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SEMICLASSICAL GROUND STATE SOLUTIONS FOR A CHOQUARD TYPE
EQUATION IN R? WITH CRITICAL EXPONENTIAL GROWTH *

MINBO YANG!

Abstract. In this paper we study a nonlocal singularly perturbed Choquard type equation

1

_g? — k2
efAu+V(z)u=c¢ B

* (P(x)G(u)) | P(x)g(u)

in R?, where ¢ is a positive parameter, |z1|“ with 0 < p < 2 is the Riesz potential, * is the convolution

operator, V(z), P(z) are two continuous real functions and G(s) is the primitive function of g(s).
Suppose that the nonlinearity g is of critical exponential growth in R? in the sense of the Trudinger-
Moser inequality, we establish some existence and concentration results of the semiclassical solutions
of the Choquard type equation in the whole plane. As a particular case, the concentration appears at
the maximum point set of P(x) if V() is a constant.
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1. INTRODUCTION AND MAIN RESULTS

We are interested in a singularly perturbed nonlocal Choquard type equation

—2Au+V(z)u =N ﬁ * (P(z)G(u))| P(z)g(u) in RV,

(1.1)
u e HYRN),

where ¢ > 0, N > 2,0 < p < N, V and @ are two positive continuous functions, G(s) is the primitive
function of g(s). This nonlocal equation arises in many interesting physical situations in quantum theory and
plays an important role in describing the finite-range many-body interactions. For example, equation (1.1) was
investigated by Pekar in [30] in the quantum theory of a polaron at rest and it was also used by P. Choquard
in [21] as an approximation to Hartree-Fock theory of one-component plasma. Mathematically, if N =3, p =1,
e=1,V(x) =1and G(s) = |s|?, Lieb [21] and Lions [22] considered

1
—Mu+u=|— *[uflu in RV (1.2)
||
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and investigated the existence and uniqueness of positive solutions by variational methods. [27,28] investigated
the qualitative properties of solutions and showed the regularity, positivity and radial symmetry decay behavior
at infinity.

For a classical nonlinear Schrédinger equation

—?Au+V(z)u=g(u) in RY, (1.3)

an interesting issue is the existence of the semiclassical states, i.e. existence of solutions for equation (1.3) with
small positive parameter €. From the point of view of physics, semiclassical states are used to describe the
transition between Quantum Mechanics and classical Mechanics. The first result in this direction goes back
to the pioneering work [18] by Floer and Weinstein. Since then, it has been studied extensively under various
hypotheses on the potential and the nonlinearity, see for example [9,13,15,18,19,31,32,34] and the references
therein.

For equation (1.1), the question of the existence of semiclassical solutions for the nonlocal Choquard type
equation has been posed more recently ([8], p. 29). It can be observed that if u is a solution, for x5 € RV, then
the function v = u(xo + ex) satisfies

* (P(xo +ex)G(v)) | Pzo + x)g(v) in RV,

1
—Av 4V + = |—
v (xo +ex)v Lﬂ“

This suggests some convergence, as € — 0, of the family of solutions to a solution ug of the limit problem

* G(v)| g(v) in RV, (1.4)

—Av + V(zo)v = P*(x0) {W

One of the interesting problems is to apply the Lyapunov-Schmidt type reduction arguments to study (1.1).
However, to the best of our knowledge, little is known about the uniqueness and non-degeneracy of the ground
states of the limit problem

1
—Au+u= {W * G(u)] g(u), in RN
Only for N = 3, u = 1 and G(s) = |s|?, the uniqueness and non-degeneracy of the ground states were

proved by Lenzmann, Wei and Winter in [25,33]. By assuming that inf V' > 0 and Q(z) = 1, Wei and Winter
also constructed families of solutions by Lyapunov-Schmidt reduction arguments. To study the existence of
semiclassical states by pure variational techniques, Cingolani et al. in [14] applied the penalization arguments
due to Byeon and Jeanjean [10] to show the existence of a family of multipeak solutions located around the
minimum points of the potential V' (x). Recently, the author of the present paper and his colleagues also applied
the penalization arguments in [36] to construct multi-peak solutions for the nonlinear Choquard equation with
general assumptions on the nonlinearities g. For N > 3 and G(u) = «? with QNAf £ <p< 21]\?:2“ , under
some additional assumptions at infinity on the potential V(z), Moroz and Van Schaftingen [29] used variational
methods and developed a novel nonlocal penalization technique to show that the equation (1.1) has a family
of solutions concentrating around the local minimum of the function V. In [5, 6], Alves and Yang proved the
existence, multiplicity and concentration of solutions for the subcritical Choquard equation by penalization
method and Lusternik—Schnirelmann theory.

From the existing results mentioned above, most of the works are set in RY with N > 3 and subcritical growth
nonlinearities (N = 2 with polynomial growth). For the case N > 3, by Sobolev imbedding, the subcritical and
critical growth mean that the nonlinearity can not exceed the polynomial of degree 2* = % However, the
case N = 2 is special, since the corresponding Sobolev embedding says that HE(§2) C L9({2) for all ¢ > 1, but
Hg(82) € L>=(£2), where 2 is a bounded domain. Once that we intend to work with nonlinearity with critical

growth in the plane, we need to recall the Trudinger-Moser inequality. A version on a bounded domain {2 in R?
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says that, for all @ > 0 and u € HE(92), e’ ¢ L(£2). Moreover, there exists a positive constant C' such that

2
sup /ea“ < Cl4 if o <dnr,
weHY(Q) : | Vul2<1/02

where |{2| denotes the Lebesgue measure of 2. This inequality is optimal in the sense that for any growth eow’
with a > 47 the correspondent supremum is infinite. Thus we say that function g(s) has critical exponential
growth when it behaves like e’ as |s] — +o0. More exactly,

l9(s)]

2
eas

l9(s)]

lim z
eas

[s]—+o0

=0, Va>4r, and lim

|s]|—+o0

= +o00, Va < 4. (1.5)

The nonlinearity is said to be of subcritical growth if for any a > 0,

o)l

2
|s|—+occ €

The above notion of criticality was introduced by Adimurthi and Yadava [1], see also de Figueiredo, Miyagaki and
Ruf [16]. To study the elliptic problem in R? with critical exponential growth, the Trudinger-Moser inequality
on the whole space plays an important role, we refer the readers to [2,23,24] for recent progress in the literature
of existence of solutions. However, it seems that there are not so many papers discussing the semiclassical
problems for equation with critical exponential growth nonlinearities. For the N-Laplacian equation set in RY,
Alves and Figueiredo [3] studied the multiplicity of semiclassical solutions with Rabinowitz type assumption on
the potential. do O and Severo [17] also studied a class of quasilinear Schrédinger equations in R? with critical
exponential growth. The nonlocal Schrodinger equation in the plane was firstly considered in [4], there the
authors first established the existence of ground states for a periodic problem with critical exponential growth
and then studied the concentration around the global minimum set of the potential V'(x).

The purpose of the present paper is to study the existence of semiclassical ground state solutions for a
Choquard type equation in R? with critical exponential nonlinearities. In fact, we are going to study the
equation of the form
1

—2Au+V(x)u =et? B

 (P(2)G(w)) | P(z)g(u), (1.6)

where g(u) = h(u) + f(u), h is of subcritical exponential growth at infinity and f is of critical exponential
growth. We want to establish some existence results of the semiclassical solutions for equation (1.6) and to
describe certain concentration phenomena of these solutions at particular sets characterized by the potentials
V(x) and P(z). As a particular case we can observe that the concentration phenomena appears at the maximum
point set of P(z).

Since we are going to study the nonlocal type problems with Riesz potential, we would like to recall the
famous Hardy—Littlewood—Sobolev inequality.

Proposition 1.1 ([20], Hardy—Littlewood—Sobolev inequality).
Let s,7 > 1 and 0 < pu < N with 1/s + u/N +1/r = 2. Let f € L*(RY) and h € L"(RY). There exists a
sharp constant C(s, N, i, 1), independent of f,h, such that

[ [+ 5] e < 6.3 misn

Remark 1.2. By Hardy—Littlewood—Sobolev inequality,

/R 2 {% ; G(u)] G(u)
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is well defined if G(u) € L*(R?) for s > 1 defined by

2
-+ =-=2.
s + 2
That means, we must require
4
G(u) € L7 (R?).

Let E be the Sobolev space H'(R?) equipped with the standard norm

fulli= ([ (7 + uF))m

and L*(R?), 1 < s < oo, to denote the Lebesgue space with the norms

1/s
lu|s :== (/ |u5> , 1<s< o0
R2

We will use the following Trundiger-Moser type inequality in H!(R?) by Cao [12] in our variational arguments
frequently and we may also refer the readers to [1,2,23] for recent progress of the topic of Trundiger-Moser type
inequality.

Lemma 1.3. If a > 0 and u € H*(R?), then

/IRz [&'“‘2 - 1] < . (1.7)

Moreover, if [Vul3 < 1, |ula < M < 00, and a < ag = 47, then there exists a constant C, which depends only
on M and o, such that

/R? [e?l® —1] < C(M, ). (1.8)

In order to state our main results, we need to introduce the following notations
Kmin :=min V(z), V:={z € R?:V(2) = fmin},
z€ER?
Fmax = |V]oos Foo = liminf V(z) < oo.

|z|— o0

Tmax :=max P(x), P:={z¢€ R2: P(z) = Timax },
T€ER?2

Tmin = inf P(x), 7o = limsup P(x) < oo.
TER? |z]— 00

We suppose that V, P : R? — R are two positive continuous and bounded functions with fmin > 0, Tmin > O.
For the first case we assume that the potential V() and P(z) satisfy

Tmax > Teo and there exist R >0, z* € P such that (VP1)
V(z*) <V(x) forall |z|>R.
If (V P1) holds, then we may assume that V(z*) = mingep V(2) and set
Ap:={zeP:V(z)=V(@")}u{z ¢ P :V(x) <V(z*)}

Assumptions (VP1) was firstly introduced by Ding and Liu in [15]. Obviously, Ap is bounded. Moreover,
Ap =VNPif VNP # (. In particular, Ap = P if V() is a constant function.
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Since g(u) = h(u) + f(u) and we are going to study the existence of positive solutions, we may assume that
h(s) =0, f(s)=0 Vs<O.

We suppose that the nonlinearity 4 : Rt — R is of C! verifies the following hypotheses:
There holds
h(0) =0, lim A'(s) = 0. (h1)

s—0

The nonlinearity h is of subcritical growth at infinity. Moreover, for any a > 0, there exists Cy > 0 such that
IW(s)| < Coe™” Vs > 0. (hs)

There exists #; > 2 such that
0 < 0,H(s) <2h(s)s, Vs>0, (hs)
where H(t) = fot h(s)ds. This is the Ambrosetti—Rabinowitz condition for nonlocal problem.
We also assume that
s — h(s) is strictly increasing on (0, +00). (ha)

To obtain the existence and concentration of the semiclassical solutions for the critical exponential case, we
need to introduce some additional assumptions on the subcritical term h. Since the imbedding H!(R?) < LP(R?)
is continuous for any p € (2,400), by the Hardy—Littlewood—Sobolev inequality, we know there is a best

constant S, such that
1/2
(/ (|Vul® + nmaxu|2)>
Sp = inf R ,

u€E,u#0 1 %
IR
2 | |z|*

moreover, a standard minimizing argument shows that there exists a positive radial function u, € E such that
Sy is achieved by wu,, see [28,29].
We suppose there exists p > 477“, such that

H(s) > Cps?, ¥s>0 (hs)

where
p—1

9p-1) 12
een) | S

P
TminP 2

|

For the nonlinearity f : Rt — R, we Suppose that it is of C' and verifies the following hypotheses:
There holds

F(0) =0, lm f'(s) = 0. (f1)
The nonlinearity f is of critical growth at infinity. Moreover, there exists Cy such that
F&) < Coe'™, Vs > 0. (f2)
There exists 5 > 2 such that
0 < 60F(s) <2f(s)s, Vs> 0, (f3)

where F(t) = fot f(s)ds.
We also assume that
s — f(s) is strictly increasing on (0, 400). (fa)
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Remark 1.4. It was observed in [4] that the assumption (hs) is not optimal in fact, since little is know about
the embedding constant S,. However we would not focus too much on this kind of conditions, since here we
are mainly concerned with the existence and the concentration behavior of semiclassical ground states for the
Choquard type equation.

We have the following existence and concentration results.

Theorem 1.5. Suppose that h satisfies (h1)—(hs) and f satisfies (f1)—(f41). If the potential functions V and
P satisfy the condition (V P1), then for any € > 0 small, problem (1.6) has at least one positive ground state
solution u.. Moreover,

(a) There exists a mazimum point . € R? of u., such that lim._odist(z., Ap) = 0 and for some ¢,C > 0,

c
lue(x)] < Cexp (—g\x — :r6|) .
(b) Setting v-(x) := us(ex + x.), for any sequence r. — xg, € — 0, v. converges in E to a ground state solution
v of
1
— v+ V(xo)v = P?(x0) [

—— %
||

60)] a(0).

In particular if VNP # (), then lim._odist(z.,V NP) = 0 and up to subsequences, v. converges in E to a
ground state solution v of

1
— AU+ Fomin¥ = T2y {W * G(v)] g(v).
We have a dual theorem for the results obtained in Theorem 1.5. Suppose that

Kmin < Koo and there exist R >0, x* €}V such that

VP2
P(z*) > P(z) forall |z| > R. ( )

If (VP2) holds, we may assume that P(z*) = max,ey P(z) and set
Ay :={x €V :P(x)=Plx")}U{z ¢V :Px)> P(z")}.

Obviously, Ay is bounded. Moreover, Ay = VNP if VNP # . In particular, Ay = V if P(z) is a constant
function. For this dual case, we have the following theorem.

Theorem 1.6. Suppose that g satisfies (h1)—(hs) and f satisfies (f1)—(f1). If the potential functions V and
P satisfy the condition (V P2), then all the statements in Theorem 1.5 remain true with Ap replaced by Ay .

Remark 1.7. The proof of Theorem 1.6 is similar but easier than the one of Theorem 1.5, for this theorem,
we do not need to truncate partially the potential to introduce the second auxiliary equation and so the proof
will be omitted here. Furthermore one can also adapt the arguments by Rabinowitz [32] and Alves and Yang [5]
to establish the existence and concentration results.

We would like to write some more words about the semiclassical problem for the Schrodinger equation. One
interesting problem is to consider the case that there is a competition between the external potential and the
nonlinear potential. On this topic Wang and Zeng considered in [34] the equation

—?Au+V(z)u = K(z)u" '+ Q(z)u'™! in RY, (1.9)

there the authors proved that the concentration points are located on the middle ground of the competing
potential functions and in some cases are given explicitly in terms of these functions. Cingolani and Lazzo [13]
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obtained a multiplicity result involving the set of global minima of a function which provides some kind of
global median value between the minimum of V' and the maximum of K and . We finally mention the paper
of Ambrosetti, Malchiodi and Secchi [9] consider the case @ = 0. Among other results, they proved that the
number of solutions of (1.9) is related with the set of minima of a function given explicitly in terms of V| K, r,
and the dimension N. Ding and Liu [15] considered

(=ieV + A(2))" u+ V(@)u = Q) (g(lul) + [ul* ) u, in RY

for u € H'(RY,C), where the function A : RY — RY denotes a continuous magnetic potential associated with
a magnetic field B (i.e. curlA = B), g(Ju|)u is a superlinear and subcritical. Under suitable assumptions on the
potentials, the authors obtained existence and new concentration phenomena of the semiclassical ground states.
However, it is hard to study the competition between the external potential V(x) and the nonlinear potential
P(z) of the Choquard equation

—?Au+ V(z)u= etV « (P(2)G(w) | P(z)g(u), in RY,

||

The difficulty is that the nonlinear potentials P in the equation, in some sense, is convoluted by the Riesz
potential IxL“’ and so it seems impossible to construct an auxiliary function characterized by V" and P. Moreover,
to the best knowledge of the author, there seems no existence results for semiclassical problems of the nonlocal
Choquard type equation with critical exponential growth in the plane or the upper critical growth due to
the Hardy—Littlewood—Sobolev inequality. So one of the motivations of the present paper is to study the
interaction between the linear potential V' and the nonlinear potential P, and to investigate how the behavior

of these potentials will affect the existence and concentration of these solutions.
We will use the following notations:

e (', C; denote positive constants.

e Bp denote the open ball centered at the origin with radius R > 0.

e C5°(IR?) denotes the space of the functions infinitely differentiable with compact support in R2.

e For a mensurable function u, we denote by u™ and u~ its positive and negative parts respectively, given by

u™(z) = max{u(z),0} and u (x) = min{u(z),0}.

e Let E be a real Hilbert space and I : E — R be a functional of class C'. We say that (u,) C FE is a
Palais-Smale ((PS) for short) sequence at ¢ for I if (u,) satisfies

I(up) — ¢ and I'(uy,) — 0, as n — oo.

Moreover, I satisfies the (PS) condition at ¢, if any (PS) sequence at ¢ possesses a convergent subsequence.

The paper is organized as follows. In Section 2 we will establish the variational framework and prove some
basic lemmas for special bounded (PS) sequences. In Section 3 we study the properties of the ground state
solutions of the critical nonlocal problem in R? and establish a comparison lemma for the minimax values. In
Section 4 we use truncating arguments for the potentials to establish some estimates for the critical values.
In the last section, we prove the existence and concentration results for the Choquard equation with critical
exponential growth.
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2. VARIATIONAL SETTING

In this section, we are going to study equation (1.6) via variational arguments. Changing variables by u(z) =
v(ex), it is possible to see that (1.6) is equivalent to

—Au+V(ex)u = | — * (P(ex)G(u)) | P(ex)g(u),
] (2.1)
u € HY(R?).
Instead of (h1) and (f1), we introduce the following weaker condition:
h
o0 =0, 1m M g (i)
s—0 g5
e 1)
, s
Fo =0, 1m I ().
S— )

The regularity conditions (hy) and (f1) of f,h are used to prove a splitting Lemma for nonlocal nonlinearity
see Lemma 2.8 and the decay property.
The energy functional associated to equation (2.1) then can be expressed by

1
Ie(u) = 5 [Jullz = Gp(u),

where

2

o= ([ v Vi)

is an equivalent norm on E. From the growth assumptions on g, f and Remark 1.2, using Lemma 1.3 and the
4

Holder inequality, we know that G(u) € LT+ (R?) for any u € H'(R?). Thus the Hardy—Littlewood—Sobolev

inequality implies that I, is well defined on E and belongs to C' with its derivative given by

Gp(u) = 1/}1{? {ﬁ * (P(sx)G(u))} P(ex)G(u)

and

(Iu).p) = [ (VaVe+ Vieoyug) — Gp(wle] Vup € B,

where

Ghwieli= [ | (Pencw) | Penstup

||

The Nehari manifold associated to I. will be denote by N, that is,
N = {u €E:u#0,(I'(u),u) = o}.

In the next two lemmas we check that the Nehari manifold is bounded away from 0 and the functional I.
satisfies the geometric conditions of the Mountain-Pass Theorem.

Lemma 2.1. Suppose that conditions (h})—(hs) and (f1)—(fs) are satisfied. There exists o > 0, independent
of €, such that
lulle > @, Vue N-. (2.2)
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Proof. Without loss of generality, we may assume that 6 := 6; = 65 > 2. For any § > 0, p > 1 and [ > 1, there
exists C(0,p,3) > 0 such that

G(s) < %g(s)s <ds'2 C(d,p, 5)s” [e'@4“52 —1],Vs € R,
then it follows that

G+ < Clg(u)ul o <eCluly™ +C(e,p, B)ur [P ~1]| , .

(2.3)

4—p

Since the imbedding E — LP(R?) is continuous for any p € (2, +0oc), we know that there exists a constant C;

such that ) )
[ e g < () (e )
R2 RrR2 R2 .
< Cyflufld (/ [e(a5ame) _1}>2.
RQ

/ [6(4%4”2)_1} :/ SRl ) ’
R2 R2

then if [Jull¢ is small enough, Lemma 1.3 implies that there exists a constant Co such that

A8 2 a2
[ ) | e
R2

Thus, by (2.3), there exists C3 such that

Notice that

4—p

G(u)] o < Ollulle® + Cslull?.

Recall that P(x) is bounded, by the Hardy—Littlewood—Sobolev inequality, we know
Gp(u)[u] < 6%Cll|ul| 27" + Cll|ul[27.
Now, since u € N, we have
[ull2 = Gp(u)u],

thus
ul|2 < 6*Cslull2 ™" + Cs|lul| 2.

The conclusion then follows immediately. O
We are ready to check that the functional I. satisfies the Mountain Pass Geometry.
Lemma 2.2. Suppose that conditions (h})—(hs) and (f1)—(fs) are satisfied.

(1). There exist p, 69 > 0 such that I.|s > 8o > 0 for allu € S ={u € E : ||ullc = p};
(2). There is e € E with ||e|]|e > p such that I.(e) < 0.

Proof. The proof of (1) is similar to the one of Lemma 2.1, we only prove (2) here. Fix ug € E with ug (z) =
max{ug(z),0}, we set

t
w(t) = Gp (ﬁ) >0 for t>0.
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By the Ambrosetti—Rabinowitz condition (f3), we know

Integrating this over [1, s|jugl|c] with s > m, we get

U
Gp(sun) > Gp (—|) ol %”.

[|uo

Therefore
I (sug) < C18% — Cos?  for s> ——.
[[uolle

Since 6 > 2, the conclusion (2) follows easily by taking e = sug with s large enough. O

Applying the Mountain Pass theorem without (P.S) condition, we know there is a (P.S).. sequence (u,) C E,
i.e.
Ié(un) — 0, Is(un) — Ce,

where c. defined by
0<ce:= inf I.(t 2.4
T By ) 24
and moreover there is a constant ¢ > 0 independent of ¢ such that ¢. > ¢ > 0. Using assumptions (hy) and (f4),
for each u € E\{0}, there is a unique ¢ = ¢(u) such that

L (t(u)u) = max I.(su) and t(u)u € Ne.

Then it is standard to see that the Minimax value ¢, can be characterized by

Ce = uienjffs I (u). (2.5)

Lemma 2.3. Suppose that conditions (h})—(hs) and (f1)—(f4) are satisfied. Let c. be the minimaz value defined
n (2.4), then there holds
C-we-2)

Ce < R0

Furthermore, the (PS).. sequence (uy) also satisfies

. 2-
limsup [Ju,||? < TM
n—oo

Proof. Let u, € E be the positive radial function such that S, is achieved. By assumption (hs), it is easy to see

that
ce = inf max I (tu)
weE\{0} >0

IN

r?zag( I (tup)

e : PG T
il __ ‘min¥p _— P P
r{lzag({ 5 /RQ(|V’LLP| + Fmax|tp|~) 9 /R2 B * Jup|” | Jup

(p—1)Sy"

217% (Tmin Cp) p=T

(2-p)(6—-2)
D

IN
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From assumptions (hs) and (f3), there holds

c. = lim <I€(un) - %(Ié(un),u,L)) > <% - %) lim sup ||u,||2,

n—oo

consequently, we know

9 _
limsup ||u,||? < T/i O

Next, we are ready to prove some boundedness Lemmas.

Lemma 2.4. Suppose that conditions (h}), (h2) (f1) and (f2) are satisfied. Let (uy,) be a bounded sequence such

9 _
that limsup ||u,||? < % Then there exists C such that
1
—— x G(uy) <C, VneN.
|zt L (R?)

Proof. For (3 > 1, there exists Cy > 0 such that

G(s) < Co(\s\%“ + |s] [e54”2 - 1]),vs € R,

and so ) o
’— * G(up)| = / (un)
|| Rz [T —y|*
_ / G(up) Lo / G(uy)
lz—y|<1 "T - y‘u |z—y|>1 |l‘ - y|“
g e
N |lz—y|<1 ‘.’E - y‘,u
e (lnl % + fun | [e22711* — 1]).
lz—y|>1
Since .
245
o € L5 (BS(0)) V 6> 0,
y "
take § ~ 0T such that
_d—p 2490 59
RN C R BT
Using the Holder inequality, we get
d—p %
/ |Un| 2 < C() / |un|(I1,6 :C1.
o—y|>1 |7 —y|* le—y|>1
Since
—

. 2
lim sup ||u,||? < 7
n—oo

by the Trudinger-Moser inequality, fixing 3 > 1 close to 1, there exists Cs such that

1
“gl 2
/ [t | [em’“‘i — 1] < |un|2/ ([ezﬁm“ Tunl2 _ 1]) < Cy.
lz—y|>1 R2
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Choosing t € (2 m +00), since @ >2and 1— t—t_”—l > —1, it follows from the Holder inequality that

t—1

1 =1

/ Jun| 7 - / |2 ' / 1 '
T = U T
oyl 2 =1 T \Jjomyizr je—yl<t |z — y| T

t—1

gcz/ | dr
[r|<1

< (s

for some Cj5. For ¢ > ﬁ and close to ﬁ, using again the Trudinger-Moser inequality, we know there is Cy
such that

t—1

1
Baru? 1 T 1 =t
/ M < / ‘un [eﬁ47rui _ 1] ‘t / _
|z—y|<1 |~T_y|“ lz—y|<1 |lz—y|<1 |;p_y|m
2% w2 =
< / ‘un‘Zt / 2ﬁt”un” 4m “u H2 1 / |T|17tt*_“1d’r'
lo—y|<1 lo—y|<1 Ir|<1

Thus the conclusion is proved. O

@‘\

Lemma 2.5. Suppose that conditions (h}), (h2), (f1) and (f2) are satisfied. Let (u,) be a bounded sequence

9 _
with limsup ||u,||? < @2—n , then there exists C' such that

n—o0

l9(un) 2 <C, [G(un)| o <C, VneN.

Proof. Since conditions (h}), (h2), (f1) and (f2) are satisfied, for any § > 0 and § > 1, there exist C(d,5) > 0
such that

l9(s)| < 0ls| 2" + C(5, B [e™" — 1], ¥s € R,
and B ]
|G(s)| < 8|s| =" + C(4,8)|s|[e”*™* —1],Vs € R.
Then

|9 (un)| 2 < Olunly™ + O(8, Bl ~ 1|2

2—p

AB 1124 u? 4
< Cl||un||e = +Ch (/ le( el ”“"“g) — 11)
R2

, taking 3 > 1 sufficiently close to 1, by the Trudinger-Moser inequality, we know

. P 2 2—
Since lim sup [[u,||2 < < 4“)
there exist Cy such that

|g(un)‘2fﬂ < C'2-

Similarly,

(Glun)| 2 < dlunly™ +C(6, g)‘ BT _q

_4
4—p

<ﬂwme’+cwﬁw%h(/[2um”4wQ_u>
R2

2—p

5 (24 2hy) ’
< Callunll-® + Chllunl): e hen 2 — 1] ;
R2

2—p
1




CHOQUARD TYPE EQUATION IN R? 189

by using again the Trudinger-Moser inequality, there exists C5 > 0 such that

G un)| < Cs. O

i

Lemma 2.6. Suppose that conditions (h}), (h2), (f1) and (f2) are satisfied. Let (u,) C E be the bounded (PS)..
sequence with weak limit us in E, then u. satisfies IL(uz) = 0.

Proof. We need only to prove that, for any ¢ € E, there holds

G (un)[] = G (ue)lg]. (2.6)

In fact, for any ¢ € F,

|G (un)e] = G (ue) ]| =

[ {5 + @enstun] eostun) - | (@enc)]| e | o

/RQ {% ; G(un)] (o(un) - g(ug))go‘ +C /R {% « (Glun) — G(ug))} g(uz);?‘).

<C

For the first term, since Q(z) is bounded, it follows from Lemma 2.4 that

1
||

* G(uy) <C, ¥YneN.

Lo (R2)

Then,

/RQ [ 1 *G(un)] (9(un) _g(us))@’ <C

Jz]

/n@ (9(un) = g(ue))ep| .

Since u,(z) — uc(z) a.e. in R?, the continuity of g implies that g(u,(z)) — g(uc(z)) a.e. in R% Moreover, by
Lemma 2.5, (g(uy)) is bounded in Lﬁ(RQ), from which it follows that

g(un) — g(us) in L77 (R?).

Consequently,

/RQ {% % G(un)] (9(un) — g(us))cp’ —0 (2.8)

for any ¢ € E.
For the second term,

/R2 {% * (Glun) - G(us))] g(ue)w‘ —

Since uy, () — uc(z) a.e. in R2, the continuity of G implies that G(u,(z)) — G(u-(x)) a.e. in R%. Moreover, by
Lemma 2.5 that (G(uy,)) is bounded in LT (R?%), we get

[ (G = 60 |+ ot |

G(un) — G(us) in LT (R).

Since
1

o (9(uc)p) € L (R?),

we obtain,

/R2 [ L (Glun) —G(ug))] g(ug)gp‘ o, 29)

Jz]
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for any ¢ € E. From (2.8) and (2.9), we know (2.6) holds. Thus, we immediately obtain that
(I(ue), ) =0,
for any ¢ € E. This means that the weak limit u. is a critical point of I.. O

Remark 2.7. From Lemma 2.6, we know that u. is a critical point of I.. However, it is still not clear whether
it is nontrivial and c. is achieved, in order to prove that c. is attained by a nontrivial function, we will use a
cutting-off arguments for the potentials in Section 4.

In the following we prove a nonlocal version of the Brezis—Lieb Lemma for nonlinearities of critical exponential
growth.

Lemma 2.8. Suppose that conditions (h1), (h2), (f1) and (f2) are satisfied and let (uy) be a bounded sequence
mn E satisfying u, — u and

liTI;n—?olip |un | < QTTM
Then
Gp(up) — Gp(u, —u) — Gp(u) = 0, (1) (2.10)
and
Gp(un)[p] — Gp(un — u)[p] — Gp(u)[¢] = on(1) (2.11)

uniformly for p € E.|plle < 1.

Proof. We only prove the conclusion (2.10) for G¢ under assumption (h}) and (f]) as an example, the stronger
assumption (h1) and (f1) are only used to prove the conclusion (2.11) for G’p. Set v,, = u, — u, we know

G(un) — G(vn) = G(vy, + u) — G(vy,) = g(vy, + thu)u,
0 <t, < 1. Set w, = vy, + tyu, from a result due to Brezis and Lieb [11], we get
[unll2 = lloall2 + [[u]]2 + 0n(1),

therefore
[wnl|2 < 2[|unllZ,

and consequently,

lim sup [|w, || < Q_TM (2.12)
Given § > 0,¢ > 1, and 8 > 1, we get
G(vn + 1) — G(vn) < 8vn + tnul 2" |u| + Cs|vn + tnu|?|u|H,,
where H,, = ePAmwl 1 Since 0 < t, <1 and for a,b > 0and 0 < s < 1 there holds (a+b)* < a®+b*, we know
G(vn + 1) — G(v) < 8lon] 7" [u] + 6Ju| = + Clon|9u|Hy + Clul* H,,
and then

|G vy + 1) — G(v) — G(u)|T7 < (6C|vn|* + Culul* + Cy|vn| 75 [u| T H,, + Ch [ul*T H,, + Cy |u| 75 H),
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~ 48 2 48 2 . . .
where H,, = e™r%™n — 1 and H = eT7%™" — 1. Using Young’s inequality, we have

|G (v +u) = G(vg) = Glu)| 5

, 2.13)
4qr1  ~ 4r ~ ’ q (
< (5Cvn | + Colul® + 5C Jun | T8 HE' + Colu| T + 6HZ? + Calu| @75 4 Cyu| i H),
1 1 1
where 71,77, 72,75 > 1 satisfies — 4+ — = 1 and — 4+ — = 1. From (2.12), taking 3,7 > 1 and close to 1, by
T1 T T2 T9

the Trudinger-Moser inequality, we get

/ [ed‘imwuiw,,,wnz)_l] <C (2.14)
R2

Define . dgry ~ -
Ws.n = max {|G(vn +u) = G(vn) = G| 77 — (Slvnl? + 5C1 || 5 3 + 611;2), 0},

from (2.13), it is easy to see

Ws, — 0,ae in R2 and W, < (Cylul® + Cslu| @02 4 Cy|uli5 H) € L'(R?).

Then the Lebesgue’s theorem implies that
/ Us, — 0, as n— oo. (2.15)
R2

Using (2.14) we know

4 4qry
—n

Glun + ) = Gl(vn) = G(w)| P57 < (Blunf? + 6Cfun| &% Fy2 + G2 ) + W,

we can obtain
lim sup |G (vy, + u) — G(vy,) — G(u)|4fu < 6,
R2

n—o0

by the arbitrariness of 4, we know

lim sup [ |G(vn +u) — G(vn) — G(u)| 77 =0 (2.16)
R2

n—-—+o00

which means .
G(un) — G(uy, —u) — G(u) in L= (R?).

Using an equivalent form of the Hardy—Littlewood—Sobolev inequality, which says if w € Liw (R?) there holds

ww| < Cﬂ|w|ﬁ.

1
|

n
4

Consequently,

« (P(sx)(G(un)—G(un—u))> — — % (P(e2)(G(w)) in L¥(R),

|| ||

therefore

%/R {L  (Plea)(Glun) — Glun - W))] P(ex)(G(un) = Glun —u)) = Gp(u) (2.17)

||
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and

[ |+ (Pen@t) = 6, = ) | PleaiGun - ) 0, (218)

since G(u, —u) — 0 in L% (R?). Notice that

Gp(un) — Gp(un — ) — /R 2 {ﬁ * (P(em)(G(un) — Glup — u)))} P(ex)G(un — u)

1 1 (2.19)
=3 /R2 {W * (P(sx) (G(un) — G(uy — u)))} P(ex)(G(un) — G(up — ),
we obtain from (2.17)-(2.19) the conclusion (1) for Gp. 0

3. AN AUTONOMOUS PROBLEM

To study the existence and concentration of solutions of equation (1.6), we need to establish some comparison
lemmas for the Mountain-Pass levels of the critical equation with different coefficients. The existence of ground
state solution for the nonlocal Hartree equation in R? with critical exponential growth was obtained in a recent
paper by Alves and Yang in [4, 6], there the authors studied the existence of ground state solutions for the
following equation with periodic nonlinearity
* F(z,u)| f(zx,u) in R% (3.1)

1
—Au+V(x)u = {W

In the present paper we will consider the autonomous equation of the form

) -
—Au+ ku = {W « [TH(u) + I/F(u)] [Th(u) + vf(u)], in R? (3.2)
u € H1(R?),
where K € [Kmin, Kmax)s T € [Tmin, Tmax) a0d ¥ € [Timin, Tmax| are three positive constants.
The energy functional associated to equation (3.2) is defined by
1
By ) = llull2 ~ G o),
where ) )
Gry(u) = / L H @)+ vP()| [FH W) + vF(w)]
2 Jge ||z®
and
1/2
fullei= ([ (19 +cfu))
R2
is an equivalent norm on E. The Mountain Pass value my -, of @ -, on E is defined by
L= inf B, (tu). 3.3
Miir = | 0l max B (tu) (3.3)
Denote by N, r, the Nehari manifold of @, - ., then m, -, can also be characterized by
Mrw = /i\%f‘w D). (3.4)
The same arguments in Lemma 2.3 implies that the bounded (PS) sequence satisfies
260 2—pu
lim s 2 < oy < —. 3.5
lﬂbolipllunlln < gogMery < = (3.5)

Following [6], we give a sketch proof of the existence of ground states for the completeness.



CHOQUARD TYPE EQUATION IN R? 193

Theorem 3.1. Suppose that conditions (f1)—(f5) are satisfied. Then, for any Kk € [Kmin, Kmax)s T € [Tmins Tmax) s
V € [Tmin, Tmax|, the equation (3.2) has a ground state solution wy -, With @y 7 (Uk,r0) = My r0-

Proof. Let (uy,) be a (PS),,, ., sequence. Since (uy) is bounded with limsup [|u,||Z < 2ij7 we have either (u,)
is vanishing, i.e., there exists r > 0 such that

limsup/ [un|? =0
y€ER? B, (y)

or non-vanishing, i.e., there exist r,6 > 0 and a sequence (y,,) C Z? such that

lim [t |? > 6.
nmee Br(yn)

If (uy,) is vanishing, then by Lions’ result (see for example, Lem. 1.21 of [35]), we know
up — 0 in L*(R?), 2 < s < +o0.

Using the Hardy—Littlewood—Sobolev inequality and the Holder’s inequality, we know

/R2 [% *F(“n)} fun)uy

Since for any § > 0, p > 1 and 8 > 1, there exists C(d,p, ) > 0 such that

< O1F ()] | ] o < Ot
£(s) < 8573 + C(6,p, B)sP [eﬂ‘lmz - 1} , VseR,

then,

i—p

5 o (428 unlizam ) E
|f(un)un|4+p < Olunly® +C(8,p, B)|unl| by / e\ 37 Mtz ) _
, s | ]

where t,t' > 1 satisfying % + tl, = 1. Taking (,t > 1 sufficiently close to 1, by the Trudinger-Moser inequality,
we know there exist (7 such that

4—p

2 T
4fiuunu24w“'—”)
</ le(“ ‘ fenli) —1 <0y,
R2

[ | s )] s,

Since t > 1 is close to 1, we know 4’%5; > 2, then

thus

A—p i-p
< 6|un‘22 + C2‘un|44;t/ .
i-n

4

[ | P st

— 0, n— oo,

similarly we have

— 0, n— o0

and

— 0, n— oo.
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Consequently, we have
U, — 0 in E, n— oo,

which yields a contradiction immediately. Thereby, vanishing case does not hold.
Let us now define v,, = u, (- — yn), then ||v, || = ||un|x and

/ [vn]? > 6.
B,(0)

! are both invariant by Z2-translation, we can deduce that

Since &y -, and &, _,

(PN,T,V('UTL) — Cy and (P;,T,V

(vn) — 0.

2 (R?), we have v # 0. To show
that @/ (v) = 0, we can repeat the same arguments in Lemma 2.6. O

R, T,V

Since (v,,) is also bounded, we may assume v,, — v. Once that v,, — v in L?

In the following, we will study the property of the ground state solution obtained in Theorem 3.1. For
simplicity, we will denote the solution w, . by w.

Lemma 3.2. Assume that conditions (h1)—(hs) and (f1)—(fs1) are satisfied. If u is the ground state solution
obtained in Theorem 3.1 then the positive solution u belongs to C%(R?) and decays to zero as |x| — oo. Moreover,
there exist C', B > 0 such that the ground state solution satisfies

u(2)| < Cexp(—pal),Va € R?.

Proof. Define
K(2) = —— & [rH(u) + vF(u)],

ER

and following the steps in Lemma 2.4, there exists C' > 0 such that

|K(x)] < C. (3.6)
If u is a solution

—Au+ wu = K(2)[th(u) + vf(u)], in R?

with K € L*(R?). By the Trundiger-Moser inequality, h(u), f(u) € L(R?) for ¢q large enough, adapting the
Moser iteration arguments found in [3], we can show that there exists C' > 0 such that

lu|oo < C,
and u decays to zero as |z| — oo. The regularity theory of elliptic equation implies u € C2_(R?). Applying

Harnack’s inequality, we can conclude that u(x) > 0 in R?.
The property of exponential decay at infinity follows from a standard comparison arguments. Notice that

(h1) and (f1) implies that
lim @ =0, lim @

s—0 8 s—0 S

=0.
The fact that the solution u decay uniformly to zero as |z| — +oo, we can take py > 0 such that

[Th(u) + vf(u)]

K(z) @)

K
< 2
-2

for all |z| > po. Consequently,

—Au(z) + gu(w) = K(x)w - gu(x) <0

for all |x| > po. Let s and T be positive constants such that
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s < & and u(z) < Texp(—spo) for all |z| = po.
Hence, the function i (x) = Texp(—s|z|) satisfies

—Aw+ng(g—§)w>o

for all 2 # 0. Therefore, taking 7 = max {u — 1,0} € H(|z| > po) as a test function, we get

0> /R2 (Van + gun)

> /}R2 {(Vu — V)V + g(u - wm]

zf/' ju—y* >0
2 {zeR2:u>}

for all |z| > po. Consequently, the set 2 := {z € R? : |z| > py and u > (x)} is empty, proving the Lemma. O

The following lemma describes a comparison between the Mountain Pass values for different parameters
k,T,v > 0, which will play an important role in proving the existence results in Section 4.

Lemma 3.3. Let k; € [Kmin, Fmax), i € [Tmin, Tmax)s Yi € [Tmin, Tmax), ¢ = 1,2, with min{ks — k1,71 — T2, 11 —
v} > 0. Then My, v < My ra0s- If additionally max{ro — k1,71 —To,v1 —v2} > 0 then My, 7y 01 < My o0 -

with coefficients kg, 72, 2 such that @y, -, 1, () = My 7y 0, There holds

Proof. We prove My, 7 01 < My 7.0, for example. From Theorem 3.1, choose u be a solution of problem (3.2)

45%2772,% (u) = rilzag ¢527T27V2 (tu)

and there exists tg > 0 such that Dy, 7, ., (fou) = maxy>0 Pw, 0, (tu). Then
Mey, 7m0 = weiél\f{o} I?Zag( Droy 710 (t0)

S%%Qmmmuw

=Dy ry 00 (Low)

< Py o, (to)

< Doy im0 (1)

= Moy 7o+ O

4. CUTTING-OFF FUNCTIONALS

In order to prove that ¢. in (2.4) can be attained by a nontrivial function, we need to introduce some
cutting-off techniques for problem (2.1). For any fmin < ¢ < Kooy Too < 0 < Timax, We set

V(ex) := max{a, V(ex)}, P(ex):= min{b, P(cx)}
and consider the auxiliary equation

CAu V(e = ﬁ + (PP (e2)G(w)) | PP(ex)g(u).
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Using the notations above, let us investigate the functional

12w = 3

9 /R? (IVul®> + V(ex)u?) — G (u),

where

G%(u) = 1/}1@? {L * (Pb(sx)G(u))] PP(ex)G(u).

2 ||

The associated Nehari manifold will be denoted by
Nab = {ueE w0, (19 (u), u)zO}
while the corresponding least energy will denoted by c2®

Lemma 4.1. Suppose that conditions (h1)—(hs) and (f1)—(fa) are satisfied. Then,

(1) mapp < c2;
(2) limsup, o ¢ < mya(g),po(0),po0)- If V(0) <a and P(0) > b, then

lim sup cgb = Mabb-
e—0

Proof.

(1) Observe that

abl N 1 a 2, (y)P"(ex)) G(u(y))G(u(x))
I (u) —¢a7b7b(u)—|——/R2(V (ex) — a)|ul? + /R /R .

2 |z — yl~

Then, the same arguments explored in Lemma 3.3 lead to
ab
Mabb < Co
(2) Let u be a solution of equation (3.2) with coefficients k = V(0 ) T

Dya(0),Pb(0),Pb(0) (W) = Mya(0),pb(0),Pb(0)- Then there is an unique z.
Thus

= P%0),v = P"0) such that
te(u) > 0 such that t.u € N2

0<c®<Itu)= m;iédgb(su).
2

From the boundedness of V; P and @, applying the same arguments explored in Lemma 2.2, we know that
there exists C'1, Cy > 0 such that

I%(su) < Cy 8% — Cas? for s>
flull-”

Thereby, there exists T' > 0 independent of ¢ such that I2*(su) < 0 for all s > T'. Consequently, t. < T and
we may assume that t. — tg.

Observe that )
I2%(teu) = Dya(g), pr(0),p(0) (tew) + 3 /RQ(VG(W) — V0))lteul?

| (PP(0)? = P(y) P*(ea) ) Gltou(y)) Gtu(a))

|z — yl~
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Once that P is bounded, G is increasing and t. — tg, Lebesgue’s theorem implies

/Rz (Ve(ex) ~ V(0) ) teuf® — 0

and

— 0,

[/ (P2(0)2 = PE(y) PP(e2) ) Glteu(y)) G tou(x))
R2 JR2 |z — y[~
as € — 0. Consequently, there holds

limsup ¢2® < lim sup 12°(t.u)
e—0 e—0

= lim Sup (QSV"(O),Pb(O),Pb(O)(tsu) + 05(1))

= Pya(0),pr(0), Pt (0) (tott)

< Pya(o), Po(0),Pr(0) (1),
finishing the proof. O

Without loss of generality, in the following we may assume that * =0€ P in (VPl) or2* =0€ VNP if
VNP #0D. Let

e:=V(0) = néig V(z) <V(zx) forall |z|> R. (4.1)

We have an important upper bound for the Mountain Pass level ¢, defined in (2.4).

Lemma 4.2. There holds

limsupec. < Me Tmax,
E‘PO

Tmax *

Proof. Since V2(x) = max{a,V(ez)}, P’(x) = min{b, P(cx)} , if we choose @ = Kmin and b = Tax, then
Ve(z) = V(ex) and P’(x) = P(ex). Consequently, by the definition of 7%%, there holds

ab
g’ = cCe.

From Lemmas 4.1, we know
O

limsupec. < Me Tmax,
E‘PO

Tmax *

To consider the existence of semiclassical states concentrating at the nonlinear potential, we need to introduce
the second auxiliary problem. In order to do so, we will partially truncate the nonlinear potential P(x), i.e. we
will cut off the potential in front of the subcritical term only. For d € [Tiin, Tmax), we still set

P(ex) := min{d, P(cx)}

and consider

~u V(e = (g + P () + P F()]) 1P Enh) + Plenf (]
The associated energy functional is defined by
I¢d(u) = % /R2 (|Vu|2 + Ve(€$)|u\2) - /R2 <% s« [PY(ex)H (u) + P(sx)F(u)]) [P4(cx)H (u) + P(ex)F(u)],

the corresponding Nehari manifold is ./\76"d and the least energy is ¢,

We have an important lower bound for the least energy ¢¢?.
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Lemma 4.3.

é:d Z meﬂ'ma;ud'
Proof. Since VE(z) > e, Plex) <d and P.(z) < Tmax, from the characterization of the value Me, e, ds WE
know

inf max [¢4(tu) > inf max®. . a(tu),
uw€E t>0 uw€E t>0

i.€.

~ed
CE Z meﬂ'ma;ud : ‘:l

5. PROOF OF THE MAIN RESULTS
In this part, we will prove the existence and concentration of the ground states in Theorem 1.5.

Lemma 5.1. The minimaz value c. is achieved if € is small enough. Hence, problem (2.1) has a solution of
least energy if € is small enough.

Proof. Since the least energy c. can be characterized by

ce = inf I.(u),

we can choose a minimizing sequence (u,) C N of I such that I.(u,) — c.. By Ekeland’s variational princi-
ple [35], we may also assume that it is a bounded (PS) sequence at c.. Once that we are assuming that g(s) =0
for all s <0, a simple calculus gives ||u,, || — 0, then we can assume that u,, > 0 for all n € N. From Lemma 2.6
it follows that I’ (u.) = 0. To complete the proof, we need to show that u. # 0 if € is small enough.

Assume, by the contrary, there exists a sequence ¢; — 0 with u., = 0. For each fixed j, let (u,) C N, be
the (PS) sequence at c.; such that u,, — u., = 0 in E. Select d € (Too, Tmax) and consider the functional IN;d
with constant e defined in (4.1). Note that for each u,, there is a unique t,, such that t,u,, € ./\7;7‘1 and a unique
t, such that t,u, € ./\/fjd, i.e.

ooy 1 [ [ P H ) + Plegy) Pl [P )b ) + P(e5a) (i)t
L 9upveeo)= [ [ Bl ol

and

(e t Unp ~nun d jT ~nun ~nun ~nun
/ (‘vun|2+ve(€jx)‘un|2) :/ P (5jy)[H(tn )+F(t 52)}]3_(5 )[h(t )+f(t )]t .
R2 R2 JR2 alz =yl

Obviously, from P?(ex) := min{d, P(exz)}, we know
tn < tn.

We first claim that the sequence £, is bounded. Since (u,,) is bounded with ||un||§] > «, we claim that there
exist (y,) C R? and R,§ > 0 such that

/ lun,|? >6, neN. (5.1)
BR(yn)

Thus, the sequence vy, () = upn(z + yp) is bounded in E and its weak limit v € E is not zero, i.e., v # 0. Hence,
there is 2 C R? with 2| > 0 such that
v(x) >0 Vrel
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Since (uy,) is bounded and inf,cgz P(x) > 0, there is a positive constant C; satisfying

R2 JR2 t ‘.T_y"u‘ R2 JR2 t “T_y"u ’

o > / / G (tnvn(y t2 )9 (Envn (2)) v () Vn e N.

Az =y~

hence

If t,, — oo as n — oo, by Fatou’s lemma and the fact that

G(s)

s5—+00 S s5—+00

we get

Oy > liminf / G( i, nn(y (tnvn(w))vn(w) ~ e

n—-+oo

which is absurd. Thereby, (£,) is a bounded sequence.
In order to prove (5.1), we suppose by contradiction that

up — 0in L*(R?), 2 < s < +o0.
Since for any 6 > 0, p > 1 and 8 > 1, there exists C(d, p, 3) > 0 such that
g(s) < §s2 4 C(s,p,B)s" " [eﬁ‘l“2 — 1], Vs € R.
Then,

4—p

2 pv3
48t 2 Un
HunH 7“%“%_ L

d—p (
9 unl o < Slunly™ + C(6.p. B)lunl 1 / e
ol

i—p

where ¢,t' > 1 satisfying % + tl, = 1. Taking 3,t > 1 sufficiently close to 1, by the Trudinger-Moser inequality,
we know there exist (7 such that

4—p 4—p

2
" 2, ud T wolunlde 2 T
= lun |2 4m — 2 — T 2
d-n i lunllg, d=n llunllz
e /=1 < e /=1 <Ch,
R2

R2

where we used the fact that
: 2 2—p
limsup [|unllZ; < —=
n—oo

Then,

| (PG| Penstunu,

||

< Clg(un)unlZe

|G39(un)[un” =

u
< 5|un|2 "4 02‘un|42ptf/’ .

=

4pt

> 2, consequently

Since t > 1 is

G (un)[un] — 0, n— oo.
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However,
a < ||Un||§J = Glp(un)[un]

which leads to a contradiction.
Furthermore we can prove that the sequence (¢,,) satisfies

lim sup t, < 1.

n—oo

In fact, suppose by contradiction that there exist § > 0 and a subsequence of (%,), still denoted by itself, such
that
t,>1+6 forall neN.

Since (u,) C N, and tu, € ijd, we have

LLvul +vieatep = [ [ = )6 |x)f(|“ 7)g{tn Jun (5.2)

and
P (e;y)G(tnun) P ejx)g(thun )t
Lvul v = [ [ TS e, (5.3
R2 R2 JR2 tn|l' — |“
Notice that u, — ue, =0 in E and u, — 0 in L{_(R?) for all ¢ > 1, u, — 0 in L{ (R?) for all ¢ > 1. On one
hand, it is easy to see that
| vt - Vel = [ (¢ = V(s lunl? = 0a(1), (.4
R2 {z:V(ejz)<e}

since {x : V(e;x) < e} is bounded. On the other hand, one can see

/ P( €Jy G(u )P( 2)g(un )un _/ Pd(ejy)G(un)Pd(ejx)g(un)un
R2 JR? R2 JR2

|z — yl~ |l —y|»

{Lﬂ * (P(ejx)G(un))] (P(gjz) — Pd(ejx))g(un)un
r2 | 2]

2 Lazll“ : (Pd(gjx)g(“”)“n)} (P(ejz) — P(e;x)) Glun)| -

Since for any § > 0, a > 0, there exists C'(J, ) > 0 such that
G(s) <65 2" +C(5,a)s[e™” —1], Vs € R.

Recall that (uy) is bounded with
9 _
lim sup Huan7 < TM’
n— 00 ’

it follows that there exists C' such that
|P(€jm)g(un)un|ﬁ <C.

Since u, — u.; =0 in £ and u, — 0 in L1 (R?) for all ¢ > 1, we know

loc

G(tnun)| 77 = 04(1),

i—p

(Pese) = PP(esa))Gltaun)] s, = [ P(eja) — b7
{z:P(ejxz)>b}
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since {x : P(ejx) > b} is bounded. Therefore we can conclude that

{% * (Pd(sjw)g(un)un)} (P(ejz) — PU(ej2)) Glun)| = 0n(1), (5.6)
similarly, we know
- L;w * (P(ij)G(un))] (P(ejz) — PU(ej)) g(un)un| = 0, (1). (5.7)

From (5.6) and (5.7), we know

[ f Festitetenten - [ [ FOMCEATRm o,

Thus, from (5.2), (5.3), (5.4) and (5.8), we get
/ Pd(gjy)G(gnun)Pd(sjw)g(gnun)inun _/ Pd(gjy)G(un)Pd(gjx)g(un)un
R2 JR? R2 JR?

2z —yl» |z — y|»

= o0,(1).

Recall that the sequence vy, (z) = upn(z+yy) is bounded in E and its weak limit v € E is not zero, i.e., v # 0.
Hence, there is 2 C R? with \(Z| > 0 such that v(z) >0 Vz € 2. Consequently, from (hs) and (fa), we get

0<// [on (y)[[on (2 [G((l+5)vn(y))g((1+5)vn(fﬂ))(1+5)vn(fﬂ) G(vn(y))g(vn(x))vn(w)]

|z —y|~ (1 +0)|on()|(1 + 9)|vn(2)] [vn (Y)][0n ()]
/ / [ (1 +0)vn(y)g((L + 0)va(x))(1 + S)va(x) G(vn(y))g(vn(w))vn(w)]
(1+0)2|z —yl~ |z — y[#
< on

Let n — oo in the last inequality and apply Fatou’s lemma, we know that

// G((A +0)v ) (A +6)v(2))A +d)v(x) _ Gluy)g(v(@)vlz)

(1+0)?|x —yl» - |z —y|»
which is absurd, thus
limsupt, <1

n—oo
and consequently,
limsupt, < 1.

n—oo

In what follows, we assume that ¢, — to <1, as n — oco. By (5.4), we have
[0z @ = Vit = [ (¢ = V(i) ltntnl? = o0 (1)
R? {z:V(ejz)<e}

9 _
By using the fact that ¢,, — top <1 and limsup ||un\|§J < —M, we know that there exists C' such that

n— oo 4
[P (ejy) F(tpun(z))] 2 < C.

Since

2/ P(ejy) F(tnun(x))[P(ejz) = P4(eja)|H (taun(x))
R |z — yl|~

R?
_|_/ [P(&jy)P(€jl‘) - Pd(€jy)Pd(€jl‘)]H(tnun(m))H(tnun(y))
R2 JR2 |z — y|~

(Grltatn) = Gh(tnun)) =

9
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by repeating the arguments in proving (5.7), we can get
Gp(taun) — Gh(tyun) = on(1).

Notice that

- 1
é:;-i < Ieey(-i(tnun) = I, (taun) + 5/ (Ve(ejz) — V(‘ij))|tnun|2 + Gp(tnun) — G(Ii:’(tnun)»
R2

we have
Ef;;i < I, (tnun) + 0n(1)

< IEj (un) + On(l)a
hence 5;_‘7,1 < ¢, as n — co. However, from Lemma 4.3, there holds

~ed
me,Tmax,d S CEj’

leading to
Me, rma,d < Cej -

Taking limit j — 400 and using Lemma 4.2, we get

meﬂ'ma;ud S meaTmaxﬂ'max?
this is a contradiction by Lemma 3.3, since d < Typax. O

Lemma 5.2. Let u., be the solution obtained in Lemma 5.1. Then, there is y, € R? with e,y, — yo € Ap,
i.€.,
lim dist(epyn, Ap) =0,

En—
such that the sequence v, (x) := ue, (x + yn) converges strongly in E to a ground state solution v of

—Awudmwzp%mﬂJL

*
||

6)] a(0).

In particular, if VNP #£ 0, it follows that lim._q dist(ey., VN'P) =0, and up to subsequences, v, converges in
E to a ground state solution v of

1
— AU+ Emin¥ = T2, {W * G(U)] g9(v).

Proof. Let (ue,), €, — 0, be the sequence of solutions of equation (2.1) obtained in Lemma 5.1, it is easy to
see (ue, ) is bounded in E. Moreover, there exist 7,d > 0 and a sequence (y,,) C R? such that

lim inf [t |? > 6. (5.9)
n— oo B, (yn)

By setting vy, () == uc, (z+yn), Vo(x) = V(en(x+yn)),Pu(x) = P(en(z+yn)), we see that v, solves the below
problem

—Au+ V,(z)u = {% * ( (5.10)

0
=
2
<
~
~———
—
o
—
8
~—
Q
—
=

with energy functional given by

Folv) =5 [ (V0 + Va@)on) - G, (00),
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with

Gp (vn) = 1/R{ L 5 (Po(2)G(vy)) | Po(2)G(vn).

2 ||
Since vy, () = ue, (€ + yp) is also bounded, from (5.9), we may assume that v, — v in E with v # 0 and v > 0.

Claim 1. The sequence (£,Y,) must be bounded.
Otherwise if e,y, — 00, as n — oo, then we may suppose that V(e,yn) — Vo > e, P(enyn) — Po < Tmax-
Since

(I, (vn), ) =0

for any ¢ € C5°(R?), we must have
0= [ (V0.0 + Valahonp) - G (014
= [ (Vn + Vo) - G ) (5.11)
+ [ (Vea(o) = Vaup + B (0l = G, ()l
Since V is a continuous function and ¢ € C§°(R?), it follows that
[ al@) = Voo = 00 1),
One observes that
@}, ()l - G 0)le] = |
+ Py /]R {% % (P, (2)G(vy) — POG(v))] fv)e. (5.12)

Since

K(vy,) = /RQ(|V%|2 +X~/n($)|vn|2)

26 ~ 1-
e Is n __I/ n )Un
5o (Feu o) = Ga(on)en )

26 2—pu
BT

by repeating the arguments in Lemma 2.4, we know

S (Pn(x)G(vn))‘ <c,

||

hence, by estimating the first term in (5.12), we have

1 -

/Rz {W * (Fal0)G ‘“n”} (Pu(@)glen) - Pog(v))@’ <c

/R2 (Pa@)g(vn) - Pog(fu))@’ .

Since v, (z) — v(z) a.e. in R?, the continuity of g implies that g(v,(z)) — g(v(z)) a.e. in R? it follows that

g(va) = g(v) in LT7(R?),
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therefore

/RQ (pn(x)g(vn) - Pog(v))w‘ —0, Vo€ C(R?),

and then

[ o+ @G| (Pdaten) - gt 0. wo e G2, (5.13)

||

For the second term, since G is continuous, then for any z, P,(z)G(v,(x)) — PyG(v(z)), therefore we have
P, (2)G (v, (x)) converges weakly to PoG(v) in Lo (R?). Recall that

w(z) € L (R?)

B

for all w(z) € Lﬁ(]l@), we know that the convolution defines a linear bounded operator from Lﬁ(RQ) to
L (R2), thus

‘xl‘u ¥ (Pu(2)Glun)) = Poﬁ* (Glon) in LF(R2).
Therefore, we have
/R 2 {ﬁ*(w)a(vn) — BiG)| 9(v)p — 0, Vo € O (R). (5.14)

From (5.13) and (5.14), we obtain
G5 (va)lp] = P3G (v)[y] — 0, Vo € C5°(R?).

Then by taking a limit in (5.11), we get
| (F0ve + Vovg) = BRG] = 0
for any ¢ € C5°(R?), which shows that v is nothing but a solution of the equation
—Av+ Voyu = h 1‘# *G(v)}g(v).

Observe that

I, (un) = I, (vp).

By Fatou’s Lemma and Lemma 3.3, we see that

Me, Tiax, Tmax < MV, Py, Po
< ¢V07P07Po

_ B (z))v(z) — G(u(y))G(v(x))
o ) /W

|z — yl~

< liminf I, (v,)

n—o0

= liminfe,
n—oo

which contradicts to Lemma 4.2 which says

lim sup Ce,, S Me, Tmax, Tmax *
n—oo
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Thus (£,yn) is bounded, and we may assume €,Y, — Yo.
Claim 2. yo € Ap :={x e P:V(z)=V(0)}U{z ¢ P :V(z) < V(0)}.

Following the arguments in the proof of Claim 1, we know v is a solution of the equation

—Av + V(yo)v = P%(yo) [ L *G(v)] g(v), in R (5.15)

||

If yo ¢ Ap, then it is easy to see M 7. e < TV (yo), P(yo), P(yo)- Repeat the arguments of Claim 1 again, we
arrive at a contradiction by Lemma 4.2,

lmsup e, < Me rpanmmax < MV (o), P(yo), P(yo) < liminf e, .
n—o00 n—00

Therefore yo € Ap, which means lim, o dist(e,yn, Ap) = 0 . In particular, if ¥V NP # 0, then
lim,, o dist(e,yn, VNP) = 0.
Repeat the arguments in Lemma 4.1, we get

lim I, (vn) < My (yo),P(y0), P(yo)-

n—oo

consequently,
PV (40), P (o), (o) (V) = T (40), P(40), P(y0)

and so and up to subsequences, (v,) converges weakly in H*(R?) to a ground state solution v of
9 1
— AV + Emin¥ = Tax T xG(v)| g(v).

Claim 3. (vy,) converges strongly to v in E.

On one hand, since V', P are continuous functions, we know

[ Tata@l = [ vwle? + o1,

1 - - 1
/ L B(0)GW)| Pu(#)G(w) = Py0)? / L 6w 6w) + o)),
r2 | |z|* Rr2 | |z[#
On the other hand, using the nonlocal Brezis—Lieb type results in Lemma 2.8, we have

Gp, (vn) - Gﬁn (Un —v) — GP,,L (v) = on(1),

n

G, (un)[¢] = G, (vn — v)[¢] = G5, (v)[¢] = 0n(1)
uniformly for ¢ € E, ||¢|| < 1. Thus we can derive

I, (v, —v) = fsn (vn) — QSV(yo),P(yo),P(yo)(U) + 0, (1).

Since }
Jim Lo, (vn) = Pv(yo), Plyo), P(wo) (V)

it follows that

lim I, (v, —v) =0.

n—oo
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Similarly, we drive that }
Il (v, —v) — 0,

which implies .
lim (I (vn —v), (vp —v)) = 0.

n—oo
Hence,
. = 1, -
[|vn — U”2 <C lim (Ien(vn —v) — §<Ién (vn — ), (v — U)>) =0,
n—oo
showing that v, — v in E. O

Lemma 5.3. There exists C > 0 such that |vy|ec < C for all n € N. Furthermore

lim v, (x) =0 uniformly in n € N
|z]— o0

and there exist C', 3 > 0 such that
o (2)] < Cexp(—Blal), ¥z € R.

Proof. From Lemma 5.2, we know £,y., — yo € Ap, as n — oo and v, (x) := u., (¢ + ye, ) converges strongly
in E to a ground state solution v of

—Av+Vov = P} {ﬁ * G(v)} g(v).

Define

Wh(z) = B0 % Py (2)G(v).

Notice that

- 9 _
/ (V0u? + V(@) on]?) < 222,
- 4

we know there is C' > 0 such that
|Wi(z)| <O, V¥neN. (5.16)

For any R > 0,0 <7 < £ let n € C®(R?), 0 <7 < 1 with n(z) = 1 if [z] > R and n(z) = 0 if [z < R —r
and |Vn| < 2. For L > 0, let
vp(x), v(z) <L
VLn =
’ L, vn(2) > L,

and

2, 2(y—1) y-1
L =NV, Un and wr,, = nonvy, ,

with v > 1 to be determined later. Taking zy, ,, as a test function, we obtain
/ oy V2 = —2(y - 1) / v VO VL [ W) Py (2)g(on) P vvs )
R2 R2 R2
- / V. (ac)|vn\2n2vi(::1) - 2/ nvi(lfl)vannVn. (5.17)
R2 ’ R2 ’
Take ,s > 1 such that GsK(v,) < 1, by Trudinger-Moser inequality, there exists C' such that

V2
/ [eﬁ4mi _ 1]3 < / |:eﬂS4ﬂK(Un)m _ 1} < C. (5.18)
R2 R2
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Let t =/s,p> 2L >2and v = p(tfl), for any 6 > 0, there exists C'(d, p, 3) > 0 such that
—1 2t

G(u) < Su2 + 0(5’p7 ﬁ)up_l [eﬂémlu\? _ 1]7 Vu € R.

Thus for ¢ sufficiently small, from (5.16), (5.17) and Young’s inequality, we get
2(y—1 2(y—1 v 2(y—1
/2 772'UL(,71 )|an|2 < 0/2”27721@(,1 )[6B4 n—1] —l—C/R2 vaL(JL )\Vn\z. (5.19)
R R

Using this fact, the estimates in [3] shows that

/ vy, (P2t [eﬁ4mi _ 1]t
|z|>R—r

By (5.18) and Holder’s inequality, we know

1 t—1
t

=
2+t
/ Up t=1 .
lz|>R—r

lwrnl2 < C¥?* | C'+

t—1

=
24t
/ Up -1 .
|z|>R—r

Now, following the same iteration arguments explored in [3], we find

|wL,n 12; < 072

[vnlzo= (212 R) < Clvnlp(aizr/2)- (5.20)
For xo € Bg, we can use the same argument taking n € C§°(R?,[0,1]) with n(z) = 1 if |2 — zo| < p’ and
n(x) = 01if |z — x| > 2p and |Vp| < %, to prove that
[vnlzo (ool <p) < Clvnlp(al<20)- (521)
With (5.20) and (5.21), by a standard covering argument we can show that there exists C' > 0 such that
[vn oo < C.

Then, by regularity theory, we know v,, € C? are classical solutions. Using again the convergence of (v,) to v
in E in (5.20), for each § > 0 fixed, there exists R > 0 such that |v,|pec(|z|>r) < J,Vn € N. Thus,

lim v,(xr) =0 uniformly in n € N.

|z|— o0

The exponential decay property follows from a standard comparison arguments, we can repeat the arguments
in Lemma 3.2. U

The next lemma is due to [7].
Lemma 5.4. There exists 5o > 0 such that |v,|e > 0o for all n € N.

Concentration behavior. If u., is a solution of problem (2.1), then v, (z) = u., (x + yn) is a solution of
problem

— Avy + Vi ()0, = " Po(2)G(vn)| Po()g(vn)
vp € E,v,(x) >0, Vo € R?,

with V,,(z) = V(enz 4 enyn), Po(z) = P(ens + £,y,) and (y,) C R? given in Lemma 5.2. Moreover, up to a
subsequence,
Up — U in E7 gnHyOEAPa
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where 9, = €,yp. If b, denotes a maximum point of v,,, from Lemmas 5.3 and 5.4, we know it is a bounded
sequence in R?. Thus, there is R > 0 such that b, € Br(0). Thereby, the global maximum of u.  is z., = b, +¥yn
and

EnZe, = Enbn + €nYn = €nbn + Un.

From boundedness of (b,,), we get the limit

lim epz, = yo,
n—oo

which together with the continuity of V' gives

lim V(epze,) =V(yo) and lm P(epze,) = P(yo)-
n—oo n—oo
We also point out that for any € > 0 the sequence £z, is bounded, where z. is the maximum point of the
solution u. obtained in Lemma 5.1. In fact, if there exists e; — 0 and Ze; of ue; such that €;2., — oco. However,
from the above arguments, we know
€jze; = €5be; +€5Ye;

where y.; is obtained in (5.9) by non-vanishing argument with €;y., bounded, and b., is the maximum point
of of ve, = ue, ( 4y, ). Consequently, €jZe; — €jYe; = €jbe; — oo. which contradicts with the fact be; lies in a
ball Br(0).

Proof of Theorem 1.5. From Lemma 5.1, there is a positive solution for equation (2.1) for € > 0 small enough.
Therefore, the function w.(z) = u-(%) is a positive solution of equation (1.6). Thus, the maximum points x.
and z. of w. and u. respectively, satisfy the equality x. = ez.. Setting v.(x) := w.(ex + z.), for any sequence
re — xo, € — 0, it follows Lemma 5.2 that,

lim dist(z., Ap) =0

e—0

and v. converges in E to a ground state solution v of
5 1
—Av + V(xo)v = P*(z0) P G(v)| g(v).
From Lemma 5.3, for some ¢, C > 0,
¢
|we (2)] < Cexp (—g\x — ac5|) .

In particular if VNP # ), then lim. ¢ dist(z.,YV NP) = 0 and up to subsequences, v. converges in E to a
ground state solution v of

1
— AV 4 Emint = Tiax {W * G(v)] g(v).
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