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STABILIZATION OF A LAYERED PIEZOELECTRIC 3-D BODY
BY BOUNDARY DISSIPATION

BoRris KAPITONOV!, BERNADETTE MIARA? AND GUSTAVO PERLA MENZALA?®

Abstract. We consider a linear coupled system of quasi-electrostatic equations which govern the
evolution of a 3-D layered piezoelectric body. Assuming that a dissipative effect is effective at the
boundary, we study the uniform stabilization problem. We prove that this is indeed the case, provided
some geometric conditions on the region and the interfaces hold. We also assume a monotonicity
condition on the coefficients. As an application, we deduce exact controllability of the system with
boundary control via a classical result due to Russell.

Mathematics Subject Classification. 35Q99, 74F99, 35B40.

Received July 3, 2004. Revised January 4, 2005.

1. INTRODUCTION

The quasi-electrostatic equations are perhaps the most standard model for piezoelectricity. Here we consider
the evolution problem of a piezoelectric structure whose 3-D displacement field v = u(z,t) = (uy,u2, u3) and
scalar electric potential ¢ = ¢(x,t) is given by a model on a bounded domain  of R?® with smooth boundary
00 = Sy USy. Here Sy and S; are two disjoint closed surfaces and the system read as follows

uge — div T (u, ) =0

i in Qx (0,400 1.1
—divD(u, ) =0 (©, ) (L.1)

where u is the mechanical displacement and ¢ is the electric potential. Some classical references where such

models were deduced are [5,6]. From now on summation convention with respect to repeated indices will be used.

In this quasi-electrostatic piezoelectric system T'(u, ) is the mechanical stress, D is the electric displacement
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and T and D satisfy the constitutive equations

g P
T (u, gp) = Cijke Ekg(u) + €kij 0—.;2

Di(u, (,0) = —€;k¢ Ekg(u) + dij 3_50

Ly
where the stress tensor T' = (T'%) and the electric displacement D = (D?) are related to the linearized defor-
mation tensor e(u) = (g;;(u)) whose components are given by exe(u) = %(g—;‘: + %) The 4th-order elasticity
tensor (c;jre) is symmetric and positive, the 3rd-order coupling tensor (eg;;) is symmetric and the 2nd-order
dielectric tensor (d;;) is symmetric and positive.

In this article we prefer to rewrite the coupled system (1.1) in a more convenient form which will make
more transparent our discussion of the so-called transmission problem. Let A; = [exs], D(z) = [dre(x)] and
Ay; = [a})] be 3 x 3 matrices where a}, is given by

agy = (1 = 0indjk)Cikjn + Oirdjn Cinjk
where §;; denotes the standard Kronecker delta. In these notations we have that

. 0 0
div {Ak a—;k} = 3_:EZ {eiM Eké(u)}

0 0 Op Op Op
L {A* = e e 9P
8:@- { ¢ VQD} 8:E]- {ekl] 8mk 1 Oh2] 8xk  €k3] 8mk }

and

0 ou 0
oz {Aij 8—933} = a—xj{cukhEkh(UL Co2jkh€kh (W), C3jknErn(u) }

where V denotes the (spatial) usual gradient operator.
Using the above notation we rewrite system (1.1) in the form

0 Ju . B
Ut — _ém- {Az‘j oz, + A V‘P} =0 (1.2)
) 0
div {Ak a—xuk - Dch} =0 (1.3)

in @ x (0,400). In (1.2) Af denotes the adjoint of A;. As we mentioned above we are concerned with a
transmission problem associated with system (1.2)-(1.3): we assume that the bounded domain Q = Oy\O;
where Oy and O; are open bounded domains with @7 € @y where @1 denotes the closure of @1, 00y = S
and 001 = S;. Let us fix an integer n > 1 and k = 1,2,...,n. For each k, let By be an open subset with
smooth boundary and such that Oy C By C Oy, Bj C Biy1. We set Qg = B1\O; and Q = By \By for
k=1,2,...,n—1. Also Q,, = Op\B,..

We consider problem (1.2)—(1.3) with initial conditions

u(,0) = uo(a),  up(w,0) = us (x) (L4)
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FIGURE 1. n=1.

FIGURE 2. n =3.

and boundary conditions

(A Ou - + A*V(p) 7 +a(x)us =0 on Sy x [0,+00)

iJ a (15)
=0 on Spx[0,+00)
(A ﬁ—DV). =0 on S; x][0,+00)
k ) Th ® n= 1 ; (16)
u=0 on S x[0,+00).
From now on the dot e denotes the usual inner product in R3.
Finally we require the transmission conditions
-1
D(m—l)vw(m—l) o Alau(m ) o= (m)Vw(m) aU(m) o7 (17)
¢ 8332 al‘z
wm=1) = (M) (p(mfl) — sa(m) (1.8)
Al 28D eggomen] - AT —— 0™ | grvpm (1.9)
K oz ; 4 = 0z; 4 ' '

All these transmission conditions should hold at the interfaces I';, x [0,+00), m = 1,2,...,n. From here on

n = (m,n2,n3) will always denote the unit normal vector pointing the exterior of By, or £ and D) Ag;n),

o™ or u{"™) are the restrictions of the corresponding matrices or functions on €,

Figures 1 and 2 illustrate simple such situations when n =1 or n = 3.

The aim of this work is to show that under suitable assumptions on the elastic and dielectric tensors such as
symmetry, coercivity and monotonicity as well as symmetry of the coupling tensor given in Hypothesis 1 and
Hypotesis 3 together with geometrical assumptions given in Hypothesis 2 a result on uniform stabilization holds
(Th. 3.1). As an application, we deduce a controllability result given in Theorem 4.1.
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In order to mention the main result of this paper we give the assumptions on the coefficients or the matrices
in problem (1.2)—(1.9):

Hypothesis 1.

1) We assume that the coefficients ¢;jre and d;; (which are the cartesian components of the piezoelectric
and electric permitivity tensors respectively) are L°°(€2) and satisfy the following assumptions
Cijke = Ckeij = Cjike,  dij = dj
dij€;& > dolé|? for some dy > 0 and any vector & = (£1,&2,&3) € R3
Cijke Ak Nij > €o Aij Aij for some ¢o > 0 and any real symmetric tensor [A;;] of order 3.
2) The 3 x 3 matrices A;;(x) = [a?é(m)] (which satisfy Aj; = Aj; due to the symmetry of c¢;jx¢) are such
that

3
Aij rier; Z C1 Z |7’Z‘|2
i=1

for some ¢; > 0 and any vector r; = (r},r2,r3) € R3.
3) The matrices A; = [ersi]3x3 are constant matrices with ere; = erir, D = [die(x)] with di; = dij(z) as
well as ¢;jke = cijre(x) are piecewise constant functions which lose continuity only on I'y,T'g,. .., T,.

4) afz) >0 VxeSy, acC(S).

Observation 1. For a linear material with Saint-Venant Kirchhoff mechanic behaviour the terms c;;is are
given by

Cijkh = A0ijOrn + p(indjn + dindjn)

where A and p are constants such that A+ p > 0 and g > 0. In this situation, item 2) of Hypothesis 1 holds
with the constant ¢; = . In fact, in this case

2 3 3
Ajjvjev; = (A +p) <Z’U) «I»MZ(%?)QE‘LLZWZ-F.
i=1

ij=1

Assuming Hypothesis 1, we consider the total energy of the structure E(t) associated with problem (1.2)—(1.9)
is given by

n (m)  Plm)
=2 / {|“§m)|2 + A5 8;7 . aauT DMy (™) o V(p(m)}dx (1.10)
7 [

Formal calculations show that for every (smooth) solution of problem (1.2)—(1.9) the following identity holds

dFE
—+2/ afz)|uPdl =0 V>0 (1.11)
dt Se

where the integral |, S a|ug)? dT means the surface integral of a|u|? over the surface Sy.

Observe that when the structure is totally clamped, that is, when S; = 0 then the energy is constant
along a trajectory. This case was considered by Miara in [14]. The main result of this article shows that the
total energy given by (1.10) decays exponentially to zero as t — +o0o provided suitable geometric conditions are
imposed on 2 and I';,, and monotonicity assumptions on the coefficients of the system. The need for the above
requirements were already noticed by Lions in [13] in the treatment of certain transmission problems. Later
on, Lagnese [10] also used those type of assumptions to prove controllability results for a class of second order
hyperbolic problems.
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Results on control or stabilization of physical systems are quite important specially in the case of systems
driven by coupled equations like thermo-elasticity (see [11]) or magneto-elasticity (see [4]). For those models be
may mention other approaches such as microlocal techniques. An easy way to check whether our monotonicity
conditions (see Hypothesis 3) are optimal or not would be to consider the case when there is no interaction in
the piezoelectric system (that is when A; = 0). In this case the potential ¢ has to be zero and wu satisfies a
wave-like equation that may be chosen to be a scalar wave equation including boundary dissipation. It is well
known (and follows from [10]) that in this situation Hypothesis 3 is optimal. In the general case, that is when
the coupling tensor (e;jx) does not vanish, the optimality of Hypothesis 3 would require further study.

There are a large number of contributions concerning piezoelectric equations and/or quasi-electrostatic equa-
tions (see [1,14] and the references therein). However, as far as we know, a transmission problem for such class
of equations was treated only for similar systems (see [7,10] and the references therein). Uniform stabilization
results for model (1.2)—(1.9) are interesting while studying exact controllability because give us an explicit
expression of the feedback control instead of the difficult computation of an exact control.

In a forthcoming article [8] we consider the case when no dissipation is included (that is, when o = 0). In
that case we obtain a “boundary observation” inequality and use the HUM to solve the exact controllability
problem.

Let us briefly describe the sections of this paper: Solvability of the initial boundary value problem (1.2)—(1.9)
in the appropriate class of functions is outlined in Section 2. This is done via semigroup theory. In Section 3
we prove the exponential decay of the energy wvia the multiplier method. At this point, we needed to assume
suitable geometric conditions on €2, the interfaces I';, as well as monotonicity assumptions on the coefficients
of the system.

We use standard notations, for example H"(2) or H?(0€2) will denote the Sobolev spaces of order r and s
on Q and 99 respectively. The norm of a vector v € R? will be denote by |v|. Given a real-valued function g
the notation |, g gdl’ means “the surface integral of g over the surface S”.

2. WELL-POSEDNESS

In this section we outline the function spaces where the solution pair {u, ¢} of problem (1.2)—(1.9) is consid-
ered. In order to obtain the main results in the next section it is sufficient to work with smooth solutions.
Let Q be a bounded region as in the introduction. In £ we consider the following problem

div(DVy) =divF in Q, m=0,1,...,n

p=0o0n Sy, DVpen=F e nonS;

M) =M on I, m=1,2,...,n

DI=Dgpm=1) o — DML ¢p = =) ¢ _ pm) ¢ pon T,

m=12,...,n

/N TN N /N
U N
z =2 =2z

where F' = (F}) is a given function belonging to [H!(Q,,)]?. By elliptic theory, there exists a unique solution ¢
of (2.1)—(2.4) which we denote by ¢ = B(F). Denote by X the real Hilbert space of pairs {u,v} of three-
component vector-valued functions such that v(™) € [L?(Q,,)]%, u™ € [H?(Q,,)]® and v = 0 on S;. The inner
product in X is given by

n

(W, W) x = / {v10v2+Aij%o%++DV6 (Ak%) V3 <Ak%> }d:c
= Ja., Oxz; Ox; o0xy oxy,
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whenever W = (uj,v1) and Wy = (u2,v2) belong to X.

define the unbounded operator A with domain D(.A) which consists of all the elements (

203

We will denote by || - ||x the norm in X. In X we

u,v) € X such that

o™ e [HY (Qm)]®, vlg =0
A”g A*Vﬂ( u) 1n; + av =0 on Sy
Tk
(m—1) _ ,,(m) (m—1) _ ,,(m)
U = L(L ,) v =0 (()n FT (2.5)
_1Oulmt oulm—1
Am-DZ g Apy——— | mi
ij axj + zvﬁ ( k al']g ) n
oul dulm)
—A™ A A conT,,
K al‘j + ng( k 8xk )771 on
m=1,2,...,n. In the domain of A, the operator is given by
0 ou . ou
A(U,’U):<’U,a_{14wa +AVﬁ( ak)})
Lemma 1. Assume Hypothesis 1 given in the introduction, then the operator A is dissipative, that is
(AW),W)x <0 VW € D(A).
Proof. Let W = (u,v) € D(A), then
Ju 0
(AW, Wy = { (v, Aij o 4 ATV u  (u, )
i O0x; 8 Tk ¥
- ou ou
= A;j Af
E/Q,,L[(axz{ i+ 49 (g ) ) oo
dv  Ou ov ou
Aji— e —+D Ap— Ap— . 2.
+ ”8933'.8931-+ Vﬁ( kafﬂk).Vﬁ( kaxk)]dx (20

Using the boundary and interface conditions we get

YIS

ou
z]a

ou

e (2

-2

)} e 3 [ e
. Ou
mzo/nm AVE (Akawk)

U d

&fcz

ov
8Ii

d:cf/ alv|*dl.  (2.7)
So



204 B. KAPITONOV, B. MIARA AND G. PERLA MENZALA

Observe that the following identities are valid

- v ou . ou v
mz_:o/gm {DVﬁ (Aka—xk) oVj3 (Aka—m) — AV (Aka_xk) . a_xi} dz
~ ou v v
ZO/Qm (Vﬁ (Aka—%) . (DVﬁ (Aka—xk) Ay 8xk)] dz

m=

n (m—1)
= Z/ Dm=Dygm=1) ( 4, v 7Ak8v endl
oo T 6 Tk 6$k

_ / {D(m)vg(m) <Akﬂ> Ap—— O ] endl

1/Tm 6$k ox

ou v 81}

-3 [ s (Aka—> {le (DW (Akﬁ)) _ div (Akﬁ) } da.

0 Oxy oxy, Oxy,

From (2.1)—(2.4) it follows that

S [ { (v (ad)e (w5 (a2))) - (i (a2 ) o 22 as o

Consequently, from (2.4)—(2.8) we obtain that

(A, v), (u,0))x = — /S alv2dl < 0.

O
Now, we consider the adjoint operator A*. It can be verified that the domain of A* consists of all elements
(u,v) € X satisfying (2.5) except that we should change a(x) by —a(x). For (u,v) € D(A*) we have

A (u,0) = = (U’g {A”aa +A*w( ‘fu’“)})

We can verify that A* is dissipative. Obviously A is closed and densely defined. It follows by a well known
criteria (see Pazy [15], Cor. 1.44) that the operator A generates a strongly continuous semigroup of contractions
{U(t)}+>0. Furthermore, for f = (f1, f2) € D(A) we have

d

SUWMF = AUWS, UO)f = f

and U(t)f is the unique (strong) solution of problem (1.2)-(1.9). Let f = (f1, f2) € X, f™ = (fl(n), fQ(n)) €
D(A) such that liril I|f — f™||x = 0. Then, U(t)f™ satisfies the following identity
n—-+oo

/OT{<U< &l )izf> +<U(t)f(n)’A*¢>X}dt=—(f(")7¢(0)>x (2.9)

where v € L%(0,T; D(A*)), 1 € L*(0,T; X) with ¢(T) = 0. Passing to the limit in (2.9) we obtain

/ ' {{vor %>X +UOLA)x e = (1. 60)x
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that is, U(t)f is the weak solution in X of the abstract initial-boundary value problem

3. STABILIZATION

In this section we prove the boundary stabilization result. The proof is based on the theory of multipliers and
it is motivated by the invariance of system (1.2)—(1.3) with constant coefficients relative to the one-parameter
group of dilations in all variables. A good reference for the use of this technique is Komornik’s book [9]. The
multipliers have to be conveniently modified in such a way the extra boundary terms appearing in the identities
can be estimated by appropriate bounds. Let g = g(x) be an auxiliary scalar smooth function on € which we
will choose later. Let us fix ty > 0 and consider the multiplier L; given by

Liu= (t+to)ur + (Vge V)u+u (3.1)

where V = (8%1,8%2,%);
dg 0 dg 0 dg 0

V9N = ony T Ouy 91y T Os O1s

and u = (u1,us,us). Let Lo the operator
0
Lop = (t+to)y 5 Vg-Ve. (3.2)

We take the inner product (in R?) of Lju with equation (1.2) and apply the operator Lag to equation (1.3).
Since {u, p} is a (smooth) solution of (1.2)—(1.9) then adding the identities we obtain

oF 0H;

i div G 4+ oz, +J (3.3)
where
9 Oou Ou
F=(t+t) ||lw|*+ Aij=— e =— + DVpe V| +2u; e [(Vge V)u+u] (3.4)
&rj 8931
G =20+t 2 {pve— 4, 2% L vgpvpev
= 0)¥ ot P k@xk g 4 ¥
ou Oou
—2(VpeVg)DVyp —2VgAr— eV +2(Vge Vp)Ar — (3.5)
8xk 6$k
Ju . Jdyg Oou Ou
and
ou Ou 0%g ou  Ou 0%g Oy Oy
—(Ag—DA; T e T g _TI 4 T g T (3 Ag) |2 2L g, S8
U ( g ) * al‘j ¢ 8931 8931,8:@ ]81]- ¢ 8:cp + (3 g)|Ut| + 8118% dJ &rj 8xk
+(1-Ag)DVpeVip+2Vpeld (A —1)Aﬂ—872g14 O (4, 2% ov\v (3.7)
g vevy 7 g "ory OOz, " ox; " oy 9y '
Observation 2. If we consider g(z) = 3 |z —zo|? for some fixed zg € R? then J = 0. In this case (3.3) will be a

conservation law. However, due to the expressions of G and H; we would require to have a definite sign for g—g-
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Thus, later on we will choose g as an “small” perturbation of 1 |z — z¢|2. Let {u,¢} be a smooth solution of
(1.2)—(1.9). Integration over €, x (0,T) of identity (3.3) and summation over m implies that

t=T
(T +t0)E +22/ u™ o VgoV)u(m)Jru(m)}dx} =1y E(0 +Z// Vi1 —Vy)dldt
t=0
T T
+/ Vndth+/ /Vodth+Z// (2, ) dadt (3.8)
0 So 0 S

where E(t) is given by (1.10), J,, = Jm(u, ¢, g) denotes the restriction of J (in (3.7)) to the region €, and

Vin =2 {(t +to)ug™ + (Vg o V)ul™ + u(m)} . { (A(m) 68 Vso(m))m}
L9 (| m2_ 4im) du™ 8u(m))
37} Ava oy — Omp
+ g—i D™ 0 V™) 4 2(t + to) o™ <D<m>w§m> — 4 a;i; > o
—2(Ve™ e Vyg) <D(m)Vgo — A aé) (:L > on—2 g—z <Ak aga(:) o ch(m)) . (3.9)

Here 2—797 denotes the normal derivative of g at © € T',,, (or Sp, S1). Next lemma tell us that the differences

Vin—1 — Vi, will have “good” sign if we choose g conveniently and assume a monotonicity condition on {Agn)}
and {D(™}:

Lemma 2. Let {u,} be a smooth solution of (1.2)—(1.9). Then, the identity

dg (m—1) (m) Au(m=1) gy lm=1) (m) Aul™  gylm=1) Hu (™) 6u(m_1)
Vine1 = Vi = — A A A —
m=t m 87){ ( ) al‘j ¢ 8:01 + K &rj al‘j 811 8:01
+ (D(m) _ D(m—l))v@(m) o Vo™ 4 D(m—l)(v(p(m—l) _ V(p(m)) ° (v@(m—l) _ v(p(m)} (3.10)
holds.

Proof. The idea is to use the interface conditions (1.7)—(1.9). In fact, direct calculations using (3.9) and the
interfaces conditions imply that

Vine1 — Vi = 2(Vg e V)(u(™™D — (™)) <A(m) agx + AV m)) s
J

(m— 1) (m—1) (m) (m)
on p B Oxg 0z, P dz, 0z,

_ (D(m—l)vw(m—l) . Vga(m_l)) + (D(m)Vgp(m) ° Vga(m))

oy lm—1) oulm)
D (Ak“aT . w“”—l)) —9 (Ak g . w<m>) }

Tk

9 ( DT 4, Qu(™)
8xk

).n(vg.w<m—1> —Vgngo(m)). (3.11)
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Now, we use the identity

g <8u(m1) 8u(m)) _dg <8u(m1) 8u(m)) _Jg <8u(m1) B 8u(m))

(m-1) _ , (m)y _ _ _
(Vg e V)(u u™) ox; ox; ox; o0x; " on on an

on an

in order to obtain

2{(Tg e Dm0 —u)} e (A<m>ag +A*V<p(m>}

g [ (Oulm=D  Gulm ( )8u
2 — AT + ArVm
an {< on an > ( 5% ’
Jg oulm=1  gylm (m) oulm
2= - Al ArVpm)
on {< Oz O > ’ < Y on; + Ve )}
(m) (m—1) (m) (m)
= 2@ A(.m) ou ° ou — A(.’,”) Ou ° ou
onl Y Ouxj ox; 9 Oxmy ox;
Qulm=1 oulm)
A; (m) _ A; (m) 4. 12
In a similar way we obtain
au(m) L
_9 (Dm)v@(m) 2 ) e {Vge Ve —Vgevym)
T
Oul™) dpm=1) gplm)
— oDy _ 4 _
( Ve ome ) Vgen on on

(m)
877 Oxy,

= QZ_i{(D(m)VSD(m) ° ch(m)) _ (D(m)v(p(m) ° Vsa(mfl))

(m) (m)
+ A ™ Velm=1 — A, ag . ch(m)}. (3.13)

oxy, Tk

From (3.11)—(3.13) we obtain the identity

(m) (m—1) (m) (m)
@ 9 A(m) ou . ou _qm ou . ou
on Y Oz ox; Y Oz ox;

Vm—l - Vm =
m—1) au(m 1) au(m—l)
al‘j 811

+ DMV (m) ¢ V(™) 4 D=1y ,(m=1) ¢ y,(m=1)

— A — 2 DM o yplm=1)

(m) (m—1)
oum Vet _ 2 4, Ou o Vip(m=1 } (3.14)
X

Using the interface conditions (1.7) it follows that

(m) (m—1)
A, ou'™ A, ou o= (D(m)ch(m) _ D(mfl)vw(mfl)) o).
8xk 8xk
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Therefore

(m—1) (m) (m) (m—1)
2 @ {Ak Ou ° Vgﬁ(m) — Ak ag ° ch(m) + Ak ag ° ch(mfl) _ Ak aua ° vcp(ml)}

an oxy, Tk, Tk Tk

dg oulm) oulm—1) _

=2—=1(4 — Ay ——— (m=1 _ yplm)
on < oy, " oy, ) * (VSD Ve )

(m) (m—1) (m—1) (m)

:2@ Akau 7Ak8u o dy Oy
on Oz, Oz, n on
ag o - agp(m71) asa(m)

— 9 (pm)y,m) _ pm=1)yy,(m-1) _
an ( Ve Ve ) *n on an

—9 g_i (D9 — Doy ¢ {7t _ gom

—9 ?{ DI Hm) ¢ Yipm) 1 DMy ¢ gD
0

_ D(m—l)vw(m—l) ° V@(m_l) +D(m—1)v(p(m—1) ° V@(m)}. (315)

From (3.14) and (3.15) we deduce that

(m) (m—1) (m) (m)
@{214(7”) ou ou ) ou ou

Vo, 1—V., = Y (r
m-t ™ on Y Oxmy ¢ ox; Y Oz ¢ ox;
_p oulm=D gy lm=1)
_ym=D) _ pmyg,m) (m)
() al’j b al,z V(,O .VSD
— DMV pm=1) ¢ yp(m=1 9 pim=1y,m=1) V(p(m)}. (3.16)

The conclusion of Lemma 3.1 follows from (3.16) observing the validity of the identities

A(m) au(m) R au(m) A(’HL71) au(mfl) . au(mil) 2A(m) au(m) R au(mfl)

7O O v O Oz; v Owj Ox;
(m=1) gy (m—1)
o 4(m=1) (m)\ Ou U
— (Aij — A ) oz, oz,
+A(m) au(m) _ 8u(m*1) . au(m) B au(mfl)
Y Oz, O Oz; ox;

and

DMV M) ¢ V(M) 4 Dim=1yg,(m=1) ¢ yy(m=1) _ gpm=1yg,(m=1) ¢ y,(m)
— plm-1) (Vga(m_l) _ vcp(m)) o (vcp(m—l) _ Vga(m)) + (D™ — pm=D)y,m) ¢ yum) [
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Let us choose a convenient function g(x): Let ®(x) be a solution of the elliptic problem

AdP=1 in
09 Vol(Q)
aon area(So) on 5o (3.17)
0 Vol(2)
on area(51 on 5
which admits a solution ®(z) € C2(2) N C1(Q). Let § > 0, zo € R? (to be chosen later) and define
1 2
g(x) =0P(x) + 3 |x — xo]”. (3.18)

n
Now we concentrate our discussion in estimating the term fOT Jo Jmdzdt in (3.8).
m=

Lemma 3. Under the assumptions of Lemma 2 Hypothesis 1 and choosing g(x) as in (3.18) we have

n T T
Z/ / Ty dzdt < 55/ E(t)dt
=00 JQm 0

for any § > 0 and some positive constant ¢ which depends only on ® and the norms of the matrices A;;, A;
and D.

Proof. The index m will be omitted in order to simplify notations. With our choice of g(z), straightforward
calculations show that J,,, (given by (3.7)) can be written as

ou 0?® ou Ou
2 2
+26{< Ou au)_ %P 8u ou %P p dp 850}

9z, * 0z )~ dny0m P 0w, 0z, | 0midzn Y Ox; Oxn

ou Ou
—5{|ut|2+A” Oz 8_:Q+Dv¢.v@}' (319)
Let us estimate each term on the right hand side of (3.19). We consider v; = 83 gxl ﬁ and € > 0, then, we

can write

ou ou 1 ou 1
_2141]8—%.’[]1——14” (\/ga—xj—f—%’l]]) [ ] (\/Ea—%—i—%Uz)

Jou Ou _
+€Awa 8$i+€ 1Aijvj.vi
<eA;; Ou Ou +€71 Aij vj e U; (320)

-_—
— 1,
J (i‘)Ij 8Ii

because A;; satisfies Assumption 2) in Hypothesis 1
Let ¢3 and ¢4 be the following numbers

920 (x)
6$ian ’

cg = max |[[A;(z)]], c4 = max
e e
ij=1,2,3 ij=1,2,3
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where ||A;;|| denotes the norm of the matrix A;;. With the above notations, we have
3
Ou
v| < C —
| z| = Z (i‘)Ij
j=1
and
2

3
|vj]
1

|Aijuj @ vi| < [|Aij]l[vj|vi| <es
i

| du ’ | ou |2
2 2
<9ecscy {; B, } < 270304; 8—%
_ Ju Ou
<2Terles 2 Ay or, * o (3.21)
where ¢; > 0 is as in item 2) of Hypothesis 1.
From (3.20) and (3.21) we obtain the inequality
0?® ou  Ou ou Ou
—26 ——— Ajj— o — < (e +27 “leged)Aij — : 3.22
Ox,0x; " Oz * Tp (E+27eer)™ esci)dy O0x; * 0x; (3:22)
Similarly, we estimate
0% Jdp Op 1

0 ———djyj — — <dey DVypeV de; D

8931893;6 “ al‘j aIL'k =08 L 90+ ‘1 w.w

for any €1 > 0 where 9; = af;q;k g—;’;, ¥ = (11, 12,13) in order to obtain
0%® Op Oy
———dy <0 9(doe1) " c5¢])DVp o V 3.23
al’ial'k 1] aCL']’ axk = (€1+ ( 051) C5C4) we VY ( )
where dy > 0 is as in Hypothesis 1 and ¢5 = ||D||.
Following the same reasoning as above we get the estimates
ou Ou
-1 2
Ay — 3.24

C6 J 8IJ d 6$Z) ( )

—20Vp e <Ak§—;; . v> Vo <3 (3e2dy ' 3DV e Vi) +6 <3(0052)

where €2 > 0 and ¢ = max_||Ag]|.
k=1,2,3

Also
ou _ _ ou Ou
26 VQO [ ] Ak- Tk S 1) <53d0 106 DVQO [ ] VQO + 366(6083) 1 A,L] 8—% [ 6xl) (325)

PR ou _
—26Vype 02,02, Ay, oz, < 5<s4 d, Leg DVyp eV
ou Ou >

+27(coes) teg R Ay — @
(O 4) R 6$j 8Ii

(3.26)

for any €3 > 0 and 4 > 0.
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From the above estimates (3.22)—(3.26) we deduce from (3.19) that

ou Ou

Ju Ou
o — ii = ®
J 6$j 8Ii

i —
J 6$j 8Ii

Im §5{C7A +08DV¢0V¢}5{|W|2+A +DV<pnga} (3.27)

where ¢7 and cg are positive constants. Integration of inequality (3.27) in €, x (0,T) and adding in m completes
the proof of Lemma 3.2 by taking ¢ = max{c7, cg}. O

From now on we fix o > 0 such that dy¢ < 1 where ¢ is as in Lemma 3.2. Thus, we will work with the
auxiliary function

1
g(x) = b @(z) + 5 |z — ol

Our next goal is to estimate the surface integrals (over Sp x (0,7) and S7 x (0,T) in (3.8)).
Now, we will impose geometric conditions on 2 and I';,.

Hypothesis 2. There exists a point £y € R? such that

Vol(€2
a) (x—xzp)en > —250% forall ze€Sp
Vol(Q2)

b — <0y —————, forall S

) (x—x0)en < Oarea(Sl)’ or a r €S

0P
c) 508—77—1—(30—300)07720 forall =zeTl,,
m=1,2,...,n, where n = n(x) denotes the unit outward normal to Sp, S1 or T'y,.

Remark 1. We note that the above assumptions on Hypothesis 2 are valid when dg = 0 for star-shaped surfaces
S1,T1,T9, ..., T, and strongly star-shaped surface Sy, i.e.

(x —x0)on >0, YVzelbS.

Moreover, if I'1,I's, ..., T’ are strongly star-shaped with respect to a point xg, then the above conditions hold
with §p > 0 for a class of domains which includes star-shaped domains.

Let A9 > 0 be such that
0
29 > Xo|Vyg| for any z €Sy
on

which is possible since g—g = do AYZ;(({%) + (x —x9) en > 0 on Sy and Sy is compact. Using the boundary

conditions (1.5)—(1.6) we find that

0 0 0 0 0
V, = —5 {alul?} - [Za(t—i—to) - a—ﬂ ug|? — 22 { Yot +DV<,00V<,0} —2aus e (VgeV)u

on | M 8—:Eq Oxyp
(3.28)
on Sp. Also
_ 0y ou Ou
Vo= a—n{(Aua—%°a—%) +(DV<P°V<P)} on S (3.29)
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Observe that
3
—20u; e (VgeVu < 2alug| |(Vg e Vu| < aeytu? |Vg| + aeoVy| <Z |VUi|2>

i=1

Ju Ou

<aeg Vgl |lue® +agoe;t|VglAi — oz, o, (3.30)
for any €9 > 0 where ¢; > 0 is as in Hypothesis 1.
Let g9 = c1 Moy * where v, = max a(x). It follows from (3.28) and (3.30) that
€S0
0
< — = {a|u| } - [2@ (t+to) — 8_797 —avyi(e1ho)” |Vg|] || (3.31)

on Sy. We choose tg > 0 large enough so that {204(15 +1o) — g—f] — a’yl(cl)\o)’1|Vg|} > 0 for any ¢ > 0 and
x € Sp. Also from Hypothesis 2 we obtain that

Vo <0 on 5. (3.32)

The following inequality can be proved by standard arguments

2 Z/ u{™ o VgoV)u(m) +u(m)}dx+/ aluf®dl

So

(m)
<o Z/ [|u(m)| + A a“m . agx, dr < c10E(t) (3.33)
j i

for some positive constant ¢ (which can be chosen as ¢19 = max{2, ¢y * (k + max |Vg(z)|)} where k > 0 is such
€N

that
3 / (™2 dz +/ aluldl <& / V™ |2 da
m=0"m So m=0"m

where u(™ = (u{™ u{™ u{™) € [H' (Q)]? with u(™=D = u(™ on T\, m=1,2,...,n.)

Hypothesis 3. The coefficients of system (1.2)—(1.3) satisfy the following monotonicity conditions
(Agn_l) - Agn)) vijev; >0 forany wv; € R} 1<m<n
(D(m) —D(mfl))vov >0 for any ’UGRS, 1<m<n.

Theorem 3.1. Let us assume Hypothesis 1, 2 and 3. Let {u, @} be the unique solution of problem (1.2)—(1.9)
as shown in Section 2. Then, there exists positive constants ¢ and w such that

E(t) < cexp(—wt)E(0) Vt>0

where E(t) is given by (1.10).
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Proof. Tt follows from identity (3.8) using Lemmas 3.1 and 3.2 together with (3.31), (3.32), (3.33) and Hypoth-
esis 3 that

(T +t0)E(T) < (2¢10 + t0)E(0) + 505/0T E(t)dt (3.34)

where dpé < 1 (as in Lem. 3.2), holds for any T' > 0.
Let us denote by h(T') the right hand side of (3.34). Clearly
where p = do¢ < 1. Returning to (3.34) we obtain that

h ~ R
h((g)) < T‘ZO_EO therefore h(T) < %h@)

C11
E(T)< —— FE(0 3.35
(1) < Gy BO) (3.35)
where ¢11 = (2¢10 + o)ty ©. Now, we choose T' = T>0 large enough in (3.35) so that T* = (%ﬁ# < 1. The
0 p
semigroup (see Pazy [15]) property implies the conclusion of Theorem 3.1. O

4. APPLICATION: EXACT CONTROLLABILITY

In this section, we use the main result obtained above in order to prove exact boundary controllability to an
arbitrary state of solutions of (1.2)—(1.9) where instead of the first boundary condition in (1.5) we consider

9
(Aij a_zj N A;‘W) m = h(z,t) on Sy x [0,400) (4.1)

where f = (ug,u1) (in (1.4)) is an arbitrary element of the space X (defined in Sect. 2). The formulation of the
exact boundary control for the above system is the following: given the initial distribution f = (ug,u1), a time

T > 0 and a desired terminal state g = (g1, g2), find a vector-valued function h = h(z,t) such that the solution
of (1.2)—(1.9) with condition (4.1) instead of the first boundary condition in (1.5), satisfies the conditions

u(maT) 291(I), ut(IaT) 292(I)'

Let {U(t)}+>0 be the semigroup associated with problem (1.2)—(1.9) (with condition (4.1) instead of the first
boundary condition in (1.5)). Consider the following equation in X:

w— UNTU(T)w = f — U*(T)g.

The operator F(T) = U*(T)U(T) takes X into itself and ||F(T)|| < 1 for any T > T* where T* was chosen

in the proof of Theorem 3.1 as T = @f# with T large enough so that 7" < 1. Thus, we can solve this
0 p

equation for any f and g € Y with w satisfying

lwll < (£ + [lgl])-

Consequently, if we choose w = (I — F(T))~(f — U*(T)g) where I denotes the identity and set

Vi, t) = Ut)w = U(T = )(U(T)w - g) = (&,0) = (

=2
<
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It follows that

V(z,0) = f(), Vi(z,T)=g(x)
and (u,v) = V(z,t) is a weak solution of (1.2)—(1.9) (with condition (4.1) instead of the first boundary condition
in (1.5)) with h(z,t) = —a(9 + v). We observe that by the energy identity

11122 (syx 0.1y < C(I1£115 + 191X )-

Thus, we arrive to the following assertion:

Theorem 4.1. Assume that Q, Ty, and the coefficients satisfy the assumptions of Theorem 8.1. Then, for
any T > T*, given any initial data f = (uo,u1) € X and any g = (g1,92) € X there exists a control h(x,t) €
L?(So x (0,T)) such that the corresponding solution of (1.2)-(1.9) (with the above mentioned modification in
(1.5)) satisfies

u(z,T) = g1(x), us(x, T) = go(x).
Moreover

1Rl L2(sox 0,y < C(I1f]1x + llgllx)

for some positive constant C.

5. CONCLUSIONS

In this work we consider a three-dimensional layered piezoelectric body with a dissipative mechanism effective
at the boundary and appropriate transmission conditions at the interfaces. Using the multiplier technique we
conclude that the total energy E(t) decays exponentially as ¢ — 400, provided that the coefficients of the model
satisfy a monotonicity condition and the domain as well as the interfaces also satisfy geometric requirements. As
an application of our result we deduce exact controllability of the system with boundary control via a classical
result due to Russell [17].
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