

Furthermore, these controls belong to

HY(0,T; L (w)™) 0 C([0, T); H' (w)™).
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A fixed point technique is used to prove this result. This tool has successfully been used in this context several
times; see, for instance, [7,9,23]. We apply here Kakutani’s theorem.

The main difficulty arising in this situation turns to be the restrictive spaces one is forced to deal with when
proving compactness results for linear systems like (2). There, the regularity results which will be proved in
Section 2, are crucial.

In spite of this positive controllability result for system (1), this is still far from what would be desirable for
systems of this kind. It would be interesting to know whether one has local exact controllability to all bounded
trajectories. However, this seems to be a very complicated question.

The paper is organized as follows: in Section 2 some previous and technical regularity results for systems
of this kind are established. Section 3 will contain the proofs of the Carleman inequalities. Finally, the
controllability results are proved in Section 4 (Ths. 1 and 2).

1. PRELIMINARY RESULTS

In this section, we will prove several technical results which will be used later on. More precisely, we present
two regularity results concerning the Stokes system with linear Navier-slip boundary conditions.
The first one concerns the existence of strong solutions, i.e., solutions (u, 8) belonging to the space

(L0, T; H*(Q)N nW) n HY(0,T; H)) x L*(0,T; H*(2)).

We give it in the following proposition:

Proposition 1.1. Let A verify (8), u® € H, fi € L?>(0,T;W'), fo € L*(0,T; H-Y2(0Q)N) and let u be the
weak solution of the system

u — V- (Du)+ V0= fi n Q,
V-u=0 in Q,
? (16)
u-n=0, (o(u,0))y+ (Alx,t)u)g =fo onkx,
U’('7 0) = U’O() m Qa
namely, the function u satisfying
1
/ ug(t) -vda + —/ Du(t) : Dvdz —|—/ Au(t) -vdo
Q 2 Ja 2Q
:/fl(t)~vdx+ fa(t)-vde  ae. t€(0,T) YveW,
Q o0
u(+,0) =u’(:) in Q.
Then, if we also suppose that A verifies (9), u® € W and
h e QN f2 € L20,T; HY2(00)N), fo € HO2(0,T: H 2 (00)Y),
u s actually, together with a pressure 0, the strong solution of (16), i.e.,
ue L20,T; HXQN NW), w € L20,T;H), ue L>0,T;W), )

0 € L*0,T; H(Q)).
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Furthermore, there exists a positive constant C such that

||Ut||%2(Q)N + ||u||%2(H2nW) + ||u||2L°°(H1) + ||9||%2(H1)
2
< CeOTIANE (11 ALY (11 2a o + 1ol
+ ||f2||§{<1—z>/2(m—1/2) w1 gyn ) (18)

where the space P is given by
P = H'740,T; Wit ()N <), (19)

Proof. We remember here that the definitions of H and W were given in (5) and (6) at the beginning of the
paper. A classical Galerkin’s method can be employed in order to prove the existence and uniqueness and obtain
estimates of u as weak solution of (16). In fact, multiplying the equation in (16) by u(¢) and integrating in €2,

we obtain
th/| B2 de + - /|Du |2d:v—|—/ (Au)(®) - u(t) do
o0

= (f1(®), u@®))ww + (f2(t), ut)) oo

for a.e. t € (0,T), where we have denoted (-, -) to the duality product between H~1/2(9Q) and H'/?(99). From
the fact that || Dul|z2(q)~ is a norm in W equivalent to that of H*(€2)" (Korn’s inequality; see, for instance,
[20]) and the trace inequality

/6 (O Ao < )20y [ -
we find

2
ullF oo (r2y + Nl oy < CeCTMA (1l Ty + If2llFa -1y + 16013200y )- (20)

Let us now multiply the equation in (16) by u; and integrate in Q. This yields
[l dz+ 157 [ 1DuOF do = (alt)u0)on
:—/m(Au(t))-ut(t)da—i—/gfl(t)-ut(t)dx ae te(0,T). (21)
Using f1 € L?(Q)N, we have
1 2 )2
5 [ lu@Pde+ 35 [ IDuOR do = (), ua®)on

1
< —/ |f1(t)]? dz f/ (Au(t)) -ur(t)do  a.e. t€(0,T). (22)
2 Ja 09
Next, we see (16) like a stationary system, that is to say,

—Au(t) +VO(t) = f(t) — us(t) in €,
V-u(t)=0 in Q, (23)
u(t) -n =0, (o(u(t),0(t)))tg + (Alz, u(t))rg = fo(t) on 69,
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for almost every t € (0,T). The goal will be to prove that the weak solution (u, #) of the system
—Au+Vl=g in Q,
Veou=0 in Q, (24)
u-n=0, (U(U’) 9))759 = f3 o1 60)

actually belongs to
(H>(QN nW) x HY(Q)
whenever g € L2(Q)" (see (22)) and suitable f3. The proof we develop here follows the ideas of [4].
Let us first remark that the weak solution of (24) verifies

lull @~ + 10122 @) < Cllgllw: + 1 fsll =172 00)7), (25)

for a positive constant C'.
The interior regularity readily follows from the corresponding result with Dirichlet conditions and that can
be founded in [22], for instance. Then, for every ' CC €, we have u € H*(Q")N, § € H' (') and

lull g2y~ + 100l 522y < Cllgll 2w, (26)

for some positive constant C(€', Q). . .
Let 2° € 0Q and let Uy be a neighborhood of 2°. Then, we will prove that u € H2(QNU)Y and § € H*(QNU),
for every U cC Uy. To this end, let v be a W2 diffeomorphism which sends the set

Co={(¢,¢n)eRY ¢ <ag i=1,..,N—1, x| < Bo}

into and onto Uy and which verifies 1)(C ) = QNUp and ¢(An, ) = 02NUy. Here, we have denoted Cy = CoNRY
and Ay, = ORY N Cp. Let us now introduce a cut-off function ¢ € C?(Up) such that

¢=1inU and supp( C U, cC Uy,

where U; is a regular open set.
Then, let us set z = (u, h = (0. They verify:

-V (Dz)+ Vh=g* in Q N Uy,
V-z=g¢g in QN Uy,
. 0 (27)
z-n=0, (o(z,h) n)y=g5 ondQ2nNUy,
z=0 on 2N oUy,
with
g"=—Cg—2V(-Vu— V¢ Viu—Alu—VVC-u+0V¢ € L2(QnNUy)Y,
gi =V(¢-uec H(QNUy) and g§=Cf3+%uEH1/2(GQﬂUO)N.

The weak solution of (27) is given by (z,h) € X x L?(Q N Up) satisfying

/ Dz:Vvdac—/ hV -vdx
QNUy QNUg

:/ g*~vd:c+/ g5 -vdo Yve X,
QNUy oQNUy

V.-z=g] in QNUp.
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Here, we have denoted
X={weHOQnNU)N:v=00ndUsNQv-n=0 ondNUy}

Let us now perform the change of variables = ¢(&). If we define Z = z 0 ¢ and h=ho 1, they verify:
S [ (507 49500 (T 0 OWI(E) dg
1,7 0

/C0+ h(Vo : Vi) ()T (1)[(€) d€ = /C;(é*%?)(S)IJ(w)I(é)d& (28)

+ / (@ - D)0 (W)I(€,0) e’ Vi€ X,

Aqy

Vz:Viy Tt =giin Cf,
with
X={oe H(C{)N:9=0 ondC§ NRY, 5-n=0 on Ay}
and where we have denoted
g =9"0Y, gi=gio, G=gr00¢
and |J(¢)| the determinant of the Jacobian of .
Let us introduce C; = ¢ ~1(U;) and d = dist(OCy ,0C;). Then, for every function & € H'(C{" )V verifying

=0 onGCfﬂRf and U-n oné?Cfﬂ@Rf:Aal
that is to say, o € X1), we have ;"0 € X, for k € {1,..., N—1} and |m| < d/2. We remind that, by definition,
( Y: k Y

v(x + meg) —v(x)

Op' (x) =

This allows us to plug 6, ™7 into expression (28):
S [ I 00+ 92 ooV de
i 7 C1

- /C IR Vg )

= [ o) -sas+ [ apaw) -oag vie .

@l

Vz:Viyp =g inCf.
Let us compute each one of the previous integrals, taking into account (25) and the formula:
0pt (v1v2) () = v1 ()03 va () + 6 w1 (x)va(x + meg,).

First, we have
S [ SNV 0t 4 TE 0o Vi de
i,5 ”C1

=30 [ NV - 007 + V) - (V- 0,07 g+ 1
i.j 1
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with
(1] < CllYllwz .o ooy 12 g oy w 101 g oy
< Clllgllw + 1 fsll z-17200) %10l g1 (o v -
Additionally, we find

- / ST (T () RV ) : Vide = - / TPV Y : Vo de + I,
cf ct

1

with
L] < CIAl e 18l s eiye < Cllgllws + 1 Fsllir-172 009 18l 1 oy -

Furthermore,

I = / ORI@NG) 5 < O oy Nl s, < Cllgllzzn + sl ar-1/20m) Il oy

1

where we have denoted
N—1
15)1%, = Z/ |8j17|2d:£+/ |OND + Vi |* da.

Finally, we have

I = / 57 (17(4)]35) - 5 e’ = / 5717 (4)135) - 5 e’

Ao,y Ay tase
< CIOR G2l 2 8y 1P 3280
< Clgzl a2 an )y~ 10l g2 a0, )~
< C(llgllz@y~ + f3llmrza0) 3 M0l g o yn -
Here, we have employed the notation

HY)P(A) ={ve HY?(A) : pi?v e L2(A)} with pa(z) = dist(z, OA)

and we have used the fact that
€ L(H?, (Hy)®))

al‘i
(see [16] for more details).
Consequently, we obtain an equivalent formulation of (29):

{ ao(é,TZ,ﬁ) + bo(’f],&?ﬁ) = —(Il + I+ I35+ I4) Yo e Xl,
bo(02, fo) = —Is Vo € L*(CY),

with
ag(v1,v2) = /C+ | T()[(Vo - 807 + Vol - 90~ 1) (95971 - Vul) de,
i, 1

bo(wa.vs) = = [ 7@ (V' o)

1
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for vy, v2 € X7 and v3 € LQ(C’f’) and

I — / TW) fo(Vie V(5 2)) de.
C+

1

From the last condition in (29), we find

ts= [ IR aE ~ [ TIGE(TY) 2 VHE + mew)) e,

SO -
15| < CU9T 2 oy + 120 a1 ey ) foll 2oy
< Clllgllw + [l fsll =120y~ foll 2 (o)

The mixed problem (29) will posses a unique solution (6", 87h) € X1 x L?(C") if we prove that ag is continuous
and coercive in X, and that by is continuous and verifies the inf-sup condition in X; x L3 (C]).
The continuity of ag and by are trivial. Let us prove that a is coercive; for #1 € X1, we have

ao(on,i) =X [ IV 07! + i - )V -0 de
i,5 7 C1

; 1
—Z/ W|IVEL - 907 + Vol - gpp 2 de = —/ |Dvy |2 da
2 QNU,

> Clloas oy = Clorl o
Finally, the inf-sup condition for by tells that

bo (¥, f : :
sup M > Ooll follpogeyy Vo € L2(CY).

e X1\{0} ||’U||H1(CI+)N

To prove this, we first observe that

bo (7, fo) = / foV v da.
QNU,
Now, for fo € L2 QN U;) \ {0}, we consider v € H(Q2 N Up)YN such that V- v = f; and

vl 1 @noyy < Csll follzzonoy)
(see, for instance, [11]). Consequently,

o foV-vde 2
sup ~b0(’l}, fo) 04 /f;ﬁUl _ ||f0||L2(QﬁU1)

4
veX1\{0} ||U||H1(cl+)N ||U||H1(mU1)N ||U||H1(QmU1)N

> C5 ' Call foll zaeron) 2 Coll foll pogory

as we wanted to see. ~ R
As a conclusion, there exists a unique solution (61"Z,d7"h) € X1 x L*(C;") of (30) and

16721 2, + 18 All 2y < CUlgllzzyy + 1 fsll oy~
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for k € {1,...,N —1}. This tells that (9z2,dxh) € H (CF)N x L3(C;), so that (Opz, dph) € H' (2N U)N x
L*(QNU). Finally, from the divergence free condition (in @NU) and the differential equation verified by (2, h),
we have dynz € L2(QNU)YN which implies that Oyh € L2(QNU).

Therefore, (u,0) € H2(QNU)N x HY(QNU) for every U CC U and
||U||H2(QmU)N + ||9||H1(m0) < C(||9||L2(Q)N + ||f3||H1/2(aQ)N)-
Combining this estimate with the local one (26), we obtain the estimate for the solution of (23), say:
()| 2y~ + 10|z ) < (1) L2y~ + [[ue(@) 2w
2Ol arz@on + [Au®) | gi2@oy)  ae t € (0,T).

Let us now put this estimate together with (22). We obtain

d
lue@ 20y + lu@lFzpn + 7 [ [Du®)]? dz +[|10(t)]| 71 )
at /g,
<C (Ilfl(t)llia(mw dz 4[| fo ()1 F1/2 oy + [(f2(8), ue(t)) a0l
| Au)|F1/2 o0y + /8Q | Au(t)[Jue (t)] da) :

for almost every t € (0,7). A classical argument based on Gronwall’s lemma leads to the absorption of the
fourth term in the right hand side:

el T2 qyw + 1l Loy + ullZoe ey + 10112 )

CT| A|?
< Ce“TMAe s (1122 gy o+ Lol Zaprasey + 160030 gy

+ [l u®)oal ar+ [ |A||u||atu|dadt>7 1)

with v > N — 1 arbitrarily small. Indeed, this readily follows from the fact that
W (6Q) - HY?(09Q) ¢ HY?(9Q)  continuously, (32)

that is to say, the product of a function belonging to W (9€2) and another one belonging to H/2(9) actually
belongs to H/2(99).
In order to estimate the last term on (31), observe that for a vector valued function e verifying e? € L?(Q)Y
and € € L2(0,T; H(Q)"), we have
e HY(0,T; H'Y ()N)
for every 0 < ¢/ < 1 and there exists a constant C' > 0 such that

o -
||€O||Hl’(H14’) < CHG?HH(Q)N||eo||};2(H1)-
In particular, one can check that for some 0 < ¢/ < 1

(0 (7€), ' (v0€°)) o < +oo



NAVIER-STOKES WITH NONLINEAR NAVIER-SLIP BOUNDARY CONDITIONS 495
for e € H'“¢0,T; H"/2(0Q)"); here, we have denoted by (-,-)so the duality product between the spaces
HY=10,T; HY/2-¢(09)) and H'Y(0,T; H* ~1/2(9)) and by ~o(eo) the trace of ey on the boundary 9.
Besides, we get

01 (106%), € (voe ol < Clle s azeray el 2y €%l aqarsy.
This way, the last term in (31) can be estimated as follows:

J L 1Allorad do e < el + CO+ AR -smmsssa Nl
for a small positive constant £(€2). Then,
[wellZ2gyn + lwlFaarzy + NullGoe ey + 1611720y

CT||A|?
< 0ot (1 fa gy + el oy + 1 oy

T
+/0 |<f2(t)aUt(t)>69|dt+(1+||A||%nz<Hu/z>)||U||%2(H1>> (33)

which, combined with (20), yields

||Ut||%2(Q)N + ||U||%2(H2) + ||u||2L°°(H1) + ||9||2L2(H1)

cT| Al

§ C Hl1-¢t(w¥V1l: u1+1)(1 + ||A||H1 £ Wl ul)) (”fl”%?(Q)N

T
el sz + el s+ / |<f2(t),w(t)>asz|dt> . (39)

Here, we have used the fact (recall that ¢ is close to 1/2 and the definition of 1)
H“7H0,T; W +L(aQ)) ¢ L0, T, W n H*/?(9Q)) continuously.

Let us now combine u; € L%(Q)N and u € L?(0,T; H?(2)") to obtain an estimate of (fa,u;)aq in appropriate
spaces. More precisely, we have
we HYO2(0,7; H=4Q)N) (35)
and
lull grasorzg-ey < Clluellfarg)a lull s g4y (36)
We find:

/0 1200, we®Vonl 6 < Clfallrnmnngaecsrey Bl 852l 2
< CA A+ AN e wr s fallZra—o/2 gre-1r2
+e1(L+ || A3 (Wriwtny) 1||ut||1+€ N||u||L2(H2)
< CA A+ |AI e o wr s fallFra—o/2 gre-1r2

+e2(l+ ||A||§114(Wu1m+1))_1(||Ut||%2(Q)N + ||U||%2(H2))a
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where €1 and e9 are small positive constants depending on Q and ¢. Plugging this into (34), we find

Hut||%2(Q)N + ||U|| 22wy T ||U||Loo(H1) + HHH?'}(HI)

< Ce cT| Al

H1—-€(wv1,v1+ly (

1+ HAHHl L(Wris V1+1))(Hf1”%2(Q)N
JrHf2||2L2(Hl/2) + Hf2||H<1fe>/2(He—1/2) + [Ju® ||H1(Q)N)ﬂ

which is exactly (18).

This ends the proof of Proposition 1.1.

Finally, we establish a further regularity result when the data is supposed to be more regular. This will
be used when proving the local null controllability to the trajectories of system (1) in the last section. More
precisely, it concerns a linear Stokes system similar to (16) but with null f,:

ug — V- (Du)+V0 = fy in Q,
V-u=0 in Q,
(37)
u-n=0,(c(u,d) n)y+ (A(z,t)u)y =0 on X,
u(-,0) = u°(") in Q.

Proposition 1.2. Let fy € H(0,T; L2(Q)N) N C([0,T); HY(Q)N) with fs-n =0, u® € H3(Q)N NW satisfying
the compatibility condition
(Du® - n)pg + (A(z,0)u’)y = 0 on 00 (38)
and let A satisfy (8)-(10).
Then, the strong solution u of (37) actually verifies w € H*(0,T; H*(QQ)N nW) N H?(0,T; H) and

lull3r erzawy + 1ell3e 2y < CO A fallFn z2ynre ) + 161 Fsqw), (39)

where C' is a positive constant.

Proof. From proposition 1.1, we already know that w is a strong solution of (37) (i.e., it verifies (17)). In
particular, u € H(0,T; H) and

lullZ 2y < CENALR) ([T + 1 fall72gyn)-

Next, we are going to give sense to 0;u as the strong solution of the following system:

Gy — V- (D@) 4+ V0 = 8, f4 in Q,
V-au=0 i ,
U in Q (40)
n=0, (Dt -n)y + (A(z,t)0)y = —(A(z,t));u on X,
ﬁ(-, 0) = dsu(-,0) in Q.
To this end, we must first check that
Agyou € L*(0,T; H-1/2(00)N)
and
opu(-,0) € H. (41)

From the fact that

we L20,T; H2(Q)N)n HY(0,T; L2(Q)N) ¢ H' (0, T; H*/2(5Q)N)
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continuously and (10), we have

Apyou € L2(0, T; H'=24(0Q)N) - H'=4(0,T; H2~1/2(0Q)N)
C L2(0,T; H=/2(0Q)N) continuously,

(recall that this notation was already used in (32)) so
A0l Zagr-1/2) < CIAIGp —sey (lullp 12y + Nl Z2a2y)-

In order to prove (41), we use the differential equation in (37) and we find
/ 10,u(0)* dz = / 9yu(0) - (V - (Du®) — VO(0) + £4(0)) dz
Q Q
- / 9u(0) - (V - (Du®) + £2(0)) dr
Q

1
< 5/9Iatu(o)|2d:c+0(||u0”§{2nw + 1 fal3 e 2y)-

Consequently, we have that (40) has a unique weak solution @ € L?(0,T; W)NL>(0,T; H), which must coincide
with dyu. Therefore, d;u € L*(0,T; W) N L>(0,T; H) and

||0t“|\%2(H1)mLoo(L2) < C(QaA)(||f4H%ﬂ(L2) + HUOH%{?N/V)'
Finally and by virtue of Proposition 1.1, we must check that
Agyou € L0, T; HY2(0)N) n HA=9/2(0, T; H=Y/*+(90)N)

and
Owu(-,0) € W. (42)
The first fact follows from (10) and

we HY0,T; HY(Q)N) N L2(0,T; H2(Q)) ¢ H40, T; H*Y2(00)N)
continuously. Indeed, it is not difficult to see that

Ayou € L2(0,T; H=(0Q)N) - H=4(0,T; H/2(90)N)
C L2(0,T; H'/2(0Q)N) continuously
and
At,yOu c H(l—é)/2(0,T;H(3—N)(€—1/2)(aQ)N2) .Hl—e(O,T;H‘v’“/Q(@Q)N) ( )
43
c HO=9/2(0,7; H=1/2H49Q)N) continuously.

Besides,
|‘At70u||i2(H1/2) + ||At%“”?{(l—m/z(Hﬂ/zH)

< C”A”?{(z—f)/z(Hw)(HUH%I(HI) + ull2 g2

for a positive constant C' = C(Q).
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Let us now prove (42). For this, we first realize that 6(0) € H2(Q)" from the elliptic system
AG(0) =V - f4(0) inQ,
0

%9(0) =Au’-n on R,

which satisfies the compatibility condition

/ Au0~nda:/V-f4(0)d:c:0.
o Q

1000) 1372y < CUlfallZoe arry + 1l )-
Again from the differential equation satisfied by u, we find

Hence, 6(0) € H*(Q)" and

so that
10:0:u(0) 122 (@yn < CUfallT e rrry + 16 3w
for every i € {1, ..., N}. Consequently, d,u(0) € H}(Q)N and
10:u(O) 7 < CUfallEow arry + 1 fallzrr 22y + 16 [ Frsw ).

As a conclusion, @ € L?(0,T; H*(Q)N N W) N H'(0,T; H), so it has to be the case of d;u as well since u®
satisfies (38). Furthermore,

|10culZo 2wy 22y < COQ AUl Foe iy + I allFr 2y + 167 aw)-

From this, (39) is readily deduced.

Remark 1.3. One could keep the explicit dependence of C (2, A) in (39) with respect to the norms of A but
this will not be needed, so me omit it for the sake of simplicity.

2. CARLEMAN INEQUALITY FOR THE ADJOINT SYSTEM

In this section, we will prove a Carleman inequality for system (11). In order to do this, some weight functions
are needed:

oo _ (@) (@)
t) = = —
a(@,1) YT —t)* 7 Sa.) 4T — t)*’
2A7°lo0 _ a—An°(x) ~ —n°(x)
d(a,t) = . )= (44)
(T — t)4 (T — t)*
a*(t) = max oz, t) = qppo(z,t), a(t) =mina(z,t),
TEN e

with A > 0 to be chosen later on. Here, ° € C2%(Q) verifies
" >0inQ, 7n°=00n0Q, |Vn° >0inQ\w (45)
with w’ CC w an open set. Let us remark that functions of this kind were first introduced in [10] in order

to obtain Carleman inequalities for the heat system. The existence of such a function is also proved in that
reference.
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2.1. Carleman inequality for the heat system

In this paragraph, we will deduce a Carleman inequality for a (vector valued) function ¢ verifying

ot =V (D) =GeL2(Q)Y, V-9=0 inQ,
e-n=0, (Dp-n)y+ (Az,t)p)y =0 on X.

It is the following:

Proposition 2.1. Let A verify (8)-(9). Then, there exist three positive constants C, 5 and \ only depending
on Q and w, such that

T
I(s,\;) <C <53)\4/ / e 250E3 |2 da dt + )\// e 25 G2 dacdt) (47)
0 wo Q

for any A > N TIAIR (1 4 lAl%), any s > Ml g(T6 4+ T8) and any ¢ € L2 .(0,T; L*()) verifying (46)
(recall that the space P was defined in (19)). Here, we have denoted

I(s, X ) = 53\ // e 25 &3 |2 dr dt + sA? // e 25 ¢ Vp|> dx dt
Q Q

(48)
w7 [[ et ol 4 |ag) dod
Q
for each s, A > 0 and wq is an open set verifying
W' CCwy CC w. (49)

Proof. We first observe that, by a duality argument, one can suppose that ¢ is regular enough in order to justify
all the integrations by parts below (for instance, ¢ € C%(Q)).
In this proof, we follow the ideas developed in [10]. More precisely, we will set

p=e ", P=e %

and we will make several computations to deduce the desired inequality. To this end, let us split the proof in
three steps: in the first step, we will obtain a Carleman inequality for 1, in the second one a similar inequality
will be deduced for 1, while some simplifications and the conclusion will be given in the last step.

Step 1. A Carleman inequality for ).
From the equation verified by ¢ we find, after some computations:

My + Moy = G,

with
My = =V - (Vap + Vip) — s2 22|V |2€%9) — sAEVTY - V® — sap),
Motp = —1hy + 25AEVY - Vi + 2sAEVHY - V¥ 4 2502 |V 2&q
and
Gsx = e %G — sANAR Ep — sAEVVRY - + sA2|Vn?|2&yp — sA2VRevn® - 4.
This gives

M1 2gpn + 1Mot |72 yn + 2(Mitp, Mat) L2 gy = [Gs 72y (50)
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Let us first develop the double product term. Then, we will conveniently get profit of the positiveness of
||M11/)||%2(Q)N and HM2¢H%2(Q)N-
First, we have

(M1¥)1, (M21)1) 2 (g)y = //Q(V (V) + V') - ¢y dae dt

://((Vw—i—vtw)-n)tg-wtdadt—// (V¢+Vtw):thdxdt:A1+A2,
= Q

where 1 d
Ay = ——// — (V9|2 + V¢ : Vi) dzdt = 0.
2/ /o dt

Here, we have used the fact that ¢ - n = 0 and the exponential decay of ¢ (and its derivatives) close to t = 0
andt="1T.
In addition,

(), (Moo e = =297 [ | €7 (V0 +9'0) (90 9 da
= —2s\ //Eg%—f((vw + Vi) -n)- (Vi -n)dodt
+ 25\ //Q EVVR° - V) (Vb + Vi) da dt
+ 25)\? //Q E(VY + Vi) - Vn°) - (Voo - Vi°) da dt
+23A//Qg(w+vt¢) :(VVY-V°)dedt =B+C+ D+ E,

where the properties of n° and, more precisely,

_ o

0
Vn" = ann

have been employed (see (45)). Let us now compute the terms D and E:
D = 25)\? //ngp V)2 da dt + 25)\2 //Q (Vi -Vn®) - (Vo - Vi°)dedt = Dy + Ds.
Two integration by parts in x give the following for Ds:
Dy = —2s)\? //Q(vf(vnovnog) Vi) - dadt — 25%\3 //Q evn® - v(Evn® - )V - da dt
= —25)\? //Q(vf(vnovnog) V) - apdadt + s2\3 //Q An°1EVn° - 4p|> da dt = Day + Dao.
For FE, we have:

E = S)\// 5Vn0~V|Vz/J|2d:cdt+2s>\// Vi (VVY - V°)dz dt = Ey + Es.
Q Q
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Integrations by parts yield:

0
B, = S)\// g%inwwdadt - S)\// An°E| VY2 dedt — sA? // |Vn°|2¢|V2dadt = Fyy + Fia + Fis
py Q Q

and

0
FEy =2sA // gaiv¢ :Vipdodt — 23)\// ARPEVY - Vi da dt
) 371 Q

—25)\? // |Vn0|2§V¢:Vt1/)dxdt725)\// V- (VV% : Vi) da dt
Q Q

= E91 + Eog + Eg3 + Eaa.

Let us deal again with the last term:
0
FEay = —25A//Eg%in(vw -n) - (V' - n)do dt
+25>\// (VDY - Vi) - Vop da dt + 25\ // (Vi - V0 - (Vo - V) da dt
Q Q
+252)\2 // E(vvn ) - (Vo - Vi) de dt
Q
00 [[ @9 (Vo) T Vi) dode
Q

+252)\2 // (V- V') - (Vi - Vi) de dt
Q
= Foy1 + Easg + Do + Eosz + Fogg + Eoys.

Here, we have used the fact that V - ¢ = sAéVn® - 9. Finally, since n° € C?(€2), we obtain
Fayy > —C(1 + X\)s*\3 // EY)* de dt
Q

and

Foys = —25%)\2 / / E(V(Vn°Vn®) - Vi) - pde dt — 2E244
Q
—s3)\3 // eV - V| - V)2 dedt
Q
= —25%)\? // E(V(Vn°Vn®) - Vi) - p da dt — 2Fo4y
Q

+ s3)\3 //Q An0£3|w-V770|2dxdt+s3)\4//Q|V770|2§3|w-V770|2dxdt

= FEos51 — 2F244 + Eouss + Eayss.
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We also have

(M1, (Math)s) 2 = —25A / /Q £V (Vo + Vi) - (Vi - Vi) dar
0
_ 25A//Eg%in((vw+vtw).n).(vtw.n)dgdt
+25) / / £V + V) : (V- Vi) da dt
Q
)\2 . 0 . t . 0 d d )\2 t . 02d d
+2s //Qg(w) Vn?) - (V' - Vn?)dedt + 2s //Q§|V1/) V' |* de dt

+4s\ // (Vi : (V' - VIVY)) da dt
Q

=R+ F,+G +Gs+ H.

Using ¥ - n = 0 and the expression of V - ¢, we obtain the following for G;:

Gi = —2s\? // (VYR 1 V) (v - V) da dt
Q

—2s\% // E(VY - V) - Vn2) (v - V0) da dt — s2N3 // v - V| - VP2 da dt
Q Q

= G11 + G2 + Das.
On the other hand,

0
H:4s)\// faaln|vtw-n|2dadt—4s)\// E(VVR° - Vi) - Vi dade
b) Q

— 45)\? // £V - VP ? do dt — 45°)\? // EV (& - VnY) - (Vi - V%) da dt
Q Q
=H, + Hy+ Hs + Hy.

Let us then rewrite the fourth term like this:

Hy = —45°)\2 // (v ) - (Vi - Vn°) da dt
Q

—452)\3 // - Vn)Vn® - (Vi - Vn®) do dt — 45272 // 2|\ Vip - V)2 dx dt
Q Q
= Hy — 2E244 + Hyo.
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To finish with the double products of the first term in M, let us compute the following:

(M), (Ma)a) 2y = —25X° / /Q V(Y - (Vi + V') - o dar dt

on°
5.2
=2 //ZE‘ on

+ 4s5)\2 // E(VVROVRY) - (Ve + V) - ) dw dt
Q

2

(VY + V') - n)yg - pdodt

+2s\3 // |V 2e(Vn® - (Vep + Vi) - op da dt
Q

+2s)\2//Q|Vn0|2§|Vz/;|2d:cdt+2s>\2//Q|Vn0|2§Vz/;:Vtwdgcdt

=h+L+1I3+ 11+ Is.
Consequently, we obtain

(M1vh)1, May)) 2 (gyy =

(M), (Matp)1 + (Matp)a + (Mat))s + (Mat))a) L2y~

=A1+B+C+ D1 +2Ds; +3D2s + E11 + E12 + E13+ Ea1 + Eao (51)
+E23 + Fa41 + Eoya + E243 — 3F244 + Eosso + Eogsz + F1 + Fo + Gy
+Gro+Hy+Hy+Hs+Hy +Hp+ L+ L+ 13+ 1y + Is.

Watching carefully the expressions of these integrals, we observe that

C, Erz, Eo, Eaas, Fo, Hy < CSA// £V dz dt,
Q
Dt By, Gui, I, < C <sA// viPdede+on [[ £|w|2dxdt) |
Q Q
Doy < Cs?)\3 // E2|¢|? dz dt,
Q
Eig+ 1y = s\? // |Vn°2€|Vep|? da dt,
Q

Foys, Hy < C <5A// EIV|? da dt + s3)\3 // §3|z/;|2d:cdt),
Q Q

E2452 S 083)\3 // €3|’¢|2 dIdt,
Q

Gia, I3 < C()\2 // §|v¢|2dxdt+32A4// §|¢|2d:cdt),
Q Q

Go + Hz = —2s)\? // £V - VP2 de dt
Q



504 S. GUERRERO

and Dy > 0, FEa3 + I, = 0. All this, together with the estimate of Fs44, provides from (51):
((Mﬂ/))l, Mgl/})Lz(Q)N > // ((V"(/} + Vtw) . n)tg -y do dt
b
a770 t
—2sA E—((VY+V*¢)-n) - (V-n)dodt
> 371
0 0
+3A// §8i|w|2dadt+2sA// ¢ Gy vty do dt
» on » on
o’ t
—2s)\ E—(V¢-n)- (V- -n)dodt
> 371
on° t t
—2sA E—((VY+V*)-n) - (V¢ -n)dodt
> 371
0
+4s>\// 279ty nf2 do dt
) on
on°
—925)\2 Z
SA //2€ an
+5\? // |V 2| Vap | da dt + s3X\* // |V 2€3 4 - V° |2 da dt
Q Q
—2s)\? // €IV - VP2 de dt — 452)\2 // 2|V - VP> de dt
Q Q

_ 2 3 2 31,012
C(s)\//Q«ﬂVzM dedt +sA\(s+s +)\)//Q£ 4] dxdt).

On the other hand, we have

(52)

2
(V3 + V) - n)tg - do dt

1 0
(My)2, (Mah)1) 2@ = 55°A% / /Q V262 [ dudt
= —52)2 V| 2e& o) do dt = J.
ax [ /Q V0 266 12 da

In addition, we find that

(M), (Ma)a) gy = —5°A° / /Q V0 2E8V° - V2 de dt

. oo\ * ,
:753)\3// ¢ (ai) |1/)|2dadt+s3)\3// Y - (IVn°2Vn°) || da dt
p) n Q
+353A4// VP2 |y de dt = Ky + Ko + K3.
Q

Let us know skip the product
(M1¥)2, (M21))3) 2 (@)~ -

In fact, a computation of this term will not be crucial for the sequel, since it will be compensated with another
one. More details will be given below.
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The last product for (Mi1))q gives:
(M19)2, (Mat)4) r2(qyn = —25°X* //Q VO |23 ||? de dt = L.
Consequently, we deduce that
(M1%))2, Mav)) 12 (gyn = ((M19))2, (M2v))1 + (M2tp)2 + (Math)s + (Ma))4) L2 ()
=J+ K1+ Ky + K3+ L+ ((M11))2, (M2%)3) 2 ()~ -
Taking into account that n° > 0 in €, we find that
& <crelt

and so

o\ *
((M13)2, Math) p2(gyy > — s°A° //253 (8—2) || do dt

+ 83)\4 //Q |V’I70|4€3|’¢|2 dxdt + ((le)g, (M2¢)3)L2(Q)N

o 2)\2 9/4 2dd 3)\3 3 2d d)
C’(s T//Qg 2 dz dt + 5 //Qg|¢| dt (53)

Let us now consider the scalar products of the third term in M. First of all, we have:

(My)s, (Map)1) 2 = 5 A / / (V' Vi) -y dadt
Q
= /Q E79R - 0) - didodt - 5 [ /Q £ Vi) (e - Vi) da dt

N // E(p - V")V - (&) dadt = My + Ms + M.
Q
Here, we must remark that, due to the exponential decay of ¥ at t =0 and t =T, M3 = 0, while
1 0
My=gsA [| &(VV-4) -y dedt
Q

and

My = %S)\Q // &l - V0P da dt.
Q
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Furthermore,
((M13)s, (Mav)2) 12y = —25°A? //Q E(V'- V') - (Vo - V) dzdt
=252)\2 (Vi - V(Vn'vn°)) - dxdt
A [ 9t V@) e

+4527\3 // - V) (Ve - Vn°) - Vi da dt
Q

+253\3 // - V)V’ - V(& - Vi) de dt = Ny + 2F244 + No.
Q

Let us compute the last integral:

Ny = s3X\3 // evn° - V|gy - V0|2 d dt
Q

= —53\3 // EAR°|€p - VP2 da dt — s3A? // |V 2E3 |y - Vi 2 da dt
Q Q

= N1 + Noa.

Furthermore, we have
((M13)s, (M2v)3) p2(g)v = —25°A? // VP 22|Vt - V2 dedt = O.
Q
The last product for (Mj1))s gives
(s, (Vo)) = =262 [ [ [P e (T - 9) e
=223 [[ (Vi PET) ) o
Q
+2s53\4 // IVn? 23 - VPP dadt = Py + Ps.
Q

We will use here, as we did before, the following estimate for P;:

Py < Cs?N*(14)) // E2[Y)? dz dt.
Q

Putting all the products of (Mi%)s together, we find
(M19)3, May)) p2(gyn = ((M19))3, (Mavp)1 + (Ma2tp)2 + (Math)s + (Ma))s) L2y~

= My + My + N1+ 2FE244 + No1 + Nag + O + P + Ps.
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Now, using the properties of ° and Holder’s inequality, we have
((M13)3, Mah) 2 (gyy > s°X* // (V023 - Vi ? da dt
Q
—252)\2 // |Vn|2e2 |V - VP |? da dt
Q
-C <s)\T(1 +A) // /44| da dt (54)
Q

+sA//Qg|v¢|2dxdt+s3A3//Q§3|¢|2dxdt
+52N3(1 4+ ) //QEQ|w|2d:vdt).

Let us finally perform the computations for the fourth and last term in the expression of Mj.
First, we have:

o)
((le)ﬁla (MQw)l)[}(Q)N = %S\//Q Ott&|"¢)|2dl'dt
= %s//@ aglpFdzdt = Q.

(My)a, (Ma)2) 2(oys = —5\ / /Q €0y VP - o ddt

Then,

0
= —82)\// %ingat|w|2dadt+32)\// V- (€ay V) o> de dt = Ry + Ro.
by Q

Let us again skip the term
(M12h)s, (M29)3) 2@y~ -

Finally, we have
(M19h)a, (Maph)a) L2 (@) = —25°A? //Q [V * o] dadt = S.
All the computations made for (Mi1))y yields
(M1%)a, May)) p2(@)n = Q + Ry + R + S + (M1¥)a, (M21)3) 12(q)~ -
Let us then deal with the expression of ay:
ap = —4(T — 2t) (Ml — Ay (T — 1))5.

From the properties of n°, we deduce
|| < CTNIM = g5/4, (55)
On the other hand, it is not difficult to check these two other estimates:

|Vay| < CATEY4,

|att| < 062)‘”"70”00(17253/2 +§5/4)
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Consequently, we find the following for (Mi1))4:

8 0
((le)%MQw)L?(Q)N > _32)\//2 8—7;§ozt|w|2dadt
T (My)s, (Ma)s) 2y
_ Al ( T269/2 4 ¢34 da dt
e s //Q ( o da

+52>\(1+)\)T/ 59/4|1/)|2d:cdt> (56)
Q

As a conclusion, taking into account (52), (53), (54), (56) and
¢ T

we obtain

2010 Mooy =2 [ [ (964 V'6) g - v do

—4s\ // ga—”o((w + Vi) -n) - (Vip-n)dodt
+2s A//g |Vz/;|2dadt+4s)\// gaiw; Vi do dt
—45A// g— Vi -n) - (Vi -n)dodt
—45A//2 g%((vwrvtw)-n)-(vw-n) do dt

0
ot ffef5
—253)\3 //253 (%—Zj>3|z/;|2dxdt252)\//z %—fgatwﬁdzdt (57)
+85A//E 5%—2:|Vt1/)~n|2dodt+4s3)\4/Q|Vn0|2§3|w~Vn0|2d:cdt
+25A2//Q|vn0|2§|v¢|2dxdt+233A4//Q|vn0|4§3|¢|2dxdt

—45)\? // EIVipV° 2 da dt — 1252)\2 // |\ Vi 2 da dt
+2((M19)2, (M2v)3) r2(g)~ + 2((M1vh)a, (M2v))3) L2y~

_ 2 3 2 31,/,(2
C(s)\//Q§|Vw| dedt +sX\(s+s +)\+s)\)//Q£ [¢]° dz dt

2
(VY + V%) - n)yy - pdodt

5T oo (T7 4 AT® 4 N2T8 45X + 5A2) // ey dx dt) .
Q

From this inequality, we see that we have two leading positive terms in the right hand side, namely:

233/\4// |Vn°|¢3 > dedt  and 23A2/Q|vn0|2g|w|2dzdt.
Q
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By virtue of the properties satisfied by 7°, we find

53)\4// |V &3 ) do dt > Cs3A\* (// §3|w|2dxdt—// £3|¢|2dxdt>

Q Q w’x(0,T)

sA? // |Vn°|2¢| Va2 dz dt > C'sA\? (// §|w|2dxdt—// £|V¢|2dxdt>.
Q Q w’x(0,T)

In both cases, the global terms will stay in the left hand side, while the local ones will pass to the right.

and
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Let us now make a proper choice of s and A, so that the last integrals appearing in (57) are absorbed by the
two global terms (with sA? and s3\*) we have kept in the left hand side. More precisely, let us take A > C(Q,w’)

and s > Ce2M’l (T7 4 T8). This way, we have

C(s)\//Q«E|V¢|2dxdt+s)\3(5+32+)\+s)\)//Q§3|w|2dxdt

TGN DI loe (TT 1 TS 4 N2T8 4 s\ + sA2) // > dx dt)
Q

§5(33)\4 //Qg3|¢|2dxdt+sA2 //Qg|v¢|2dxdt)

for a constant §(€2,w) > 0 small enough.
Consequently, we obtain from (57)

2(Miyp, Maap) p2(qyv > 2 //E((VTZJ + Vi) - n)yg - by do dt

) 0
_4sh //E €5 ((Vy + ') ) (V9 ) do

87}0 2 3770 .
25) //Z ga—nowm do dt + 4s) //Eg%w; . Vi do dt
—45)\//Z «faaln(vw -n) - (V' -n)dodt
_4sh // g%—f((w V) n) - (Vi ) dodt

o

on°
— 2 —_—
48\ //Zf o
0\ 3 0
92533 // ¢ (%%) |z/;|2dxdt—252)\// %infat|z/;|2d:cdt
> >

0
+8s)\// g%in|vtw-n|2dadt+433A4// \Vn° 2314 - Vi |2 d dt
by Q

+s>\2// §|Vw|2d:cdt+s3>\4// EY)? dxdt

Q Q

—45\? // EIVIYVR° |2 da dt — 1252)\2 // 2|\ Viypvn°|* da dt
Q Q

+2((M1y)2, (M29))3) L2y~ + 2((M1¥p)a, (M2v))3) 2 (@) s

2
(VY + V) - n)yy - ¢ do dt

for any A > C(2,w) and any s > C’(Q,w)e”‘””OHW(T7 +1T%).
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On the other hand, we also have several negative terms (in @) with high powers of the parameters s and .

Those will be eliminated with the use of the positive terms appearing in the left hand side of (50), i.e

IM19]|F2(gyn  and [ Maphl|72 g

Let us also observe that

|@M@@wSC([égww$m&+¥v/?€WFma)

for A > C(Q,w).
Therefore, from (50) and (58), we readily get:

Mawé@w+uﬁw;@w+9v/Q€Wme
+5A2// §|Vw|2d:cdt+4s3)\4/ |Vn°2&3 4 - V° |2 da dt
Q Q

—45)\? // §|Vtwvn0|2dzdt71252)\2/ E|\Viypvn° 2 de dt
Q Q
+2((M1¥)2, (M21)3) 12 (@yv + 2((M1%)a, (M21))3) 2 (@)~

2 // (Vi + V') - n)ig -y dodt
>
_4sh // ga—”o((w + V) n) - (Vb - n) do dt
0
+2s)\// g—|v¢|2dadt+4sA//E§%invw;vtwdadt
—45)\// f— Vb -n) - (V' - n)do dt

4sh // g—((w + V) ) - (Vi - n) dodt

we L3
3)\3// ( ) | do dt — 252)\// a—fa ¢|v|? do dt

+8s>\//§ |Viep - n|* do dt
<C // e*25a|G|2dxdt+53A4// &) da dt
Q w’%x(0,T)
+s>\2// EIVy|2dzdt |,
w’x(0,T)

for any A > C(2,w) and any s > C’(Q,w)e”‘””OHW(T7 +1T%).

2
(VY + V') - n)ig - dodt

(59)
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At this point, let us develop the term M;v in the following way:
Mty = Mytp — 2sAEV'p - Vi,

with
Mip = —A¢ — PNV 2% — sapyp — sAE(VVY - ) — sA2VRPE (- Vi),
that is to say,
My = —Ap + (Myh)s + (Mrh)g — sAE(VVR - ) — sA*Vn2¢(y - V).

Hence,
M2y = M1l 72 gpn + 45°A° //Q EVi - VP da dt + 2(M 1, =25V - V) p2(g)v

Let us deal with the double product term. To this end, we first observe that it actually coincides with

2(M 11, —(Ma1h)3) L2 (qyy = —2((Mat))2, (Ma1h)s) p2gyy — 2((Miv)a, (Math)s) (g~
+ 45\ Vi - V) - Ay dedt
s / /Q (V- V) - Apda

+ 4522 // (vl ) - (Vi - VnP) da dt
Q

+ 45273 // (- V)Vl - (Vi - Vn®) de dt
Q
— (M), (Ma))3) — 2((My)a, (Math)3) gy~ + T — Hay + 2Esus.

The next step will be to estimate the third term in the previous expression:
T = —4s\ // E(VVR? - 4p) - Ay da dt — 4s)\? // @ - V°) (A - Vi) da dt
Q Q
152 [[ e Vit)AEw - V) dedt = T3 + T 4 T
Q
For 77, we have
T <0 [[ elulibvlasat
Q
while we must still arrange 75 and 73, making some integration by parts. Indeed, we have
Ty = 4s\? // E(V(VROVnY) - Vi) - op da dt
Q
+ 4s)\® // @ -V°) (Vo - Vn°) - V¥ da dt
Q

+ 4sp2 // €V Vi 2dedt = Ty + Too + Tas,
Q
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Tos will compensate the sixth term in the left hand side of (59) and 721, 722 verify
To1 + T < C (SQX* // 2 dadt 4 (1 + M%) // §|w|2d:cdt)
Q Q
so they will be eliminated by taking A > 1 and s > C'T®. Besides,

=152 [[ €99 0) - V(o Vi) duds
Q
+ 25273 // V- V& - VP de dt
Q

45 [[ €90 9) - V(v - V) dodt = T + T + T
Q
For 73; and 735 (after integration by parts), we have

T3y + Tzo §0(32A2(1+s+)\)// £2|w|2dxdt+s)\// £|V¢|2dxdt),
Q Q

which are 'good’ terms, provided we make a good choice of s and A. For 733, we find

T =152 [ [ (90 901) - (V91 ) dod
Q
+ 452)\3 // (Vi - V) - Vnl (- Vn°) dx dt
Q

+ 452)\2 // |V -V > dedt = —Hyy + 2F044 + T331.
Q

Consequently,

Tz3 > —C <52>\3(1 + ) // §3|z/;|2dxdt+s>\// §|V1/)|2dxdt) + T331.
Q Q
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Combining all this and (59), we deduce the following inequality:
A L N R
+5A? // ¢V do dt + 45>\ // |Vn°2&3 4 - V°|? da dt
Q Q
—452)\? // §2|Vthn0|2d:cdt+2//((V1Z)+Vtw)-n)tg-wt do dt
Q b))
8770 t
—4s\ [ €S=((VY + V') -n) - (Vi) -n)dodt
> 071
0 0
+2s)\// gai|v¢|2dadt+4sA// Mgy Tt dodt
> 071 » an
8770 t
—4sA || €Z=(Vy-n)- (Vi -n)dodt
> 071

—45A// g%—f((w+vtw) ‘n) - (V') dodt
>

0
—45)\? //Zg‘aain

0\ 3 0
92533 // 1% <%in> |1/;|2dadt—252>\// %ingatwﬁdadt
> >

o’ t 2
+8sA [ | €ZL Vi n2dodt
) 67’l

gc(// e*25a|G|2dxdt+sA// E[Y||Av| da dt

Q Q

+s3A\4 // Ep* da dt + s\ // §|Vz/;|2dxdt>,
w’ % (0,T) W’ x(0,T)

for any A > C(Q,w) and any s > C(€, w)e2M 7’ lle (T7 4 T8).
Let us finally expand the term M) as follows:

2
(VY + V') - n)yg - tpdodt

Mytp = Mot + 2sAEVEY) - VP2,

with L
Moty = (Maap)1 + (Math)a + (Ma1))y.
This way, ||M2¢||%2(Q)N can be written as follows:

[Map|[3 2y = 45° N2 //Q§2|Vt1/)~VnO|2dxdt+ [Mo]|72gyn

—4 [((Mﬂ/))Ba (M27/1)1)L2(Q)N + ((M19)s, (MQQ/;)Q)LQ(Q)N
+((M11/))3; (M2¢)4)L2(Q)N] .

Coming back to the computations we have already made for these products, we have:

—4 [((le)i% (M21P)1 + (MQw)2 + (M2¢)4))L2(Q)N}
= —4(M; 4+ My + Ny + 2FE244 + Ny + Noo + P1 + Ps).
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Making now the same computations we did when we deduce (54), we find
M0 ey 2 45202 [ 19159 e+ T

—453)\1 //Q |Vn°|2&3 )4 - V°|? da dt

—C{sXT(14+ X /4% da: dt + sA ?ded

(s (1 )//§ [)* dadt + s //§|V1p| xdt
+5°\3 3 dedt + s2X3 (1 + A 22 dedt ) .
s //E []° dz dt + s°A°(1 )//E |v]° dz t)

This, together with (60), provides the desired Carleman estimate for 1) we wanted in the Step 1, say:
¥l + Iatlingyy +°¥° [ €l awat
+5A? // EIVe|? do dt + 2// (VY + V') - 1)y - 1y do dt
Q by
on° t
—4sA 5%((Vip+vw)-n)-(vw-n)dadt
)

on° 9 o’ t
+2sA E——|V¢|” dodt + 4sA E——V : V'dodt
) an ) 371

) 0
—4s) //Ega—zl(w ‘) - (Vi - n)dodt
o 0
—4sA //Efa—l((vw + Vi) -n) - (Vi - n)dodt (61)

2
(Vi 4+ V') - n)ig - ¢ do dt

on°
J— 2 —_—
45\ //25‘ o
0y 3 0
—9253)\3 // £ (%in) |¢|2dadt—2s2A// %lngatwﬁdadt
> >

an’ t 2
+8sx [ [ €21Vt - nf? dodt
> 6”

gC(//Qe_2s"‘|G|2dxdt—|—s)\//Q£|w||Aw|dxdt

+53A // E3 || da dt + sA\? // £|V¢|2dxdt>,
w’ % (0,T) w’ % (0,T)

for any A > C(Q,w) and any s > C(€, w)e2M 7’ lle (77 4 T8,

Step 2. A Carleman inequality for 1):

The strategy we follow here will be analogous to that employed in the first step. Moreover, all the integration
by parts will provide the same terms we obtained above up to the sign. Consequently, we will pass over the
details and we will focus on the explicit expressions of the resulting integrals.

More precisely, the following equality holds:

M31Z; + M41/; = és,)\a



with

and
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Msp = =V - (Vi + V) — X2 Vn° 2824 + sAEVIY - Vi — sau),

Mytp = —p; — 2sAEVY - V¥ — 2sAEVH) - Vi + 2502 |Vn0 24

G‘SA = e G + sSAAREY + sAEVVRY - ) + 5A2|Vn0|2§~z/~1 — sA2Vn%evn - .

Similarly to (50), we find that

1Ml 72 gyv + I MadbllFagyn + 2(M3d, Math) 2(py = [|GonllZagyn-
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(62)

Before proceeding with the computations of the double product term, let us point out several properties which
are different in this case:

First, we get

with

Then,

with

VE= AV, V- =—s\- VnP).
(M3)1, (My))1) 2 gy = Ai,

Al - //E((V?Z + Vt'l/;) . n)tg . 1Z;t do dt.

((M33)1, (M41;)2)L2(Q)N =B+ C+ Dy + Dy + Dy + Doy + E1q + Ens
+E13 + E21 + E22 + Ezg + E241 + E242 + E243

—Foss + Eayzt + Eagso + E24537
- ~on° - .- -
B =25\ 5%((V1ﬂ+v ¥)-n)- (Vi -n)dodt,
by
C— 25\ // EVVR V) : (Vi + Vi) dz dt,
Q
Dy = 2s)\? // £V - VP2 da dt,
Q
Dy = 25\? // E(VH - VR°) - (Vep - V0) dz dt,
Q
Dy = —25)\2 // (VHVROVRYE) - Vi) - o dz dt,
Q
Do ==\ [[ ArlEvi O doet,
Q
By = 200 oo I 0751w, 712
n=s\ || EE|VYPdodt, Eip = sA A&V |2 de dt,
s On Q
FEr3 = —s\? // |Vn° 26|V |? dz dt,
Q
- ~on° _ -~ .
Fs1 = —2s\ §—V : V' dodt,
D) a’ﬂ
Foy = 25\ // AnPEVy : Vi da dt,
Q

Bz = —25)\? // |V 26V : Vi da dt,
Q
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0
Eaqy = 25\ // é%(V@ -n) - (Vi -n)dodt,
by
Fogo = —2s\ // (VR - Vi) - Vip da dt,
Q
B o242 ) 0 Y. (o0 o0
Eay3 = 25 //Qg (VVR? -ah) - (Vi - V) dz dt,
B 233 22, 0 TN .0 .0
FEay4 s°A Qf V' - (V(@y) - V- V') de dt,
Eays1 = 252 \? // E(V(Vn°Vn®) - Vi) - ¢ da dt,
Q

E2452 = _53)\3 // A?’]Oé3|’l; X V770|2 da dt
Q
and
Bz = s30* // |Vn°|2€3 )4 - Vn°|? da dt.
Q
We also have ~ R } . ) ) ) ) i
((M3)1, (Ma1p)3) L2()v = Dag — 2E244 + Fy + Fo + G11 + G12 + G2

+H, + Hy + Hs + Hyy + ﬁ427
where

0
Fi =290 //E 5%((Vzﬁ + V) -n) - (V- n) do dt,
Fy = —2s) // E(VY 4+ V) - (VVn° - Vi) da dt,
Q
Gi1 = —2s\? EVVRY V) (¢ - V) da dt,
11 S //Q ( n )( n°)dx
Gia = 2s\3 // é((V@ -vn°) - Vno)(iﬁ -Vn°) dz dt,
Q
Gy = 25)\? IV - VP2 da dt,
2 S //Q | n'|"dx
. ~On° -
Hy = —4s) //E«fa—lwtw-nﬁdadt,
Hy = 4s)\ E(VVR° - Vi) - Vi da dt,
2 S //Q ( n ) €L
Hs = —4s\? £V - VP2 da dt,
3 s //Q | n'|"dx

Hyp = —45%)\? / / (Vv - ) - (Vi - V) dz dt
Q
and
Hyp = —452\? // 2V - VP * da dt.
Q

The last double product of the first term of M31/~) is the following one:

(M3)1, (My))a) 2y = I + L+ Iy + I + I,
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with
~ ~ O 2 ~ ~ ~
h=2e [ ¢ ‘%in (V9 + VU5) - )y - Do dt,
)
T, = 4522 / / EVVROVIY) - (V4 + V') - §) dadt,
Q
I = —26X° / / VR PETRC - (V) + VD)) - dadt,
Q
Iy = 2s)\? //Q \VR°|2€| V|2 dz dt
and

I = 2s\? // IV 26V : Vi da dt.
Q
Equivalently to (52), we find the next inequality:
((M31/~))1, M41/:)L2(Q)N > // ((V"(/; + Vtz/;) . n)tg . 1[)15 dodt
b
o - 5
+25\ [ | ESE((V + V') -n) - (V- ) do dt
b
—S)\// gai|w|2dadt—2sA// M0 vt do dt
» 8774 > 6”
_on° - .
+23)\// E——(V¢-n) - (V¢ -n)dodt
> 371
_on° - . .
+23)\// 5%((V¢ + V%) -n)- (Ve -n)dodt
b
~ O ~
—43)\// £20 |9t nf2 do dt
> 371
~| on°
p— 2 —_
25\ //25‘ n
+5\? // VR0 |2€| V)2 dz dt + s3\* // (VR0 2€3 |4 - V2 da dt
Q Q
—25)\? // £V - V|2 da dt — 45202 // 2|V - Vi |2 da dt
Q Q

-C <5A//Q£|Vz/3|2dzdt+sA3(s+s2+A)//Q£3|1[)|2dzdt>.

On the other hand, we have

(63)

2
(Ve + V) - n)yg - ¥ do dt

(M33)2, (Marh)1) 2 gy = J = —5°\? //Q [Vn° 7€ || da dt.

In addition, we obtain
(Ms1)2, (Mar)2) 12 gy = K1 + K» + K,
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im0 [ () e

Ky = 753/\3/ EV - (V0 PV da dt
Q

where

and
K3 = 353)\4/ |Vn° 23 )4h|% daz dt.
Q

It will not be necessary to perform the product
((Mst))2, (Myih)3) 12 ()~

neither here. ~
The last product for (Mzt)q yields:

(M39))2, (Myt))a) p2(yn = L = —2s°\* / . IV A3 4|2 da dt.

Here, we must notice that
& < CTe(A/4)|In°||oo£5/4_
Consequently, we deduce that

(M39)2, Mytd) p2(gyn > 87A° // 53< ) [v]? do dt

+5°At / 0 IViP[* €311 dar dt + ((Ms, )2, (M47/;)3)L2(Q)N

-C <52)\2Te()‘/4)|"0|°° //Q E/4912 da dt 4 323 //Q £3|1ﬁ|2dxdt> .

Let us now compute the scalar products of the third term of Ms. Firstly, we have:
((M39))3, (M41;)1)L2(Q)N = M, + M,

with

- 1 - . .1 -
M, = —55)\// &V ) - dedt, My = §S>\2/ &l - V' dadt.
Q Q

In addition,
(M3))3, (Math)2) 20y~ = 2E244 + N1 + Naj + Naa,

where

Ny = 252>\2/ (Vi - V(Vn°Vn®)) - 4 dzdt,
Q

Noy = 83>\3/ EAR|E - Vn°|? dz dt
Q
and
Noy = 753)\4/ [V 263 - V°|? da dt.
Q
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Furthermore, we have
((]\431;)37 (M41;)3)L2(Q)N = O~ = —252)\2 //Q |V’I70|2€2|vt’(; . Vn0|2 dx dt.

The last product for (Mg’(;)g gives:
(M33)3, (Math)a) p2(gyv = P1+ P,
where
P =25 [[ (VWi PETI) ) - ddwa
Q
and
Py =2s3)\* // (VP 2€3 |4 - VP 2 da dt.
Q

Combining all the products of (M31/~))3, we find

((M31;)37M41;)L2(Q)N > 53\ //Q [V° 2304 - V|2 da dt
—25%)\2 // |Vn° 22|Vt - V|2 da dt
Q

-C <5AT(1+A)e<A/4>”n°Hw // E/4)4p|? da dt (65)
Q

+sA//Q£|W|2dxdt+s3A3 //Q£3|z;|2dxdt
+23 (14 \) //Q €2|1Z|2dxdt) .

Let us finally consider the computations for M.
First, we have:

((MSQZ;)ﬁl; (M41/;)1)L2(Q)N = Q = %S/L 64tt|1/;|2 dz dt.

Then,
(M33)a, (Marh)2) 12 gy = Ri + Ra,

with

_ ond - - _ _ _
Ry = 52)\// aigdtwﬁdadt, Ry = —82)\// V- (6, Vn®) )2 dz dt.
» on Q
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Let us again skip the term
((M33))s, (M41Z))3)L2(Q)N~

Finally, we have
(M3)a, (Marh)a) 2@y = S = —25°N? //Q |V° |2 || da dt.
This time, the expression of &y is:
Gy = —A(T — 2t) (Ml — =21y ((T — 1)) 75,

SO

|G| < CTe(3¥ D"l £5/4,

Furthermore, we have:

V()| < CAT e DlIn’lloe £5/4

(ige| < CeUBN DI oo (726N DlIn’ oo £3/2 4 §5/4).

Consequently, we find the following for (M31/~))4:

5 5 on® -
(M3%)a, Mat)) 2 (q)n > 52)\// algat|w|2 do dt
) n
+ (Mst))a, (My1h)3) L2y
13N (S // (T2 I 88/2 | Z5/4) 2 d
Q

+52A(1 + )\)T// 59/4|z/3|2dxdt)
Q
Therefore, taking into account (63), (64), (65), (67) and

F—1 8 A% oo
et <orseMnl=,

(67)
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we obtain
20 My > 2 [ [ (V4 V'5) -y

45 //E g%—f((w L) n) - (V- n) do dt
—25A//Z£%—7Z:|sz|2dadt—45A//Z£%—7Zjv¢:v%dadt
45\ //Z é%—f(w -n) - (Vi) -n)dodt
+45A//2 E%—f((erv%)-n)-(v%-n) do dt
w5
+253\3 //253 (%—77,:)3|1;|2d0dt+252)\//2 %—fé@M?dadt (68)
85A//E§~%—7:|Vt1/~)-n|2dodt+4s3)\4//Q|V770|2§~3|1/~1-V7)0|2dxdt

+25)\2// |vn0|2£|v1z|2dxdt+2m4// V0 [4€3 ) der it
Q Q

2
(VY + V') - n)ig - Pdodt

—45)\? C\VIpVnO |2 da dt — 125202 217tV 2 da d
s//Qawmxt S//Qflwnlxt
+2((Msth)a, (Mh)3) p2qyn + 2((Msh)s, (Math)s) p2qy~

—C (SA// £|V15|2dxdt+s>\3(s+s2+>\+s>\)// Eep|? da dt
Q Q
+S>\T7ekl\nollm(s)\+(1+>\)T8ekl\nollm)// 102 da dt
Q

I ) [ Slianar)
Q

Working as in the case of ¥, we find

33)\4// VAP de dt > Cs* A (// 1917 dar dt —// £3|1;|2dxdt>
Q Q w’x(0,T)

and

sAQ//Q|VnO|2£|V1/~)|2dxdtZCs>\2 <//Q£|v1/3|2dxdt //M(OT)aw?Fdxdt).

Making now the choice

A>C(Qw), s> CeMnle (7 4 T78)



522 S. GUERRERO

we have
C (S)\/ §|V1b|2dxdt+s)\3(s+52+>\+s>\)/ Y| da dt
Q Q
AT oo () 4 (14 N T8N 1) // )2 dz dt
Q

ST eI oo (7T 1 +s)\+s)\2)// £3|z;|2dxdt)
Q

_S(ﬁx‘// £3|1E|2d:cdt+sA2/ §~|V1Z|2dxdt)
Q Q

for a constant §(€,w) > 0 small enough.
Consequently, we get the following from (68)

20 Mad) sy =2 [ [ (V54915 - n)sy - dr
+45\ // 58—770((%5 + Vi) -n) - (Vi -n)dodt
—2s A//g |V¢|2dadt—4s)\//§ Vi : Vi dodt
+4s A//g— Vi -n) - (V) -n)do dt
s // 5—((w? V) n) - (VD - ) dodt
e L2
+253)\3 // & (al) |zz|2dadt+2s2x// 6—770£@t|1;|2dadt
—8s A//£ |V - |2dadt+4s=‘A4// \Vn° 2304 - V| da dt

2 2 3y4 3 2

+sA //Qg|v¢| da dt + s3X //Qg [|? da dt

—45)\? // EIVEPVR°? da dt — 125202 // EVipvn|? dz dt
+2((M3t)2, (Mah)3) 2y + 2((Msh)a, (Matd)s) 2 ()~

2
(V) 4+ V) - n)py - ¢ do dt (69)

for any A > C(Q,w) and any s > C(€, w)e 7’ lle (77 4 T8,
Let us also remark that

1Gell3a@y < C ( / /Q e G drdr+ 520 [ /Q £2|zz3|2dxdt) |

for A > C(Q,w).
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As a conclusion, we obtain the following inequality up to now:
NS oy + 1My + 5N [ 16
+5A? // £V |2 da dt + 453\ // |Vi° 12e3 |4 - V|2 da dt
Q Q
—45\? // EIVIPVR°? da dt — 125222 // E2VipVn°|? dz dt
Q Q
+2((Mst))a2, (Myth)3) p2(qyy + 2((Msth)a, (Marh)s) r2(qyn
= // (VY + V) - n)yg - thydodt
b

+4sA //E E%—f((w + V%) -n) - (Vi -n)dodt
—25A//E£%—7Z:|sz|2dadt—43A//2£%—7Zjv1;:v%dadt
+4SA//E§~%—7ZLO(V1/~)~W,) (Vi -n)do dt (70)
45 //E gi—f((vqﬁ L) - n) - (V4D - n) dodt
12
+253\3 //253 (%—f)B|z/~1|2dadt+2s2)\//E %—fgatmmadt
—SSA//EE%—ZSW%-nﬁdUdt
<c (//Q 255G dar dt + 55N //wlxam 07 dar dt
+5\2 //W(O’T) £|Vz;|2dxdt> :

for any A > C(Q,w) and any s > C(€, w)e* 7l (77 4 T8, ) )
Similar computations to those in step 1 must be made now for M3y and My. As above, we just write all

the integrals coming out from these calculations.
For M3y, we have

2
(Ve + V') - n)yy - hdodt

Mytp = M3y + 2s\EVH) - Vi,
with ~ R o R R R s
Mh = —Ap — >NV 262 — saud + sAE(VVRY - ) — sA2Vn°E(¢) - Vi°).

Developing again the L? norm of M3’l;, we focus on the double product term:

2(Msth, sSAEV' ) - V°) p2(gyv = —2(Msth, (Murh)s) 2 (g~
= —2((Mst))2, (Mat))3) — 2((Mst))a, (Math)3) 2y + 4Eaa — 2Hay
+T1 + T + Toa + 2T33 + Ta1 + Tz + Tz,
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where

T :45A//Q EVVR - 9) - Addzdt,

T =153 [ /Q EV(V°Vy") - Vi) - ddedt,
Tao = —45A3/Q5(15 V0 (V- Vi) - Vi da dt,
To3 = 45/\2/ EIVE) - VP2 da dt

31 = 4s2)\2 / / EVVR° ) - V(&Y - V°) da dt,

Tso _—252)\3/ v - V|EY - Vn°|? dz dt

and
T331 = 482)\2/ §~2|th/~) -Vn°|? da dt.
Q

Thus, from (70) we deduce the following inequality:
32012 e + IMab e e + 53¢ [ /Q P dadr
+5A2// £|v1;|2dxdt+4s3xl// |Vi° 12€3 |4 - V|2 dar dt
Q Q
45202 // §~Q|Vtz/~1Vn0|2d:cdt+2//((V1/~)+Vtz/~1)~n)tg~1/~)tdodt
Q by
-on° - . -
+45\ g—((w + Vi) -n) - (VY -n)dodt
—2s A//g |VY|? do dt — 43)\// g—vw Vi do dt
+45A/ g—(w-n)-(v ¢ -n)dodt
» 6”

#asn [ €5 (w49 ) (V4w do )

e [
+25373 // 53( ) |z/;|2dadt+2s2>\// —gat|z/;|2dadt

—8sA//Eg%|V ¢ -n|?dodt
sc(//Qe—2sd|a|2dxdt+5A//Q£|1;||A¢|dxdt

+55A // E|? da dt + sA? // £|v1;|2dxdt>,
w’ x(0,T) w’ % (0,T)

for any A > C(,w) and any s > C’(Q,w)e4)‘||’70”°°(T7 +1T%).

(V) + Vi) - 1)y - ¢ do dt
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On the other hand, for M41/~), we have:
Mytp = Mytp — 25MEVH) - VP,
with

Myt = (Math)1 + (Mat))2 + (Math)s.
Employing now similar estimates as in the first case, we find

Mgy 2 453 [ 1915 9P drdt + T gy
—453)\1 //Q (VP23 |4 - Vi |2 dar dt
_C <3AT(1+A)e<A/4>nn°noo // 55/4|1;|2dxdt+sx// £V du dt
Q Q

IEST // £3|1§|2dxdt+32)\3(1+)\)// £2|1L|2dxdt).
Q Q

This, together with (71), provides the estimate we were looking for in this second step:
¥y + bl + 57X [ 16wt
+5\? // £|V1/~)|2d:cdt+2//((V1/~)+Vtz/~1)-n)tg-u)tdadt
Q b
-on° - . -
+4sA E%((Vw—kvw)-n)-(vw-n)dadt
>
~ O ~ ~ O ~ ~
—25A// Eal|vw|2dadt—4s)\// MG vt do dt
» a'ﬂ » 371
~on° - L~
+4sX [ [ ES=(V-n) - (Vi -n)dodt
) 67’l
s // £ (VG 4 V) n) - (Vi - m) do dt
w On (72)
~ 8770
—4s)\2 -
SA //25‘ o
~, O 3 ~ O ~ ~
25303 // (20 iRdoat + 252)\// O ¢, |02 der it
» 371 » a’ﬂ
~ O ~
—8sA // £\t 2 do at
> a’ﬂ
§C<// e*25&|G|2dmdt+s)\// E||Av| da dt
Q Q

+5oA // E3|? da dt + sA? // ,§|v1;|2dxdt>,
w’x(0,T) w’x(0,T)

for any A > C(Q,w) and any s > C(€, w)e* 7l (T7 4 T8),

2
(VY + Vi) - n)yy - dodt
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Step 3. Last arrangements and conclusion.
In this paragraph we will combine the inequalities obtained in steps 1 and 2 ((61) and (72)). Firstly, we deal
with the integrals on the boundary. Then, we will eliminate the local term of Vi (and V). Finally, we will
turn back to the original variable ¢ and we will deduce the inequality (47).
Let us thus study the terms on Y. To this end, we set some relations which will be useful in the sequel,
namely:
Vit = e (V' 4+ sAVR2&p?)
Vi = e (V' = sAV’6y')
These come directly from the fact that

} on Y, fori=1,...,N.

E=¢ a=a and Y =1 onX.

Consequently, since we have ¢ - n = 0 on X, we obtain

o 0
Vi -n=e 5 (V@ ‘n+ s)\a—zlggo) , Vi-n=e*(V'-n)

~ O ~
Vi = e <w o sA%%fgo) V= e (V).

Let us start computing 247 + 2A;:
2A1 + 2;11 = 2// (VY + V%p) “N)pg -y dodt
b

+2 //E((w? + V) - n)ig - do dt
0

=2 // e **(Vy -n+Vip n+ s)\%infcp)tg (€7 ) do dt
by

o 0
+2 // e **(Vy-n+Vip-n— s)\i&p)tg (€7 %) dodt
b

on
=2 // e (Ap) - (e7% %) do dt
by

< CHAHHU%W(H*3/2+N/2+24)He_w*90||§{<1+/z>/2(H1/2—/z)-

To prove the last estimate, it suffices to realize that the product of two functions, one of them (e*m* ©) belonging
to the space H(1+0/2(0, T; H/2-¢(9Q)N) and the other one (A) belonging to H(1=9/2(0, T; H=3/2+N/2+20(g() N,
is actually in
HU=O2(0, T H-/2H(09)).
Here, we have used the hypothesis (9) (observe that (9) implies that the previous norm of A is finite) and the
fact that a|x(z,t) = a*(t) (see (44) above).
In order to estimate the last expression, let us introduce the function p* = e~ . It verifies:

—p; =V (Dp*) =G" in Q,
" n=0, (D" -n)y+ (Alz,t)p" )y =0 onX,
o (-T)=0 in Q,

with
G"=e°" G—(e7° ).



NAVIER-STOKES WITH NONLINEAR NAVIER-SLIP BOUNDARY CONDITIONS 527

For this system, one can perform a similar proof to that of Proposition 1.1 (using Lax-Milgram’s lemma instead
of a mixed problem) and obtain a the corresponding estimate equivalent to (18). Besides, the interpolation
inequality (36) tells us that the term

ll¢* |‘?{(1+2)/2(H1/24)

can be estimated in terms of its norm as a strong solution (i.e., ¢ € L? and ¢* € L?(H?)). More precisely, we
have

* * ¥/ * *
e 30 0r2(mia-ey < Cloi I oy 197 12ty < CUlREIZ20pn + 0% 1T2¢ar2))-

Let us now use estimate (18). This yields
e X 2 e X e X
e Gl srrs2 gg1sm o) < CeCTIAIB (L4 [AIE) (e G2, o pn + e NglBugn)-  (73)

Similarly to (55), we find
o | < CTAIM = ()7,

Consequently, we obtain from (73)
24, + 24, < CTIAIR (1 4 || A]3) (// e 25|GP da dt + 2 = 72 // e2m£5/2|<p|2dxdt).
Q Q

Choosing A > CeCTIAlIE (1+[|A|%) and s > Cen’ll (T® + T?®), we will be able to absorb the last term, while

the first one is bounded by
)\// e 25| G| da dt.
Q

Additionally,

B _ 0
2B+2F1+2B+2F1:74s>\// g%i|w~n+vtw.n|2dadt
) n
o’ o - T2
+ 4sA E—IVY -n+ V¢ -n|*dodt
> 071

012
i71652>\2 // 672501 ai
b

(Vgp~n+Vtga-n)tg ~pdodt.

on
Moreover,
2F + 2E1 725)\//5 |Vz/;|2dadt 25)\//5 V|2 da dt
= 8522 // e s l (V- n)yy - pdodt.
5 0
Besides,

= on° t o’ _ - t7
2F51 + 2E51 = 4s)\ E—V¢:V'ydodt —4sA E—V¢: Vipdodt
» an ) 371

012
:1682)\2 // 67250152 ai
b

on

(Vip -n)iy - pdodt.
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Then,

_ 0
2F241 + 2E041 = *4S>\/ §%(V1/) n) - (V% -n)dodt

+4s A//g ) (Vi - n)dodt

2
852)\2 // 7250452

o 0
77 (Vip -n)iy - pdodt.

For I; and I~1, we have

0

o6 +2I) = —4s)\2 / / 87’
0

— 45)\? // 677

o O
_ )\2 —2sa ¢ |

8s //Ee f‘ n

2
(VY + V') - n)ig - dodt

2
Vlz + thﬁ) ‘N )tg - Y dodt

2
(Ap)ig - pdodt.

Finally, we observe that

Hlifﬁl, Klifkl and R1:7R1.

As a conclusion, an addition of the boundary terms in (61) and (72) yields an expression that can be bounded
as follows:

C<52)\2|A|§0// e*2m52|<p|2dadt+A// e25a|G|2dzdt> +es3\4 // e 25 ¢3|p|? da dt,
by Q Q

for a constant ¢ = £(€2,w) > 0 small enough and where we have taken A > CeCTlI4I% (1 + || A]3) and s >
CletAln’ll (T + T3).
A simple computation proves that the first term can also be absorbed. In fact,

_ 52)\2 // 6725a§2v,’70 . v|80|2 dedt = 32)\2 // 6725a§2
Q )

onY

+ 52A? // V(e 222) . Vn°lp|? da dt,
Q

SO

52\ // e 25¢2|p|? dodt < C <53A?/ e’25a§3|ga|2d:cdt+s)\// eQSa§|V<p|2d:cdt>,
) Q Q

for s > CT® and \ > C.
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Consequently, if we take s > CT® and A > C(1 + || A||w), we find the following from (61) and (72):

M1 Z2gyv + M2 72(gyv + ||M31;||2L2(Q)N + HM“;H%?(Q)N

3)\4 3 2 c31.7.12 )\2 2 g 712

+s //Q@ 2 + SN dwdt + s //Q<«s|vw| +EVOP) dudt

+52)\2//Ee_2w§2|90|2d0dt§C<)\//Q(e_2sa+e_28d)|G|2dxdt
+sA ElY||AY| + E|Y||AY]) dz dt
s//Q<||| |+ €[] AG) dz

2 9 B -y
= //W,X(QT)(&W +E[VOP) drdi
3)\4 30,12 =3, 719 dzd
+s //wlx((m(é [ + &34 da t)’

for any A > CeCTlAlR (14| Allo+]|All%) and any s > CeMn’llee (TS T8). Recall that P C L () continuously,
so it suffices to take A > CeCTI4IP (1 4[| A]3).

The next step will be to eliminate the local terms of V¢ and V) as well as the terms of [¢)||Ay| and ||| Ad).
To this end, we are going to add integrals of A and A”l[) in the left hand side of (74). This will be done taking
advantage of the presence of M1 and M3, Indeed, from

Aty = —Myap — s2X2| VP 2624 — sauyp — sAE(VVRY - ) — sA2VnPE(yVnP)
and
A = — Mz — 22|V 220 — scuth + sAE(VVL - ) — sX2VnPE(pVnP),
we find
€AY + AP dadt
s / /Q (€A + €A de
sc( M+ €M s)?) da dt
s / /Q (€ Tl + €\ [T50P) da
+3)\4 §3w2+£3’l;2ddt
[ @+ ) ar
44T (13/2)M|7° ]| 0 53/2 ¢2+§~3/2 1;2 da dt
ST //Q (€[] [D[2) da

+s)? //Q(ﬁlll)l2 + %) da dt 4 s\* //Q(g|¢|2 +§~|l/~1|2)dxdt) '
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Here, we have employed the bounds of o and &, given in (55) and (66), respectively. As a consequence, taking
again A > C and s > Ce Ml (T +T%), we deduce from (74) that

Mw22 ~ M1;22 ~ 3)\4 £3w2+531;2ddt

T2 0y + [FTa ]2y + 5 //Q< 2 + E[%) da

+5A2 EIVY)? + €|VY)?) da dt

o [ @@vur + v az

+51//Q(51|A1/)|2+£1|A1[)|2)olgsdt+52A2 //Ee*25a52|¢|2dadt
§C<A//Q(e2m+e25&)|G|2dxdt (75)
+5A ]| AY| + ||| AD]) da di
o [ etvlav + liagh

)\2 2 & 712 dzd
et [ v v dear

3)\4 3 2 £31,7,12 dzd .
e [ R e t)

Similar computations lead to an estimate of the term
s [ € &P e
Q

in terms of the left hand side of (75), so it can be added there as well.
On the other hand, we have

o [ /Q (EllAg] + EDIIAG]) ddt
<o [[ @k + @lipyarar st [[ @ lavp 1 AR ar).
Q Q

This tells that the second term in the right hand side of (75) can be absorbed provided that we take A > C.
Therefore, we obtain

3)\4 3 2 ~3~2dd )\2 2 ~ ~Qdd
s //Q<£ W[ + 812 da dt + s //Q(aw L EVOP) dedr
st / /Q EH (el + 1AYP) + E (G + |AD)) da e

+52\2 // e 2522 dodt < C ()\ // (72 4 e 2%)|G* dz dt (76)
) Q
4522 // (&|VY[2 + £V |?) da dt
w'x(0,T)

3)\4 3 2 £31,7,12 dzd
e [ R e t)

for any A > CeCTlIAlF (1 4 | A]|%) and any s > CeM Ml (T6 4 T8,
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Let us now operate with the local term in V¢ (analogous computations can be performed for V"l[)) For this,
we introduce a function p € C?(Q2) such that

p=1inw’, suppp C wo.

(remind that wy was introduced in (49)). Then,

s\ // EIVY|? dedt < // pE|Vep|? da dt
“)IX(OvT) wo><(0,T)

= —s\? : dzd
o / e ST VO

—s\3 0. dad
[ o POV dza

—s\2 // pEAYp dadt < C <>\2 // |Vep|? da dt
wo % (0,T7) wo X (0,T)

s2A4 // Ely[? dzdt + *X* // &y)? dz dt
wo % (0,T) wox(0,T)

+ss*1// EHAY|* dadt,
ng(O,T)

for a positive constant e = £(£2, w) small enough.
Furthermore, from the definition of the weight functions (see (44) above), we find

e e < Y <[y inQ.

Combining all this with (76), we get

33)\4// £3|w|2dxdt+s)\2// £V de dt
Q Q

et [ € b+ 80P dra 202 [ oo amar (78)

<C (A// e 25 G2 drdt 4 s3\* // §3|w|2dxdt> ,
Q wOX(O,T)

for any A > CeCTlIAlF (1 4 | A]|%) and any s > CeM Ml (T6 4 T8,
Finally, let us go back to the original variable . For the moment, we have

33)\4// e 2 pl? da dt + sA? // EIVy[* dedt

Q Q

st [ e+ 1aep arar+ 23 [ ereeof ana (79)
Q %

<C )\// e 2% G2 dadt + s3A\* // e 2532 dadt |,
Q wox(0,T)
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for A > CeCTIAIR (1 4 |A]|%) and s > CeMn’llee (T6 4 T8, Next, from the expressions
Vi = ™ (=sAV° &y + Vi),

Ap = e (N2 |V° 262 — 2sNE(V V) + A — sAAR €y — sA?|Vn° 2€y),

and

we find the following estimates:

sA? // e25a£|V<p|2dxdt§C(s3)\4// E3* do dt + s\? // §|w|2dxdt),
Q Q Q

5—1// e_2$o‘§_1|Aap|2dxdt§0(53)\4// 3| dz dt + sA? // £V de dt
Q Q Q
+s—1// §_I|Aw|2dxdt++3)\2// £|w|2dxdt+s)\4// §|w|2dxdt)
Q Q Q

3_1// e_25a5_1|<pt|2dxdtSC(3T2e4)‘||770|oe// 53/2|w|2dxdt+s_1// 5_1|wt|2dxdt).
Q Q Q

Now, it is not difficult to see that the bounds of these three terms can be estimated by the left hand side of
(78) if we take A > C and s > C’e””"oHW(T7 +T%). As a conclusion, these considerations and the inequality
(79) provide the desired estimate (47), namely:

53)\4// e 25¢3|p)? da dt 4 s\ // E|Vap|? da dt

Q Q

+s—1// 5_1(|wt|2+|Aw|2)dxdt+32>\2// e 25¢2|p|? do dt
Q b

<C )\// e’25a|G|2dxdt+s3)\4// e 250832 dadt |,
Q (.UUX(O,T)

for A > CeCTIAIR (14 ||A]13) and s > C(Q, w)etXn’lle (T6 4 T8),

and

Remark 2.2. The computations made in the last step of the proof of Proposition 2.1 prove that, under the
“natural” assumption on A to be an uniformly elliptic matrix function, a positive boundary integral comes out
when combining all the boundary terms appearing in (61) and (72).

2.2. Carleman inequality for the Stokes system

In this subsection and as a consequence of inequality (47), we will deduce a Carleman kind estimate for the
system (11). This will serve us to prove the null controllability of system (2) in the next section.

Proposition 2.3. Let us suppose that a and b satisfy hypothesis (7) and A satisfy (8)~(10). Then, there exist
three positive constants A, § and C depending on €2 and w such that,

I(S, )\HP) < C(l + T)515/2)\8/ e74s&+2sa*é\15/2|(p|2 de dt (80)
wx(0,T)
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T X all? 2 2 10/3 10/3 10/3 10/3 10/3
for any A > AN NellzeHIIEHIATE ) (14 ||a]|22"® 4+ []1387° + lael| 2 5 + 10el| 22y + AN + AN 221

any s > 568)‘”770”0°(T4 +T8) and any ¢° € H, where ¢ is the corresponding solution to (11). Here, we remind
that the definition of I(s, \; ) was given in (48).

Proof. Let us remark that this proof follows the same ideas of the Carleman inequalities for Stokes systems
with Dirichlet conditions, which have been proved in [8,13].
We start applying inequality (47) with a right hand side

G=-V7r+(a,V)p+ Dyb.

This yields

I(s, M) < | s3\* // e 283 o de dt + )\// e 2| Vr|? da dt
wOX(O,T) Q

(a2 + b)) / / e-28a|w|2dmdt> ,
Q

for A > CeCTIAIR (1 4 [|A]13) and s > st "l (T6 4 T8),
Now, we take A > C(||a|%,+|b||2,), so that the last term can be eliminated using the term in sA2 of I(s, \; ¢).
Consequently, we have

I(s,\;0) < C | s34 // e’25a53|<p|2d:cdt+>\// e 2%|Vr2dadt |, (81)
(.UUX(O,T) Q

for any A > CeCTIAIE (1 4 ja||Z + [|b]|% + || A]%) and any s > Ce*AIn’l= (76 4 T8),

The next step will be to localize the pressure term. This will be made by means of an elliptic Carleman
inequality which has been proved in [14]. Indeed, let us take the divergence operator in the equation verified
by ¢. Then,

An(t) =V - ((a,V)p+ Dpb)(t) in Q a.e. t € (0,T). (82)

We see the expression in the right hand side as a H ~! term and we apply that result. Thus, there exist two
constants 7 and A greater than 1, such that

/Qe2T’7|V7T(1f)|2 dz + 72)\? /Q 22| (t) | da

<C (T<||a||§o + [bl12,) /Q V() da + 72 (1) 22 00

+72)\2/ e2”7772|7r(t)|2dx+/ 2V (t)|? dx),
w’ w’

for 7 > 7 and A > \. Here, the function 7 is given by
n(z) = M@ i Q

for each A > 0. We remind that the function 7° was introduced in (45).

Let us now set
s

T AT 1)
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and multiply the previous inequality by

2l
exp 725#1(1—‘7—'6)4 .

Then, an integration in time gives
// e 2| V|2 da dt + 52\ // e 2%¢2 |2 da dt
Q Q
<0 (slal2 + 10122) [[ e>=vii azar
Q

T *

+81/2/0 o~ 25 (g*)l/QHﬂ-(t)H%{l/?(aQ)

+52)\2 // e 25022 da dt
w' % (0,T)

+// e 2 YVr|2dadt |,
W' x(0,T)

(83)

for A > C and s > CT®. We remind that the definitions of a* and £* were given in (44). Observe that taking
A > C(|lal|% + ||b]|2,) and s > CT?, the first term in the right will be absorbed when combined with (81). On

the other hand, let us introduce the following functions, in order to estimate the term of the trace:
8'5: 81/467504 (5*)1/4507 7= 81/467504 (f*)1/4’/T.

They verify

_()Bt - A()B - (a(.ﬁ,t), V)()B - D(;Bb(.f,t) + v%
= (st (€ () in Q,

V - (;5 =0 in Qa
p-n=0, (0(@,7))tg+ (Alz,t)P)tg =0 on X,
SZ('; T) =0 in €.

Let us first watch ¢ as the weak solution to (84). In particular, it satisfies

~ al|? 2 2 —sa™ [¢x
B2z < TN AIAR) 514 050" () A g

Applying now Proposition 1.1 and taking into account that P C L®(£2) continuously, we find

722511 < CeCTUalZHIbIZ+NAIE) (1 41| Al%)

X (14 [la)% + [[b2)s> 2T 2\ Il //Q e 2 ()32 d dt.

(84)



NAVIER-STOKES WITH NONLINEAR NAVIER-SLIP BOUNDARY CONDITIONS 535

Plugging this into (83) and taking A > CeCTlal%+II+IAIE) (14 ||a||2, +|b]|2, + [|A]|3) and s > CeSMIn o4,
we get

// e 25| V|2 dadt + s2)\? // e25a§2|7r|2d:cdt§C<s(||a||§o+||b||go)// e 25| Vop|* dx dt
Q Q Q

452\ // e’25a§2|7r|2dzdt+/ e25a|V7r|2d:cdt> +es3\t // e 25283 |2 da dt,
w'x(0,T) w'x(0,T) Q

for a small positive constant (2, w).
Combining this with (81), we have

I(s,\;0) < C | s3\* // e 250¢3|p|? da dt
WOX(O,T)

+52X\3 // e’25a§2|7r|2dacdt+)\// e25a|V7r|2d:cdt)
w'x(0,T) w'x(0,T)

for A > CeCTUallZHIBIL+IAIR) (1 4 [|a||2, + ||b]|2, + |A[|3) and s > Ce8Mn’llee (T4 4 T8).

The last task will be to bound the local terms involving the pressure. To do this, we will follow the same
ideas developed in [8], so we may sometimes give few details along the proof. Indeed, let us take the pressure
7 to satisfy

/ 7(t)de =0 a.e t €(0,T).

Then, by virtue of Poincare-Wirtinger’s inequality and the definition of & and E (see (44)), we find

52\ // e 2522 dz dt < s2\3 // e 202 12 de dt
W' % (0,T) W' % (0,T)

< Cs*\3 // =202 |V |? da dt,
W' x(0,T)

for some positive constant C(Q,w).
Moreover, from the differential equation in (11), we have

V7 =i+ Ap + (a(x,t), V)p + Do b(r,t) in Q,

which connected with (86), gives

I(s,\; @) <O [ s\ // e 25¢3| |2 dw dt
wo X (0,T)

+52\3 // e_QS&?|<pt|2d:E dt
w’x(0,T)

+52\3 // e*QSa?|A¢|2dz dt
W% (0,T)

5203 (Jall2, + [b]12,) / / RVl do dt> ,
w’x(0,T)

for A > CeCTUallZHIBIZAIAIR) (1 + (a2, + ||b]|2, + ||A]|3) and s > Ce8Mn’llee (T4 4 T8).
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Let us denote R o
0(t) = sA®/2e W (1)

At this point, we use a local estimate of Ay proved in [8] (see step 4 in the proof of theorem 1), namely:

J[weseraascasn ([ @per i
w’x(0,T) wo x(0,T)
s[RI + Db+ |<,0|2)dxdt> |
UJ()X(O7T)

Let us combine this inequality with (87). We obtain

I(s,\;o) <C(1+T) <54A4T2e4”"0”°" // e 20E/2| 2 dz dt
W' x(0,T)

+52\3 // o) e 72502, 2 du dt (88)
w’x (0,

23 (all2, + 1B]1%) / / B2V do dt) ,
w1 X(O,T)

for A > CeCTUallZHIBIZLAIAIR) (1 + [|la||2, + ||b]|2, + |A[|3) and s > Ce8Mn’llee (T4 4 T8).
It only rests to estimate ¢;. For this, we integrate by parts with respect to ¢:

. 1 . A
s2\3 // 0202 2 da dt = =5°A\3 // (672502 || da dt
W' x(0,T) 2 W' x(0,T)

—52\3 // 2020 gy da dt. (89)
w’x(0,T)

It is not difficult to see that (6’255‘82)” is a function bounded by
CS2T2€—2saEQ/2.

On the other hand, let us apply Holder’s inequality in the last term:

s2\3 // e*QSagcp cpgedrdt
w'%(0,T)

(90)
< [ s'%/2)3 // e74sa+2m*gfl5/2|g@|2dxdt + // 107 *|ow | dadt |
w'%(0,T) w' % (0,T)
where we have denoted
0* = 577/4)\716750[*277/4.
Let us now introduce the functions u = 0*p; and h = 0*m,. They verify
—uy — Au — (a(x,t), V)u — Dub(z,t) + Vh =G in Q,
V-u=0 in @,
N o)

u-n=0, (c(u,h) n)y + (A(z,t)u)yg = —0*As(x,t)p on X,
u(-,T)=0 in Q,
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with
G=—-0;p:+ 0" (a1, V)p+ 0"Dypb,.
The idea we develop now was already presented in Proposition 1.1, but in a different way. On the other hand,
we will keep an explicit dependence on the coefficients a, b and A.
We first define u as the weak solution of (91). In view of (20), it suffices to have G € L?(0,T; H=1(Q)") and
0* Ay € L2(0,T; H-'/2(0Q)N). We already have that ¢ is a strong solution, i.e.,

o€ L2(0,T; H*(Q)N)n HY (0, T; L*(Q)N).

Then, the hypothesis (7) on a and b and (10) (on A) readily imply that G € L2(0,T; H-Y(Q)") and that
0* Ay € L2(0,T; H-'/2(0Q)N). Moreover,

CT(|lallZ +blI5 +I1AlI3

[ull 220y < Ce VG 21y + 16" Acpl T2 (gr-1729)- (92)
( )

Next, we see u as the strong solution of (91). By virtue of Proposition 1.1, we must verify that G € L?(Q)"
and 0* Ayp € HI=9/2(0,T; H=V/2(0Q)N) N L2(0, T; HY2(0Q)N).

Let us first show that G € L?(Q)". The only terms to study are 6*(a;, V)¢ and 0*Dpb;. Since u €
L2(0,T; HY(Q)N), we have 0*Vy € H(0,T; L2(Q)N*N). This, together with 0*Vp € L2(0,T; H*(Q)N*N),
gives (see [21] for more details)

0"V € L=(0,T; HY/2(Q)N*N),
Then, (7) readily yields 6*(at, V)p € L*(Q)N, 0*Dpb; € L?(Q)" and

10 (ar, V)l T2 qyn + 10" Do bellTa v < ClllarlTa(pry + 10t L2r)) (1070l 2 g2y + 107 @120y + ullF2r))-

Moreover, from (92) we have 0*p € H'(0,T; H'/?(0Q)") which combined with (10) gives
0 Ao € HO=O/2(0, 7 H2(9Q)N) ¢ HA=9/2(0,T; H =12 (8Q)N)
(v2 was defined in the introduction) and
10" Aol Fra-o/2 (gre-12y < ClAN o012 (v y (107 U7y + Nl Zagan)-

Additionally, from 6*¢ € L?(0,T; H*(Q)N)NH' (0, T; H*(Q2)N) we find that 8% belongs to H/4(0,T; H>/*(0Q)N).
Thus, using 4, € HA=9/2(0,T; H/2(09)N*N) (deduced from (10)), we have 6* Ao € L?(0,T; HY/?(0Q)N)
and

||9*At‘P||%2(H1/2) < CHA||§{<34>/2(H1/2)(HG*SOH 22y t 1167 90||L2(H1) + ||U||%2(H1))-
As a conclusion, we deduce that (in particular)

we HY0,T; L2(Q)N)

and
2
[llFapay < CeTIANE L+ |AID) (L + AN 002 grva)

X(HG”22(Q)N + ||(a,V)u||i2(Q)N + ||DUb||%2(Q)N + ||9*At90||?{(17@)/2(1{@71/2)
+||9*At<P||L2 H1/2) ) < CeCT”AH%’(l + | All5)(1 + ||A||§{(3—e)/2(Hvz))

X [(1 +llaclZagpry + 10el 22 105 el 2 opn + 10 @I 2 g2y + 165 01T 2 1y
HlullZagy) + (lallZ + 10IE) Nl Z2( ey + 1A 002 prvay 107 Pl 2 ar)

Hlullg gy + 10701172 gr2)
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Combining this with (92), we obtain

2 2 2
||9*90tt||%2(Q)N < CeCT(IIallooJerllooJrllAllp)(1 +[|A|l%)
(L4 A2 o)) (1 F llalZ + 1B11% + ladliZ oy + 1061210
+||A||§{(3—é)/2(Huz )(Het‘PtH L2(Q)N + ||9*90|| 2(H2) + 1107 ‘PHL? Hl))
. 2 2 2 10/3 10/3 10/3 10/3 10/3
Taking now A > CeCT Ul I HIAIR) (14 af| 3 *[b]1 23 ) v laell 12 5y + 1Bl 225y FIANDHI AN b2 g0y

we have )
16" ‘Ptt”L?(Q)N < OX*(||67 Sat” 2o T ||9*90||L2(H2) + 167 50||L2(W))

< O\2 ()\_2T25_3/2e4”\|"0”°" // e—QSa*£—1|%|2 de dt
0 (93)
+)\72T2573/264)\”7]0Ho® // 672sa*gfl|vw|2 dedt + ||9*§0||i2(H2)> )
In order to estimate the last term, let us set (@, 7) = 0*(¢, w). They fulfill

—pr — Ap — (a(x,t), V)P — Dob(x,t) + VI = —05p in Q,

V-2=0 in @,
9/0\' n =0, (0—(527 7?) : n)tg + (A(:L'at)@)tg =0 on ¥,
o, T)=0 in Q.

Similarly as we did in (85), we find:

1Bl 12y 2y < CeCTUalAIRISFIAIR) (1 1 || A1) x

X(1+ flalls, + IBIZ)N0; 12 )
< GOt AP HIAT (1 ||A||p><1 + llal% + 1pl%) %

s 3/2\ 22 AN oo // ~250" (21|12 dz dt.

Taking A > CeCTUalZHIbIZ+IAIE) (1 4 ||al|2® + 6|22 + || A]%) and s > Ce8Mn"l (T4 + T#), we obtain
from (93)

10 pullisiqr < o7 ([ 2 E ol + [Vl + lof?) et
Q

for a small positive constant (2, w).
Once 0* ¢y has been bounded, we come back to expressions (89) and (90) and we deduce

82)\3 // e—2sag|@t|2 dzdt < C 815/2)\8 // e—4sa+2sa*é\15/2|(p|2 dx dt
w’x(0,T) w’x(0,T)

/ / e 250" E (|2 4 [Vpf2 + IsOIQ)dxdt) ,
Q

for

2 2 2 10/3 10/3 10/3
A > CeCTNelloot W HIAIE) (1 4 1|a)| 2072 + 612572 + llaell 2 5y + IBell 25y + AN + 1Al 2y

and s > Ce8A Il (T* +T8).
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Therefore, by virtue of (88), we find (see (48) for the expression of I(s, A; ¢))

I(s.Xi9) < CL+T) <sl5/2x8 J[ gz
w’ % (0,T)

(94)
5 (Jal + B2 [ [ e%a«?ﬂwﬁdxdrﬁ) +el(s,Xig),
wOX(O,T)
for
2 2 2 - P
A > CeCT el I HIATE) (1 4 1|a)| 3972 + 613572 + llaell 125y + IBell 2 ey + AN + 1Al 2y

and s > Ce8A Il (T* +T8).
Finally, the last term can be eliminated, first using a cut-off function p € C?(@) with

p=11in wg, supp p CCw
and then the term

st // e 2 A p|? da dt,
Q

appearing in the expression of I(s, \; p) (as we did in (77)). Indeed, we have

N3 (lall2 + [b]2) / / eS|V drdt < 5! / / e 20" 1 Apf? d dt
ng(O,T) Q

CN(alll+ pI&) [[ e PP daat,
wx(0,T)

for a small positive constant £(€2, w). From this and (94), it easily follows inequality (80).
This ends the proof of Proposition 2.3.

3. LOCAL NULL CONTROLLABILITY OF THE NAVIER-STOKES SYSTEM

In this section, Theorems 0.1 and 0.2 will be proved. In a first paragraph, we will provide the proof of the
null controllability result for system (2), while the local exact controllability to the trajectories of (1) will be
given in the last paragraph.

3.1. Proof of theorem 0.1

Proof. Let us remark that the proof of this result follows the ideas of [3]. Let us first consider, for each ¢ > 0,
the extremal problem

1 1
inf  — t)|v)? de dt + — ||lw(T)|? . 95
o o PO ) s (95)

Here, we have denoted
p(t) _ e4sa72sa 5715/2’

where s and \ are chosen like in Proposition 2.3 and the definition of @, o* and E was given in (44). Furthermore,
w is the solution of (2) associated to v.
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Let us suppose that there exists a (unique) solution of (95) (w., ve) with p(t)*/2v. belonging to L?(wx (0, T))
The necessary condition of minimum yields

//W(OT) Joe - vdzdt + — / (T)-uw(T)dz =0 Yoe L*(wx (0,T)V, (96)

where u is, together with certain pressure 6, solution of

uy — V- (Du) + (a(z,t), V)u + (b(z,t), V)u
+(u, V)b(z,t) + VO =vl, in Q,

Vou=0 in Q, (97)
u-n=0, (6(u,0) n)g+ (A(x,t)u)y =0 on X,
u(-,0)=0 in .

Let us now introduce (¢, 7¢) solution of the following homogeneous adjoint system:

—pet — V- (Dy.) — (a(z,t), V)pe — Dpb(z,t) + Vr. =0 in Q,

V- Pe = 0 in Qa

e -n =0, (o(pe,m:) 'n)tg + (At(:c,t)gos)tg =0 on %,
1 .

goa(-,T):—gwa(-,T) in Q.

Then, the duality properties between ¢, and w provides
1
7—/w€(T)~u(T)d£L':// v+ @ dadt,
€ Ja wx(0,T)

which combined with (96), yields

// v-p.drdt = // (tyve)dzdt Vo € L*(w x (0,7))V.
wx(0,T) wx(OT)

Consequently, we can identify v,:
ve = p(t) tpely,.
From the systems fulfilled by w. and ¢., we find

@) = [ w%fdxm+3/¢4m~w%u.
wx (0,T)

The Carleman inequality (80) used for ¢, tells us that
oIy < C@w TabA) [ o) o drat
x (0, T)

SO
1
g”ws(T)“%%Q)N + ”p(t)l/QvEH%2(w><(O,T))N < Clu|} Ve >0. (98)

Consequently, we deduce the existence of a control v such that p(t)'/2v € L?(w x (0, 7)) (whose corresponding
solution we denote by w) such that (3) holds and

Hp(t)1/21)||L2(w><(0,T))N < C(Qa w, Ta a, b7 A)HwOHH
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Let us finally bound the H'(L?) and the L°(H') norms of this control. For this, let us introduce the functions
(Y, qc) = p(t) (e, me). They verify:

_we,t -V. (D¢a) - (a7 V)¢a - Dweb + Vg, = —(P(t)_l)t% in @,

Vot =0 n Q.
Ye -m =0, (0(1/15, QE) : n)tg + (At(xvt)wE)tg =0 on X,
?/Js("T) =0 in €.

Applying here the a priori estimate obtained in Proposition 1.1, we have

etz + [¥ellL () < C(Qw,a,b, A)ll(p() ™) epell 2@

which combined with (80), implies

1ozl L2 o,mn + lvellzo () < C(2,w, T, a,b, A) o) 20| L2 0,1 v
From (98), we conclude that v € H(0,T; L?(w)") and

ol z2) + ol 2y < C(Q,w, T, a,b, Ayl .
Remark 3.1. The control previously found can be constructed in such a way that it acts over the system (2) in

the form (v instead of v1,,, where ( is a cut-off function with support in w. The proof of this would be exactly
the same of Proposition 0.1 except for the corresponding change in system (97).

3.2. Proof of theorem 0.2
Proof. Let us subtract system (4) fulfilled by 7 from (1). Denoting w = y — 7, we have:

we — Aw + (wv V)w + (wa V)y + (ya V)w +Vg=vl, @,

V-w=0 in Q, (99)
w-n=0, (cd(w,q) n)y + (F@ww)y, =0, on X,
w(0) =" —7° =’ in Q,

where
1
F(g;w) :/ Vi@+w)dl € RN x RV,

0
With this notation, our goal is to find a control v such that w solution to (99) satisfies (3). This would end the
proof of Theorem 0.2.

Let us introduce the Banach space
Z ={ze HB92(0,T; H=T2(Q)N nw) n H' =40, T; W H1/2n+ L @)N nw)}

(¢, v, and v were defined in the introduction, at the beginning of the paper) and the closed linear manifold

Zo={2€7Z:2(-0)=w" in Q}.
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Then, for each z € Zy and by virtue of Theorem 0.1 and Remark 3.1, there exists a control v, € H'(0,T; L*(w)N)N
C°([0,T); H*(w)™) such that the solution w, of

wt—V(Dw)+(z,V)w—I—(w,V)@—i—(y,V)w—i-Vp:(jvz in Qa

V-w=0 in Q,

_ (100)
w-n =0, (Dw-n)y + (F(7; 2)w)y =0 on X,
w(+,0) = w0(-) in O

verifies (3). Observe that, since F' € C2(RY; RNV*N) (see (14)) and ¥ verifies (12), F(y, z) € Z for every z € Zj.
Moreover, v, can be built such that

[vallr(z2y + [0zl oo 22y < CQ,w, T, |12l 2 [1F (@5 2) | 2) [ |- (101)
Next, since the terms
(Z’ v)w7 (w7 V)y’ (y7 V)w’ Cvz
belong to
L=(0,T; H{(Q)N) n H'(0, T; L)),

they have null normal traces and w® = 3% — 7° satisfies the compatibility condition
(Du® - n)eg + (F (5 2)(a, 0)u°)sy = 0
(from (13) and (15)), we can apply Proposition 1.2 and we obtain
w, € H*(0,T; H)Nn H*(0,T; H* Q)N nW) (102)

for each z € Z.
Let us introduce the space
Z = HY0,T; H*(Q) N W) N H*0,T; H).

Observe that Z is compactly embedded into Z. Indeed, this can be deduced from H?%(Q) C W”1+1/2’”1+1(Q)
compactly (recall that 11 > 1 arbitrarily small) and

Z ¢ HB=E=eD/2(, 7, gr=t1/2te( @)y n HY(0, T; H2(Q)N)  continuously

for positive e arbitrarily small (in fact, we can even take ¢ < 1/2). This can be established by interpolation
spaces arguments.

Let A(z) be the set constituted by the controls v, € H(0,T;L*(w)™) N C°([0,T); H'(w)") driving the
solution w, of system (100) to zero at time 7' and such that (101) holds. On the other hand, let us introduce
their associated states

A(z) = {w, solution of (100) : v, € A(2)}.
Observe that A(z) C Z C Z. Furthermore, for every z € Z,

lwsllz < CQw, T, |20z, |1 F @ )l 2)l1w° | s, (103)

for certain positive constant C.
Our goal is to prove that the set-valued mapping

z— A(z)
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has a fixed point with the additional hypothesis ||w°|| gsrw < §(,w, T,¢,v). This would finish the proof of
Theorem 0.2. To this end, we will apply Kakutani’s theorem (see [2]): let

A:Zy— Zy

be a set-valued mapping such that

e A(z) is a nonempty closed convex set of Zy, for every z € Z.
e There exists a convex compact set K C Zj such that A(K) C K.
e A is upper-hemicontinuous in Zy, i.e., YA € Z/, the mapping

ZF— sup <)\aw>z(;zo
weA(z)

is upper semicontinuous.

Then, there exists z € K such that z € A(z).
The first item is readily satisfied. In order to prove the second one, let M > 0 be given and let us denote

C(M): Sup O(vavTagaV’HZHZvHF(g;Z)HZ)a

lzllz<M

where C' was introduced in (103). Then, with a choice like § = M/C(M), we have that A sends the closed
convex set ~
K={z€Zy:|z||lz < M}
in a compact set K C K. This comes from the fact that Z is compactly embedded into Z.
Let us finally prove the upper-hemicontinuity of A. Let

2z — 2z in Z.
From the compactness of A(zy), we have that

sup (A w)ziz = (N wk)zz
weA(zk)

for certain wy € A(zy). We choose {zx } C {2z} such that

limsup sup (\w)ziz = lim N\ wp)zz
k—oo weA(zy) k! —o0

and denote by vy the controls belonging to A(zy/) associated to wys, so that they fulfill the system

Oywyy — V- (Dwyr) + (zxr, VIwgr + (21, VY + (U, V)2i + Vprr = v ¢ in Q,

V-wp =0 in Q,
w - =0, (Dwp - n)ig + (F(Y; 20 )wi )eg = 0 on X,
wy (+,0) = wo(") in Q.

Then, using F(zx/) — F(2) in Z, estimates (103) and (101) and Z c Z, we find (at least for a subsequence)
wy — w* in Z

and
v — v weakly in H'(0,T; L*(w)™) N L>(0, T; L*(w)™).
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It is not difficult then to deduce that v* € A(z) and w* € A(z). Hence,

lim sup (Mw)zz=Nw")zz < sup (\w)zz,
k' =00 e A(zy) weA(z)

as we wanted to prove. U
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