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GROUND STATES FOR FRACTIONAL MAGNETIC OPERATORS

PIETRO D’AVENIA! AND MARCO SQUASSINA?

Abstract. We study a class of minimization problems for a nonlocal operator involving an external
magnetic potential. The notions are physically justified and consistent with the case of absence of
magnetic fields. Existence of solutions is obtained wvia concentration compactness.
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1. INTRODUCTION AND RESULTS

Since the late nineties, nonlocal integral operators like

Ay =t [ )%dyzrwa%ﬂuxaxm, uwe C2(RY), (1.1)

where s € (0,1) and
342
r(%5*)
w20 (1 —s)’
being I' the Gamma function, have been widely used in the theory of Lévy processes. Indeed, in view of the
Lévy—Khintchine formula, the generator # of the semigroup on C2°(R?) associated to a general Lévy process
is given by

cy = §2%°

Hu(r) = —ai;d; , u(x) = bidy,u(z) — lim (u(w Ty) —ul@) = Ly < @)y - Vu(l‘))du, (1.2)
“N0JBe(0)

with summation on repeated indexes and where p is a Lévy nonnegative measure, namely

The last contribution in (1.2) represents the purely jump part of the Lévy process, while the first two terms
represent a Brownian motion with drift. It is now well established that Lévy processes with jumps are more
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2 P. D’AVENIA AND M. SQUASSINA

appropriate for some mathematical models in finance. Among Lévy processes, the only stochastically stable
ones having jump part are those corresponding to radial measures as

Cs

W

hence the importance of the definition (1.1). Moreover, the fractional Laplacian (1.1) allows to develop a
generalization of quantum mechanics and also to describe the motion of a chain or array of particles that are
connected by elastic springs and unusual diffusion processes in turbulent fluid motions and material transports
in fractured media (for more details see e.g. [1,9,22,26] and the references therein). Due to the results of
Bourgain—Brézis—Mironescu [5, 6], up to correcting the operator (1.1) with the factor (1 — s) it follows that
(=A)*u converges to —Aw in the limit s ' 1. Thus, up to normalization, we may think the nonlocal case as an
approximation of the local case.

A pseudorelativistic extension of the Laplacian is the well known pseudodifferential operator v/—A + m2 —m
where m is a nonnegative number. This operator appears in the study of free relativistic particles of mass m
and v —A + m? is defined by F~1(1/|€]2 + m2F (u)(€)) (see [23] for more details). We observe that for m = 0
we have the operator in (1.1) with s = 1/2.

An important role in the study of particles which interact, e.g. using the Weyl covariant derivative, with a
magnetic field B = V x A4, A : R? — R3, is assumed by another extension of the Laplacian, namely the magnetic
Laplacian (V —iA)? (see [3,27]). Nonlinear magnetic Schrédinger equations like

—(V —id)u+u = f(u)

have been extensively studied (see e.g. [2,8,12,15,21,28]).
In [19], Ichinose and Tamura, through oscillatory integrals, introduce the so-called Weyl pseudodifferential
operator defined with mid-point prescription

1 (o) z+y\ |2
_ i(x—y)-€ ‘ A ‘ 24 (y)dyd
Hu(z) (2m)3 /Ree \/5 < B ) + m?u(y)dyd§
1 i(z—y)- zty
g e ) e
(2’/T) R6
as a fractional relativistic generalization of the magnetic Laplacian (see also [17], the review article [18] and

the references therein). The operator 4 takes the place of vV—A 4 m?2 and it is possible to show that for all
u € CX(R3,C),

Hoyu(z) = mu(z) — lim o [eiy'A(erg)u(x +y) —uw@) = Ly <y W)y - (V —iA(z))u(z) | dp

N0 Be
= mu(x) + lim [u(w) = A Dy(y)| puly — )y,
N0 Be(2)
where ) ke
2 (22) 72(””;“”')@, m >0,
dp=p(y)dy =4 2 W
— 4 =0

and K is the modified Bessel function of the third kind of order 2 (see e.g. ([18], Sect. 3.1)).
In this paper we are concerned with the operator
r+y

2 )U(y)

i(:}cfy)-A(
u(z) —e

(—A)5u(x) = ¢cs lim

dy, z€R3, (1.3)
N0 e ()

o = yP¥
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and, in particular, with ground state solutions of the equation
(—A)Su+u = |[uP?u in R (Ps.4)

The operator (1.3) is consistent with the definition of fractional Laplacian given in (1.1) if A =0 and with J#4
for m = 0 and s = 1/2. To our knowledge, this is the first mathematical contribution to the study of nonlinear
problems involving operator (1.3).

For the sake of completeness we mention that there exist other different definitions of the magnetic pseu-
dorelativistic operator (see [18,20,23]) and in [16] a fractional magnetic operator (V —iA4)? is defined through
the spectral theorem (see also discussion on the different definitions in ([18], Prop. 2.6).

Throughout the paper we consider magnetic potentials A’s which have locally bounded gradient. We now
state our results.

Let 2 < p < 6/(3 — 2s) and consider the minimization problem

_z(w DA ) u(e) - uly)
Ma = inf / [l dx—l——/
u€.s

|z — y[3+2s

’ 2

dxdy ) (%A)

where

S = {u € H5(R3,C): |u|Pdz = 1}

RS
and H4(R3, C) is a suitable Hilbert space defined in Section 2. Once a solution to .#4 exists, due to the Lagrange
Multiplier Theorem, we get a weak solution to (£ 4), see Sections 2 and 4.

When .7 is restricted to radially symmetric functions, the problem is denoted by .Z4 ,.

First we give the following

Definition 1.1. We say that A satisfies assumption o7, if for any unbounded sequence = = {&,}nen C R?
there exist a sequence {H,, }nen C R? and a function A=z : R® — R3 such that

lim A, (z) = Az(z) for all z € R* and sup ||Ay || (x) < oo for all compact sets K, (1.4)
n n

where A, (z) := A(z + &,) + H, and {£,} is a subsequence of = such that |,| — oc.

We also set 2" := {Z = {&,}nen unbounded : condition (1.4) holds}. Observe that, if A admits limit as
|x] — oo, then it satisfies assumption 7.
Our main result is

Theorem 1.2 (Subcritical case). The following facts hold:

(i) A, has a solution;
(i1) if A is linear, then 44 has a solution;
(iii) if A satisfies o and Ma < infzcq Ma-, then M4 has a solution.

We also consider the minimization problem

‘ 2

e, [ 7 ue) —uw)
/ dady, (AS)

o = yP¥

where

S = {u € DS(R®,C): [ |u|%C29de = 1}

R3
and D% (R3,C) is a suitable Hilbert space defined in Section 4.3. We are able to prove.
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Theorem 1.3 (Critical case). The following facts hold:

(i) if A5 has a solution u, there exist 2 € R3, ¢ > 0 and 94 : R* — R such that

3—2s

€ 2
=d ia(x).
U(l’) S (52+|ZL’—22) € ’

(ii) if for some k € N and E C RS of positive measure

Tty
2

(ac—y)~A( )$2k7r for all (x,y) € E,

then .S has no solution u of the form e*v(z) where ¥ € R and v of fized sign.

The local version of the above results can be found in the work [15] by Esteban and Lions. In [14], for the
case without magnetic field and with subcritical nonlinearities, existence of ground states was obtained using
different arguments, namely without involving concentration compactness arguments, but instead symmetrizing
the minimizing sequences, by using

/ )l = [u) P g / [u(@) —u@)? {0
R6 Re

o =y o=y

for all u € H*(R?), where v* denotes the Schwarz symmetrization of v : R* — R*. On the contrary, when
A # 0, the inequality

2

) sty 2 . Tty
‘efz(xfy)-A(%)m(l.)rk N ‘u(y)rk o ‘efz(zfy)'A( 5 )u(w) _u(y) .
L o=y s, o= P o

does not seem to work and a different strategy for the proof has to be outlined. Dealing with the nonlocal case,
it is natural to expect that, in the study of minimizing sequences, the hardest stage is that of ruling out the
dichotomy in the concentration compactness alternative. This is in fact the case, but thanks to a careful analysis
developed in Lemma 3.9, dichotomy can be ruled out allowing for tightness and hence the strong convergence
of minimizing sequences up translations and phase changes.

We organize the paper in the following way: in Section 2 we introduce the functional setting of the problem
and we provide some basic properties about it; in Section 3 we show further technical facts on the functional
setting as well as some preliminary results about the Concentration-Compactness procedure; finally, in Section 4,
we complete with the proofs of our results.

Notations. We denote by Br(£) a ball in R? of center ¢ and radius R. For a measurable set £ C R® we
denote by E°¢ the complement of E in R?, namely E¢ = R3\ E. We denote by 15 the indicator function of E.
The symbol £"(f2) stands for the Lebesgue measure of a measurable subset 2 C R™. For a complex number
z € C, the symbol Rz indicates its real part and Sz its imaginary part. The modulus of z is denoted by |z|.
The standard norm of LP spaces is denoted by || - || z».

2. FUNCTIONAL SETTING

Let L?(R3,C) be the Lebesgue space of complex valued functions with summable square endowed with the
real scalar product

(u,v)p2 ;=R [ wwvdz, for all u,v € L*(R?,C),
R3
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and A : R? — R3 be a continuous function. We consider the magnetic Gagliardo semi-norm defined by

‘ 2

—i(x—vy)- zty
s e [ @) —uy)
/ dzdy,
R6

[u]s,A = 5 |1._y‘3+2s

the scalar product defined by

Cs e~ AT ) y(2) —uly)) (e @ AT u(e) — o(y)
(u, v)s,4 == (u,v)pz + 38% g ( xy_>y(3+2s Yy )

dzdy,

and the corresponding norm denoted by
1/2
lulls,a = (llullfe + [ulZ 4) "
We consider the space H of measurable functions u : R® — C such that |jul|s 4 < oo.

Proposition 2.1. (H, (-, )s 4) is a real Hilbert space.

Proof. 1t is readily checked that (u,v)s 4 is a real scalar product. Let us prove that H with this scalar product
is complete. Let {uy, }nen be a Cauchy sequence in ‘H, namely for every € > 0 there exists v. € N such that for
all m,n > v. we have |[u, —um||s.a < €. Thus {u, }nen is a Cauchy sequence on L?(R?,C) and then there exists
u € L?(R3,C) such that u,, — u in L?(R? C) and a.e. in R3. Firstly, we prove that u € H. By Fatou Lemma
we have

)2.a < i influ, )2y < T inf(fu, — iy, Joa + f]oa)? < (14 fm)o )%

Thus it remains to prove that [u, — u]s, 4 — 0 as n — oco. Again, by Fatou Lemma
[un, — uls,a < limkinf[un — Ug)s,A < limkinf llun — ugl|s,a <e,
for all € > 0 and n large. a
For any function w : R? — C and a.e. z € R?, we set

Wy (y) = ei(w_y)'A(w_;y)w(y), for y € R>. (2.1)
We have

Proposition 2.2. The space C2°(R3,C) is a subspace of H.

Proof. Tt is enough to prove that [u]s 4 < oo, for any u € C°(R3, C). If K is the compact support of u, we have

‘ 2

e i

e u(z) — u(y) _ 2

/ 3798 dedy < 2/ dedy.
RS |z — y[>+> Kxrs T —y[Pt?e

Observe that, since VA is locally bounded, the gradient of the function (x,y) + u.(y) is bounded on K x R3.
Then we have |u,(z) — u,(y)| < Clz — y| for any (z,y) € K x R3. Of course, we also have |u,(z) — u,(y)| < C
for any (z,y) € K x R3. Hence, we get

2 : 2
T - Ug - ,].
[ el P, o) mnleoyRa,,,
Kxrs |z —y[Pt?e Kxrs [T —y[PtH
1 1
<C ————dz+C ——dz,
B1(0) 12|28 Be(o) 2312
which concludes the proof. O

Thus we can give the following
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Definition 2.3. We define H4(R3, C) as the closure of C2°(R?,C) in H.

Then, H5(R3,C) is a real Hilbert space by Proposition 2.1. For A = 0 this space is consistent with the usual
fractional space H*(R3,C) whose norm is denoted by || - ||s. For a given Lebesgue measurable set E C R? the
localized Gagliardo norms are defined by

2 1/2

—i(x—y) A 2Ly
Cs ’e S )u(x) - u(y)‘
—/ dxdy ,
ExXE

2

1/2
2 Cs Ju(z) — u(y)|?
(/E |u(z)|"dz + 5 /EXE o — gt dxdy )

The operator (—A)% : H4(R?, C) — H,*(R?, C) is defined by duality as

(e*i(w*y)"“(%y)u(x) _ u(y)) (efi(xfy)-A(%)v(x) - v(y))

_ 2
ull s () = [E|U(33)| dx + lz — y[3+2s

HUHHS(E) :

c
—A)S == dxd
<( )A’LL,U> 9 R 6 |l‘ — y|3+23 ray
c (u(w) = A u(y)) (v() - @ AE)u(y))
=R 3 dady.
2 Jre |z —y[>*2s
If fe H;°(R3 C), we say that u € H5(R?,C) is a weak solution to
(—A)ju+u=f, inR? (2.2)
if we have
. (u(w) B ei(mfy)-A(%)u(y» (v(x) _ ez‘(xfy)-A(szry)v(y))
— / dzdy
2" f ERTHE

+R [ wide =R [ fodx, forallve H5(R3 C).
R3 R3

Of course, one can equivalently define the weak solution by testing over functions v € C°(R3, C).
On smooth functions, the operator (—A)% admits the point-wise representation (1.3). To show this we need
the following preliminary results.

Lemma 2.4. Let K be a compact subset of R3, R > 0 and set K' = {x € R3 : d(z, K) < R}. Assume that
f € C*(R®) and that g € CY7(K') for some v € [0,1]. If h(x,y) = f(z,y)g(y), then there exists a positive
constant C' depending on K, f,g, R, such that

[Vyh(z,y2) = Vyh(z,y1)| < Clyz — ",
for all x € K and every y2,y1 € K'.
Proof. The proof is omitted as it is straightforward. O

Lemma 2.5. Let A € C2(R3) and u € C.7(R3,C) for some v € [0,1]. Then, for any compact set K C R® and

loc

R > 0, there exists a positive constant C depending on R, K, A, u, such that
| (2 + ) + uz(z — y) — 2uq(2)] < Cly|'*,

for every x € K and y € Br(0).
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Proof. Fix a compact set K C R?® and R > 0. Consider 2 € K and y € Bg(0). Then, by the Mean Value
Theorem, there exist 71,72 € [0, 1] such that

Uz (@ + y) + us(x — y) — 2us(2)| = [Vyua(z + 11y) -y — Vyuz(z — m2y) - y|
< |Vyug(r + 11y) — Vyuz (z — m2y)|ly| < C|y‘1+’y’

where in the last inequality we use Lemma 2.4 with f(z,y) = eile=v-A(5F) anq 9(y) = u(y). O

Thus in the case u and A are smooth enough, we have the following result

Theorem 2.6 (Weak to strong solution). Let u € H5(R3,C) be a weak solution to (2.2). Assume that A €
C?(R3) and that
u e L¥°(R3C)N C’llo’;y(R‘?,C), for some v € (0,1] with v > 2s — 1.

Then u solves problem (2.2) pointwise a.e. in R3.

Proof. With the notation introduced in (2.1), the definition of weak solution writes as

2 Jge |z — y[3+2s R3 R3

for all v € C2°(R3,C). Let us fix a v € C°(R3,C) and set K := supp(v). Now, for any € > 0, we introduce the
auxiliary function g. : K — R defined by

Cs Ug ('T) - uw(y)
:: - 71 c d .
95(1‘) 2 /ng3 ‘x_y‘3+25 BE(I)(y) y
Note that for all x € K we have that
1
ge(x) — 5(—A)f4u(w), as ¢ — 0 whenever the limit exists. (2.4)

Simple changes of variables show that g. can be equivalently written as

Cs uz(:ﬂ+y)+uz(w—y) —QHI(ZL')
()= - 1 e (y)dy.
g (1') 4 AJ |y‘3+23 Be(0) (y) Yy

Furthermore, by Lemma 2.5, there exist C' > 0 and R > 0 such that
[uz(z +y) + uz(z — y) — 2us(x)| < Cly|*™, for x € K and y € Br(0).
Therefore, taking into account that |u,(y)| < ||ul|r= for all y € R, we have the inequality

"LLI(Z' + y) + uz(w B y) B 2uz(w)|
|y[3+2s < |y[2T25= 1Br(0)(y) + |y[3+2s Lpg (0 (¥),

for some constant C. Due to the assumption v > 2s — 1, the right hand side belongs to L!(R®). Then, by
dominated convergence, the limit of g.(z) as € — 0 exists a.e. in K and it is thus equal to $(—A)%u(z) by (2.4).
Since also |g-(z)] < C a.e. in K, again the dominated convergence yields

1

ge — 5(—A)f4u, strongly in L'(K). (2.5)
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Now, the first term in formula (2.3) can be treated as follows

cs / (uz () = ua(y)) (v (x) = v2(y))
R6

9 |z — y[3+2s

dxdy

~ lim %s /R 6 (ua () — ua;(?i)?y?sigw) — 02(y)) e (y)dzdly
= lim ( /R g (2)olw)de = 3 o wm(xﬁ;ﬁj?ﬁl”“” 1Bg<x>(y)dwdy> :

By Fubini Theorem on the second term of the last equality, switching the two variables and observing that

= (uy(y) = uy(2)) vy ()1 Bey) () = (e (2) = ua(Y))v(2)1e(2) (¥)

yields

cs [ (ug(z) —ux(y)) (va(x) —va(y)) _ TN — sl ol
5 /RS PEEIET dzdy = Eh_r)r(l) . 2ge (z)v(x)dz = /RS(—A)Au(x)v(x)dac,

where we used (2.5) in the last equality. Then, from formula (2.3), we conclude that
R </ (—A)%u+u— f)ﬁdx) =0, forallve C®(R3C),
R3

yielding (—A)%u +u = f a.e. in R3. The proof is complete. O

We conclude the section with an observation about the formal consistency of the spaces H4(R3, C), up to
suitably correcting the norm, with the usual local Sobolev spaces without magnetic field in the singular limit
as s — 1 and A — 0 pointwise. Consider the modified norm

1/2
[l )

s = ([lullfe + (1= 9)[uli 4
By arguing as in the proof of Lemma 4.6, it follows that

}‘imo[u]z,A =[u]?y, for all u € C2*(R?,C).

Moreover, from the results of Brezis—Bourgain—Mironescu [5, 6], we know that
lim (1 — s)[ul3 o = [Vullfz, for all u € CZ(R?,C).

In conclusion

llf% ,alliino ullls,a = [[ullzrrrs), for all u € C*(R?,C).

Hence |||ul||s,4 approximates the Hl-norm for s ~ 1 and A ~ 0.

3. PRELIMINARY STUFF

In this section we provide some technical facts about the functional setting of the problem as well as some
preliminary results about the Concentration-Compactness procedure.

Lemma 3.1 (Diamagnetic inequality). For every u € H5(R3,C) it holds |u| € H*(R3). More precisely

ullls < llulls.a,  for every u € H3(R?,C).
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Proof. For a.e. z,y € R we have

R(e™ AT ) u(2)uly)) < fu()||u(y)]-

Therefore, we have

4y

e~ @D AT ) u(a) — u(y)? = ul@)? + uly)]® - 2R (e @A ) u(2)u(y))
> Ju(@)]? + [uly)]? - 2lu(@)|[u(y)] = [[u(@)] - [uly)]]?,

which immediately yields the assertion. O

Remark 3.2 (Pointwise diamagnetic inequality).
There holds

z+y

lu@)| — fu@)l| < [~ A u(@) —u(y)], for ac. v,y € B,
We have the following local embedding of H¥(R?, C).

Lemma 3.3 (Local embedding in H*(R3,C)). For every compact set K C R?, the space H5(R3,C) is contin-
uously embedded into H*(K,C).

Proof. Fixed a compact K C R?, we have
2 2 Cs |u(@) — uy)l?
ul|%s = u(x)|“dx + —/ ———————dzdy
|| ||H (K) /K‘ ( )‘ ) Kox K |1,_y|3+25

‘e—i(x—y)'A(#)u(l‘) —u(y) 2

< lu(z)|*dz + C dady
/R3 KXK |z — y[3+2s
2 .—i(z—y)A(E5Y) _ 112
o et e
KxK |z — y|3+2s
< Cllull 4+ C,
where we have set (=32)
2| —i(z—y)-A(E) _ 1|2
J = / [u(@)Fle 5 | dady.
KxK |z — y[3+2s

We now prove that J < C|jul|%,, which ends the proof. We have

emraCes)

J:/ |u(ac)|2/ - dzdy
K Kn{lz—y|>1} |z — y[312s
) e a()
+/ u(x) / - dzdy
K‘ @) Kn{|z—y|<1} |z — y[3T2s

1
SC’/ u(z 2/ ————-dzdy
K‘ (@)l Kn{ja—y|>1} [T —y[3T2

1
+C/ uxz/ ————dady,
K‘ @) Kn{lz—y|<1} |T —y[tT2

where in the last line we used that
. x4+, 2
’eﬂ("’“y)'A(%) — 1‘ < Clz—vyl?, for|z—y| <1, r,yc K,

since A is locally bounded. The proof is now complete. O
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Lemma 3.4. Let {A,}nen be a sequence of uniformly locally bounded functions A, : R® — R3 with locally
bounded gradient and, for anyn € N, u, € Hy (R? C) be such that

sup ||unls,4, < o0.
neN

Then, up to a subsequence, {u,}nen converges strongly to some function u in L1(K,C) for every compact set
K and any q € [1,6/(3 — 2s)).

Proof. Arguing as in the proof of Lemma 3.3, the assertion follows by ([13], Cor. 7.2). O
Lemma 3.5 (Magnetic Sobolev embeddings). The injection
H%(R?,C) — LP(R?,C)
is continuous for every 2 < p < s—5-. Furthermore, the injection
H5(R? C) — LP(K,C)
is compact for every 1 < p < % and any compact set K C R3.

Proof. By combining Remark 3.2 with the continuous injection H*(R3) < L%/3=29)(R3) (see [13], Thm. 6.5)
yields

2 1/2
u(z) —u(y)
|1. _ y|3+25

‘e—i(x—y).A(w—;y)
dzdy for all u € H5(R?,C). (3.1)

H'LLHLS/(3725)(R3) S C /

RS
Whence, by interpolation the first assertion immediately follows. For the compact embedding, taking into
account Lemma 3.3, the assertion follows by ([13], Cor. 7.2). O

Lemma 3 6 (Vanishing). Let {u,}nen be a bounded sequence in H*(R3) and assume that, for some R > 0 and

2<q< 5753 2 , there holds

lim sup / |t |7dz = 0.
™ ¢€R3 JB(E,R)
Then u,, — 0 in LP(R3) for 2 < p < o 25
Proof. (See [11], Lem. 2.3). O

Lemma 3.7 (Localized Sobolev inequality). Let £ € R? and R > 0. Then, for u € H*(Bg(£)),

1/2
1 lu(z) —u(y)|?
< (O(s / u(x 2dac—|—/ ————— dydzx
el 25 () = 1) (st BR@)' ) Br©)xBa(e) [T —yl*?

for some constant C(s) > 0. In particular for every 1 < p < 5=5= there holds

lullzeBr(e) < Cs, B)l|lull e (Brie)
for some constant C(s, R) > 0 and all w € H*(Br(£)).

Proof. (See [4], Prop. 2.5) for the first inequality. The second inequality immediately follows. O
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Lemma 3.8 (Cut-off estimates). Let u € H5(R?,C) and p € C%1(R3) with 0 < ¢ < 1. Then, for every pair of
measurable sets B, By C R, we have

2
Jo(a)u(e) - p(y)uly) | ) 2
/ 3 dazdy < len{/ ul dac,/ |ul dx}
E1xEs |w —y[3+2e B Ba

. x4
’e—z(m—y)'A( -

‘efi(mfy)-A( Lty )u(x) —u(y)

|1. _ y|3+25

’ 2

+C

dxdy,
E1 X E2

where C' depends on s and on the Lipschitz constant of .

Proof. The proof follows by arguing as in ([13], Lem. 5.3), where the case A = 0 and Fy; = E is considered.
For the sake of completeness, we show the details. We have

—i(x—vy)- zty
e e ACE) o (yu(e) — p(y)uly)?
3725 dzdy
E1><E2 |'T - y|
i z+y
e e AT ) y () — u(y) 2 lu(y)Plo(e) — o(y)?
<C - dedy + C - dzdy.
E1><E2 |1~_y|5+28 y E1><E2 |'T_y|3+28 y

On the other hand, the second integral splits as

1 1
2 2 2
uly / T 159s dzdy +/ uly / —=aT5o Sdasdy <C ul“dy.
/Ez ) Ern{lz—y[<1} | —y[t+2 B ) Ein{lz—y[>1} |z —y[*+2 Es e

Analogously, we have

St z4y
p@)u(x) = VA o),
— o [3+2s ray
Ei1XE; ‘x y‘
—i(z—y) A(ZE2) . 2 2 _ 2
cof ke W) —u) o [ Pl 0
E1><E2 |'T_y| s E1><E2 |'T_y| s
and the second term can be estimated as before by | B, |u|?dx. The assertion follows. O

Thus we can prove

Lemma 3.9 (Dicothomy). Let {u,}nen be a sequence in H5(R3,C) such that, for some L > 0,
lunllpresy =1, lim|un[f 4 = L,

and let us set

@A)y () o ()2
| (@)~

3
EpWErER reR’ neN.

pal@) = fen(o)? + [

R3
Assume that there exists 3 € (0,L) such that for all € > 0 there exist R > 0, n > 1, a sequence of radii
R, — +00 and {&, }nen C R3 such that for n >0

’/Rs “}z(w)dx - ﬂ’ <e, /~L71L = 1Bg e, Hns

<e, ph = LBg (gn)Hns

//ﬁ@ﬁw—@—ﬁ)
R3

Aymm—%m—@mmsa (3.2)
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Then there exist {ul}nen, {u2}nen C H5(R?,C) such that dist(supp(ul),supp(u2)) — +oo and
llunllsa = 8] <e,

llunll2a = (L= 5)| <e,

l|lwn — U;L - UEL ls,a < e,

<e

= b sy = N2 )
for any n > n.

Proof. Notice that we have

—i(z—y) A(E2) . 2
/ phda :/ |un|2dx—|—/ i u;l(fs) un(y)] dxdy
R Ba(én) Br(n)x Bg(&n) |z —y|

‘efi(wfy)'A( mzy)un(l') — Un(y)|

2
+ / dxdy,
Bp (€)% B (€n) |z — g+

as well as

2

efi(z*y)'A( ot )un(x) - Un(y)

2 2
L dx:/ [t | d:r—i—/ dzdy
/RS " B, (€n) B, (€)% B, (€n) |z — g+
—i(a—y)-A(242) ’
o e Hun() )|
o xdy,
B, (€1)XBry, (€n) |z — y[3+2
and, from inequality (3.2), we have, for n > n,
. oin 2
‘eﬂ("’”*y)'A(T)un(x) - un(y)’
dzxdy < ¢,
/{R<x5n<Rn}><R3 |z — y[32s
1 4y 2
‘e_“w_y)'A( )y () — un(y)’
dady < ¢,
/R3x{1%§|y—5n|§Rn} @ — y[3F2s

/ |un\2dx <e.
{ég‘mfgn‘SRn}

(3.10)

For every r > 0, let ¢, € C*°(R?) be a radially symmetric function such that ¢, = 1 on B,(0) and ¢, = 0 su

BS,.(0). In light of Lemma 3.8 applied with E; = E; = R3, for any n € N, we can consider the functions

u}l = pr(-—&n)un € HZ(RS,(C), UEL = (1~ ‘PRn/2(' —&n))un € HZ(RS,(C).

We observe for further usage that the functions ¢z (- —&,) and 1 —¢g, /2(-—§,) have a Lipschitz constant which
is uniformly bounded with respect to n. Moreover, dist(supp(ul),supp(u?)) — oco. Let us consider {u}},en.
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We have [u,]2 4 = S It where

=1"n
A sty 2
n / oA )y, () — un(y) o
n = s €T y7
Br(én)x Ba(én) @ —y|*+2
Ci(m—y) A2 2
: e e A= @) — k)
I = / ) ) ) ) P dzdy,
By(§n)\Br(&n) X By (§n)\Br(&n)
A oty 2
, A @) — )
I = 2/ — 75, dzdy,
By (6n)\Br(6n) X B(€n) [z -yl
A oty 2
e | e o) |
= - zdy,
Ban (6n)\Br (6n) X B 5 (€n) [z —y[+>
—ilr—a)- zt+y 2
5 2/ ’e AT (@) Ui(y)‘ dad
o= 3725 ray.
Bpr(&n) X BS 5 (6n) |z — y[3+2
Concerning I with i = 2,3, 4, since for suitable measurable sets E3 C R? and ¢; > 0,
—i(r—ar). Tty 2
o e e - )
n=Ci 5T5s ady,
" Byn(€0\Ba(en) xeh |z — y[>+?
in light of Lemma 3.8 and inequalities (3.8)—(3.10), we have
—i(m—y) A( 2Ly 2
Ii<c / |un |*d / ‘e e alS )“n(ﬂﬁ)—un(y)’ dzd
n > Up | dT + . xdy
By (€n)\Br(En) Bap(6n)\Br(én) xek |z —y[P+?

< Ce, (3.11)

being By (,) \ Br(én) C{R < |z —&,| < R,} for every n large enough.
Concerning I3, we have

) oty 2
e A ul @) - ub )

n
b= /BR<fn>x{2R5y—fn3Rn} o —y[Free ol
e Al () — ul ()|
+2 /BR(fn)ngn(fn) |z — y[3+es zdy.
Then, arguing as in (3.11) for I (i = 2,3,4) we get
e A (0) — ul(y)]
/BR(sn)x{zéﬁy—smsm} o —y|Free oy = €5

for large n. On the other hand, as far as the second term in concerned, we get

1 1

Jul(z) — ub(v)]
Y) 2
|z — y| Ba(£n)x B, (€n) |z —yl

. 41
‘e—z(x—y)'A( .

/BR(fn> x B (En)
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since u},(y) = 0 for all y € BE (&) and ul(z) = u,(z) for all z € Bg(&,). Observe first that if (z,y) €

n

Bpr(n) x B, (&n), then |z —y| > R, — R — oo, as n — oo. We thus have
2
/ e dady
BR(gn)XB;%n (&n) |l' o y| °

1 / , 1 C
<1 ltn (2)] / L dy)de< — Y <ce (3.12)
(Rn — R)® J (e {o—y|>1} [T —y[312579 (Rn — R)?

where 0 < ¢ < 2s. Here we have used the boundedness of {u,}nen in L?(R?,C). So we have that [u}]? , =
I} + ¢, o with g, < Ce for n large, which implies on account of (3.10)

[ubl2a= [ et I e G < Ce (3.13)

Bgr(&n)

A similar argument involving {u, }nen in place of {u}},en shows that formula (3.7) writes as

/ plder = / up|?da + I} + Gney  Gne < Ce. (3.14)
R3 _

r(&n)
Indeed, since

) zty ?
‘eﬂ(mfy)-A(%)un(x) — un(y)

ERPE

/ dxdy
Bﬁ(gn)XB%(gn)

efi(w*y)'A( ot )un ($) - Un(y)

o — 4P

‘ 2
<

/ dady
Br(&n)x{R<|y—&n|<Rn}

2 2
/ \un(aﬂngr2s da:dy—i—/ |un(ng|r2s dxdy] ’
Br(€a)xBg,, (6) |7 =Yl Br(¢.)xBg, (62) 17— Y

by (3.9) and arguing as in (3.12) we can conclude. By combining (3.13) and (3.14) we finally obtain the desired
estimate (3.3).
Now, concerning {u, }nen, we have [u}]? 4 = Z?Zl J, where we have set

+C

. z+y 2
o A )y, () — un(y)‘
Iy = / 3+2s dzdy,
B, (€)% B, (€n) |z — y[>+=
, oty 2
A @) 3
J? = / 7 daxdy,
Bry (€)\Bry, /2(6n) X Bry (60)\ B, /2(6n) |z =yl
. z+y 2
3 A2 () — a2 ()|

I = 2/ 3+2s dzdy,

By (€2)\Br,,/2(6n) % B, /2(6n) |z =yl

; z+y 2
4 e A2 o) — a2y

J, = 2/ 3725 dxdy,

Bry ()\Bry 2(6n) X By (€0) [z =yl

x4y 2
A @) — aa )

I = 2/ - - dzdy.

Bry2(6n) % B, (€0)

‘.’E _y‘3+25
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Concerning J;, with ¢ = 2, 3,4, observe that the integration domains are Bg, (£,) \ B, /2(&) % Ej, for suitable
measurable Ei’s, and they are subset of {R < |z — &,| < R, } x R? for n sufficiently large. Thus we can argue
as in (3.11). Finally, J2 can be estimated with similar arguments to that used in (3.12) and, as for ul, using
also (3.10), we obtain

/ ,ui(w)dx = / |uﬂ|2dw + J% + g_n,ea g_n,s < Ce.
R3 Bg, (6n)

By combining all these estimates we get (3.4) for any n large.
Conclusion (3.5) follows by (3.8)—(3.10). In fact, setting

Uy = Up — u; - Ui = (PR /200 = &n) — 0R( = &n))um,

for all n, inequality (3.10) yields

[ oo = / (Prupalo =€) = opla — &) lunPdo < uafd < =

{R<|z—€n|<Rn}

Furthermore, [v n] Zz 1 K}, where

. z Yy 2
‘eﬂ(xfym( 7)o (2) — vn(y)‘

K, = / 3725 dady,
By (62)\Br(€n) % Bry (62)\Br(€n) |z — y[3+%
—i(x— zty 2
- 2/ ‘e (a—y)-A( =4~ )Un(l')—vn(y)‘ o
= . xdy,
! By (62)\B(€n) % B (En) |z — y[3+2:
) ety 2

) ‘efl(mfy)'A(‘ ; )'Un(l') — Uﬂ(y)‘

K3 .= dzdy.

_ 9 /
Br, (€2)\Bg(£n) X B, (€n) |z — y[32e

Since v, = Puy, with @ := (pr, /2(- — 1) — @g(- — &), we can repeat the arguments performed in (3.11).
Concerning the final assertion (3.6), we have for some ¥ > 0,

L= flugll7e = llunllzs = /RS (1= i@ = &) = (1= ¢r,j2(z = &))7) [un[Pdz

</ |tn [Pda
{R<|z—£,|<Rn}

( |un|2dx> (/ [t | 3= 2Sdar;)
Slz—&n|<Rn}

in light of (3.10) and Lemma 3.5. This concludes the proof. O

(A—9)p(3—20)
- 6

Lemma 3.10 (Partial Gauge invariance). Let £ € R® and u € H5(R3,C). For n € R3, let us set
v(z) = e Pu(x +£), xR

Then v e Hj, (R3,C) and
where Ay = A(-+&)+n

[ulls,a = llvlls,a,,
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Proof. Of course ||v|| 2 = |lu||L2. Moreover, a change of variables yields
e e )uta) o) ATy 1 )~ uy + )]
. ERrEE oy = [ ERPEE s
e_i(x_y)'A(%y)u(JS) - u(y)‘Q
= /RG lz — y[3+2s dzdy,
which yields the assertion. O

If A is linear, then, taking n = —A(¢) in Lemma 3.10, we get A, = A and hence

Lemma 3.11 (Partial Gauge invariance). Let £ € R and u € H5(R3,C). Assume that A is linear and let us
set
v(z) = e MO Ty (z 4 ¢), zeR3

Then v € H5(R?,C) and ||ulls,a = ||v||s,-

4. EXISTENCE OF MINIMIZERS

Let 2 < p < 6/(3 — 2s) and consider the minimization problem (.#Z4). First of all observe that by Sobolev
embedding, .#4 > 0. Once a solution to (.#4) exists, due to the Lagrange Multiplier Theorem, there is A € R
such that

(efuzfy)A(‘”;y)u(w) - u(y)) (e*"(“y)*‘($)v(x) - v(y))

ERPIE

SR

2% | dzdy

+R [ wode = AR [ |uP"2uvdz, for all v € HY(R3,C).
R3 RS

A multiple of u removes the Lagrange multiplier A and provides a weak solution to (%, 4). Moreover, if we set

My(N) = inf |u

2
u€S (N 5.0

where
SO = {u € H3(R3,C) - / lufPdz = )\} ,
RS

we have that for every A > 0
Ma(N) = \b Mg (4.1)

4.1. Subcritical symmetric case

Let 2 < p < ﬁ and consider the problem

M= nf ul?

where
Sy = {u € Hj 1a(R*,C) : / |u|Pdz = 1} :
R3

First we give the following preliminary result.
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Lemma 4.1 (Compact radial embedding). For every 2 < q < 6/(3 — 2s), the mapping
H3 10a(R®,C) 3 u s Jul € LI(R),
18 compact.

Proof. By Lemma 3.1, namely the Diamagnetic inequality, we know that the mapping
H5(R? C) 5 u— |u| € H* (R R),
is continuous. Then, the assertion follows directly by ([24], Thm. IL.1). O
We are ready to prove (1.2) of Theorem 1.2

Theorem 4.2 (Existence of radial minimizers). For any 2 < p < 6/(3 — 2s), the minimization problem M4,
admits a solution. In particular, there exists a nontrivial radially symmetric weak solution u € Hj,rad(R‘g, C) to
the problem (P ).

Proof. Let {un}nen C . be a minimizing sequence for .#4 ,, namely ||un || Lr®s) = 1 for all n and [lun||? 4 —
Ma,r, as n — oo. Then, up to a subsequence, it converges weakly to some radial function u. On account of
Lemma 3.5, u, — u a.e. up to a subsequence. By Lemma 4.1, up to a subsequence {|u,|}nen converges strongly
to some v in L(R3) for every 2 < q < 6/(3 — 2s). Of course, v = |u| by pointwise convergence. In particular
we can pass to the limit into the constraint |[uy, | zrgs) = 1 to get ||ul|Lr(rsy = 1. Then u is a solution to .#4 .,
since by virtue of Fatou Lemma

2

—i(x—v)- zty
Moy < 24 ‘e A% )“(x)—u(y)’ dzd
Ar > /RS |U(l‘)| l‘—i_/ﬂé5 |1._y|3+25 rdy

: e DA (1) — )
< lim inf /RS |t (z)|“da + /RS PERER daedy | = M.

’ 2

n

This concludes the proof. O

4.2. Subcritical case

_6

In this subsection we study the minimization problem (.Z4) in the case 2 < p < 3=5-.

4.2.1. Constant magnetic field case

Let us consider (.#4) under the assumption that A : R — R? is linear. The local case was extensively
studied in [15] for the magnetic potential

b
Ay, 20, 23) = 5(—132,15170)’ beR\{0}.

Hence we can prove (1.2) of Theorem 1.2.

Theorem 4.3 (Existence of minimizers, 1). Assume that the potential A : R® — R? is linear. Then, for any
2<p< ﬁ the minimization problem (M 4) admits a solution.
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Proof. Let {un}nen C . be a minimizing sequence for .#4, namely |[u,||r» =1 for all n and |[u,[|? , — A4,
as n — oo. We want to develop a concentration compactness argument [25] on the measure of density defined

by
2

’e—i(x—y)'A( Ifzry)un (l‘) - Un(y)

|1. _ y|3+25

pin () = |un (x)]? —I—/ dy, z€R* neN

R3
Notice that {fn}nen C L'(R?) and, since [[un||2 4 = #a + on(1),

sup/ o (2)da < o0
neN JR3

More precisely, we shall apply ([25], Lem. 1.1) by taking p, = p,. Only vanishing, dichotomy or tightness
(vielding compactness) are possible. Vanishing can be ruled out. In fact, assume by contradiction that, for all
R > 0 fixed, there holds

lim sup / i (z)dx = 0,
" ¢erN JBR(g)

namely

e A 1) — )
lim sup / | (z)[*dz —I—/ 3725 dzdy | =0.
" eer™ | JBr(e) Br(€) xR |z —y]

By Remark 3.2 it follows that

_ 2
lim sup / \un(x)\Zdw—i—/ [[un()] \;g(qy)“ dzdy | = 0.
" gery \JBr(e) Brexrs o -y

In particular, we get

‘ 2

tim sup [t [} (3 e)) = 0
Fa He(Br(¢))

and this implies, by virtue of Lemma 3.7, that for any R > 0

lim sup / |tn (2)|Pde = 0.
" ¢eRN JBR(¢)

Thus, in light of Lemma 3.6, u,, — 0 in L? which violates the constraint ||u,|/z» = 1. Whence, vanishing cannot
occur.

We now exclude the dicothomy. According to ([25], Lem. I.1), this, precisely, means that there exists § €
(0,.#4) such that for all £ > 0 there are R > 0, 7 > 1, a sequence of radii R,, — +oc and {&, }nen C R? such
that for n > n

‘/W i () dz — ﬁ’ <&, pp(®) =g bns

/]R3 pn (@) dx — (M s — ﬁ)’ Se pn(@) =l gHn,

/ in (&) — ik () — 2 ()| de < .
RS
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Then, by virtue of Lemma 3.9, there exist two sequences {ull}nen,{u2}nen C H5(R?,C) such that
dist (supp(u), supp(u?)) — +o0 and

Munll34 = 8] <e, (4.2)
w2l 4 = (Ma = B)| <e,

11— a7 = lunllze] < e
for any n > n. Up to a subsequence, in view of (4.4), there exist ¥, w. € (0,1) such that
Hu}lHIL)p =i Un,e — Ve, Hui”ip =i Wne 7 We, 1 —d: —we|<e, asn— o0
Notice that 9. does not converge to 1 as e — 0, otherwise by (4.1) and (4.2), for € small we get

B+ e > limsup Hu}lHiA > limsup A (9n,c) = Ma9P > B+ c.
n n

Of course Y. does not converge to 0 either, as € — 0, otherwise w. — 1 and a contradiction would again follow by
arguing as above on u2 and using (4.3). Whence, by means of (4.1), (4.2), (4.3), and since \2/? 4+ (1 — \)?/? > 1
for any A € (0,1), if € is small enough

Mo+ 2e > Nimsup ([Jug 124+ [un 3 4) = limsup (Aa(On,e) + M a(wn,e))
= Ma (193/1” + wg/p) > M+ 2,

a contradiction. This means that tightness needs to occur, namely there exists a sequence {&, }nen such that
for all € > 0 there exists R > 0 with

2

2 ‘efi(zfy)'A(m;y)un(x) — un(y)
() +/ dedy < e
/Bfa(ﬁn) B (En)xR3 = = yP

for any n. In particular, setting @, (x) := un(z + &,), for all € > 0 there is R > 0 such that

sup/ |t (2)|?d2 < e. (4.5)
neN.J B¢ (0)

Let us consider ,
Up(z) = e7MAE) TG (1), z e R3.

Since, by Lemma 3.11, ||v,||s,.a = |[un||s,a, we have that {v,}nen is bounded in H§(R?, C). Notice also that,
since |vp, ()| = |tn(z)| for a.e. ¥ € R? and any n € N, by (4.5) we have that for all ¢ > 0 there is R > 0 such
that
sup/ v, ()% de < e. (4.6)
neNJBe (0)
Thus, in view of the compact injection provided by Lemma 3.5, up to a subsequence, {v, }nen converges weakly,
strongly in L?(Br(0), C) and point-wisely to some function v. Moreover, by (4.6), it follows that v,, — v strongly
in L?(R3,C) as well as in LY(R?,C) for any 2 < q < 6/(3 — 2s), via interpolation. Hence ||v||z» = 1. Hence, by
Fatou’s lemma, we have

Ma < 0] 4 < Timinf on |7 4 = lim inf un||3 4 = #a,

which proves the existence of a minimizer. O
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4.2.2. Variable magnetic field case
We now prove (1.2) of Theorem 1.2.

Theorem 4.4 (Existence of minimizers, II). Assume that the potential A : R® — R3 satisfies assumption of
and that

My < inf Ma.. 4.7

A< Sl s o

6

Then, for any 2 <p < 575,

the minimization problem (M a) admits a solution.

Proof. By arguing as in the proof of Theorem 4.3, if {uy }nen is @& minimizing sequence for .#4, we can find a
sequence {&, }nen such that for all € > 0 there exists R > 0 with

2

2 ‘efi(zfy)'A(¥)un(x) — un(y)
(o) +/ dedy < e
/B;(gn) Bg(€n)xR3 =y

for any n. In particular, setting again @, () := u,(z + &,), for all £ > 0 there is R > 0 such that

sup/ |, () 2dz < e.
neN JBe (0)

Assume by contradiction that the sequence {&,}nen is unbounded. Then, since A satisfies condition 7, there
exists a sequence {H, }nen C R3 such that (1.4) holds. We thus consider the sequence

vp(x) = g, (x), xeR3.
By virtue of Lemma 3.10 it follows that

sup [[vnlls,a,, = sup |lun|ls,.a < oo, An(x)=A(x +&,) + Hp.
neN neN
Then, by combining Lemma 3.4 with

sup/ v, (2)]?dz < e,
neNJBE(0)

up to a subsequence, {vn}nen is strongly convergent in L(R3) for all ¢ € [2,6/(3 — 2s)) to some function v
which satisfies the constraint ||v||L» = 1. By combining Lemma 3.10 with Fatou’s Lemma and (4.7), we get

‘e_i(w_y).As(#)v(x) —v(y) i

M. < v2ﬁ:/ v|?dz / : dzd
Az = H ||S,A_: R3| | + R |1,_y|5+25 Y

e 450, (@) — va(y)
< lim/ \vn\de+liminf/ - dzdy
n Jrs n Jre |z —y[>+2
’2

‘ 2

, ’efi(xfy)'A( m;y)un (.T) — un(y)
= 1171111 /RS |un|“dz + hmnlnf /RS =T dzdy

:%A < inf %AE S%Agv
EeZ

a contradiction. Therefore, it follows that {&, }nen is bounded. The assertion then immediately follows arguing
on the original sequence {uy,}nen. O
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4.3. Critical case

Let D% (R3 C) be the completion of C°(R3,C) with respect to the semi-norm []s 4. The functions of
D5 (R3,C) satisfy the Sobolev inequality stated in formula (3.1). The space D% (R3,C) is a real Hilbert space
with respect to the scalar product

. efi(zfy)A(m;y)u(l.) — u(y) e*i(I*y)'A(¥)v(x) —v(y)
(u,v)s,4 1= 33‘% - ( E _>y<3+2s )

dzdy.

We consider the minimization problem (.Z5). Of course, by density, we have

MG = inf ul? ME = inf ul? .
A ueycﬂCgC(RS,C)[ Js.a 0 ueygncgo(RS,C)[ Jso

where ¢ = {u € D*(R3,C) : |lul s/-2:) = 1}. Moreover, since [|u[]so < [u]s0, we have

M = [ul?o- (4.8)

inf
ue SeNCe (R3,R)

Remark 4.5. Tt is known [7,10] that all the real valued fixed sign solutions to .Z§ are given by

13
%z,e(x) = dy (m)

for arbitrary e > 0, z € R? and that these are also the unique fixed sign solutions to

3—2s
2

(—A)u = w2 in R,
We now prove the following crucial lemma
Lemma 4.6. It holds 4§ = A5 .
Proof. Let ¢ > 0 and u € C2°(R3,R) be such that

u¢/G72)de =1, [u]?, < .45+,
R3
in light of formula (4.8) for .Z§. Consider now the scaling

3—2s X B
Ug(x) =0~ 2 u(—), o>0, zeR>
o

It is readily checked that
/ \ug|6/(3*25)dx = / \u|6/(3*25)dx =1, [ucls,0=[u]s0, forallo>0.
RS R3

There holds that )

e A ) — u)
o = B dxdy.
[u ]s,A /]RG |1,_y|3+25 xray
Then, we compute
7ia(zfy)~A(am;y) _ 2 _ _ 2
2 2 _ [ le u(z) —u(y)]” — [u(z) — uly)|
[uols,a — [uls0 = /RG lz — y[3+2s dzdy

:/ Qa(x,y)dxdy:/ O, (x,y)dady,
RS KxK
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where K is the compact support of u and

— e_w(x_y)'A("mfzry) u(z)u
oo ::2%((1 Ju@)u(y))

|1. _ y|3+25

_2(1 —cos (o(z —y) - A(c =) )u(z)u(y)
FRE |

a.e. in RS. Of course O, (z,y) — 0 for a.e. (z,y) € RS as 0 — 0. Since A is locally bounded then
Tty 2
1—cos(a(ac—y)~A(aT)) <Clr—-y|* =zyekK.
Therefore, since u is bounded, it follows that for some C' > 0

|Os(z,y)| < for x,y € K with |z —y| < 1,

o=y

C :
|Os(z,y)] < Ty for x,y € K with |z —y| > 1.

Then overall, we have

1 1
|z — y|1+257 |z — y[3+25

160 (2,4)| < w(z,y), w(w,y>:cmn{ } for 2.y € K.,

for a suitable constant C' > 0. Notice that w € L'(K x K), since

/ w(z,y)dedy = / w(z,y)drdy + / w(z,y)drdy
KxK (K x K)N{|z—y|<1} (KxK)N{|z—y|>1}

1 1
<C ——dz+C ———dz < 0.
(=<1} 1212 {z>1) 27728

Then, by the Dominated Convergence Theorem, we obtain

M5 < T fuol? 4 = [ul2 g < A+,
g—

hence .#§ < .#§ by the arbitrariness of €. Since the opposite inequality is trivial through the Diamagnetic
inequality, the desired assertion follows. O

Thus we can prove (1.3) of Theorem 1.3.

Theorem 4.7 (Representation of solutions). Assume that ¢ admits a solutions u € D% (R3,C). Then there
exist z € R3, e > 0 and a function 94 : R® — R such that

3—2s
c =
=d, | ——— Wal@) g e R3.
u(x) (€2+|as—z2> e , T
Proof. 1f uw € D%(R3,C) is a solution to .Z¢, then by the Diamagnetic inequality and Lemma 4.6,
M = M5 < ]2 < [ulf 4= A5

Then, it follows that .#5 = [|u]?, which implies the assertion by Remark 4.5. O
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For a function u € D% (R3,C) we define 7. : RS — R by setting

T, y) =2 (Juto) lu(y)| — e A u@)agy) ), ac. in B

Finally we have
Theorem 4.8 (Nonexistence). Assume that for a function u € D% (R3,C) we have

TA(z,y) >0 on E C R® with L5(E) > 0. (4.9)
Then w cannot be a solution to problem 5.

Proof. For every u € D% (R3,C) we have |u| € D*(R3) and there holds

20 = [l = [ 7o g)dody

Assume by contradiction that u solves .Z§. Then, since ||u||po/s-2s) = 1, by Lemma 4.6 and assumption (4.9),
we conclude that .25 = .45 = [u]? 4 > [|u]]?, > ., a contradiction. O

As a consequence we get (1.3) of Theorem 1.3.
Corollary 4.9 (Nonexistence of constant phase solutions). Assume that
(x —y)- Az +y) Z kn, for some k € N and on some E C R® with L°(E) > 0.

Then 4§ does not admit solutions u € D% (R3,C) of the form u(z) = e'’v(x) for some ¥ € R and v € D% (R, R)
of fized sign.

Proof. Assumption (4.9) is fulfilled, since

TA(z,y) = 2 (1 _ cos ((ac —y)-A (w ‘; y))) v(@)o(y) > 0, for ae. (z,y) € E.

Hence, the assertion follows from Theorem 4.8. O
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