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INTEGRAL REPRESENTATION RESULTS IN BV x LP

GRACA CARITA"T AND ELVIRA ZAPPALE?

Abstract. Integral representation results are obtained for the relaxation of some classes of energy
functionals depending on two vector fields with different behaviors, which may appear in the context
of image decomposition and thermochemical equilibrium problems.
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1. INTRODUCTION

Minimization of energies depending on two independent vector fields have been introduced to model several
phenomena. Namely, when u is a Sobolev function in W9, ¢ > 1, and v is in LP, the study of these energies
(see (1.1)) was motivated by the analysis of coherent thermochemical equilibria in a multiphase multicomponent
system, with Vu representing the elastic strain and v the chemical composition of the material. In the theory of
linear magnetostriction, the stored energy depends on the linearized strain and the direction of magnetization,
we refer to [14,15] and the references therein for more details. Moreover, when p = ¢ this type of energies is
used to model Cosserat theory and bending phenomena in nonlinear elasticity and also for the description of
thin structures, see [11,20]. Here v takes into account either Cosserat vectors or bending moments and Vu
is the elastic strain. When wu is a function of bounded variation, functionals similar to (1.1) enter into image
decomposition models, i.e., in order to denoise and restore a given image f, it is required to minimize a functional
which is the sum of a “total variation” term (i.e. a “norm” of Du) and a penalization term, i.e. a norm in a
suitable functional space of f — u — v. Essentially f can be decomposed into the sum of two components u
and v. The first component (cartoon), u, is well structured and it describes the homogeneous objects which are
present in the image, while the second component, v, contains the oscillating pattern (both textures and noise).
We refer to [4,21,25,27,28] among the extensive literature in this field.

In order to cover a wide class of applications we start from the functional setting W' x LP, with anisotropic
energies with linear growth in the gradient variable Vu. Indeed, let £2 be a bounded open set in RY and
1 < p < oo, for every (u,v) € WHL(£2;RY) x LP(£2;R™) define the functional

J(u,v) ::/Qf(ac,u,v,Vu)daz (1.1)
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where f: 2 x R? x R™ x RN — [0, +00) is a continuous function satisfying standard coercivity and growth
conditions that will be precised below. We discuss separately the cases 1 < p < oo and p = oco. Thus we
introduce for 1 < p < oo the functional

Tp(u,v) := inf{liminfJ (un, vy) : 4 € WHL(2;RY), v, € LP(2;R™), u, — win L, v, — vin LP}, (1.2)

n—-+oo
for any pair (u,v) € BV (£2;R%) x LP(£2;R™) and, for p = co the functional

Joo(u,v) == inf{linrriaréfJ(un,vn) S € WHH O RY) v, € L°(2;R™), up — win LY v, = vin L}, (1.3)
for any pair (u,v) € BV (£2;R?) x L°°(2;R™).

Since bounded sequences {u,} in WH1(2;R?) converge in L' to a BV function u and bounded sequences
{vp} in LP(£2;R™) if 1 < p < 0o, weakly converge to a function v € LP(£2;R™), (weakly * in L), the relaxed
functionals J, and J,, will be composed by a Lebesgue part, a jump part concentrated on the jump set of
u € BV (£2;R%) and a Cantor part, absolutely continuous with respect to the Cantor part of the distributional
gradient Du. On the other hand, as already emphasized in [15], it is crucial to observe that v is not pointwise
defined on the jump and the ‘Cantor’ parts sets of u, thus specific features of the density f will come into play
to ensure a proper integral representation. The one of (1.2) is obtained in Theorem 1.1 below, via the blow-up
method introduced in [18], under the following hypotheses:

(Ho) f(x,u,-,-) is convex-quasiconvex for every (z,u) € 2 x RY;
(H1)p there exists a positive constant C' such that

é(|b\p +1€]) = C < fz,u,b,6) < C(1+|b|P + [€]) for every (z,u,b,&) € 2 x R x R™ x RV,
(Hs), for every compact set K C 2 x R there exists a continuous function wg : R —[0, +00) with wg (0) = 0
such that
(1) ‘f(.%‘, u, b’ 5)—f(ac’,u’, bv f)‘ < WK("T_'T/|+|U_“/D(1+‘b|p+‘§|) for every (ac,u, bv f) and (xlvulv b’ 5) €
K x R™ x R4*N.
(2) Moreover, given zp € {2 and € > 0 there exists 6 > 0 such that if |z — zg| < J then

fla,u,b,8) — f(zo,u,b,&) > —e(1 4 |b|P + |£]), for every (u,b,&) € R? x R™ x ]RdXN;

(Hs), there exist ¢/ >0, L >0, 0 <7 <1, such that

(@, u,t7b, t€)
t

B

t>0, £ € RN with t[¢| 4+ t[b|P > L = -

- f;o(xauabag)

for every (z,u) € 2 x R%, where [p° is the (p, 1)— recession function of f defined for every (z,u,b,§) €
2 xR x R™ x RN a5

1
2, €) o= timsup L0, (1.4)

Theorem 1.1. Let J and J, be given by (1.1) and (1.2), respectively, with f satisfying (Ho), (H1)p — (H3),
then

Jp(u,v):/ f(:r,u,v,Vu)dw—i—/ Kp(:r,(),qu,u*,Vu)dHN*l—l—/ f;o(x,u,o,%)d\Dcu\, (1.5)
e T e
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for every (u,v) € BV(£2;R%) x LP(£2;R™), where K, : 2 x R™ x R¢ x R? x SN=1 — [0, +00) is defined as
P

Ky(z,b,¢,d,v) := inf {/Q [o2 (@ w(y),n(y), Vw(y))dy = w € Ale,d,v),n € Lm(Qu;Rm)v/ ndy = b} :
’ ’ (1.6)
with
Ale,d,v) = {w € WH(QuiRY) s w(y) = c if y-v=s,u(y) = d if y-v = —1,
(1.7)
w s 1 — periodic in v, ...,vN_1 directions},
and Q,, the unit cube in RY, centered at the origin with faces parallel to the orthonormal basis {v,v1,...,un_1}.

In order to provide an integral description of the functional J,, introduced in (1.3), we prove Theorem 1.2
replacing assumptions (H1), — (H3), by the following ones:

(H1)oo Given M > 0, there exists Cy > 0 such that, if |b| < M then

CLMK\ — O < f(w,u,b,€) < Car(1+ [€]), for every (z,u, &) € 2 x R x RN,

(H2)so Forevery M > 0, and for every compact set K C 2 x R< there exists a continuous function w Mk (0)=0
such that if |b| < M then

\f(x,u,b, 5) - f(a:/,u',b, §)| < WM,K("T - l‘/| + |u - u/‘)(l + |£D

for every (x,u, ), (z/,u', &) € K x RN Moreover, given M > 0, 29 € 2, and £ > 0 there exists § > 0
such that if |b| < M and |z — 20| < J then

f(xauvba 5) - f(l'Ovuvbv f) 2 _6(1 + ‘gD for every (uvf) € Rd X RdXN'

(H3)oo Given M > 0, there exist ¢}, >0, L >0, 0 < 7 < 1 such that

bl < M, t>0, &€ RPN with t[¢] > L= [L@0bt8) _ poory 4 o) < ¢ 7

for every (z,u) € 2 x R?, where (b, ) is the (co — 1)—recession function, i.e. the ‘standard’ recession
function in the last variable, defined for every (x,u,b,&) € £2 x R% x R™ x R¥*N as

2 (x,u,b,&) ;= limsup M (1.8)

t——+oo t

Theorem 1.2. Let J and Jo be given by (1.1) and (1.3), respectively, with f satisfying (Ho), (H1)oo — (H3)oo
then

J oo (1, v) :/ f(x,u,v,Vu)dm+/ Koo(z,0,u™,u™, v, )dHN ! —I—/ foo(x,u,O,%)chuL
Q Ju Q
for every (u,v) € BV (£2;R?) x L>®(£2;R™), where Ko : 2 x R™ x R x R? x SN=1 — [0, +00) is defined by

Koo(z,b,c,d,v) := inf{ £z, w(y),n(y), Vw(y))dy : w € Ale,d,v),n € LOO(Q,,;]Rm),/ ndy = b} ,

Qu Qv
(1.9)
where A(c,d,v) is as in (1.7).
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It is worth to observe that assumption (Hp) can be removed in Theorems 1.1 and 1.2, thus replacing f by
its convex-quasiconvex envelope in the above integral representations, and in (1.4), (1.6), (1.8) and (1.9).

We stress the fact that Theorems 1.1 and 1.2 generalize the result contained in ([22], Thm. 1.1) where an
energy density f(z,u,b,&) = W(x,u,§) + ¢(x,u,v) has been considered. On the other hand we observe that
the density K, (respectively K ) in the latter case reduces to the density K introduced in [19], appearing in

([18], Thm. 2.16), relative to W, and f2° (respectively f°°) coincides with W, the latter being defined as

W (z,u,§) := limsup,_, | M

It is worth to observe that if f/ does not depend on u, the energy densities involved in the representations of
J, and Jo coincide, see Remark 3.9, (1.4) and (1.8).

The paper is organized as follows. Section 2 is devoted to notations, preliminaries and auxiliary results.
Section 3 contains the properties of the energy densities. The proofs of main theorems are in Sections 4 and 5.
The Appendix is devoted to remove (Hp) in the proof of Theorems 1.1 and 1.2.

2. NOTATIONS AND AUXILIARY RESULTS

In this section we establish notations and present some preliminary results on measure theory and functions
of bounded variation that will be useful through the paper. An auxiliary lemma, crucial to obtain the lower
bound inequality is also proven.

All over the paper §2 will represent a bounded open set of RY and A(£2) will be the family of all open
subsets of 2. We denote by Q := (—1/2,1/2)" the unit cube in RY and if v € S¥~1 and (v1,...,vN_1,V)
is an orthonormal basis of RN, @, denotes the unit cube centered at the origin with its faces parallel to
Vi un—1,v. If 2 € RY and € > 0, we set Q(w,¢) := 2 +eQ and Q,(v,¢) := v+ £Q,, and B(zg,e) C RY
is the ball centered at o with radius e. By M({2) we represent the space of all signed Radon measures in {2
with bounded total variation. By the Riesz Representation Theorem, M({2) can be identified to the dual of
the separable space Cy(£2) of continuous functions on {2 vanishing on the boundary 92. The N-dimensional
Lebesgue measure in RY is designated as £, while H¥ =1 denotes the (N — 1)-dimensional Hausdorff measure.
If p € M(£2) and A € M(£2) is a nonnegative Radon measure, we denote by 3—‘; the Radon—Nikodym derivative
of 1 with respect to A. By a generalization of the Besicovitch Differentiation Theorem (see [16], Thm. 1.153
and related results in Sects. 1.2.1 and 1.2.2), it can be proved that there exists a Borel set E C {2 such that
AE) =0 and

dp
dA

wlx+eC)

R Yrrre (2.1)

() =
for all € Supp i\ E and any open convex set C' containing the origin. We recall that the exceptional set F
does not depend on C. The theorem below will be exploited in the sequel, besides not explicitly mentioned. for
all z € Supp pt \ E and any open convex set C' containing the origin. We recall that the exceptional set E does
not depend on C. The theorem below will be exploited in the sequel, besides not explicitly mentioned.

Theorem 2.1. If i is a nonnegative Radon measure and if f € LL (RN u) then

loc

. 1
tim s [ 1) = F@ant) =0

for p— a.e. x € RN and for every bounded, convez, open set C' containing the origin.

Definition 2.2. A function u € L'(£2;R?) is said to be of bounded variation, and we write u € BV (2;R?), if
all its first distributional derivatives D;u; belong to M(£2) for 1 <i<dand 1 <j < N.

The matrix-valued measure whose entries are D;u; is denoted by Du and |Du| stands for its total variation.
We observe that if u € BV (£2;R?) then u ~ |Dul(£2) is lower semicontinuous in BV (£2;R?) with respect
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to the L (£2;R?) topology. A set E C (2 has finite perimeter in 2 if Per(E; 2) := |Dxg|(£2) < +oo, where g
denotes the characteristic function of E.

We briefly recall some facts about functions of bounded variation and we refer the reader to [5] for details.

Definition 2.3. Given u € BV (£2;R%) the approzimate upper limit and the approzimate lower limit of each
component u’, i = 1,...,d, are defined by

(u')*(x) == inf {t €R: lim LMy een ngv e)ully) >t}) _ 0}

and

N -
o) @) s frem s EUEL0GEI VW <)o),

respectively. The jump set of u is given by
d . .
Ju = J{z € 2: (u')"(z) < (u') ()}
i=1

Proposition 2.4. If u € BV (§2;R?) then

N-—1

1)1 "
(i) for LN—a.e. g € 2, lim ~ —N/ |u(z) — u(zg) — Vu(zg) - (2 — x0)|%dx =0;
e—0t e | € Q(wo0,¢)
(ii) for HN"t—a.e. xg € J,, there exist ut(z9), u~(z9) € R¢ and v € SN~ normal to J, at xq, such that
i v [ ) - wt el =0, dm o [ ) - G@olde =0, (22)
im — u(z) —u" (zg)|dz = im — u(z) —u” (zo)|da = .
e—0+ el Qi (zo,¢) 0 ’ e—o+ el Q5 (z0,e) 0 ’

where Qf (xg,¢) == {y € Qu(xo,¢) : (x — zo,v) > 0} and Q,, (vo,¢) := {x € Qu(x0,¢) : (x — zo,v) < 0};
(iii) for HN1—a.e. 2o € O\ Jy  lim._o+ ¢ fQ(xo,s) lu(x) — u(zo)|dz = 0.

The next result, which will be exploited in the proof of the upper bound, can be found in ([26], Thm. 1,
Chap. 4).

Theorem 2.5 (Whitney’s covering theorem). Let F' C RY be a closed set. Then there exists a countable family
of closed cubes of the form Q; := a; + 6Q,, such that the following hold:

(i) RV\F=U2Q:;
(ii) the cubes Q; have mutually disjoint interiors;
(i) diam @; < dist(Q;, F') < 4diam Q.

The proof of the result below can be found in ([8], Lem. 3.1). With the aim of the applications below, we
state it as in ([10], Thm. 2.7).

Proposition 2.6. Let E be a subset of 2 such that Per(E;(2) < +oo. There exists a sequence of polyhedral
sets {Ex} (i.e. Ex are bounded, strongly Lipschitz domains) with OEy = Hy U Hy U --- U H, where each H; is a
closed subset of a hyperplane {x € RN : x-v; = oy} satisfying the following properties:

() LY(((BExn2)\E)U(E\ (ExN$N))) — 0 as k — +o0;
(ii) Per(Ey; 2) — Per(E; 2) as k — +o0;

(iii) HYL(OEx N 0N2) =0 for any k € N;

(iv) LN(Ey) = LN(E) for any k € N.
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The following Lemma that will be exploited for the lower bound inequality in Theorem 1.1 is very similar to
([18], Lem. 3.1).

Lemma 2.7. Le f: R x R™ x RN — [0, +00) be a continuous function such that
0< f(u,0,6) < C(A+ [b]” + [£]), (2:3)

m cifeny >0
for some C > 0 and for (x,u,b,&) € 2 x R? x R™ x RN Let ug(z) := {d zj}xlj\\lf <0 {w,} € WH(Q;RY)
and {v,} C LP(Q;R™) be such that w,, — ug in L*(Q;R?) and v, — v in LP(Q;R™), with v € L>=(Q;R™) and
fQ vdz = b. If o is a mollifier, pn(x) := (é)Ng(é), and {e,} is a sequence of real numbers such that e, — 07,

then there exist two sequences of functions {£,} C Ale,d,v) and {v,} C LP(Q;R™) such that
€n = 0i() * 0 00 OQ, & — uo in L'(QsRY), Tp — v in LP(Q:R™),

/ Upde = b, liminf [ f(w,,v,, Vw,)dz > limsup/ f(&n, U, V&, )da. (2.4)
Q Q

n—-+o0o Q n—-4oo

Proof. Without loss of generality, assume that

n—-+oo n—-+oo

liminf/ flwy, v, Vg, )de = lim /f(wn,vn,an)dx<+oo.
Q Q

Define z,(z) := (on * ug)(z) = fB(w ) on(x — y)up(y)dy. Since g is a mollifier, we have z,(x + ;) = z,(z) for
everyi=1,...,N — 1, /

c if xy > ey,
o {d fan < o 1Vale@ = 0(n), 2n € Ale.den).

For j € N, define L; := {x € Q : dist(z;0Q) < %} Take j = 2, and divide Lo into two layers S3,S55. It
is clear that for every n € N, there exists S € {53, 53} such that [¢(|Vwy| + |va|P)dz < &, where C is the
constant which uniformly bounds fQ |[Vwy,|da and fQ |v,|[Pdx in Q, since w, — up in L'(Q;R?) and v, — v
in LP(Q;R™). Since there are only two layers and infinitely many indices, we can conclude that one of the two
layers, defined as So := {x € Q : ap < dist(x,0Q) < B2}, for 0 < ay < B2 < 1 satisfies

C
‘V’wn2| + |’U7L2‘pdx < B
Sy 2

for a subsequence {na2} of {n}. Let 1y be a smooth cut-off function 0 < ny < 1, such that 72 = 1 in the
complement of {z € Q : dist(z,0Q) < 2} and o = 0in {z € @ : dist(z,0Q) < as}, and ||V(n2)|| L = O(@)
Clearly,

lim ngvnQdm:/ nev dx,
Q Q

ng—-+00

since 1y € L*(Q;R™) and vy, — v in LP(Q;R™). Also, for the same sequence {ns}, we have

= ‘/Q(l—ng)vdw /Q(l—nz)df

Moreover, we can find a number n(2) € {ns} large enough so that

< vllze=

lim ‘/ (v — vy, )dx
Q

ng—-+00

1 1 1 Jov—mvne)de|
o [ Tone — zlde < 5, =2 < lollze +1.
S| Js, ‘1—an2dw‘
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Next we divide L3 into three layers S3, S5, S3. For each ny there exists S € {53,553, 55}, such that [q |Vwn,|+

|vn, [Pdz < % Since there are only three layers with infinitely many indices, we conclude that one of the layers
S5 € {51,593, 53} satisfies

C
/Nww+mwwsa
Ss 3

for a subsequence {ns} of {n2}. Let n3 be a smooth cut off function, 0 <73 < 1, n3 = 1 in the complement of
{z € @ :dist(z,0Q) < fs} and n3 =0 in {x € Q : dist(x,0Q) < ag}, and [|Vns||~ = O (@), and

lin_& ‘/ N3Vn, )da| = ‘/ (I =n3)vda /(1 —n3) dz| .
n3——1+0oo

The convergence of wy,, — ug in L', allows us to choose n(3) € {ns}, n(3) > n(2) large enough, such that

< |lvllL=

\fQ N30n(3))da]
‘“fcz”?’ |

1 1
@/S [Wn(3) — Zn(3)|dz < 3 and < |lvllpe= + 1.
3

Precisely, in this way, we construct the sequence n(j) such that

| Jo(v = njvn())da]
/ IVwn )| + [vn ) [Pde < \S | / Wy () — Zn(j)lde < % and fQ 1) <|lvllpe+1.  (2.5)
’1 - fQ 77jd33‘
Let us define w;(x) := (1 — n;(x))2n ) (%) + nj(@)wy; (), and
Jo = njongy)de
7 (@) = (1= n;(2)) = T 1@ () (2):

L - fQ n;dx
Then )
‘Q_| / 5jd1’ =, HWJ‘HLIJ(Q) < (C, and w LaQ: w; Lé)Q: Uug.
Q

In particular, W; — ug in L'(Q; R?) and 7; — bin LP(Q;R™). The first convergence is trivial, the second one
can be proven first observing that it is enough to consider test functions ¢ € Cy(Q). Then the bounds in (2.5)

entail that

. Jo(w—mjvng))de
jlufoo Q((l - Uj)W + 1jVn(s) — b)pda = ]ET Q(Ujvn(j) —v)pdz.

Then

I de = i —v)pdz + 1 —1+ 1) vngypda = 0,
S Q(mvn(a v)pda LN (Vngp) — v)gde + lim Q( + 1) Un(j) pd

The first limit in the right hand side is 0 since v,y — v in LP(Q;R™) and the second is 0 since v, is
s-equi-integrable for every 1 < s < p and 17; — 1. Hence we have

lim /f(wn,vn,an)dmzllim /f(wj,vj,ij)dx

n—-+00 Jj—+oo Q

> lim /f(wj,ﬁj,ij)dx—limsup/
I=tee Jq j—+too J{zeQudist(z,0Q)<a;}

— lim sup/ f(w;,v;, Viw;)dz.

oo

f(w;,v;, Vw;)dz
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Thus it results

lim /f(wn,vn,an)de lim /f(wj,ﬁj,ij)dx—limsup/ C(1+ ||lv||p=)Pdx
Q Q Lj

n—-+oo

Jj—+o0 j——+oo
. 1
- hmsup/ (1 + [Vzuy| + [Vwongy | + v [P+ ol + lnG) — #mpl)de,
J—+o0 Sj ‘ .7|
where we have used the fact that Vz,;) = 0in L;. Observing that, using co-area formula, fs,- |Vzyyldz — 0
as j — 400, we obtain the desired result. O
Remark 2.8.

(i) For every v € LP(§2;R™), under the same assumptions of Lemma 2.7 we can prove (2.4) without keeping
the average.

(ii) We observe that the same type of arguments can be exploited to prove a similar result for the BV x L* case.
Namely, if f : R x R™ x R¥*Y — [0, +00) is a continuous function such that for every b € R™, with |b| < M
there exists a constant Cjs for which 0 < f(u,b,&) < Opr(1 + [€]), for (u,b,€) € RYx R™ x RN then (2.4)
holds considering the sequence {v, } C L*>°(Q;R™) and finding a correspondent sequence {7, } C L>*(Q;R™)
such that 7,, = v in L (Q;R™), and fQ Updz = b The main differences in the proof are the use of the
above growth condition in place of (2.3), and the fact that {7;} and {v,;)} are uniformly bounded in L*°.

Next we recall the definition of Yosida transform that it will be useful in the proof of the upper bound.

Definition 2.9. For any function f: £2 x R x R™ x RN — R let, for any A > 0, the Yosida transform of
f be defined as

fA($7U,b7£) = sup {f(a;/,u/,b,f)—/\C(|ac—a:/\—|—|u—u/\)(1+\b|—|—\§|)},
(z'u")€N2XR?

for any (z,u,b,£) € 2 x RY x R™ x RN,
The proof of next proposition follows along the lines ([6], Prop. 4.6).

Proposition 2.10. . Let f : 2 x R? x R™ x RN — R be such that f(-,-,b,€) is continuous for any
(b,6) € R™ x RN Then the Yosida transform of f satisfies the following properties:

(i) falz,u,b,8) > f(x,u,b,8) and fa(z,u,b,§) decreases to f(x,u,b,§) as A — +oo.

(i) falz,u,b,&) > folw,u, b, ) if X <n for every (z,u,b,&) € 2 x R x R™ x RN,

(if) |fa(,u,b,6) — fr(@o b, )] < Alle — 2/| + [u— W)(1 + Jg] + bl) for every (z,u,b,€), (',u/,b,€) €
2 x R% x R™ x RIXN,

(iv) The approzimation is uniform on compact sets. Precisely, let K be a compact subset of 2 x R? and let
0 > 0. There exists X\ > 0 such that f(x,u,b,&) < fa(z,u,b,&) < fa,u,b,&) + (1 + |b] + [£]), for every
(,u,b,&) € K x R™ x RIXN,

3. PROPERTIES OF THE ENERGY DENSITIES

3.1. Convex-quasiconvex functions
We start by recalling the notion of convex-quasiconvex function, presented in [14] (see also [13,15,20]).

Definition 3.1. A Borel measurable function f : R x R¥™*N — R is said to be convex-quasiconvex if, for every
(b, &) € R™ x RN there exists a bounded open set D of RY such that

1
10,6 < o /D F(b+1(x). € + Ve(a)) de,

for every n € L>°(D;R™), with [, n(z)dz = 0, and for every ¢ € W, ™ (D;RY).
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Remark 3.2.

(i) If f is convex-quasiconvex then the inequality above is true for any bounded open set D C RY.

(ii) A convex-quasiconvex function is separately convex, in each entry of the m x d x N vector (b, &), since it
turns out to be separately convex in b and quasiconvex in &.

(iii) Throughout this paper we will work with functions f defined in 2 x R? x R™ x R?™*¥ and when saying that
f is convex-quasiconvex, we consider the previous definition with respect to the last two variables of f.

(iv) If f satisfies (Hq)p, Proposition 2.11 ii in [12] entails that f is (p,1)— Lipschitz continuous, namely there
exists v > 0 such that

£ u,0.) = w0, ) < (€ =€+ PP+ PP [l + €O -b)) (31)

for every b, b’ € R™, &, ¢ € RN and (z,u) € 2 x R?, where p’ is the conjugate exponent of p.
(v) If f satisfies (H1 )0, ([23], Prop. 4) guarantees that f is (oo, 1)-Lipschitz continuous, i.e. given M > 0 there
exists a constant 3(M) > 0 such that

[f (@, u,0,8) = fl,u, 0, &) < BL+[E] + [E'N]b— V| + BIE = ¢ (3-2)
for every b, b’ € R™, such that |b| < M and |[V'| < M, for every &, ¢ € RN and for every (z,u) € 2 x R

3.2. The recession functions

Let f: 2 x R* x R™ x RN — [0, 400, and let f2° : 2 x R x R™ x RN — [0, +o0], be its (p,1)—
recession function, defined in (1.4). We observe that f2° satisfies the following homogeneity property,

f;o(ac,u,t%b, t&) = tf,°(w,u,b,§) for every t € Rtz e 2, ueRybeR™ e RN, (3.3)

Notice that, under growth condition (Hy), on f, we could consider both f2° and f*° (i.e. (o0, 1)~ recession
function of f asin (1.8)), and the latter one turns out to be independent on b, i.e. f*°(x,u,b,§) = f>°(z,u,0,§)
for every (z,u,b,&) € 2 x RY x R™ x RN provided f is separately convex as in (ii) of Rem. 3.2). Moreover,
it results that in general f°(z,u,b,§) # f>(z,u,b,§) but the equality holds if b = 0.

The following properties are an easy consequence of the definition of (p,1)— recession function and of prop-
erties (Ho), (H1)p, (H2)p, when 1 < p < o0.

Proposition 3.3. Let f : 2 x R x R™ x RN — [0, +-00[, and let Ip° defined by (1.4), provided f satisfies
(HO); (Hl)pv (HQ)p; then

(i) fy° is conver-quasiconvex;
(ii) there exists C' > 0 such that

(oI +1€D) < £7°(z,u,b,€) < C(bIP + [€]); (34)
(iii) for every K CC 2 x R there exists a continuous function wx with wi(0) = 0 such that
|fp° (@, u,0,8) = f5° (2" 0,0, )] < wie(Jo — 2’| + Ju — w/) ([ + [€]) (3-5)

for every (x,u,b,&) and (2',u',b,€) in K x R™ x RN,
Moreover, given xg € §2, and € > 0 there exists § > 0 such that if |x — xg| < J then

fp (@, u,0,8) = f° (w0, u,0,8) = —e([b” + [£])

for every (u,b, &) € RY x R™ x RIXN;
(iv) in particular, f3° is continuous.
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Proof.

(i)
(i)

(iii)

The convexity-quasiconvexity of fi° can be proven exactly as in ([15], Lem. 2.1).
By definition (1.4) we may find a subsequence {t;} such that

1

. f(xauvt]g ba tk:g)

o0 — .
fp*(2,u,b,€) = lim ™

By (H1), one has
CO + tx o] + tx[€])

[ee] < : — p
o (@,u,b,8) < Tim . C(pf” +1¢1)
and = (tr|b] €])
L+l —C 1
oo > C > —(|b|P .
[ (w,u,b,6) > m T > (bl +1€])

Hence (H1), holds for f°°.
Again (1.4) entails that for every (z,u), (z/,u) € 2 xR and (b,£) € R™ x RN that, up to a subsequence
not relabeled,

T
F b, ) — £ ul b, €) < tim LD tEbE) = F@ D ).
k—+o00 tr

By (Hz)y, for every K C £ x R? there exists wx : R —[0, +00) continuous with wg (0) = 0 such that if
(z,u), (2',u') € K, for every (b,&) € R™ x RN it results

1 1
P o / ! P ! —ay/ P
i LGP0 08 b8 el = u— W)l )
k—+o00 tr k—+o00 ty
= wr (Jz =2+ [u = @'[)(b|" + [£]).

Changing the role of f;°(x,u,b,§) with f5°(2',u’,0,€), (3.5) follows.
For what concerns the second inequality in (iii), by (1.4) and (2) of (H3), and, up to a subsequence not
relabeled, we have for every x,z¢ € £2 such that |z — zo| < J, and every (u,b, &) € R x R™ x RIXN

1 1
f(xauvt]g ba tk?g) B f(l’o,u,t;; ba tk?g)

f;o(a:,u,b,f)—f;o(xo,%b,g) > lim

T k—+oo tr
1+t |bP + |t
> —¢ lim 1+ twfblP + [teé] _ —e(|b]? + |€)).
k—+o00 tr

The convexity-quasiconvexity and (3.4) guarantee that f° is continuous with respect to (b, &), in particular
it is (p,1)-Lipschitz continuous in b and ¢ uniformly with respect to (z,u). Thus (3.5), (3.1) and the
triangular inequality entail that

|52 (@, u,0,8) = fio (2, ¥, €|
L L
< wi(lz — 2’| + | = ) (1E] + [BP) + YI€ — €]+ 7L+ [pP~H + B[P+ €] +[€])[b -V < e

provided that |z — 2’|, |u — /|, |b — V'] and |¢ — £’| are small. O

Remark 3.4. We emphasize that not all the assumptions on f in Proposition 3.3 are necessary to prove the
items above. In particular, one has that the proof of (ii) uses only the fact that f verifies (Hy),. Moreover, (iii)
follows from (1.4) and (Ha), (i) and (ii).
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Regarding the recession function for p = co in (1.8), a result analogous to Proposition 3.3 holds, but the proof
is omitted for the sake of brevity.

Proposition 3.5. Let f: 2 x R4 x R™ x RN — [0, +oo[, and let £ be defined by (1.8), provided f satisfies
(HO); (Hl)ooa (HQ)OO, then

(i) [ is convex-quasiconver.

(ii) For every M > 0, there exists Cpy > 0 such that CLM|§\ < f(z,u,b,8) < COplE], for every b € R™ such
that |b] < M.

(iii) For every M > 0, and for every compact set K C §2 x RY there exists a continuous function wys k:
R —[0, 400) with war,x(0) = 0 such that if |b| < M then

‘foo(xauaba g) - foo(l'/vulvba £)| < wM,K(‘x - ZL'/| + "LL - ul‘)|£‘

for every (x,u,€), (z',u',€) € K x RN,
Moreover, given xg € §2, and € > 0 there exists § > 0 such that if |x — xo| < J then

foo(x’ U, b’ 5) - foo(an U, b, 5) > _€|£‘

for every (u,b,&) € RY x R™ x RN,
(iv) In particular, f*° is continuous.

3.3. The surface energy densities

For any convex-quasiconvex function f : 2 x R? x R™ x R¥*N — [0, +00), and 1 < p < oo, we define the
following surface energy densities K, : 2 x R x R4 x R™ x SN=1 — [0, +00) by (1.6) if 1 < p < oo and by (1.9)
if p = o0.

A density argument guarantees that the family A in formulas (1.7) can be constituted by functions in W1,
as quoted in [5]. Analogously, in (1.6) the set L> can be replaced by LP.

The following result provides some properties of the density K, and develops along the lines of Lemma 2.15
in [18].

Proposition 3.6. Assume f: 2 x R? x R™ x R™>*N — [0, 4+00) is a conver-quasiconver function satisfying
(Hl)p; (Hg)p and (Hg)p. Then

(a) there exists a constant C' such that
|Kp(2,0,¢,d,v) — Ky(z,0,c,d',v)| < C(le — |+ |d—d'|)

for every (x,c,d,v) and (x,c,d',v) in 2 x R? x R? x SN—1;
() (z,b,v) — Ky(z,b,c,d,v) is upper semicontinuous for every c,d € RY;
(¢) Kp(---,0,-) is upper semicontinuous in 2 x R% x RY x SN-1.
(d) there exists a constant C > 0 such that

0 < Kp(z,b,¢,d,v) < C(lc—d| +|bP), ¥ (2,b,¢,d,v) € 2 x R™ x RY x RY x §N-1;
(e) for all xg € £2 and for all € > 0 there exists § > 0 such that |x — x| < & implies
|Kp(z,b,c,d,v) — Kp(zo,b,¢,d,v)| <eC(1+ [b” + |d —cl).

Proof. Condition (c) is a consequence of (a) and (b). To prove (a) we construct an admissible field w* €
A(d,d’',v) as in Lemma 2.15 in [18] and we define n* € L>°(Q;R™) with 0 average in @, as follows

1 .
) 2vn(2y) if ly-v| < 1,
n*(y) =
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where 7 has been extended by periodicity to all RY and still denoted by 7. Using conditions (3.3), (3.4) and
the periodicity of w and 7 one obtains

K,(z,0,d,d,v) < / [ (@, w(z),n(z), Vw(z)) dz + C(lc = ¢| + |d = d'|).
Qu

Taking the infimum over all w € A(e,d,v) and n € L*=°(Q;R™) we conclude that
K,(z,0,c,d",v) < Kp(z,0,¢,d,v) + C(lc — | + |[d — d'|).
The reverse inequality is obtained by letting w € A(¢/,d’,v) and building w* € A(c,d, v).

To prove (b), we start noticing that

Kp(x’bv C, dv V) := inf {/6:2 fgo(‘r?w(y)an(y)vvw(y)RT) dy TweE .A(C, d7 €N)a77 € LOO(Qva)a /Qndy = b}7

where R € SO(N) is such that Rey = v and RQ = Q,. Also, due to the growth conditions, by density
arguments, it suffices to choose smooth functions w.

Let (n,bpn,vn) — (z,b,v), given € > 0 let w € A(c,d,en) be a smooth function and n € L*°(Q;R™) with
fQ ndy = b such that

’KA%@adm)—z;ﬁ%%ummn@%waﬂfﬁm‘<e

Consider n,, € L>=(Q;R™) such that fQ N dy = b, and 5, — n in LP(Q;R™). For example 7, := n+ b, — b.
Let X be a compact subset of 2 x R? containing a neighborhood of {(x,w(y)) : y € Q}. By condition (3.5),
there exists a continuous function wx, with wx(0) = 0 such that

| F52(yus0,8) = [0/, 0, )] < wx(ly — ¢/ + u — w/[)(1BI” + 1€]) (3.6)

for every (y,u,&),(y,u',€) € X x RN and b € R™. As already noticed in Proposition 3.3, the recession
function f2° is convex-quasiconvex and we have the following (p, 1)-Lipschitz condition for fp°:

| £ (2w, b, €) — £2°(w,u, b, €)] < (€ = €+ (14 BP0/ P+ [€]7 + [€]7)]b — b)), (3.7)

for every (z,u,b,€) and (z,u, b, &) in 2 x R? x R™ x RN,
As in ([18], Lem. 2.15), consider orthogonal transformations R, such that R,ey = v, and R, — R. By
virtue of the preceding estimates, and standard arguments, for n large enough we have

Kp(xabnaca d» Vn) S € +/ f;o(:c,w(y),n(y),Vw(y)RT)dy S 2e + Kp(xabv (&) da V)'
Q

Letting ¢ — 0% we conclude that limsup,, . . Kp(x, by, c,d,vn) < Ky(z,b,¢,d,v).
The proof of (d) is identical to the proof of ([18], Lem. 2.15 d)).
The proof of (e) develops along the lines of ([10], Prop. 2.9 (ii)). O

Proposition 3.7. Let f : 2 x R x R™ x R¥>*N —— [0, +00) be a continuous function, f> be its recession
function given by (1.8) and let Ko be defined as in (1.9). Then Ko (x,-,¢,d,v) is a constant function for any
fized (z,c,d,v) € 2 x R4 x RY x §N-1,
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Proof. Let (z,c,d,v) be arbitrary in 2 x R? x R? x SN=1 Let b,b € R™ such that b # b. We claim that
Koo(z,b,c,d,v) < Koo(z,b,¢,d,v). Let w € A(c,d,v) and n € L*=(Q,; R™) such that fQu ndy = b be arbitrary
and extend them by Q,-periodicity to all RY. Then define in Q,,

c if—%§y~y<—i,
w(y) == ¢ w(2y) if |y -v| < 1, n(y) == {

el 1
d if <y -v<y3,

n(2y)if |y -v| < %,
koif i <ly-v| <3,
where k is the constant such that fQV fdy = b, k = 2b — b. Notice that w € A(c, d, v), thus
Kelobed ) < [ 1), 1), Vo) dy = [ £ w(2y). 1(29), 2V w(2y)) dy

Qv {yeQu: lyv|<1/4}

2
o | 7@ w(=)n(z), Vu(2)) d=
{z€RN:|z-v;|<1,i=1,...,N—1,|z-v|<1/2}

f= (@, w(z),0(2), Vu(z)) dz,
Qu

where we have used in the second identity the fact that f°°(x,u,b,-) is a positively 1-homogeneous function so,
in particular, f°°(z,u,b,0) = 0. The last identity follows from the periodicity of w and 7. The claim is achieved
by taking the infimum on w and 7 on the right hand side.

The reverse inequality follows by interchanging the roles of b and b. O

Proposition 3.8. Assume that f : 2 xRIxR™ xRN — [0, +-00) is a convez-quasiconvex function satisfying
(Ho), (Hl)oo; (HQ)OO and (Hg)oo Then

(a) there exists a constant C' > 0 such that
|Koo(z,b,¢,d,v) — Koo (z,b', ¢, d' ,v)| < C(le = | + |d — d'|)

for every (x,b,¢,d,v) and (z,b',c',d’',v) in 2 x R™ x RY x RY x SN-1;

(b) (2,b,v) — Koo(z,b,c,d,v) is upper semicontinuous for every c,d € R%;

(¢) Koo is upper semicontinuous in 2 x R™ x R? x R? x SN-1.

(d) there exists a constant C' > 0 such that K (z,b,¢,d,v) < Cle—d|, for every (z,b,¢,d,v) € 2 x R™ x R? x
R? x SN-1,

Proof. The proof is very similar to Proposition 3.6. We just emphasize the main differences. To prove
we start by noticing that by Proposition 3.7, K (z,b,¢,d,v) = Koo(,0,¢,d,v) and Koo (z,V,c,d',v)
Koo(2,0,c,d',v). So we fix w € A(e,d,v), n € L>®(Q,;R™) with fQu ndy = 0 and construct w* € A(c,d,
similarly as in Lemma 2.15 in [18] and let n* € L*°(Q,;R™) with average 0 in @, be given by

. n(2y) if ly-v| < %,
n*(y) = . .
0 if 7 <ly-v[<35.

&

S
N

The proof of b) follows directly from Proposition 3.6 (b) using again Proposition 3.7, replacing (3.6) by

‘foo(yvuabv f) - foo(y/au/vbv 5)‘ < WX,M(‘:U - y/| + ‘u - ul|)‘§|

for every (y,u,&), (v, u', &) € X x RN and b € R™ with |[b| < M, where M := ||n||p~. And the p-Lipschitz
continuity (3.7) should be replaced by the condition

fo (@, u, b,6) — [z, u, b, €] < BM, n,m, N) ((L+ [€] + [€]) b=V + £ =€)
for every (z,u,&) and (z,u,&’) in 2 x R? x RN and b, b’ € R™ with [b],|0'| < M. O
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Remark 3.9. If f does not depend on u, i.e. f = f(z,v,Vu), then K, and K coincide with the recession
functions f;° and f°°, respectively. Namely, for every (z,b,¢,d,v) € £2 x R4 x R? x R™ x SN-1,

Kp(x,b,¢,d,v) = f°(2,b,(c —d) @),
and
Koo(z,b,c,d,v) = f<(x,b, (c — d) @ V). (3.8)

To obtain the above formulas, we refer to the arguments used to prove ([5], formula (5.83)). From Proposition 3.7,
(3.8) becomes
Keo(z,b,c,d,v) = f*(x,b,(c — d) @v) = f>(x,0,(c — d) @ v).

We observe that the latter equality, in the above formula, was already proven in [14].

We underline that, besides we are not able to prove equality between K, and K in general, there might
be cases, including those when f exhibits explicit dependence on u, in which there is coincidence between K,
and Ko, for example consider the cases f(z,u,b,§) := g(xz,u)+/|b|?P + |£|2, with g suitably chosen in order to

satisfy assumptions (Hi), — (Hs)p, or f(z,u,b,&) := /|b|?P + |(u, &) |?.

The following approximation result will be used to prove the upper bound inequality in Theorem 1.2.

Proposition 3.10. Let f : 2 x R? x R™ x RN —— [0, 4+00) be a continuous function, and let > be as
in (1.8). Fizr >0 and let K, : 2 x R™ x R? x R? x SVN=1 — [0, +00) be such that

K. (z,b,c,d,v) := inf{ [z, w(y),n(y), Vw(y))dy : w e Ale,d,v), n € L=(Q,;R™),

[l L (@,) < [b] 47, / ndy = b}~

Then, for each (x,b,c,d,v),
Koo(z,b,c,d,v) = lim K,(z,b,c,d,v) = ir>1% K, (z,b,c,d,v). (3.9)

T—-+00

Proof. The fact that, K,(x,b,c,d,v) is decreasing in r gives the last identity. Moreover, K (z,b,¢,d,v) <
K, (x,b,¢,d,v) for any r, therefore it is enough to find r,, such that lim,, 1o K, (2,b,¢,d,v) = Koo(z, b, ¢, d, v).
By definition of Ko, given n € N we can get w,, € A(c,d,v), and 1, € L>=(Q,;R™) with fQV N (y)dy = b and
such that

1
KOO(l'vba c, d7 V) + E > 0 foo(win(y)vnn(y)vvwn(y)) dy

Setting 7, == || || Lo — V] We get

1
Koo(.T,b,C,d,l/) + E Z Krn(l',b,c,d,l/) Z KOO(vaacvdvy)

which yields the desired condition by letting n — +o0. O

Remark 3.11. Notice that, for all zp € 2 and all € > 0 there exists 6 > 0 such that |z — x| < § implies the
existence of a suitable constant Cy 1, for which

| Ky (x,b,¢,d,v) — Kp(x0,b,¢,d, V)| < eClppyr(1 4 |d —cl), (3.10)

for every b € R™, ¢,d, € R4, v € SN-1,
We also observe that arguments entirely similar to those in Proposition 3.8 guarantee that

K, (z,b,¢,d,v) < Cpjyr|c —d|,

for every (z,b,¢,d,v) € 2 x R™ x R? x R? x §N—1,



INTEGRAL REPRESENTATION RESULTS IN BV x L 1569

4. MAIN RESULTS: BV X [P/1 <p < o0
In this section we prove Theorem 1.1.

4.1. Lower semicontinuity in BV x LP

Theorem 4.1. Let f : 2xRIxR™ xRN — [0, 4+00) be a continuous function satisfying (Ho), (H1)p— (Hs),p.
Then

liminf/ f(x,un,vn,Vun)dxz/ f(x,u,v,Vu)dx—l—/ Kp(ﬂr;,O,u'",u_,yu)dHN_1 (4.1)
Q Q Ju

n—-—+o0

dDu d
—I-/Qf;fo(x,u,O, dIDL.Ll)d|D“u|

in BV (2;R?) x LP(2; R™) with respect to the (L' —strong x LP—weak)—convergence, where K, is given by (1.6)
and fp° is the (p,1)— recession function given by (1.4).

Proof. Using the same arguments as in ([1], Thm. I1.4 and [17], Prop. 2.4) we may reduce to u,, € C§°(RN;R?)
and v, € C°(RY;R™). Due to (H;), we may assume, without loss of generality, that

lim inf/ flx,up, vy, Vuy)de = lim / f(x, up, vy, Vg, )de < +oc.
n—-+oo 0 n—-+oo 0
Hence, up to a subsequence, i, = f(x, U, Vn, Vu,) LY X 4 in the sense of measures for some positive
Radon measure pu. By the Radon—-Nikodym theorem we can decompose p as a sum of four mutually nonnegative
measures, namely, 1 = o LN + pu;HN "1 Ty + pe| Deul + ps.
By Besicovitch derivation theorem

i PB@0,9)
ta(z0) = 51_1}})& LN (B(z0,¢))
s M(Qy(ang))
Nj(xo) = EEI(I;I+ HN—l(QV(xO’eE) N Ju)
_ oy MQ(0,9))
Mc(mo) - El_>0+ |D’LL|(Q(1'035))

< 400, for LN —a.e. zg € 02,

< 400, for HN ' —ae. zg € J, N 12,

< 400, for |[DuU| — a.e. zp € 2.

We claim that

ta(zo) > flxo, u(xo), v(z0), Vu(xo)), for LY —a.e. 29 € 12, (4.2)
wi(0) > Kp(wo,0,u™ (20),u™ (z0), vu(w0)), for HN ' —ae. z9 € J, N1,

dDu
pe(xo) = f° (w0, u(wo), 0, m(m‘o)), for |Du| — a.e. xo € 2. (4.4)

If (4.2)-(4.4) hold then (4.1) follows immediately. Indeed, since j, — p in the sense of measures then

n—-+00 n—-—+o00

liminf/ f (@, upn, vy, Vg )de > liminfu, (2) > w(2) 2/ ,uadx—l-/ ,ujdHNfl—l-/ ted|DCul
9] 2 9]

Ju

z/f(x,u,v,Vu)dx—l—/ Kp(ﬂr;,O,u'",u_,1/u)d'HN_1
2 Ju

dDu
o0 - = d DC

where we have used the fact that ps is nonnegative.
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We prove (4.2)—(4.4) using the blow up method introduced in [17].
Bulk part. Inequality (4.2) is obtained as in [23] Section 3 and [24].
Jump part. Consider ¢ € J,, then there exist u™(xg),u" (x9) € R? and v := v, (z9) € SV~ such that (2.2)
holds,

,Ufj(l'o) = lim M(QV(ang))

R
e—0t Jut —um [HN =1 T (Qu (20, €)) ©

and assume p(9Q, (xo,cx)) = 0 for {1} \, 0F. Moreover, for HN¥~1|.J,— a.e. g, we may assume

1 1
lim — / |v(z)|Pdz = 0. (4.5)
[ut(2o) —u™(20)] k=to0 e ' JQ, (woter)

Then

B . ,UI(QV(ZEOvSk))
/ij(xO) - kEIJ?oo |u+ — u_|HN_1|_Ju(QV(‘T0’€k))

1 1
> ln lim g [ £ (@, tn (), U (&), Tt ()
[ut(x0) — u=(x0)] k—+oon—too el ™ Jo (zoten)

1 o
= T o) — ()] F R /QV erf (@0 + Erys un(To + €xY), vn (w0 + 1Y), Vun(zo + exy))dy

1 -1 1
= li li n ) ’ n s n d ) 4.
T (20) — o= (ao)] k_l)gl@ﬂ}f(}()/é)y enf (w0 + ey tn i (y), & " vnk (1), —- Ve, 1 (y))dy (4.6)

where )

un,k(y) = un(xO + €ky)v 'Un,k(y) = 61? Un(l‘o + €ky)'

We observe that,

G dim lunk(y) = wollrorey =0, (4.7)
with
ut(zg) ify-v>0,
uo(y) =4 (4.8)
u (xg) ify-v <0,
and for every ¢ € LI(Q; R™),
1
lim i = lim ep =
L vnk(V)p(y)dy = lim ef /Q v(@o +exy)p(y)dy = 0, (4.9)

where the latter equality is obtained from (4.5).

Using the separability of L4(Q;R™), together with a diagonalization argument, from (4.10), (4.7) and (4.9),
we obtain the existence of sequences g := ty,(1),x and Vg := vy, 1), such that @ — ug in LY(Q;RY), 5 — 0 in
LP(Q;R™), and we obtain the following estimation for 41; in terms of f;°

1 .
lim
2o) — u~ (xg)| k—-+oo

IU’J(:EO) Z \u+( {/Qf;o(w()vﬂkv@kavak)dy
+/ f;o(xo_'_gkyaakvﬁkvvak)_fg?o(x()aakv’akvvak)dy
Q

_1
- / enf (o + eny, U, €, " Ok, 2= Vag) — f°(x0 + Eky,ﬂk,@k,Vﬂk)dy} : (4.10)
o :
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From Proposition 3.3 iii we get that for any £ > 0, if k is sufficiently large
/ f[fo(xo + €kY, aka @ka Vﬂk) - f;o(l‘Ov ﬂkv ’Ekv vak)dy
Q
> —5/ |og|P + |Vug|dy = —5/ ex(Jok(zo + ery) P + |Vur(zo + exy)|)dy > O(e).
Q Q

On the other hand, using (H3), and Holder inequality we get

1
/ enf(xo + ey, un, &), POk, = Vag) — [ (20 + exy, Uk, Uy, Vg )dy
Q

T4 ((1=T)p — l—7_T ~ P =
<o /{ ol g CHOCTT TP AC [ o) o (5684 Ty

2> 1) {yeQ: A o)

< O(e) + e ( / |wkdy) +en [ Joutan + )] 0Py + OC)
Q

-7 1—7
< O(e) + el ( / |Vukdy> +leT (ek / vk(x0+eky)fﬂdy) +0(e) = O(e),
Q

where we have used in last equality (4.9). Thus we are led to

1
j > Vi )dy + O 4.11
MJ('TO) el ‘UJF(ZEO) - (.’E())| k—>+oo/ f .T(),Uk,’l}k, uk) y+ ( ) ( )
Next we apply Lemma 2.7 to f2°(xo,,, ), obtaining
lim / f;o(w()vﬂka’l_)kavak)dy thsup/ f;o(l'()vé-kvckvvgk)dya (412)
k—+oo Jg k—+oo JQ

where & — ug in L'(Q;R?) and & € A(u (o), u™ (x0), vu(20)), ¢k — 0 in LP(Q; R™) with
fQ ¢k dy = 0. In particular, by (1.6) we have

i (o) > Kp(x,0,u™(20),u™ (z0), vu(w0)) for HN 7! —a.e.zo € J, N 0.
Cantor Part. By definition,
px +eQ)
e—0t \Du\(m + €Q) ’
We start recalling that, by Alberti’s rank-one theorem (see [2]), together with (2.1),

Du(z +¢Q) . Du(z+eQ)
O T eQ) — A D@ req) W) [Prul—ae we (4.14)

ué(x) = |DU| — a.e. x € £2. (4.13)

for some rank-one matrix A(x) with |A(z)| = 1.
Since |D°u|(J,) = 0 and still denoting by u the approximate limit of u, which is defined in §2\ .J,,, we have
(cf. Def. 3.63 in [5])
. 1
lim ——
=0t [7+eQ| Jyieo
Finally, by Besicovitch Derivation theorem ([5], Thm. 5.52),
|Dul(z + Q) |Du|(z + Q)

gao+ N1 =0, gao+ — 5 = +oo, |DU| —a.e. x € (2. (4.16)

lu(y) — u(z)|dy = 0, |DU| — a.e. x € £2. (4.15)
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Let z¢ € {2 be such that (4.13)—(4.16) hold. Notice that, as in Lemma 2.13 in [18], we can also assume that

lim lim inf |[Dul((zo + Q) \ (o + Q) =0,
t—1— e—0+ |Dul|(zo + Q)
so, we can write, for some continuous function w : [0,1] — R with w(0) = 0,
| Dul((wo + Q) \ (2o +teQ))
1 f <w(l-—1). 4.17
Dot |Dul(zo + Q) < o ) @1n

In the sequel, without loss of generality, we assume A := A(xp) = a ® ex with |a| = 1 and, as in [18], we
divide the proof in several steps.

Step 1. For each 0 <t < 1 and v € (¢,1) consider ¢ — 0T such that

fQ lv(z)|dz Jo, lv(@)|Pdz
lim = lim o, MV =0, |D| — a.e., 4.18
LT IDa@o e Due - & 1P (19

where Qf := xo + £,Q. We also observe that, from (4.14)

Du(Qr) 5 Du(Qr)

k—too |Dul(Qr)  k—too | D°u|(Qr) (4.19)

Arguing as in ([18], Sect. 4), conditions (4.13) and (4.15) imply the existence of subsequences {uy} C {un},
and {v;} C {v,}, defined in {2, such that

¢ i # T, up(x), Up(x ur(x))de
wu@w>Mmmwm@wL%ﬂ,ku,m»vu>m

k—-+o00
1
b) kEIJIrloo 1l o, |ur(z) — u(zo)| da = 0;
1 _ 1 _ — 0
c) kgﬂ)o m/ ap(z) —u(z) — o Qk(Uk(Z) —u(z))dz| de = 0;

d) M — 0in LP(Q;R™) as k — 400, which follows from Hélder inequality and (4.18).
Deu|? (Qr)

Step 2. In this step we will obtain an estimate for p°(z¢) similar to condition a), fixing on f the value of z and
u. Precisely, we prove that there is ng € N such that, for each n > ng there exist {1} € WHL(2;R9), {3} C
LP(2;R™), and {ax} C R such that ar — u(xg), 0p — v in LP(2;R™) as k — 400, ||t — u(xo)||L~ < 1/n and

(1 +wk(3)) u(wo) = limsup f (o, u(xo), vk (y), Vik(y)) dy, (4.20)

k—too [Dul(Qr) J5q

where wy is the function in (Hz),, related to a compact set K C 2 x R? containing (z0, u(zo)), and the estimate
does not depend on k. We also prove that

n(y) — ap — <u(y) . / k u(z) dz)’ dy = 0. (4.21)

1
fm L /
k—+oo x| Dul(Qr) Jo, Qx|

Observe that by (4.15) and condition b) above, we can assume

1

[Qx]

1 1 1
_ < _ T _ < .
‘u(y) U(l’0)| dy = 2 and |Qk| . "U/k(y) u(.To)‘ dy = 2
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Then let aj := ﬁ ka ug(y) dy. Clearly, from condition b) above, ar — u(xg). To define @y we start by
considering a family of smooth cut-off functions ¢, s : R — [0, 1] such that
0 1 ift<r, (4.22)
rs(t) == :
. 0 ift>s,

and ¢ |lp~ < 75 for & < r < s < 5. Consider the sequence {7, (0)} of p-equi-integrable functions
derived from {o4}, as in ([16], Lem. 8.13). Then, for every A € (0, 400) define two families of sequences

Wy = a4 s (|Uk —ax| + m) (ar — ax),
o A= =711, (Tk) + ©r.s (|Uk —ag| + W) (O = 7L, (0%))-

Notice that, since ar, — u(xo), for sufficiently large k and independently of r, s and A, ||@,° — u(zo)||z~ < 1/n,
v,:’s)‘ — v in LP(£2;R™) and satisfies d) as k — 4o00. The sequences {uy} and {vx} will be chosen among the
sequences of the previous family for convenient 7, s and \. In order to make that choice we start doing some
estimates. Using hypothesis (Hz)p, for some compact set K containing (zo, u(zo)) and (y, @y S’>‘) for y € vQp,

, (o, ulzo), 5%, Vay* ) dy
Yk

e R L e e B O e e N B O e S L
YRk YQk

|~rs)\ )dy+ f(y, rs)\~7‘s)\ v~rs)\) y

YQk

S/ w(yer +1/n)(1+ [Vap=?| + |55 P) dy + Fly,ap™ oo, Vi) dy. (4.23)
YRk YQk

s/ w(ly — 2| + 1" — u(zo))(1 + |V
"/Qk

Using hypothesis (H;), and for sufficiently large n we can get the estimate

/ (‘V~rs>\‘_‘_‘~rs>\‘ )dySC f(y, rs>\ ~rs>\ Vazsk)dy
YQk YRk

Recalling that W — 0 (see (4.16)), to estimate (4.23) we are left with

1 / ~T. 8\ ~T,8, A\ ~T,8,\
_ fly,u,. "0 ,Va, 7™ ) dy
[ Dul(Qk) Jyq, ( Bk g )

1
< — , U, Uk, Vig) d +/
|Du|(Qk) kaf(y ks Vk k) Yy

|Tr,, (U))—Vk|
me{\ak—amka

} f(ya Ak TLy, ('l_}k)a 0) dy

<|Uk —ag| + |W\>D dy

+c/ o

+C e (Bh)—B (IV (@ — ar)|lrr, (k) — Ok|” + |72, (0k) ) dy ¢ ,
~ |7L,, (V) —Vk|
YQENS <]ty ak|+7)\ <s
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where we have used (Hj),, co-area formula and exploited the fact that vy, is regular.
Thus

1 / rs)\ ~r9)\ ~T,8,\
A [y, , V™) dy
|Dul(Qk) Jyq, L i

1
< —— , U, Uk, Vug) dy + C +C/
Dul(@r) Iy, ur, Ok, Viig) dy + ClyQk|

|7, (U)) —Tk|
YQx me{m—amkfn

} |72, ()P dy

S

+C / (B —B ‘V(|uk—a|+
s§—r "/ka{’r<‘ﬁk*akl+7l Lk(v:) | }

\TLk(Uk) Ukl)’ + | Vg |dy

vo [ ) = Bl @) dy
YQrN T<‘uk*¢1k,|+f<s

L o = _
< m f(y,uk,vk,Vuk)dy+Cka‘+/

s 7L, (Uk)[Pdy
vQk ’YQkﬂ{\ﬂk—akHMZS} '

S

S—T/:HN_l (7@kﬂ{|ﬂk—ak|+7‘TLk(U;) | }) dt—l—O/

_ 70, (Op)—vk|
Van{r<|uk—ak‘+7k < <s}

+C |V dy

e / 7L, (k) — 7| 71, (Uk) — Ok[P + |72, (00) 7, dy

By condition a) above

1
lim sup 7/ [y, g, O, Vg) dy < p(z0).
k—too | Dul(Qk) Jyo,

Moreover, for fixed k, for every A, and for almost every s,

lim

tim [ (3@ 0 {Jon ]+ 50— 1) e = s (3Qun {4 )

and
lim/ N |V dy
s 'YQkﬂ{rdﬂk—thHi‘TLk(v;) Uk|<s}

= lim
r—S

|71, (0r) =0k (172, (O) = Ok [” + |72, (0%)[) dy = 0.
’Yan{T<|ﬁk—ak\+kf<s}
Then, for each k, we can choose =5 <rp < s < —n such that

= / |V | dy < i
D (O 7L, (Ok)—70 Uk QY = 75—
[Dul(Qx) Q{‘H%} [ Dul(Qx)

and we choose A such that

V(| Vi) —Ug
/Q ( Lk(;:) oD 4y < (4.24)
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for a fixed constant C' and, making use of Lemma 2.12 in [18], we observe that

1 8 11, (03)—o
5 /HN*1 (’YQkﬂ{"L_Lk—aH'Fi‘ i (%) ’“':t}) at

|Du|(Qr) s —r
€ - 7Ly () — k|
S w1 ¥ (1l + ) g
1Du|(Q) In(n) /WQQ{UH%<} [ >

We can estimate the last expression by (4.24) and arguing as in ([18], (4.17))

1 c ~
|Du|(Qk)m/Yan{Wk—akHWS%} |V | dy
Sé - / 51— T [y, g, or, Vi) dy.
|Du|(Qr) In(n) Ww{mmmmw “"'g%}

Moreover, the p-equiintegrability of {7z, (7x)} guarantees that

1
o rmmw@:o@)
[Yan{luk—ak+_| Lk(}jc) k‘ZSk} ’ n

and from condition a) in Step 1 it follows (4.20) as we claimed.

To achieve Step 2 it remains to prove (4.21). By a change of variables this is equivalent to prove

N—1
€ 1
lim ki/ﬂx—kez—a—(ux +epz) — —— ud)‘dz:o
S Bul@n Sy k(o + €r2) — ay (zo +ex2) @l o, Y

which can be written ||4x — wg||z1(g) — 0 if we introduce the functions

A B N-1 1
g (2) = m [U(ﬂfo +erz) — m o u(y) dy] )
B (2) = oo (@0 + ex2) — ax) wi(z) == ko (@0 + x2) — ax) (4.25)

Thus we have

N-1
Hﬂk — ’lI)kHLl < Hﬂk — U)k”Ll + 5&‘7 |ﬂk(l‘0 —|—€k2’) — ﬂk(l‘o —|—€kz)\ dz
[Dul(Qk) 0

—1
= [l — wll 1 + ey

X / ‘ak(xo +exz) —ar)(1 — @y (\ak(l‘o +exz) — ak| + ‘TLkﬁk(w°+6k§i_ﬁk(w°+skz)l)’ dz
o ,

N—-1

€k
| Du|(Qk)

< ||tk — wilpr +

r
Ak =Tk

X/ _ ~ |ﬂk(1'0 +€k2) —ak|dz
|7L, oV (zo+erz)—vk (Toterz)|
{yEQ: [k (zo+erny) —ak|+—= 2

,
e 2Tk

Smrﬂwm+/ } B e (2)] d.
{ZUEQ: |ﬂk,(w0+€ky)*ak|+‘TLkovk(xOJrskZ) vk(m0+6kz)‘> }
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Observe that ||ty — wk |1 — 0. Indeed it is exactly condition c) in Step 1, if we make the evident change of
variables.

For the second term, we start by proving that {wy} is equi-integrable. Indeed, by the definition of to-
tal variation of the BV function g, it is clear that |Dag|(Q) = 1. Moreover, since fQ irdz = 0, us-
ing Poincaré inequality (cf. [5], Thm. 3.44) we deduce that {d} is bounded in L!. Therefore the com-
pactness of BV in L' (c¢f. [5], Thm. 3.23) implies that {@;} is equi-integrable. Then adding the fact
that ||[4r — wgllpr — 0 as k — 400, we get that {wy} is equi-integrable as desired. It remains to

prove that Hy €Q: |ug(zo + ery) — ar| + lTL’“Oik(IOJrEk)i)fik(zoJrgky)‘ > rk}‘ — 0 as kK — —4oo to obtain
) 71, 0Bk (To+ery) — Tk (zotery)| |wk(y)| dy — 0 and thus (4.21). Indeed, since ay, — u(zp),
{yeQ: |ax(zotery)—ar|+—= bW >ri}
and lTL’“OUk(x°+5k'>\yk)_vk(x°+€ky)l — 0, for a.e. y € Q for sufficiently large k
Hy €Q: |up(wo + ery) — ax| + ‘TL’“Oﬁk(m0+€k;\i?7ﬁk(zo+€ky)‘ > Tk}’
< [{ve@: 1o +ery) - u(wo)| + Pamitog bt 5 1Y)
< / n2|ﬂk(x0 +€ky) —U(l’0)| + ‘TLkoﬁk(330+5k>i)—77k(330+5ky)‘ dy
o :
2
n ( _ |71, 00k (2) =0k (2)|
=— g (2) —u(zo —|—"—)dz,
@l o, |k (2) — u(zo)| "

the result following from condition b) and the arbitrariness of \; and ([16], Lem. 8.13).

Step 3. Notice that, defining
D
0y, = M’ (4.26)

N
€k

and recalling the definition of @y, (4.20) can be written as

(14+w (L)) n(zo) > limsup i/ f(zo, u(xo), Uk (20 + €k 2), 0,V (2)) dz. (4.27)
k—+oo Mk J4Q

1

Let Vi(2) := 0, "0 (20 + e2). By d) it results that Vi, — 0 in LP(Q;R™), and

: 1 : _
(1+w(2)) p(zo) > llimiup o 0 f(xo,u(x0),0f Vi(2), 0, Vi (2)) dz.

Then, modifying {Vi} and {@;}, we get new sequences {Vi} and {@;} in order apply the convexity-
quasiconvexity of f. In fact we will need to work on the boundary of an inner cube 7Q, 7 € (t,7), and
the sequences will be modified in a layer 7Q \ 7(1 — §)Q.

We claim that it is possible to define Vj; — 0 in LP(1Q;R™), er Viedz = 0, and wy, () = A+ pp(z) for some
o € WL (rQ; R?) and such that

per

(14w (1)) p(z0) > lim ~

—/ Fxo, u(xo), 07 Vi(2), 05 Vibg(2)) dz + A(1 — t),
k—+o00 9k Q

for some continuous function A : [0, 1] — R with A(0) = 0.
We start choosing the function into which wy, will be modified. We will show that there is a sequence {&} of
smooth functions depending only on xx such that

I€x — tk|lzr = 0 and V& (7Q) — Diug(7Q) — 0 ae. 7 € (0,1) as k — +oo. (4.28)
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The procedure is to average iy in 1, ...,zy—1 and regularize the function obtained as follows. Let ny(zy) 1=
Jor (@', zn) da’ where Q" == (—1/2, 1/2)N=Y and 2’ := (z1,...,2n_1). Define (x(zn) = (nx * pi)(zn) for
some mollifying function pj such that [[Ce — mkllL1—1 1)) < + and define & () = (x(xn). Then

1€k — trllLr@) < NGk — mell L= 1,19y + llme — Gkl Q).

2’2

where we have identified 7, with its natural extension to @. By the choice of (j, limg— 1o ||[Cx — Mk]| 21 = 0 and
for the other term we have, using Poincaré inequality,

1/2
dzg/ ¢ | Dy (-, 23] (Q') dan.

—1/2

o= tulig g < [ | [ vt ine)
Q ’
By definition of g, doing the natural change of variables one get

Du(Qk)

D (Q) = Dul(Qr)

(4.29)

which, accordingly to (4.19) converges to the matrix A = a ® ey. Thus we are in conditions to apply Propo-
sition A.1 in [18] and obtain |Diy — (Dt - A)A| — 0. In particular, for ¢ = 1,...,N — 1, |Dage;|(Q) =
|(Diy, — (D, - A)A)e; + (Duy, - A)Ae;|(Q) — 0.

Now we choose the layer where we will change the sequences. Let 7 € (t,) be such that V&, (7Q)— D1 (7Q) —
0, choose § > 0 such that (1 —0)7 >t and

[Du|((Qr) \ (tQk))
| Dul(Qr)

IVEI(rQ\ 7(1 = 0)Q) < [Dug|(Q \ 1Q) = (4.30)

Notice that Vg (z) = %Vﬂ(a&o + ex2). Then, (4.20), (H1)p, and the second limit in (4.16) imply that Vi, is
bounded in L'(yQ). In particular we can say

/ ([ValP + [Van|) dz < C, ¥ k. (4.31)
Q\7(1-9)Q

Then we use the slicing method as in the proof of Lemma 2.7, replacing the cube @ therein by 7Q. Thus
we divide for every j € N, 7Q \ 7(1 — 0)@ into j layers, getting recursively a sequence k(j), layers S; := {z €
TRQ\T(1 -6)Q: o <dist(z,0(7Q)) < F;} and cut-off functions n; on 7Q) such that

[ o P

o

<1.

_ c 1 B 1
/ (Vi IP + [V |) dz < —, —/ |05y — &kl dz < < and
i 15l S;

J

Now, define

) Nl al g o
Vi(z) == (1— + 15 (2) Vi) (2)
o L

and
W;(2) == (1 = 1;(2))&r) (2) + 05 (2) i) (2). (4.32)
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FR
By (4.27), adding and subtracting f(xo,u(xo),elf(j)‘/}(z), O1(;) V;(z)) inside the integral, having in mind the

definition of n; and using (H1),, we get

(1+w(2)) p(zo) > limsup
j—+oo VE(j)

{/Q F(@o,u(x0), 075 Vis On(yy Viby) dz

/Q Flao, ulwo), 07 ;) Viy) (2): Oy Viw(y) (2)) dz

> lim sup
J—+oo Vk(j)

1 ~
_/ F(@o, u(xo), 67, Vi 61 V') dz}
{zerQ:dist(z,0(7Q))<B;}

/Q F(@o,u(0), 075 Vi, Oy Viby) dz — /S CUVwrgy |+ [V, | [wr) — Eril)dz

> lim sup
j—+oo VEk(5)

—/ C + |Vk(j)‘p dz — / C(l + |ka(j)|)dz
S; TO\T(1-9)Q

. 1 - - c
> lim sup 7 / f(:ro,u(xo),0,§(j)‘/},9k(j)ij)dz - = — / c(1+ V&) l) dz
j=toe k() J7Q J Q\r(1-6)Q
By (4.30) and (4.17), fTQ\T(175)Q (14| V&) dz < A(1 —1t) for some continuous 4 : [0, 1] — R with A(0) =

Therefore we have

(I4+w (L)) p(xo) > limsup
i—+oo Ok(j)

/fxo, ulwo). 6], V3 (), 605 Vi (2)) dz — A(1 — ),

which proves our claim up to a relabeling of the sequence.

Step 4. Using the convexity-quasiconvexity of f we will achieve in this step the desired conclusion. Indeed, as
remarked above, the functions V), have 0 average in 7¢). On the other hand, we can always construct & such
that & (x) — (w ® en)x is a 7Q-periodic function. This, together with the fact that w; = ;) on
0(7Q), yields that w; € (w ®en)x + WLEe(rQ; R?). Therefore

per

(14w (2)) p(ao) > O(1 - >+hm§up'9kf9' (0. u(0). 0. 01 LESED g 0,).
J—T0o0 J

If we add and subtract in the previous limit the quantity % f(zo, u(xg), 0, Tjg)l A) we get two terms. One gives,

by definition, the expected value of the f7° function, i.e.

2 F (w0, u(@o). 0, 6 A) = £ (o, u(w0). 0, A).

jg»+oo 0k(7)

The other term can be estimated using the Lipschitz continuity of f(zo,u(zo),0, ), i.e. (3.1), and (4.29).
After passing to the limit on k, and using (4.28), (4.17) and (4.19), we get

(1+w (L)) 1*(ao) = O(1 — 1) + £ (w0, ulao), 0, 4) + AL — 1)

where A is a continuous function with A(0) = 0. We finally obtain the desired estimate letting n — +oo and
t—1". ]

4.2. Upper bound in BV x LP

In order to achieve the representation in Theorem 1.1, we localize our functionals. We define for open sets
A C 2 and for any (u,v) € BV (§2;R?) x LP(£2;R™),

n—-—+o00

Tp(u,v; A) == inf {liminf J(tn,vn; A) 0wy € BV(Q;Rd), vp € LP(2;R™), w, — uin LY v, — v in LP}
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where, with an abuse of notation,

/f x,u,v, Vu) de, if (u,v) € WHH(2;RY) x LP(2;R™),

400, otherwise.

J(u,v; A) (4.33)

We start by observing that (Hj), implies that for every u € BV (£2;R?) and for every v € LP(£;R™), it
results

Tp(u,v; A) < C <A| + | Dul(A) —I—/A|v|pdas) .

We observe that, arguing as in ([12], Lem. 3.5), J, is a variational functional. This means that the following
conditions hold:

1. J, is local, that is J,(u,v; A) = J,(u',v'; A), for every A € A(£2) and every (u,v), (u',v") € BV(A;RY) x
LP(A;R™) such that w = v/ and v = v'L"Y a.e. in A;
2. J, is sequentially lower semicontinuous, that is
Tp(u,v; A) < llminfjp(un,vn, A), ¥V A C Q2 open, u, — uin L'(A4;R?) and v, — v in LP(4;R™);
n—-1+0oo
3. Jp(u,v;-) is the trace of a Radon measure restricted to the family A(f2).
The following result is devoted to prove the upper bound in BV x LP; 1 < p < 4o0.

Theorem 4.2. Let f : 2 XxRIXR™ x RN — [0, +00) be a continuous function satisfying (Ho), (H1)p— (H3)p,
and J, be defined in (1.2). Then for every (u,v) € BV (£2;RY) x LP(£2;R™)

Jp(u,v; 2) §/ f(:r,u,v,Vu)dw—i—/
7

Kp(x,O,uﬂu*,l/u)dHN*l—i—/ I (21,0 dDu )| DCu|.  (4.34)
Jun$2 2

> d[Deu|

Proof. The representation (4.34) is achieved first for (u,v) € BV (£2;R%) N L>(£2 RY) x L*>(£2;R™), then, via
an approximation argument as in [6], the result will be obtained in BV (£2;R?) x L>(£2;R™). Then a standard
truncation argument (see [23], Thm. 14) leads us to BV (£2;RY) x LP(2;R™).

Part 1. Let (u,v) € BV(2;R?) N L2(2;RY) x L*°(2;R™). Since J,(u,v) = Jp(u,v; 2) and J,(u,v;-) is the
trace of a Radon measure on the open subsets of §2, absolutely continuous with respect to |Du|+ LY, it will be
enough to prove the following inequalities

%(x) < fzulz),v(@), Vu(z)), LY —ae. z € 0, (4.35)
%(m < 5 (0, u(2), 0, 152 (@), ID°u| —ac.x € 2 (4.36)
Ty 05 Ty N1 Q) < / K (2,0, u (), u (), v (2))dHN (4.37)

JuN2

The proof of these inequalities exploits results proven in [6].
Bulk part. The inequality (4.35) is an immediate consequence of ([23], Thms. 12 and 14), observing that the
same arguments therein can be applied when u is a function of bounded variation.
Cantor part. Let u € BV (£2;R?) N L>®(2;R?) and v € L>(£2;R™). We follow [14,18], identifying u with its
approximate limit defined in 2\ J,.

Let u,, := u * p,, where p, be a sequence of mollifiers, then by ([18], Lem. 2.5),

un(x) — u(z), |DU| — a.e. x € £2. (4.38)
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Therefore u is |D°u|—measurable. We write |Du| = |D%u| + 7, where n and |D°u| are mutually singular Radon
measures. Let xg € {2 be such that

%(wo) exists and is finite,
u
n(B(zo,€)) |Du|(B(zo,¢)) . e
—_— = —_— t d is finit 4.
o Deul B,y ~ " B D] (Blag, )y St and is finite, (4.39)
N
lim —————= =0 4.40
20+ |D°u|(B(zo,€)) (440)
lim ;/ (@) dz =0, lim ;/ ()P dz = 0 (4.41)
e—0t |D(‘u|(B('T0a€)) B(xo,¢) e |D(‘u|(B('T0a€)) B(xo,¢) ’ .
A(zg) = ilir(l) % exists and is a rank one matrix of norm one, (4.42)
1
lim —/ foe(xo,u(zo), 0, A(z))d| DUl = f2°(x0, u(xo), 0, A(xo)). (4.43)
=0 [Deul(B(20,€)) Jp(zo.e) " !

Fix § > 0. Using the Yosida transform of f introduced in Definition 2.9 and the properties in Proposition 2.10,
we get

Tp(u,v; B(zg,€)) < liminf f(z,upn, v, Vuy,) de < liminf {/ f(zo, u(xo), v, Vuy,) dz
B(zo,e)

n—-+oo B(zo,s) n—-+oo

+ / 01+ v + |Vunl) + Ae + |un — u(zo)|)(1 + |v| + Vun|)dw}
B(xo,e)

< liminf {/ I (xo,u(zo), v, (Dux py)) dz 4+ (0 + Ae)(1 + [|v]| )| B(x0, )]
B(zo,e)

n—-+00

+()\€+(5)/ |Vu,|dz) + AC [tn, — u(xo)] (1 + |v||LocVun|)dac}.

B(zo,¢) B(wo,¢)

An argument entirely similar to ([18], Sect. 5, steps 1 and 2, p. 37), allows us to write

1
JIp(u,v; B(xg,€)) < liminf lim inf

IE VST =YY o, (o), v, Du* 0,)dx + O(9).
e—0t n—+oo |Du|(B(xg,¢)) /B(xo,g)f( 0, u(2o) on) (6)

1
Let h: R™ x RN — [0,00) given by h(b,§) := sup, f(zo’"(xo)’tpb’ti)*f(mo’“(zo)’o’o). Then, h is positively

homogeneous of degree (p, 1) and satisfies (3.1). The convexity of I32 (o, u(x0), -, -) when & is at most a rank-one
matrix entails f°(zo,u(20),b, &) = h(b,§), for every (b,§) € R™ x RN with ranké < 1. Thus,

dJp(u,v; B(zo,€)) . . o 1 /
= liminf liminf — h(v, Du * op)dx
d|Deu|(B(xo,€)) e—0+ n—+too [ Du|(B(20,€)) JB(zo,e) ( on)

1
+limsup—/ f(zo,u(xg),0,0)dz + O(6). 444
e—0+ ‘DCU‘(B(ZL'O,S)) B(xo,e) ( 0 ( 0) ) ( ) ( )
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Observe that, (3.1) gives

et v Du * gy,
lim inf lim inf h T Thg dz
e=0t n—=te0 Jp o\ (|Deu|(B(xo,€)))r 1D ul(B(zo,€))

< lim sup lim sup / (0, ety ) do + lim S —
e—0t n—+o0o JB(zg,e) IDeul(B(zo.€)) =0 JB(x,¢) Dl (Bo.2)

Duxpy, P

[Deu|(B(xo,e))

v

+ lim lim T
(IDeul(B(z0,¢))) P

=0t n=F0 Jp(ag )

and (4.41) guarantees that the second limit from below is 0. The last term can be estimated via Holder inequality,

leading to
1 1
. . |v|P . / |Du * 0, v
lim lim / ——dx ———dx .
-0t n—+00 ( B(zo,e) \Dcu\(B(xo,e)) B(zo,e) |Dcu|(B('T0’€))

The first term of the above product is null by (4.41), while the latter, exploiting ([6], Lem. 4.5, see also [18],

Lem. 2.5) becomes
1

lim / _Du )7
e—0% J B(wg,e) [Du|(B(w0,¢))

which is finite by (4.39). Thus, from, (4.44) we can conclude that

dJp (u,v; B(xo,€)) _ .. . 1 /
<limsuplimsup ——— h(0, Du * o, )dx + O(6).
D ul(Blwo,) ~ o Doul(Ben ) o) e o)

Then the thesis is achieved via the same arguments in [18], (4.43) and letting § — 0T.
Jump part. We show that

Tp(u, vy J, N 12) < / Kp(z,0,u”,ut, vy ))dHN T (4.45)
JuN$2
for every u € BV (2;R?) N L>(2;RY) x L*°(£2;R™).
The proof of (4.45) develops exploiting the arguments in ([6], Prop. 4.8; [19], Lem. 4.2; and [10], Prop. 4.1)
and it is divided into three parts according to the limit function wu.
Case 1. u(x) = cxg + d(1 — xg) with Per(E; 2) < oo.
Case 2. u(x) = > ¢ixpg, (x), where {E;}22, forms a partition of {2 into sets of finite perimeter.
Case 3. u € BV (;R?) N L>(2;RY).

Proof of Case 1. We start to consider u := cxg + d(1 — xg), with Per(E; 2) < 400, and v € L*(£2;R™) and
we aim to prove that

Tp(u,v; A) < / f(z,u,v,0)dx —|—/ K,(2,0,¢,d,v,)dHN ™1 for every A € A(£2). (4.46)
A JuNA
This proof is divided into several steps.

Step 1. First we assume that u has a planar interface, i.e. let v € S¥~1 ag € RV, consider A = ag + \Q,, an
open cube centered at ag, with two faces orthogonal to v, with side length A, and let

{c if (x —ap) -v >0,

u(zx) ==
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We start to consider the case where f does not depend on z and we claim that there exist a sequence {u,} C
Whl(ag + AQ,;RY) such that
c ifr-v= —%,
Uy =

difr-v= %,
Un(r) = up(x + kXy),i = 1,...N — 1,k € Z, where {vy,...,vy_1,v} is an orthonormal basis of RY and
a sequence {v,} C LP(ag + AQ,;R™), such that v,(z) = v(z) if |(z — ao) - v| > 2(T>\+1)’ with w, — u in
LY(ag + AQ,;RY), v, — v in LP(ag + A\Q,; R™) and
lim f(un, v, Vuy)de = / fu,v,0)dx + )\N_le(O, ¢, d,v). (4.47)
0 Jag+aQ ao+AQu

Step 1 a). We first consider the case ag = 0 and A = 1 and, without loss of generality, we assume that v = ey.
We claim that for all £ € A(c,d,en) and for all p € LP(Q;Rm , with fQ wdx = 0, there exists &, € A(c,d,en)
and v, € LP(Q;R™) such that v, (z) = v(x) if [zn| > 5

2n+1)
€n — ullL1(Qiraey — 0, v — v in LP(Q;R™) as n — o0, (4.48)
and
tin [ (60, Véadde = [ flu0,0do+ [ 260 Ve (4.49)
n—+00 Q Q Q

Let ¥ :={z € Q : zy = 0}. For k € N, we label the elements of (Z N [k, k]") x {0} by {(11-}?51*'11\,71 and we

observe
(2k+1)N 1

(2k+1)X = (a; + %),
i=1
with (a; + X) N (aj + X) = 0 if i # j. Extending £(-,zn) — RV~ by periodicity we define

: 1
C if TN > m,
Copy1(x) = ¢ &(2k+ D)) if [zn] < m, (4.50)

Clearly {ory1 € Ale,d,en) and [|§ax1 — ull 1 (grey — 0 as k — 400 (see proof of [18], Lem. 4.2). Extending
o(+,xn) to RN~1 by periodicity define

. v(z) if len| > 5 2k+1)7
v _
2kt (2k + 1)%<p((2k +1)x) if lzy| < 2k+1)

We observe that vogy1 — v in LP(Q;R™). Indeed, there exists C' > 0 such that for every k € N,

/|U2k+1\pd$<//
|IN‘>2(21¢+1)

<C’+// ((2k + 1)2’ :cN\pd:c—C—k// o(2 ) |Pde < O,
1 1
2 2

where the periodicity of ¢ has been exploited. In order to achieve the weak convergence of {vor11} to v it is
enough to prove that limg_, 4 oo fE vopr1dr = fE vdz for every E C @ (see [16], Cor. 2.49). In fact,

/ (Va1 — v)dx = —/
E {z€E:|zn|<

\v\pdx—l—// (2k + D ]e((2k + 1)x)|Pdx
EINES

2(21«+1)

vdz + / (2k + 1) 7 o((2k + 1)z)dz.
} {zeE:|zn|<

2(2k1+1) }

1
2(2k+1)
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The first integral trivially converges to 0 as k — 400, while, concerning the second one,

(2k +1)» // Ja
=0k 1 pla’ zn)ldz,

which, using periodicity of ¢ and letting k — 400 converges to 0.

Consider
2(2k+1)
/f (§2k+1, Vak+1, VE2k+1) dx—/ /1 dx+// x),0)dz
3

2(2k+1)

// | ((2k+1)x),(2k+1)% ((2k + D)), (2k + 1)VE((2k + 1)z)dz.

2(2k+1)

(2k + 1) 7 p((2k + 1)z)d

/{mEE:wN<m}

The first two integrals in the right hand side, converge as k — +o0, to fQ f(u(x),v(x),0)dz. The latter integral,
after a change of variables becomes

/ / (£((2k + D)), (2k + D)7 o((2k + 1)), (2k + 1)VE((2k + 1)z))dx

len | < 5Ty

2k+1/f<f<><2k+1>% (), @k Ve — [ £ (6,00, Tew)y

as k — +o0. Putting together the last two limits we obtain (4.49).
Step 1 b). Let {(nn,0n)} C Alc,d,en) x LP(Q;R™) with fQ ¢ndy = 0 be a minimizing sequence for
Kp(0,¢,d,en). Observe that since Kp(0,¢,d,en) is finite and f2° satisfies (3.4), then we can assume that
{©n} is bounded in LP(Q;R™).

By (4.49), for every n € N we can find k, € N, u, € A(c,d,en) and v, € LP(Q;R™) such that |u, —

ullpgrey < =, ‘fQ(vn - v)wldx’ <L (fori=1,...,n) and {1} a dense sequence of functions in L4(Q;R™),

with _ L
U(.’E) if ‘.’EN‘ >m,

U’ﬂ(x) = { l . 1
and

1
‘/ f(un, v, Vuy, dx—/ fu dx—/ To- (M on, Vi )de <

By the lower bound inequality and the last estimate we have (4.47), up to a relabeling of the sequences {u,}
and {v,} with the same indices k,, when A =1 and ag = 0.
Now we consider the case of A := A@Q, for A > 0. Define

c ifxy >0,

Hlu,v,8) = f (u,v, %) , U 1= {d if ey <0, and vg(z) :=v(Ax) for every z € Q. (4.51)

By (4.47) when ap = 0 and A = 1, there exists (un,v,) € A(c,d,en) x LP(Q;R™) such that u, — wp in
LY(Q;R?), v, — vy in LP(Q;R™) and

/ f)x(unavnvvun)dx _>/ fA(uO(l‘),’Uo(l‘),O)dl‘-l- (KP)A(Ovcv d, 61\/), (4'52)
Q Q

where (K,) is the function defined in (1.6), with f replaced by fy above. Consider any ag € RY and set

Un () = un (5522), Un(z) =0, (552), =z €ap+ AQ. (4.53)
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Clearly {u,} meets the boundary conditions, and is periodic in the ej,...,ey_1 directions with period A.
Moreover, ||, — u[|z1(a+2q) — 0 and @, = v in LP(ag + AQ; R™) and

/ (i, B, Vi) = / Pl (2589 v, (2582) | 1V, (2582))dz
ao+AQ ao+AQ (4.54)
Y /Q S (tn (). 00 (), Vit (1)) dy — AV /Q S (t0(4), v0(y), 0)dy + AV (K (0, ¢, d, ex),

as n — +oo. Moreover,

AN /fA w0 (y), vo(y), )dy—/+/\Qf(u(ac), o(@), 0)dz, and (K,)(0,c,d, ex) = iKp(O,c,d,eN). (4.55)

Hence we obtain (4.47).

Step 1 c¢). We allow f to have explicit 2-dependence. Let A be an on open subset of 2 and A* := a+AQ, CC A
for some o € RV, A > 0. Without loss of generality, we may assume that ag = 0 and v = ey. We denote @, by
Q and we let A" :={x € A*: 2y =0} and Q' := {zx € Q : zy = 0}. Since A* is compactly included in A, fixing
€ > 0 it is possible to find § > 0 such that (Hz), and Proposition 3.6 (e¢) hold uniformly in A*, i.e.

z,y € A%l —y| <0 = |f(z,u,b,8) = fy,u,0,§)| < eC(L+[¢] + [b") (4.56)
and
z,y€ A" |z —y| < 0= |Ky(x,b,c,d,v) — Kp(y,b,c,d,v)| <eC(l+|d—c|+ |b). (4.57)
Let h € N be such that \
=g < 0 (4.58)

and partition A’ into AV ~1 (N — 1)-dimensional cubes, aligned according to the coordinate axes and with

mutually disjoint interiors. Namely,
hN —1

A= (@ +nQ). (4.59)
i=1
Denoting Q' := a; + nQ" and Q; = a; + nQ, we claim that there exist {ur} C WH1(A*RY) and {v;} C
LP(A*;R™) such that up — w in L'(A;R?), v, — v in LP(A;R™) and

lim [z, ug, vg, Vug)de = / Kp(z,0,¢,d, en)dHN T+ fzyu(z),v(x),0)d. (4.60)
k—>+00 A* JU,I'TA* A*

By Step 1 b), there exist sequences {u,gl)} C A(e,d,en), related to the cube @1 and {v,(:)} C LP(Q1;R™), such
that
khT f(alauk: ’Ulgl)7vul(c1))dx = nN_lKP(alvoacv d7 €N) + f(al,u(x),v(ac),O)dac.
— 100 Ql
By Remark 2.8 i), there exist subsequences, not relabeled, {f,gl)} c Wh(Qq;R?) and {E,(cl)} C L?(Q1;R™) such
that 5,9) — u in LY(Q1; R?Y), with 5,9(90) = U,El)((ac —ay1)/n) on 0Q1, (U,El) is a mollification of u), E,(;) — v in
LP(Q1;R™) and

lim sup faq, (1),_ f(l))dx<hm1nf f(al,u,(cl),v,il),Vu,(cl))dx
k—4o00 JQ1 k=too Jo,

:nNile(alaOvCadaeN)—’_ f(al,u(x),v(w),())dw.
Q1
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By the lower bound inequality proved in the previous section and the above estimate we have

klir+n f(a1,§,(g ,ﬁ,(cl), Vf,(:))dx = nN_le(al,(), ¢, dyen) + flar,u(x),v(z),0)d.
T JQ Q1

By induction We can repeat the same argument, obtaining h’¥~! further subsequences {k} and corresponding

sequences {f ‘ } C A(c,d,en) related to the cube Q;, with 5,(3) — win LY(Q;; RY), ,(cj) = U,Ej) on 0Q); and
{U(j } C LP(Q;;R™), with v(j) — v in LP(Q;;R™) and for every j =1,..., AN "1,
k——+oo

lim / f(aj, kj),@(j ,ij)) nN_le(aj,(),c,d,eN)—i—/ flaj,u(z),v(zx),0)d.
Qj

Next We take the h’V~1 subsequence and for all j = 1,...,h" =1 we consider sequences {(x} and {@}, defined

in U 1 QJ with (; = (j), Vg = E,(f) on ()j, such that for every j =1,.. RN

klir+n / f(aj,Ck,f)k,VCk)dx:nNﬁle(aj,(),c,d,eN)—i—/ flaj,u,v,0)de. (4.61)
TTJQ; Qj

Define the sequences {ug .} and {vj .} almost everywhere on A*, as follows

x) ifre UhN ,
(@) =1 @ () ifz e UhN1 Qj,
Up(x) =4 d if xy >n/2, Uk () := (4.62)
] v(x) if |zn| > n/2.
C if TN < _77/2a
Clearly, since ( = J) on 0Q); and U,EJ (x) = d (respectively c¢) for xy = n/2 (respectively for xy = —n/2),

e € WH(A ]Rd) Also O € LP(A*;R™) and moreover it coincides with v(z) if |xx| > 1/2. Furthermore, we
have

gli%l+khm |uk,e —ullp1axray =0 (4.63)

and v . — v in LP(A*;R™) as k — +oo0 and as € — 0. Also,
hN—l hN—l
/ f(wvuk,eavk,sv vuk,g)dl' = Z / f(a’ia Ck?af)k?a vck)dz + Z / (f(xa Ck?vf)kv VC/C) - f(aiv Ckvf)kv VCk))df
A i=1 Qi i=1 Qi

—I—/ f(z,d,v(x),0)dz + / flzye,v(x),0)de = I + I + Is + 1. (4.64)
A {zn>n/2} A*n{zn<—n/2}

Then it is easily seen that by (4.61), we have

thl

kli)rfoo L= ; (anKp(ai,O,c, d,en)+ o f(ai,u(x),v(:r),())dw> .
Moreover,
lim (I + Iy) = / £, d,o(z), 0)dz + / F(z, e, 0(z), 0)da. (4.65)
k=00 A*n{zn>n/2} A*n{zn<—n/2}

Regarding I, by (4.56), (H1), and since, by construction, the sequences {03} and {(x} are bounded in
Lp(Uh 1 QZ, R™) and in W1 1(UhN 1QZ, R?) respectively, we have

limsup Iz < limsup Z / eC(1+ |ok|P + |V(k|)dx = O(e).

k—o00 k— o0 i—1
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By (4.57) we have

hN—l

/ Kp(xvoacv d7 eN)dHN_l - 77N_1 Z Kp(a'iaovca da 61\/‘)
A*Ndy,

i=1

hN—l
< Z / |Kp(2,0,¢,d,en) — Kp(a;,0,¢,d,en)| dHN ™ = O(e).
i=1 i

N-—-1
Finally, putting together, this estimate, the limits of Io, I3, [; and estimating Z?zl le fla;,u,v,0)de in I
via (4.56), we obtain the desired approximating sequence, just letting ¢ — 07 and using a diagonalization
procedure. Thus we have proved (4.46) when u has a planar interface and A* is a cube.

Step 1 d). Now let A* be an open subset of 2 such that

lim lim lﬁN ({w € A* i dist(z, 0" E N A*) < g, dist(z, 0A*) < %}) =0. (4.66)

j—+o00e—0t €

With u defined as in Step 1 ¢), we claim that, given any sequence &, — 0T, there exists a subsequence {e,, },
a sequence {up} C WH1(A4*;R%) and {v,} C LP(A*;R™) such that up — u in L'(A*;R™) and v, — v in
LP(A*;R™) and

lim f (@, ug, v, Vug )de = f(z,u(x),v(x),0)dz + / Kp(z,0,¢,d, en)dHN L.
A O*ENA*

k—+o00 A*

By Whitney covering theorem we may write

8

A = U(ai +6,Q) = (J Qi
i=1 i=1

7

where 6;, diam@;, dist(Q;, 0A*), dist(a;, 0A*) satisfy ([10], (4.11) and (4.12)). We choose L > 0 as in ([10],
p. 552) and introduce

2; = {x € A" : dist(z, 0A%) > ;}, G = {Qi - dist(a;, 0A*) < L%} Fj = {Qi - dist(a;, 0A*) > LL]}

For every j, F; is a finite family of cubes, the choice of L, provides that if @; € G; then Q; N 2; = 0, so that
2; C UF; and thus {2; is covered by a finite number of cubes @; (see [10] for details).

By Step 1 ¢) given the sequence &, — 07T, there exists a subsequence {6,(61)} and sequences {u,(cl)} in
Wh(Qq;RY) and {v,(:)} in LP(Qq;R™) such that u,(cl) — u in LY(Qq : RY), v,(:) — v in LP(Q1;R™) and

lim f(ac,u,gl),v,il), Vu,gl))dx = / K,(2,0,¢,d,en)dHN 1 + f(z,u(z),v(x),0)d.
koo Jo, 9" ENQ1 Q

By i) in Remark 2.8 there exists a subsequence, still denoted by £, {w,gl)} c WhHQ1,R%), and {ﬂ,(cl)} C

LP(Q1;R™), such that w,(cl) — u in L}(Q1;R?) and w,gl)(as) = U,El)((x —ay)/61) for every x € 9Q)1, where the

latter functions are mollifications of u, with 17,(:) — y in LP(Qq; R™) and

limsup [ f(z, w5V, VoY) dz <liminf [ f(z,ul", o), Vul)de
k—+oco JQ, k—+4o00 01
= Ky(z,0,¢,d, eN)dHN_1 + fzyu(z),v(x),0)d.

O*ENQ1 Q1
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This together with the lower bound inequality proved in the previous subsection gives

lim sup f(x,w,(cl),f),(:), Vw,(cl))dx = / Ky(2,0,¢,d,en)dHN 1 + flz,u(x),v(z),0)d.
k—+oo JQu 0*ENQ1 Q1

By repeatedly taking subsequences and applying Step 1 ¢) and (i) in Remark 2.8, following the same arguments
as above, since in F; there are only finitely many cubes, it is possible to obtain a sequence {ex} of {e,} and
sequences {5,(:)} c WHH(Q;;R?Y) and in A(e,d, en) relative to the cube @, such that f,(f) — u in LY(Q;; RY)
and 5,(;)(1‘) =U.,((x —a;)/6;) for x € 0Q;, and {E,(j)} C LP(Q;; R™), such that E,(j) — v in LP(Q;; R™) such
that

lim / f(:r,{,(f),ﬁg),vg(f))dx:/ Ky(2,0,c,dyen)dHN "+ | f(x,u(z),v(z),0)dx, (4.67)
k—+oo Jg, 9*ENQ; Qi

for every Q; in F;. Denote by {(x} and {vx} the sequences defined in Uy;.q,cx,3Qi, such that ¢ := f,(f) and
Vg := E,(j) in Q;. Next we define the sequences
ﬁk(l’) ifx e U{iIQlefj}Qi’

v(z) otherwise.

Ck(l') ifx e U{iIQlefj}Qi’
ug(x) == ) and v (z) =
U, (x) otherwise,
Clearly, u, — u in L'(A*;R?) and v, — v in LP(A*; R™). Moreover, recalling that v € L>(2;R™), ||U., ||r~ <
C, ||VU||Le = O(1/ey,) and since € A* \ {Q; : Q; € F;} implies that dist(x,04*) < %, we have, by (4.67)
and (H1)p,

lim sup f(x,ug, v, Vug)dz < Climsup (EL + 1) LY ({x e A" : |zn| < e, dist(z, 0A™) < 1)
k——+4o0 JA* k—+o0 k J

+ Z (/ K,(2,0,¢,d,en)dHY 1 4 f(ac,u(x),v(x),O)dx)
Qiefj OE*NQ;

Qi

< ClllcTigE) (é + 1) il ({x € A" i |lon| < ey, dist(z,04%) < %})

—l—/ Ky(z,0,¢,d, eN)d’HN_1 + fz,u(z),v(x),0)d.
OE*NA* A*

Thus taking the limit as j — 400 by (4.66) and the lower bound inequality we conclude that

lim sup [z, ug, vg, Vug)dz §/ Kp(z,0,¢,d,en)dx + flz,u,v,0)dx.
k—too JAx DE*NA* A

Step 2. Now we assume that u has a polygonal interface, i.e. u := ygc+ (1 — xg)d, where E C {2 is of the
form E=F N, 0*EN N =0*E' N {2, with E' a polyhedral set.

As in Step 1 d), let A* be an open subset of {2 such that (4.66) holds. We claim that there exists a sequence
{ug} in WH1(A*;RY) and a sequence {v;} in LP(A*;R™) such that uj, — w in L'(A*;RY), v, — v in LP(A*;R™)
and

lim fz ug, v, Vug)de = flx,u,v,0)dx + / Ky(z,0,¢,d, vy dHN L
k—+oo | o+ A= OE*NA*
The claim is achieved following a proof entirely similar to ([18], Sect. 5, Step 3). It relies on an induction
argument and on the application of Step 1 ¢) and on a slicing procedure similar to Lemma 2.7 in order to
connect recovery sequences between two domains for the v and the v.
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Step 3. Finally, let A be a Lipschitz subdomain of 2 and consider an arbitrary u := xgc + (1 — xg)d with
Per(E; A) < +o0. Since OF is Lipschitz, by Theorem 2.6 there exist polyhedral sets Ej, such that xg, — xg in
L1(A), Per(Eg; A) — Per(E; A), LY (Ey) = LN (E) and HN 10" Er N 0£2) = 0 so that

1 —
lim lim —£Y({z € A: dist(z,0*E, N A) < ¢,dist(z,0A) < 1/5}) = 0.
j—+ooe—0t €
By Step 2, for every k there exist {u%k)} C LY(A;R?), such that uP - xg.c+ (1 — xg,)d in L*'(A;R?) as
n — 400, and {UEL’C)} C LP(A;R™) such that o~ yin LP(A;R™) and

lim / f(x,uglk),vgk),Vu;k))dx < / flz,u,v,0)dx —l—/ K, (x,0,c,d,vg)dHN 1,
n—too Jy A 9*ErNA
where v, is the measure theoretic unit normal to 0*E}, at x.

Regarding the weak convergence of v&k) to v, observe that v (A;R™) is separable, hence we can take a dense
sequence of functions {t¢;} C L¥ (§2; R™) such that lim, . | J4(WE —v)gydz = 0 for every | € N Consider an
increasing sequence {k} such that

1
<Ef0reveryl:1,...,k,

1 k
||U£Lk()k) = xgc+ (1= xg)d|1(ame) < 7, and ‘/A(Ufl&) —v)hda

and

1
/ Kp(z,0,¢,d, vp)dHN L — (/ f(x,u,v,O)dac—I—/ f(m,uglk()k),vfl’a),Vug&))dx)’ < T
O*ERNA A A

Set wy, = uff()k) and 7}, = ﬁ;k()k), then @y — xgc+ (1 —xg)d in L'(A;R?). Moreover, by the growth condition on

f and the bounds on K, it results that [[vg||rs(arm) < 1 4 C and the density of {1} in LP'(A;R™) ensures
that vy — v in LP(A;R™). Furthermore, recall that for every continuous function g : A x R? — [0, +00) we
have (see [5])

/ g(x, I/k(l'))dHN_l — g(z, I/(l’))dHN_l.
9*ErNA 9" ENA

Since by (b) in Proposition 3.6 K,(-,0,c¢,d,-) is upper semicontinuous, there exist continuous functions g,:
A xRN — [0, +00) such that

for every (z,€) € A x RN, where K,(z,0,c,d,-) has been extended as a positively one homogeneous function to
RY. Thus for all m € N, it results

limsup/ f(x,ﬂk,ﬁk,VEk)de/f(w,u,v,O)dx—i—/ Gm (z, v(z))dHN L,
k—+oo J A A 9*ENQ

Taking the limit when m — +o00, using Lebesgue’s monotone convergence theorem and the lower bound in-
equality we obtain

lim /f(x,ﬂk,ﬁk,Vﬂk)dx:/f(as,u,v,O)dx—I—/ Kp(.Z‘,O,C,d,l/)dHN_l.
o) A 9

k—+o00 *ENA

Step 4. Let A be any domain in 2. For any K compact subset of A we can find a Lipschitz domain A’ such
that K C A’ C A, (see [9], Rem. 5.5 and [26], Chap. 6) and

Tp(u,v; K) < Tp(u,v, A”) < f(z,u,v,0)dx —I—/ K,(z,0,¢,d,v)dHN 1
A A'NO*E

S/f(x,u,v,O)dx—I—/ Kp(ac,O,c,d,u)dHN_l.
A ANO*E
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By the inner regularity of J,(u,v;-), it results
Tp(u,v; A) = sup{Tp(u,v; K) : K C A, K compact} < / f(z,u,v,0)da —I—/ Kp(z,0,¢,d, v)dHN L
A ANO*E

The additivity of J,(u,v;-) allows us to consider any open subset of {2, not necessarily connected. The lower
bound inequality provides

jp(u,v;A):/f(x,u,v,())d:r—i—/ Kp(:r,(),c,d,l/)dHNfl.
A 9*ENA

Moreover,
Tp(u,v; E) <inf{7J,(u,v; A) : A C £2is open, E C A}

< inf {/ f(x,u,v,())dw +/ Kp(xa O,C, da V)dHN_l tACis open, E C A}
A 0*ENA
= / Kp(z,0,¢,d, v)dHN L
E

where v is the normal to E.

Case 2. Consider v := ) ¢;xg,, where {E;}5°, forms a partitions of 2 into sets of finite perimeter. The proof
follows along the lines of ([6], Prop. 4.8, Step 1), since the representation for the surface term is independent
on the the target function v. Thus (4.34) follows for every u € BV (£2;T) with T a finite subset of R? and
v € L®(£2;R™).

Case 3. Let u € BV(2;R?) N L>=(2;R?). As in Case 2 the fact that the integral representation is in terms of
K, evaluated at v = 0, allows us to follow the same arguments in ([6], Prop. 4.8, Step 2), exploiting property (c)
in Proposition 3.6. Hence, by (4.35) and (4.36), (1.5) holds.

Part 2. Let u € BV (§2;R?) and v € L*°(£2;R™). As in ([18], Sect. 5, Step 4), the lower semicontinuity of 7,
and the result achieved in Part 1 provides

Ty, 2) < im nf 7,61 ), v: 2 —hmmf{ | Fe (@) (Vos(w))da

1—+o00
* /J @0, 6)" () )N /Q 5= (0100, 0, A2t dx} |

where ¢; € Wy > (R4 R?) such that ¢;(¢) = {() Ia iau

as i — 400, and [|V¢;lleo < 1. Then (1.5) holds for every u € BV (§2;R?), passing to the limit as i — 400,
exploiting (c¢) in Proposition 3.6, (H1)p, (3.4), and the lower bound inequality.

with the sequence {a;} C R* such that a; — +oo

Part 3. Concerning the case BV (£2;RY) x LP(£2;R™) we follow a standard truncation argument, defining for

i <
every positive real number L, 71, : [0, 4+00) — [0, +00), as 71(t) := {(t) 1£?>—2< L, For every v € LP(§2;R™),

define v := 71 (|v])v, thus vy € L®°(2;R™), [, |vp|Pde < [, [v[Pdz and vy — v in LP(2;R™), as L — +oc.
By the lower semicontinuity of .J,, and Part 2, we have that

L—+o00o

Jp(u,v) < liminf (/ f(x,u,vL,Vu)dx—l—/ Kp(ﬂr;,O,u'",u_,IJu)dHN_1 —I—/ fOO x,u,0, Cﬁgpﬁ‘) dDCU)
Q Ju 2

Lebesgue’s dominated convergence Theorem provides (4.34) for every (u,v) € BV (£2;R?) x LP(2;R™). O
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Proof of Theorem 1.1. The proof follows by Theorems 4.1 and 4.2. O

Remark 4.3. It is worth to observe that in the upper bound for the jump term, the proof of Case 1, Steps 1 d),
2, 3, and 4, could be replaced by arguments more similar to the ones in ([14], Prop. 4.1), i.e. adopt a covering
{Q;} of the type ([14], (4.5)), placing together with the sequences {57(5)} in ([14], (4.6)), sequences {vr(f)},
coinciding with v(z) in a layer (depending on n and (i)) of the sets {x € Q; : (v —a;) -ex = —2} and
{z € Qi:(z —a;)-en = 5}, and then exploiting diagonal arguments and the reasonings in [18].

5. MAIN REsuLTS: BV x L*°

This section is devoted to the proof of Theorem 1.2 and it is divided in two subsections. The first for the
lower bound and the second for the upper bound.

5.1. Lower semicontinuity in BV x L*°

Theorem 5.1. Let f : 2xRIxR™xR¥*N — [0, +00) be a continuous function satisfying (Ho), (H1)oo—(H3)oo-
Then

liminf/ f(x,un,vn,Vun)dxz/ f(ac,u,v,Vu)dac—I—/ Koo(z,0,u™,u™, v, )dHN 1
Q 12 J

n—-—+00 W02

dD°
—|—/Qf°°(m,u,0, d‘DcZ‘)d‘Dcu‘7

in BV (£2; R?) x L>(§2; R™) with respect to the (L'-strong x LP-weak)-convergence, where K, is defined in (1.9)
and [ is the (00, 1)— recession function defined in (1.8).

Proof. Up to a subsequence, denote by p the weak * limit of the measures p,, := f (2, Un, vpn, Vu, )LV, where
{un} and {v,} can be assumed in C§°. Via Besicovitch derivation theorem it is enough to prove the equivalent
of (4.2)—(4.4) with f;° and K, replaced by f° and K, respectively. To achieve this, we apply the blow up
method.

Bulk part. The proof can be found in [23], with the obvious adaptations to the BV case.
Jump part. We just emphasize the main differences from the BV x LP case. Let 2y € Jy, be as in the jump

part of Theorem 4.1. Then the equivalent of (4.6) becomes

1 1

: > 1 1 n y Un 7_v mn d ) .
Hi(20) 2 s Tl kR B Q€kf(xo+€ky,u 1) vn (), — Ve, (1)) dy (5.1)

where U, 1 (y) = tn, k(2o +ry) and vy, ;(y) = vp(To + €xy). Moreover, (4.7) holds, with uy defined as in (4.8).
Using the separability of L'(Q;R™), together with a diagonalization argument, from (5.1), (4.7) and (4.9), we
obtain the existence of sequences Uy := Up(x),r and U := vy, x)x such that ux — wug in LY(Q;RY), vy, X ain
L>®(Q;R™), where « is a function whose average in @ is yo, which in turn is the limit, up to a subsequence, of
o~ fQ(mo,s) v(y)dy.

We obtain an estimation for ji; as in (4.10) replacing f2° therein by f°°.

Using Proposition 3.5 iii) we get that for any € > 0, if k is sufficiently large

/ [ (xo + exy, ug, Uk, Vug) — [ (20, Uk, U, Vig)dy > —€C’/ |Vig|dy > O(e).
Q Q
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On the other hand, by (H3)~ and Holder inequality we conclude

1
/ 5k(f(1'0 + 5ky,aka,l_)ka avak) - fOO(:L,O + 5kyaﬂk71_)kv V'I_Lk;))dy
Q
<Oy ) (\Vﬂk|1_T€£)dy+CM ) |Vﬂk\dy
veQ: 5> 1) {ve: S5kl <L)

< 0O(e) + Cuey, (/Q |Vﬂkdy>lT = O(e),

where the constants Cys vary from line to line but are all related to the L> uniform bound on {74}, M. Arguing
as in [18] we are led to the existence of two, not relabeled, subsequences {uy} and {v} converging strongly to
up in L' and weakly * in L™ to «, respectively and such that (4.11) holds with Ip° replaced by f°.

Next we apply Remark 2.8 ii) to f*°(xo, -, -, ), obtaining (4.12) with the obvious adaptations, where &, — ug
in LY(Q;RY) and & € A(ut(20),u™ (z0), vu(z0)), ¢ € L®(Q;R™), converging weakly * to a in L>(Q;R™)
with fQ Crkdy = yo. In particular, by (1.9) we have

wi(zo) > Koo(wo, 90, ut (20),u™ (20), vu(z0)) for HN! —ae zg€ J, N0,

and this, together with Proposition 3.7 concludes the proof of the lower bound inequality for the jump part.

Cantor part. We divide the proof into several steps, just emphasizing the main differences with the BV x LP
case. Recall that (4.13) — (4.17) hold.

Step 1. Tt suffices to observe that (4.18) holds for every 1 < p < oo, in particular there exist two sequences
{ar} and {v;} such that Step 1 a) in the BV x LP case holds.

Step 2. With easier estimates than those of the BV x L case, we obtain (4.20), where the sequences {0y}
and {1y} are obtained through a diagonalization argument from {73} and {@,*}, where this latter sequence is
defined by

" = ak + ¢rs ([ux = ar)]) (@ — ax),

with ay := ﬁ fx0+€Q ty dx, and ¢, 5 is as in (4.22).
Step 3. Notice that, if we consider {wy} and {0} as in (4.25) and (4.26), respectively, then condition (4.20)
can be written as

(14 wark (£)) p(zo) = limsup i/ f(zo, u(xo), Uk (xo + €x2), 0k Vi (2)) dz. (5.2)
k—+oo VE J~Q

Then, modifying {0y (zo +€x-)} and {w} near the boundary of Q) new sequences {7y} and {wy} are obtained
in order to apply the convexity-quasiconvexity of f. We consider an inner cube 7Q, 7 € (¢,7), and we modify the
sequences in a layer 7Q \ 7(1 — 6)Q. Indeed we construct 7, — a in L®(7Q;R™), er Updr = er adx =: yo(7),
and wy,(z) = &(x) + @(x) for some p € WL (7Q; R?) and such that

per

(1w (2)) pfao) > lim - / o (oruw0), B(2), 0V (2)) dz + AL~ 1), (5.3)

T k—+too O
for some continuous function A: [0,1] — R with A(0) = 0. Observe that, as in Step 3 (lower bound) of the
BV x LP case, (4.28) — (4.30) hold. More precisely, we can apply the slicing method as in the proof of Step 3
(lower bound) for the case BV x LP, observing that (4.31) holds, with obvious adaptations. For the reader’s
convenience, we observe that the construction of the fields vy is different from the L? case, here it is identical
to the proof of Lemma 2.7. We briefly recall that, for every j € N, we can divide 7Q \ 7(1 — §)Q into j layers
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thus we getting a sequence {k(j)}, layers S; := {2z € TQ \ 7(1 — )@ : «; < dist(z,0(7Q)) < F;} and cut-off
functions 7; on 7Q) such that estimates analogous to (2.5) hold with obvious adaptations. Then, define w; as
n (4.32), and

|TQ| / () V(5 (To + ep(jyw) d
0;(z) == (1— / + 1;(2)V(5) (o + k() 2)-
17Q|

dx

Remark that ||0]|pe < |laf|poe+14 Tk |2 < 2M+1, ‘TQ‘ Jro0(2)dz = ‘TQ‘ Jroa(z) dz = yo(7), for allj.
By (5.2), summing and subtracting f(zo,u(20),0;(2), Or(j) Vio;(2)) mslde the 1ntegral having in mind the
definition of 1; and using (Hi)o, We get

(14 w(2)) p(zo) > limsup
j—+oo VE(j)

. 1 - - - -
> 7 / f(xo,u(o), 0,05y Vii;) dz —/ f(xo,u(wo), 05,0y Vi;) dz
j—+oo VEk(5) TQ zeTQ:dist(z,0(7Q))<B;

1 - - _ _
; {/Q f(@o, u(wo), 05, O (j) Vi) dz —/ (Vg [+ [V W) — Ekpl) dz

J

/ f(zo, u(@o), k(s (To + Ex(5)2), Or(s) Vi(j) ) d2

j—+o0

—/ c(1+ ka(a‘))dZ}
T\T(1-6)Q

. 1 - ~ c
> timsup g8 [ flansuteo), 55,0 Vi) ds - S - [ o1+ [Veypl) dz b
j—+oo Uk(j) (/@ JJro\ra-9e

By (4.30) and (4.17), er\T(l—é)Q c(14 |V |) dz < A(1 —t) for some continuous A: [0, 1] — R with A(0) =
Therefore we have (5.3), up to a relabelling of the sequences.
Step 4. Analogously to Step 4 for the BV x LP case, the functions ¥y have constant average in 7Q), given by

yo(7) and the functions ¢ satisfies the same periodicity properties. This, together with the fact that w; = & ;)
on 9(1Q), yields that w; € (M ®en)z + Whe(rQ;RY). Therefore

per

(14 w(L)) p(20) > O(1 — t) + lim sup | = Q‘ L f (o, u(x), 9o(7), B2 g ey,

Jj—+oo

If we add and subtract in the previous limit the quantity —g;?)‘ f(xo,u(zo), yo(T), —fﬁgi A) we get two terms. One
J
will raise the expected value of the f*° function, namely

|TQ| f(l'Oau(xO)ayO(T)a ?ﬁgi A) = foo(anu(xO)vyO(T)7A) = foo(anu(xO)vOa A)a

lim 4
k——+o00 k()

the last identity following from Lemma 2.2 in [14] and recalling that A is a rank-one matrix. The other term
can be estimated using the Lipschitz continuity of f(zo,u(z0),0, "), i.e. (3.2) and (4.29).
Then, passing to the limit on k, and using (4.28), (4.17) and (4.19), we get
(L+w(;)) 1(zo) = O(L = t) + f>(z0,u(x0), 0, A) + O(1 — t).

Finally the desired estimate is obtained letting € — 0% and t — 1. O
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5.2. Upper bound in BV x L*°
Let

Joo(u,v; A) := inf {limJirnf J(tn,vn; A) 0wy € BV(Q;]Rd)7 vp € L®(2;R™), up, — uin L' v, X vin LOO}
n—-1+0oo

for open sets A C 2 and for any (u,v) € BV (£2;R?) x L>(£2;R™), where, J(u,v; A) is as in (4.33) with L?

replaced by L>. We observe that (H;)s implies that for every u € BV (£2;R%) and for every v € L>®(£2; R™),

with [|v]|pee < M there exists Cpr > 0 such that Joo(u,v; A) < Cur (JA] + |Dul(A)). Moreover, J is a

variational functional.

Theorem 5.2. Let f : 2xRIxR™ xRN — [0, +00) be a continuous function satisfying (Ho), (H1)oo—(H3)oo,
and Joo be defined in (1.2). Then for every (u,v) € BV (£2;R?) x L*(2;R™):

Tolws® < [ flouo, Vado+ [
(9]

Koo, 0,0, u™ v, )JdHN ! 4 / F(,u, 0, §574)d|Dul. (5.4)
JuN§2 2

) d‘Dl‘ ‘
Proof. The representation (5.4) is achieved first for u € BV (£2;R9) N L*(£2;R?), then, via an approximation
argument as in [6], the result will be obtained in the whole space.

Part 1. Let u € BV (£2;R?) N L>(2;R%). As in Part 1 of Theorem 4.2 it suffices to prove the equivalent
of (4.35)-(4.37) with K, and f;° replaced by K., and f°°, respectively.

Bulk part. It follows from ([23], Thm. 12).

Cantor part. We consider u € BV (2;R?) N L2 (2;R?) and v € L®(2;R™). Again we follow [14,18]. As
usual we identify w with its approximate limit defined in 2\ J,. Considering u,, := u * g,, where {g,} is a

sequence of mollifiers, one has (4.38). Recalling that u is |Du|-measurable, |Du| = |Du| + n, where n and
|D¢u| are mutually singular Radon measures, we consider xo € {2 such that %

(4.39)—(4.41) hold, for every 1 < p < oo,

(zp) exists and is finite,

Elij(l) m /B(%’g) [ (@0, u(z0), 0, A(z))d[Dul = f>(z0, u(z0),0, A(z0)),

and (4.42) hold. Fixing ¢ > 0 and arguing as in the Cantor part of Theorem 4.2 we obtain

1
Tso (u,v; B(xg, € <hm1nfhm1nf—/ zo, u(xg), v, Du * oy)dx + O(6).
(i3 Ba o)) < it i ind oo | S u(wo), v Due ga)de +00)

Then the Cantor upper bound inequality is achieved as in the proof of ([14], (6.6)).
Jump part. We claim that

joo(u,v;JuﬂQ)S/ Koo(x,0,u™,u™, v, )dHN 1,
JuN$2

for every (u,v) € BV (§2;R) N L>=(£2;RY) x L>(£2; R™). The proof develops exploiting the arguments in ([18],
Step 3 of Sect. 5), being divided into Cases 1, 2 and 3 as in the BV x LP case. Here we just present Case 1,
since the others are entirely similar to the ones in Theorem 4.2.

Case 1. We start to consider u := cxg + d(1 — xg), with Per(E; 2) < 400, and v € L (2;R™) and we aim
to prove that

Too(u,v; A) < / flz,u,v,0)dx —|—/ Koo(z,0,¢,d, v)dHN 1, for every A € A(R). (5.5)
A JuNA

This inequality is achieved in several steps, and we present just the main differences with the case BV x LP.
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Step 1. First we assume that u has a planar interface and we keep the same notations as in Step 1 of (4.37).
Suppose that f does not depend on z, and we claim that there exist {un} as in the proof of (4.37) and a sequence
{vn} C L>®(ap +AQ,; R™), such that v, (z) = v(z) if [(z — ao) - V| > 5 with u, — u in L(ag + AQ,; RY),

2n+1)’
Up = v in L>(ap + AQ,; R™) and
lim S (tp, vy, Vuy,)de = / flu,v,0)dx + )\N*IKOO((), ¢, d,v). (5.6)
nF Jao4+AQu a0+AQ,

Step 1 a). As in the proof of Theorem 4.2 we claim that for all & € A(c,d,en) and for all ¢ € L>°(Q;R™),
with fQ pdx = 0, there exists &, € A(c,d,en) and v, € L*(Q;R™) such that v, (z) = v(x) if |zn| >
and (4.48) hold replacing — in L? by — in L* and (4.49) hold with [ replaced by f°°.

Let X be as in the proof of (4.49). For k € N, we label the elements of (Z N[k, k]™) x {0} by {az} zkH

and we recall that (2k +1)X = Ugiklﬂ)N_l (ai +X), with (a; + X) N (a; + X) = 1f 1 # j. We extend §(~, TN) to
RY~1 by periodicity and define {£2141} as in (4.50). Clearly &pr1 € Ale,d,en) and |[Eopy1 — ul| 1giray — 0
as k — +o0. Extending (-, zx) to RV =1 by periodicity define

A if lev | > seprry
2k+1 - .
+ o((2k + 1)z) if |zn]| <

1
2(2n+1)

1
2(2k+1)

As in Step 1 a) of Theorem 4.2 we observe that vary1 — v in L=(Q;R™).
We can argue as in the BV x LP case, exploiting the periodicity of .

2(2k+1)
/f (§2k41, Vak+1, VE2k+1) dx—/ /1 dx+// x),0)dz
2

2(2k+1)

/ / FE((2k + D)a), p((2k + 1)z), (2k + 1)VE((2k + 1)z)da.

len | < srrry

The first two integrals in the right hand side, converge as k — +o0, to fQ f(u(x),v(x),0)dz. The latter integral,
after a change of variables becomes

/ / L SE(@k ) 2k 1)), (24 DVE(2K 4 )

2(2k+1)

= 3 [, T o), Gk Ve, [ 56, o), Ve

From the last two convergence we obtain the desired limit.
Step 1 b). To prove (5.6), let {(nn, vn)} C A(c,d, en) x L=(Q; R™) with fQ pndy = 0 be a minimizing sequence
for Koo(c,d,0,en).

By Step 1 a), for every n € N we can find k, € N and choose u,, € A(c,d,en) and v, € L>®(Q;R™) such
that [[un, —ull Ly @me) < 7
LY(Q;R™)), with v,, defined as

fQ(vn - v)wldx’ < L (for I =1,...,n with {¢} a dense sequence of functions in
v () = _
on((2ky, + 1)) if |zn| < m

and

1
‘/ f(un,vn,Vun)dx—/ f(u,v,O)dac—/ £y on, Vi )da| < —-
Q Q Q n
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By the lower bound inequality we have that
/ flu,v,0)de + Ko (0,¢,d, en) < hmmf/ f(un, vy, Vuy)de < limsup/ S s v, Vg, )da
Q

n—+00 n—-+o00

(5.7)

n—-+4oo

< lim {/fqudx—l—/f (N> P, Vi )da + — } /fqu)dx—l—K (0,¢,d,en),

which proves (5.6), up to relabeling {u,} and {v,} with the same indices ky, when A =1 and ag = 0.

Considering the case of A := A\Q, for A > 0, we define fy,up and vy as in (4.51). By (5.7) there exists
(tn,v,) € Ale,d, en) x L®(Q;R™) such that u,, — ug in L*(Q;R%), v, = vy in L®(Q;R™) and (4.52) with
(Kp)a replaced by (Koo )a, where (Ko )y is the function defined in (1.9), with f replaced by fy. Consider any
ap € RY and set 1, and 9, as in (4.53).

Clearly {i,} satisfies all the properties stated in the proof of Theorem 4.2, Step 1 b), T, — v in L (ao + \Q)
and (4.54) holds with (K,) replaced by (Koo)x. Moroever, (4.55) holds with the obvious adaptation (K )y =
1 K. Hence we conclude that (5.10) holds.

Step 1 c¢). We allow f to have explicit z-dependence and, given r > 0, we prove (5.5) with K, replaced by K,
as in Proposition 3.10.
Let A, A*,Q,, A’ and Q' as in Theorem 4.2, Step 1 ¢). Since A* is a compactly included in (2, fixing € > 0,
it is possible to find a § > 0 such that (H3) and (3.10) hold uniformly in A*, i.e.
z,y € A% lx —y| < d=|f(x,u,b,&) — fy,u,b,&)| < eCpr(1+1[€)), (5.8)
for any b € R™, and
zy € A% Jx —y|l <6 = |Kp(2,b,¢,d,v) = K. (y,b,¢,d,v)| < eCly . (1+|d — ). (5.9)
Let h € N be as in (4.58), partition 2" according to (4.59) and denote Q} := a; + nQ’ and Q; := a; + Q.
We claim that there exists {uy} C WH1(A*;R?) and a sequence {vy} C L®(A*;R™) such that uy — u in
LY(A;RY), v, = v in L®(A;R™) and

lim fz ug, vg, Vug)de < / K. (x,0,¢,d,en)dHN 1 + f(z,u,v,0)da.
k—+oo | o+ JuNA* A*

By Step 1 b), there exist sequences {u,gl)} C Al(c,d, en), related to the cube @ and {v,(cl)} € L*>®(Q1;R™), such
that (4.60) holds with K, replaced by Ko, thus, by (3.9)
lim f(al,u,(cl),vk ,Vu,(cl)) de < V'K, (a1,0,¢,d,en) + flar,u,v,0)dz.
k—-4o00 Ql Ql
By iii) in Remark 2.8 there exists {5,9} c WhHQ1;RY) and a sequence {ﬁ,(;)} C L*°(Q1;R™) such that
5,(:) — u in LY(Qq;RY), with 5,(:)(90) = U,El)((x —ay)/n) on 0Q, (U,El) is a mollification of u) and E,(cl) Sopin
L(Q1;R™), and
lim sup faq, (1),_1) Vf(l))dx < lim inf f(al,u,c ,vkl),V (1))d
k—+oo JQi k—+o00
< nNﬁlKr(al,O, ¢, d,en) + flay,u,v,0)dz.
Q1

We can repeat the same induction argument as in Step 1 ¢) in Theorem 4.2, obtaining h™¥ ~! sequences {&; (@ )} C
Ale, d, eN) related to the cube @, with f,(f) — win LY(Q;;RY), ,(CJ) = U,gj) on 0Q); and {vk )} C L>=(Qj;R™),
with Eg) — v in L*(Q;;R™) and

VK, (a;,0,¢,d,en) / faJ,UUOd.T> hm / flaj, ,c),ﬁ,(j,vg”)

for every j =1,..., AN "1
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Next for all j = 1,...,hN~! we consider the subsequences {(;}, with (; := f,gj) and {0}, with 05 := E,(cj),

denoted by the same index k such that

khr_}_l / f(ajvgkvﬁkvvck)dx S nN_lKT‘(a/jaOvca da 6N)+/ f(aj,u,v,O)das. (510)
T JQ; Q;

Define the sequences {ug .} and {vj .} almost everywhere on A*, as in (4.62), thus (4.63) holds.

Since {o} C L=(A*;R™) and coincides with v(x) if |zx| > 1/2, Vg — v in L®(A*;R™) as k — 400 and
as € — 07. Moreover, we can write, as in (4.64)

/ f(.%‘, Uk,e 5 Vk e, Vuk,e)dx =L+ L+ I3+ 14
22

Then it is easily seen that by (5.10), we have

thl
hmsupll < Z (nN_lKT‘(a'iaOvca da 61\/‘) + f(ai,u,v,())da?) .
k—+o00 i1 Qi

On the other hand, the asymptotic behaviour of I3 + I is given by (4.65). Regarding I we can observe that,
by Remark 3.11 and (5.8),

thl
lim sup I < limsup Z / Q)4+ (1 4+ |V(k|)dz = O(e),
Qi

k—o00 k— o0 i—1

since, by construction and (H1)eo, {17,(;)} and {C,EZ)} are bounded in L>(Q;; R™) and W11(Q;; R?), respectively.
By Remark 3.11 and (5.9),

hN—l

/ Kr(.T,O,C, da eN)dHNil - 77N71 Z Kr(aiaovca da 61\/‘)
A*NJy, i=1

hN—l
= Z / |K,(2,0,¢,d,ex) — K. (a;,0,¢,d,en)| dHY ™! = O(e).
i=1 g

Finally, putting together this estimate, the limits of I, Is, Iy and estimating 2?11 ' fQ flai,u,v,0)dx in Iy
via (5.8), we obtain the desired approximating sequence, just letting e — 07 and using a diagonalization
procedure. In fact, we can say that there exist {¢,} € L'(A*;R%) and {Tyx} C L>°(A*;R™), converging to u in
L' and weakly * in L™ to v, respectively, such that

lim f(z, ¢, T, V(i )da < /

K, (x,0,¢,d, 1/)d’HN71 + flz,u(z),v(x),0)d.
k*ﬂroo A* JuﬁA* A*

Hence (5.5) follows by (3.9) sending » — +oc. From the lower bound, the equality is achieved.

Step 1 d). In order to consider A* any open subset of {2 such that (4.66) holds, it suffices to argue exactly
as in Theorem 4.2, Step 1 d), replacing K, by K, weak convergence in LP by weak % convergence in L* and
invoking iii) in Remark 2.8.

Step 2. In order to obtain the representation

joo(u,v;E):/ Koo(2,0,¢,d,v)dx,
E
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when u := e¢xg + d(1 — xg), E being a set of finite perimeter with unit normal v, we can argue as in Steps
2, 3 and 4 of Theorem 4.2, replacing the densities f7° and K, by f* and K, respectively, and hypotheses
(H1)p — (H3)p by (Hi)oo — (H3)oo-

Part 2. If (u,v) € BV x L the proof is identical to the one of Part 2 in Theorem 4.2. It is enough to replace

K}, and f;° therein by Ko and f™°, respectively, and invoking the correspondent properties. O
Proof of Theorem 1.2. The proof follows by Theorems 5.1 and 5.2. d
APPENDIX.

The following theorem is devoted to remove assumption (Hy) in Theorem 1.1.

Theorem A.1. Let J be given by (1.1), with f verifying (H1),— (H3),, 1 < p < 0o, and let J,, be given by (1.2)
then

Jp(u,v):/QCQf(w,u,v,Vu)d$+/J Kp(:r,(),qu,u*,Vu)dHN71+/(2CQf;’° (:E,u,O,ﬁg—ZZ‘) d|Dl, (A.1)

for every (u,v) € BV (£2;R?) x LP(£2;R™), where CQf denotes the convex-quasiconvex envelope of f, given by

1

COf(x,u,b,&) = inf{i

[ reubner Ty ne 12oimm), [ iy =0, e wh(0imt}.
D D
and K, is given by (1.6) with f;° replaced by CQf.°, where

CQf;O(Z‘, u,b,€) := lim sup CQf (@, u,trb, t§)
t—+oo t

Proof. First we recall that the convex-quasiconvex envelope CQO f(z,u, -, -) of a function f(x,u,-,-) is the largest
convex-quasiconvex function below f.
In analogy with (1.1) and (1.2) we define, for every (u,v) € Wh1(2;R?) x LP(£2; R™), the functional

Jeoy(u,v) ::/QCQf(J;,u(m),v(w),Vu(m)dx,

and for every (u,v) € BV (§2;R?) x LP(£2;R™), the functional

Jeoy, (u,v) == inf{limJiranch(un,vn) Sup € WHH 2 RY), v, € LP(2;R™), u, — win L', v, — v in LP}.

Clearly, it results that for every (u,v) € BV (£2;R%) x LP(£2; R™), and for every 1 < p < oo,
Jear,(u,v) < Jp(u,v).

It remains to prove the opposite inequality. First we observe that CQf satisfies (H1), — (Hs)p. Regarding (H1),
and (Hs), it is enough to argue as in ([22], Prop. 2.2). For what concerns (Hgs), we observe that it is equivalent
to say that there exist 0 < 7 < 1 such that

£2° (2, u,0,6) — f(z,u,b,€)] < C(L+ b2 4 [¢'~7)

for every (x,u,b,£) € 2 x R? x R™ x R¥™N  then, arguing as in ([22], Prop. 2.3) one can prove that COfyr
inherits the same property. Thus, applying the same arguments as in ([23], Lem. 8 and Rem. 9), the proof is
concluded. O
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We also observe that an argument entirely similar to ([7], Prop. 3.4), guarantees that there is no ambiguity
in (A.1) when omitting the parentheses in CQ(f;°), since (CQf);° = CQ(f5°). When p = oo removing (Hy),
arguing as above, one can prove the following result.

Theorem A.2. Let J be given by (1.1), with f and CQf satisfying (H1)oo — (H3)eo, and let Joo be given
by (1.3) then

Joo(u, ) :/QCQf(ac,u,v,Vu)dac—l—/J Koo(x,0,u™,u™, v, )dHN 14 /Q(CQf)Oo (.Z‘ u, 0, d‘}gm)d\Dcu\

where Koo is given by (1.9) with f°° replaced by (CQf)™

Remark A.3. Let a : [0,4+00) — [0,+00) be a convex and increasing function, with «(0) = 0 such that the
following assumptions hold:
(H1)o There exists a constant C' > 0 such that

é(a(lb\) +[€)) = C < fla,u,b,6) < C(1+ (b)) + £])

for a.e. (z,u) € 2 x R? and for every (b,¢) € R™ x RN,
(H3), For every compact set K C 2 x R? there exists a continuous function w): R — [0,+00) such that
/ _
Wi (0) =0 and
|/ (2,u,0,8) = f(2', 0,0, )] < wie(Jo — 2| + [u — ') (1 + a(fb]) + [£]),

for every (z,u), (2/,u') € K, ¥V (b,&) € R™ x RN,
For each xg € 2 and e > 0, there exists § > 0 such that

|1'_x0‘ <0 = f(:c,u,b,{)—f(xo,u,b,g) > _5(1+a(‘b|)+ ‘£|)a

for every (u,b, &) € R x R™ x RXN,
(H3)o There exist C' > 0 and 0 < 7 < 1 such that

[f(,u,b,€) = f(2,u,b,€)] < C(L+a' 7 (|b]) + [€]'77),

for every (z,u,b,&) € 2 x R? x R™ x RN,
We observe that if one replaces (H1)oo — (H3)oo by (H1)a — (Hs)q then, arguing as in ([22], Props. 2.1-2.3)

Q(foo)(xvu’ b, f) = (CQf)OO(xvua b, g)a

for every (z,u,b,&) € 2 x R x R™ x RN and CQf satisfies (H})o — (H3)a-
Thus an analogous of Theorem A.2 holds with obvious modifications just imposing (H1)q — (H3) on f.
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