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LOCAL EXACT BILINEAR CONTROL OF THE SCHRODINGER EQUATION *

JEAN-PIERRE PUEL!

Abstract. We are going to prove the local exact bilinear controllability for a Schrédinger equation,
set in a bounded regular domain, in a neighborhood of an eigenfunction corresponding to a simple
eigenvalue in dimension N < 3. For a general domain we will require a non degeneracy condition
of the normal derivative of the eigenfunction on a part Iy of the boundary satisfying the Geometric
Control Condition (see [G. Lebeau. J. Math. Pures Appl. 71 (1992) 267-291]) and for a rectangle when
N = 2 or an interval for N = 1 no further condition. In the general case we will use real potentials
concentrated in the neighborhood of I'y and the linear controllability results with real and sufficiently
regular controls.
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1. INTRODUCTION

We are interested in the exact controllability of a Schréodinger equation in a neighborhood of an eigenfunction,
the control being the real potential in the Schrédinger equation. This is then a bilinear controllability problem.
The case of the equation set on the whole space RY is interesting but we will not consider it in the present
work.
More precisely, if §2 is a bounded regular open set of RY with boundary I", we consider the Schrédinger
equation for 7' > 0
i% 4+ Ay +Vy=0in2 x (0,T),
y=0onl x (0,7), (1.1)
y(0) = yo in £2.
Here V is the potential and yq is the initial data for which we will make precise assumptions later on.
We denote by (Ak)k=1,... +oo and (pr)r=1,... +0o the eigenvalues and the corresponding normalized eigenfunc-
tions of the Laplace operator with Dirichlet boundary conditions. The eigenvalues are real, we also take the
eigenfunctions real, and we then have

—Agok = )\mpk in Q,
wr =0onT (1.2)
f() prpjde =0, ;Vk,j=1,...,+00.

Notice that if z € C, z # 0, then zyy is also an eigenfunction of the Laplace operator.
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If we take the free Schrodinger equation (with zero potential) with initial value ¢y, then the corresponding
solution @y, is given by
Gr(t) = e k. (1.3)

We can now formulate our controllability problem.
Given yp, can we find a real potential V such that at time T" we have

y(T) = gr(T) = e Ty ? (1.4)

Of course this formulation will be made precise by the choice of the functional setting (for V' and yo) which
will be discussed later on. But we will need that (1.1) has a unique solution in a reasonable sense. As V' will be
taken real, equation (1.1) will preserve the L? norm, so that an immediate necessary condition is that

/ lyo|?dz = 1. (1.5)
02

Therefore 39 will be taken on the sphere of radius 1 in L?(§2) which we denote by S.
Results on local bilinear controllability for the Schrédinger equation have been obtained in the 1-dimensional
case by [1,2]. In these articles, the potentials are taken of the form

V(e t) = u(t)u(e)

where p is a prescribed profile which has to satisfy some conditions on the boundary in addition to a sufficient
regularity. The actual control is the amplitude u(.). In that case, we have to notice that if X is the space of
values of y(¢) and if the product by p is bounded from X to X, due to an abstract result of [4], there is no hope
to obtain a control w € LT _(0,T), r > 1. In [2], an important fact is to consider as functional setting the space

HA(Q) = {2 € HN(Q), Az € HY(2)}. (1.6)

Notice that HA(£2) C H3(£2) N HE(£2) when (2 is regular enough. It can be shown (using for example the
decomposition on the orthonormal basis of eigenfunctions for the Laplace operator) that we also have

Then the profile p is taken such that
Vz € Ha(R2), uz € H*(2) N HL (D).

but in general
puz ¢ Ha(£2).

Using a regularity result for the free Schrodinger equation (proved in the 1-dimensional case in [2] and in the
general case in [10]) and taking u € L?(0,T), they prove their result using the controllability of the linearized
problem and an inverse mapping theorem.

Unfortunately, in dimension N > 2, the linearized problem is no longer controllable when the potential is taken
of the form V' (x,t) = u(t)u(z), with p prescribed, and we cannot apply the same argument. In dimension N = 2,
in [3] the authors obtain a local controllability result, independently from the present work, by considering the
interesting case of potentials V' satisfying the Poisson equation

{ —AV(t)+ V(t) =0in$2,
V(t) =g(t)onl,
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the actual control being here the boundary value g(.). In addition to the restriction on the dimension, their
result requires some technical conditions on the eigenfunctions.

Here we will consider the case of dimension N < 3 and potentials V' such that V is real and, for the
eigenfunction ¢}, around which we will be working, V' € L?(0,T; E) where

E={Vc H*Q), Vo, € H*(2)N Hy(2)}. (1.7)

In fact V' will be continuous in time with values in E.
We have to notice that, as the control V' will depend on both ¢ and z, the abstract result of [4] does not
apply anymore but this will not be of any help for us.

2. STATEMENT OF THE RESULT AND STRATEGY OF PROOF

2.1. Linear boundary and internal exact controllability problem

First of all we recall some well known results on the linear boundary and internal exact controllability for
the free Schrodinger equation.

The boundary controllability problem can be expressed as follows, due to the reversibility of the equation.
Given a subset I of I', for any yo € H1(£2), can we find g € L*(0,T; L?(I})) such that the solution y of

i% 4+ Ay =0in2 x (0,7),
y=gonlyx (0,7T),

y=0on(I'\ Iy) x (0,T), (2.1)
y(0) = yoin L2,
satisfies
y(T) = 0. (2.2)
Taking the adjoint problem
i%2 + Ap=0in 2 x (0,7),
p=0onl"x(0,T), (2.3)

»(0) = o in £2,
it is now well known that the exact controllability problem is equivalent to the following boundary observability
inequality (for a constant C' independent of the initial value ¢y)

2

921" 4o, (2.4)

14

ol 3y < C
T x(0,T)
where v is the outward pointing unit normal vector to I.
In [9] the inequality is proved using the multiplier method for any T > 0 with the following assumption on Iy.

There exists xg € R such that Iy = {x € I, (x — z¢).v > 0}. (2.5)

This result has been extended in [7] using micro local analysis arguments to the case where I satisfies the
so-called geometric control condition (GCC), saying roughly speaking that every ray of the geometrical optics
(reflecting on the boundary) reaches Iy at a non diffractive point in uniform time.

In dimension N = 2, the case of a rectangle for {2 is very particular and it is shown in [11] that we can take
for I the union of intervals on I" as soon as we take at least one interval in each direction.

The case of internal (distributed) exact controllability problem can be written as follows. Let w be a non
empty open subset of {2 and I, be the characteristic function of w. Let y be the solution of the following
Schrédinger equation.

i% 4+ Ay = hL,in 02 x (0,T),
y=0onl x(0,T), (2.6)
y(0) = yoin £2,
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For any yo € L?(£2), can we find a control h € L?(0,T; L?(w)) such that we have

y(T) = 0. (2.7)

Again considering the adjoint problem (2.3) this is equivalent to the following internal observability inequality
(for a constant C' independent of )

\<po|L2(m < C/ lo|2dadt. (2.8)
% (0,T)

In ([9], Prop. 3.1), the author proves that when I is such that (2.4) is satisfied, then (2.8) is true when w = wy,

for n > 0 is the neighborhood of Iy defined by

wn= | Blan)n o). (2.9)
zelp
For the particular case of a rectangle for {2 in dimension N = 2 it is proved in [6] that (2.8) is valid for any non
empty open subset w of 2. Of course this is a fortiori valid in dimension N = 1. We are now ready to state our
results.

2.2. Statement of the results

For simplicity of the statement we separate the most general case and the case of a rectangle (N = 2) or an
interval (N =1).
Theorem 2.1. We assume that N < 3, and that £2 is a non empty bounded open set of RN of class C* with
a > 0. Let Iy be a non empty open subset of the boundary I" such that the boundary observability inequality (2.4)
is valid, and let (A, pr) be an eigenpair for the Laplace operator with Dirichlet boundary conditions. We assume
that
(H1) )\k is a simple eigenvalue.

(H2)| \>OonF0

Then there exists 6 > 0 such that for every yo € HaA(£2) NS with ||yo — @rllma) <0 (where HA($2) is
defined by (1.6) and S is the unit sphere in L*(£2)), there exists a real potential V € C(0,T; E) such that the
corresponding solution y of (1.1) satisfies

y(T) = ey

Theorem 2.2. We assume that N =2 and §2 is a rectangle or N =1 and (2 is an interval. Let (\i, r) be an
eigenpair for the Laplace operator with Dirichlet boundary conditions. We assume hypothesis (H1) in the case
N = 2 and no hypothesis if N = 1 (hypothesis (H1) is automatically satisfied). Then there exists § > 0 such
that for every yo € Ha(2) NS with |[yo — ¢rllmi2) < 0 (where HA(S2) is defined by (1.6) and S is the unit
sphere in L2(£2)), there exists a real potential V € C([0,T); E) such that the corresponding solution y of (1.1)
satisfies
y(T) = M Ty

Remark 2.3.

(1) In fact our proof will show that we can also reach at time T" any target in a small neighborhood of e~
in Ha(2) N S.

(2) Hypotheses (H1) and (H2) are also assumed in [3]. But in this work, the authors also require N = 2 and
some additional technical assumptions on the eigenfunctions (and therefore on the geometry?). Nevertheless,
we use here part of their intermediate results.

(3) Hypotheses (H1) and (H2) are of course satisfied if we take the first eigenpair (A1, 1) but there exist several
geometries for which other values of k£ can be considered.

(4) As will be explained in the next subsection, the control V' will be taken with support in a neighborhood of
a part of the boundary satisfying the Geometric Control Condition.

AT
AR o,
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2.3. Formal strategy of proof

We will restrict ourselves to the case of Theorem 2.1. All the time in the sequel we will take real potentials V'
with support concentrated in a neighborhood of I§.
For yo € Ha(£2) NS and V € C([0,T]; E) (with the above restriction) we consider the solution y of

i+ Ay +Vy =0in2 x (0,7),
y=0onl x (0,T), (2.10)
y(0) = yo in 2.

We have to show that this problem is well posed and we will actually prove that there exists a unique solution
y € C([0.T], Ha(£2) N S).
Then we can define the mapping

(Y0, V) — Ao, V) = (y(T),y0) € (Ha(2) N S)% (2.11)
Of course we have
Alpr, 0) = (e op, o). (2.12)

It will be shown that this mapping is of class C'!. If we can show that the derivative of A at the point (¢4, 0) has
a right inverse, then using an inverse mapping theorem, we will obtain our result (and the claim in Rem. 2.3).
It will be shown that for zg € HA(2) N TSy and W € C([0,T]; E) (real and concentrated near Iy) with

TSk = {z € L*(2),R(z, pr) r2(2) = 0} (2.13)
A (k.0 [20, W] = (2(T), z0) (2.14)

where

i%2 4 Az + We ™ty = 0inf2 x (0,7),

Z=0onlI x (0,7), (2.15)

2(0) = zpin £2.
Writing

z = etz

(2.15) can be rewritten as
i% + Az 4+ Nz +Wepp =0in2 x (0,7,
z=0onI x (0,7), (2.16)
z(0) = zpin £2.

We will then have to show that given any (29, 21) € (Ha(£2)NTSk)?, we can find (continuously) a real potential
W e C(]0.T]; E) (concentrated near I) such that the solution of (2.16) verifies

2(T) = z1.

Due to the reversibility of equation (2.16), it is immediate to see that without loss of generality, we can take
zZ1 = 0.

We will then have to show a null controllability result for (2.16) with real control of the form Wy, and also
to show a suitable regularity property for this control.
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3. PROOF OF THE RESULTS
3.1. Proof of Theorem 2.1
First of all as already said, for € > 0 we consider the open subset of {2 defined by

we= |J (B(z,e)n Q). (3.1)

x€ly

Because of hypothesis (H2) and the fact that ¢, € C(£2), we know that there exists ¢y > 0 such that

0
vr # 0 inwe, and |%| # 0 onOwe, N I

14

We now take €; and e such that 0 < €; < € < ¢y and we define a cut-off function x,, € C§°(we U (Qwe N I))

such that
{0 < X <1,

Xwe 2 Lo, -

For simplicity we now omit the subscript € and we write w = w, and X, = Xw. -

(3.2)

Lemma 3.1. Ify € H3(2) N H} () then Xw-l € H*(2).
Pk

Proof. In fact this result can be proved locally and it is enough to prove it in a (small) neighborhood still
denoted by w (even if it can be smaller than w) of any point of dw N I" and then we can take x, = 1. We can
suppose, after translation and rotation, that this point is the origin and that the coordinates are (2’, x ) where
2’ = (x1,...,2n-1) are coordinates of the tangent plane at the origin and z is the normal variable. Without
loss of generality, we can suppose that in w we have @i (2’,zx5) > 0 (and of course vanishes on the boundary).

We can now take new coordinates (z’,£) where £ = i (2/, ). This gives a C? diffeomorphism and the (local)
images of I" and w can be taken as {{ =0} and {0 < £ < %} We can write

1 d 1 8~
v san) = i) = [ it = [ e e
Therefore
ﬂ(xl,ﬁ) _ ! aﬂ / 2
5 = ) 8_5( ,tf)dt cH (w) O

Lemma 3.2. When N <3, for anyy € Ha(2) and V € E, then x,.Vy € H3(2) N H(£2) and the mapping
(y,V) € Ha(2) x E — xo,.Vy € H*(£2) N Hy(£2)

18 bilinear continuous.
Proof. We have (recall that as N < 3, H?(£2) C L>(£2) and H'(2) C L°(02))

0 dy 194% OXw
2 B =
Xw-Vy € L7(02), oz, (X VY) = Xw (Vaxi + o, y> + o,
0? 0%y oV oy OV Oy o*V
0w, X VY = e (Vfaxiaxj 9, 00 " 9w 0w, T niow; y)
e Vy | OxwVy | X 2

Vy € L*(0).

3

9 2
Let us show that m(xwy) € L*(02).
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The terms involving derivatives of x, do not make any problem. We only have to treat the terms in factor

of xu-
9
Xw o1,
As
v
81‘1
we have
As
we have

and therefore

In the same way we show that

Now we can write

We know that

Let us show that

H'(£2) ¢ L5(£2) and

oV 9%y

0%y

8l‘i81‘j

ov_o
Xw Ox; Ox;0x;

€ L*(N).

0%y

V e L*(2) and 78351-8:@83:;

€ L*()

O3y

oy 2
wV@xiaxjﬁxl € Li(9)

X

9 >y 2

2 (2 2

0 oV dy
Xw 31'1 8xj 31’2

0%V B 0%V Y
Xw Ox;0z; y= O0x;0z; PhXw or

Yol e H2(02).
Pk

2
83%613 Pk

€ H()

0%y 9%y
<V 89@89@) n Xw(?_xlﬁxi@xj + vaaxi(?xj@asl

L*(02)-
+8xi8xj)e ( )

e H'(Q) c LY(Q)

which will end the proof as we have already seen that a product of a function in H?(2) by a function in H!(§2)
is element of H1(£2). We can write

0%V 0?2 OV Opr OV Oy 0%ox
B U Rt L L L
O0x;0x; 001 Ox; Ox;  Oxj Ox; 0x;0x;
and in the right hand side, each term belongs to H'(2) so that
§ 1
——vr € H (2).
Fuidz, (£2)
This proves that
Vy € H¥()

and as y vanishes on the boundary I" this shows that

Vy € H3(Q)n Hy(02).
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The above proof shows in fact that the mapping
(y,V) € Ha(2) x E — x,.Vy € H*(2) N Hy (12)
is bilinear continuous and this finishes the proof of Lemma 3.2. O
From the above lemma we immediately deduce that the mapping
(y,V) € C([0, T Ha(£2)) x C([0, T]: B) — xwVy € C([0, T]; H*(2) N Hy(£2))
is bilinear continuous.

Lemma 3.3. For any yo € Ha(2) NS and V € C([0,T]; E), with V real, there exists a unique solution
y € C([0,T]; HA(£2) N S) to the Schrédinger equation

i+ Ay + x,Vy =0in 2 x (0,T),
y=0onI x (0,7T), (3.3)
y(0) = yo in £2.

Proof. Let us take § € C([0,T]; Ha(£2)). We know that the product x,V§ € C([0,T]; H3(£2) N H}(£2)) and we
can define z as the solution of
i%2 + Az + x,V§=0in2 x (0,7),
z=0onI" x (0,7, (3.4)
z(0) = yoin £2.

From the regularity result of [10] we have in fact z € C([0,T]; Ha(£2)) and there exists a constant C' independent
of the initial value yg and of T' < 1 such that

zlleqo,mmac2) < Clllyollma) + IVllL2 0,03 @)n i (@)
< Clyollacoy + VTNV leqormlilleqo.r;maw@))-

Notice that the assumption V' € C([0,T]; E) is used here to obtain a positive power of T in the second term of
the right hand side. Of course we could have taken V € LP(0,T; E) with p > 2.

Then, using a classical fixed point method for 7" small but independent of the initial value, we obtain existence
and uniqueness for the solution y of (3.3) in C([0,T]; Ha(£2)), first for small T' (but independent of the initial
value), then by simple iterations for any 7' > 0 with

y € C([0,T); Ha(2)).

If yo € S, then as V is real, the equation preserves the L? norm and y(t) € S for ¢ € [0,7]. This finishes the
proof of Lemma 3.3. O

We can now define the mapping A by

Ayo, V) = ((T), o) (3-5)

and A maps continuously Ha(£2) NS x C([0,T]; E) into (Ha(£2) N S)2. We have

Alpr, 0) = (21(T), pr) = (e or, o).
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Lemma 3.4. The mapping A is differentiable at (¢x,0) and for any zo € Ha(£2) NT S, and W € C([0,T]; E)
we have

A (¢, 0)[20, W] = ((T), 20) (3.6)
where B
P2+ A2+ x W@, =0in02 x (0,7),
z=0onI x (0,7T), (3.7)
Z(0) = zg in f2.

Moreover, 2(T') € Ha(£2) and R(Z(T), ox(T))2(2) = 0.

Proof. For yo € HA(£2) NS we denote by Pyyo the projection of yg — ¢ on Ha(£2) NT'Sk and we have to write
the expression of

A(yo, V) = Alpw, 0) = A'(¢r, 0)[Pryo, V1.
We still write Z for the solution of (3.7) with zp = Pyyo. If

w=Y—Pr—Zz

we have
128+ Aw + x, V(y — @) = 0in 2 x (0,7),
w=0onl x (0,7), (3.8)
w(0) = (yo — pr) — Pryoin 2.
We have
wlleorimac2) < CUlWo — ¢x) = Peyolluae) + V(Y — G6)llL2 0,703 (2)nm (2)))
But
(w0 — k) = Pryollaaa) < Cllvo — erllF, )
and
Iy — @rlleqo,rra) < Cllvo — rllmace) + [IVyllLzo,mm3 @)nm @)
< C(llyo = erllmae) + ClIVIlcqore) (ol a2 + IVIleqo,m;))-
Therefore

wllcqo,m a2 < Cllyo — @kllmace) + ClIVIIcqor:m)?

and this proves the differentiability of A. To prove that R(Z(T"), px(T))r2(0) = 0 it suffices to notice that

d

5 (2(t), @r(t))L2(2) is purely imaginary. This finishes the proof of Lemma 3.4. O

Now we write '
2(t) = e”\kté(t). (3.9)

and we have to show that A’ has a right continuous inverse which means (using the reversibility of Schrédinger
equation) that we have to solve a null controllability problem for the problem

i% + Az + Mz + xoWepr = 0in 2 x (0,7,
z=0onI x (0,7), (3.10)
2(0) = zpin £2.

More precisely, we want to show that for any zop € Ha(£2) N TSk, we can find a real potential (control)
W e C(]0,T]; E) such that the solution of (3.10) satisfies

2(T) = 0. (3.11)

The following result has an independent interest and it follows essentially the lines of the analogous result in [3].
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Proposition 3.5. Let T > 0 and let us assume that w is constructed as in (3.1) with I'y satisfying (2.4). Then
for every zo € TSk, there exists a real control g € C([0,T); L?(£2)) such that if z is the solution of

1% + Az + Az + Xwg = 0in 2 x (0,T),
z=0o0nl x(0,T), (312

then we have
z(T) = 0.

Proof. Let us consider the adjoint equation

i+ A+ Agtp = 0in 2 x (0,T),
Y =0onl x(0,T), (3.13)
¥(0) = o in £2,

(notice that 1[1 = e "1 is solution of the free Schrédinger equation), and let us take T such that 0 < Ty < T
and ¢ > 0 such that 46 < (T — Tp).

From the construction of w and of y,,, and the result by [9] already mentioned, we know that we have the
internal observality inequality

Y0lZ2(0) = [#(20)|72(0) < C [Y|*dadt < C Xo|9[?dadt. (3.14)
we, X (26,To+25) wx (26,To+26)

It is then well known from Lions” HUM (see [8]) that (3.14) implies for any 29 € L2({2) the existence of a
complex valued control g such that z(T") = 0.

The difference here is that we require a real valued control.

Now we take z € T'Sy. Let ¢ (respectively ¢)) be the solution of (3.13) with initial value 1y € T'Sy (respec-
tively ¢y € T'Sy). We define a function 5 € C5°(R) such that

0<n(t) <1,VteR,
n(t) =1, Vt € [26,T — 26], (3.15)
Supp(n) = [6,T — 0], n(t) # Ofort € (0,T —9).

This function n will be required for the proof of Lemma 3.6 below and for the regularity of the control later on.
We define w as the solution of the (backward) equation

i%—'f + Aw 4+ Mew + nxSY = 0in 2 x (0,7T),
w=0onI x(0,T), (3.16)
w(T) = 0in f2.
As ¢ € C([0,T]; L?(£2)) we also have w € ([0, T7; L?(2)) so that w(0) € L?(£2) and it can be easily shown
that w(0) € T'Sk. Now multiplying (3.16) by ¢ and integrating by parts, we obtain for every g, o € T'Sk

— / w(0)ddz + / xwSYidadt = 0.
0 wx(0,T)

This implies
—R(w(0), ﬁo)m(n) = / Y SUShdadt.
wx(0,T)
In order to solve our controllability problem, we would like to find 1y such that w(0) = 2o or equivalently such
that
Vipo € T'Sk, R(w(0),%0)r2(2) = R(20,%0) L2(2)-

Then the control g = 1y, S and the corresponding solution of (3.12) z = w would solve our problem.
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Let us define
Vo, o € TSk, a(tbo, do) = / X SUSdadt. (3.17)

wx(0,T)

We want to find a solution 1y € T'Sy of the variational problem
a(to, o) = —ER/ 200odz, Vi € TSy (3.18)
[0’

We know that T'Sj., equipped with the scalar product R(z, 2)12(0) is a real Hilbert space, and it is clear that
a(.,.) is a bilinear continuous form on T'Sy x T'Sk. If we can prove a coercivity inequality of the form

3C > 0, Vho € TSy, |vol72() < Calo, vo) = C x| S| *dadt, (3.19)
wx (0,T)

then by Lax—Milgram theorem, (3.18) will have a unique solution vy and this will prove Proposition 3.5.
Notice that (3.19) is another type of internal observability inequality and we will prove it in two steps which
follow the lines of [3].

Lemma 3.6. There exists C > 0 such that for every v € L?(£2)

[Yoltee) < C X0 |S¢ 2 dzdt + Clldol | F-2(q)- (3:20)
wx(0,T)

Proof. We have B

=9

23 =
Sy ;
so that B
ASP* = (1) — ()% + 2|y,

and

917 = 2907 + (W)%) + (9)?).

From the internal observability inequality (3.14) we have

[YolZ2() = [¥(20)[72(0) < C/ ( Xo [P dedt < C/ X[ ?dadt
wX

26,Ty+26) wx(0,T)
2 C 2 C T\2
<20 NXo| P dzdt + — NXw (¥)?dxdt| + = NXw (1) dadt| .
wx(0,T) 2 |Jux,1) 2 | Jux,1)

Let us show that
[ i(wPasdt| < Cllvolla-o.
wx(0,T)

In the same way we will show that

/ X ($)2dadt] < Clollr-2(0)-
wx (0,T)

We can decompose 1y on the hilbert basis of eigenfunctions

+oo
Yo=Y a0
j=1
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with
+oo “+oo 2
Z \%‘\2 = |¢0|2L2(n = H¢OH%1—2(_Q)
Jj=1 j=1 77
Then
—+o00
= Z a;(t)e;
j=1
where
ia;- (t) — Njaj(t) + Akaj(t) =0, and a;(0) = a;,
so that
+oo )
=) _ajeT Ny,
j=1
Therefore

+oo
/ MXw () dadt = > / (ne*)e™ N0 010 i dadt
wx (0,T) ji=1 wx (0,T)

+oo

T
/ajal(pj(pldw/ (neQiAkt)eii(AjJr)‘l)tdt.
Jl=1"¢ 0

Now we can integrate by parts 2m times the term fOT(ne%Akt)e_i()‘j"’)‘l)tdt to obtain

C

T
2iAt) ,— (A +>\l)tdt
/o (=) = (A )P

where C depends on A, and on derivatives of 7.
We then obtain

gl
w dl’dt <C / J dz
/W(O,T)”X @) Z o 2 ayleille

2

+oo +oo
la;| |ai] |a;]
<CY S <O
ji=1 "3 "1 j=1"J
o) ({1
o[yl (2L
j=1 J=17
< Cllolla-2 ()
from Weyl’s theorem [12] if we choose m large enough.
This proves Lemma 3.6. O
Lemma 3.7. There exists C > 0 such that for every 1y € TSk,
[olL2(a) < C/ )77Xw|<3¢|2dl‘dt = Ca(%o, o). (3.21)
x(0,T
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Proof. We already know from Lemma 3.6 that there exists C' > 0 such that for ¢y € L?(£2)

Ca(yo,1ho) = C ( )nxw\%df\zldwdt > [tol2(@) = Cllvollr—2(2)
wx(0,T

and we know that L?(§2) is compactly embedded in H~2({2). It is then standard to show that if we have the
uniqueness property
Yo € TSy and a(1o, o) =0 = 1o =0

then there exists C' > 0 such that

Vipo € T'Sk, Caltbo, Vo) > |tol|L2(2)-

We then have to prove the uniqueness property. Let

K = {¢o € T'Sk, a(tpo, o) = 0}.

If ¢y € K, it says that
Yo € T'Sk,
1%+ Ay + My =0in 2 x (0,7),
Y =0onI"x (0,T),
¥(0) = ¢oin 2,
and 7x,SY = 0 on (0,7T) which implies x, S =0 on (6,7 — 9).
Then K is a (real) vector subspace of L?(§2) and from Lemma 3.6 we know that

Vibo € K, [tolr2(2) < Cllvollg-2(0)-
Because of the compact embedding of L?(£2) in H~2({2) we immediately see that K must be of finite dimension J.
Let us take 7 such that 0 < 7 < 3 and define

1)
Then xS, =0on (6,7 —7—96) D (6, T — 5)
0
Notice that Lemma 3.6 is still valid if we change the function 7 in 7 such that Suppy = [§, T — 35] and 7 #£ 0
0
on (0, T — 35)

As xS, =0o0n (6,7 — 3%) we still have
1
vr0<r <3, U7 (0)|L2(2) < Cl[¢7(0)]|m-2(0)-

But 4, (0) converges to %—zf(O) = i(Ay + Aitbo) in H~2(£2) when 7 tends to 0.

From the above inequality we see that in fact

%—zf(O) = i(Atho + Aptho) € L*(£2).

On the other hand, as ¢y € TS, we have ¢(t) € TSy for t € (0,T) so that ¢-(0) € T'S, which implies
o

E(O) = (At + Mho) = o € T'Sk.
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Let ¢ be the solution of (3.13) with initial value ¢y. We know that ¢(t) = lim, _q - (t).

We know that y., 31, = 0 on [0, — & — 7] so that xS = 0 on (6,7 — §) and 7x,S¢ = 0 on (0, 7).

Therefore 1/30 € K and (At + Agthp) € K.

Now the operator —i(A + A,I) maps K into K, is antisymmetric, and K is finite dimensional.

If K # {0}, we can diagonalize this operator on K and obtain an orthonormal family of eigenfunctions
(wi,...,wy) with J = dimK and corresponding purely imaginary eigenvalues (ipy,...,iuy). For j =1,...,J
we write w; the solution of

2% 1 A + gy = 0in 2 x (0,T),
w; =0onI x (0,7),
’UNJJ(O) = wj iHQ,

We know, because w; € K, that w; € T'Sy and x,Sw; = 0 on (§,T — J). But also —Aw; — Ayw; = p;w; so
that w; is very regular and therefore (u; + Ax) is a real eigenvalue )\; of the Laplace operator with Dirichlet
boundary conditions. Now we have

W;(t) = e "M'w;, and x,Iw; = 0on (6,T — §).

If pj # 0 this implies x,,Sw; = xoPw; = 0 in 2 and as w; is an eigenfunction of —A this implies w; = 0 which
is impossible.

If p; = 0, because Ay is a simple eigenvalue, we have w; = ey, with ¢ € C,|u| = 1, and as w; € T'Sy, this
implies u = %4 but as Sw; = 0 we have w; = 0 which is impossible.

Therefore we have a contradiction and K must be reduced to {0}. This proves the uniqueness property and
finishes the proof of Lemma 3.7 and of Proposition 3.5. O

We now want to prove that when the initial condition zq is element of HA(§2) N T'Sy we can choose a real
control 7y, g in a more regular space, namely in C([0,7]; H3(£2) N Hg(£2)). We denote by A the operator

A=—(A+ X\I).
with Dirichlet boundary conditions. Notice that D(A) = H2(£2) N HL(£2) and D(A%) = Ha(£2).
Lemma 3.8. If zg € HA(£2) NT' Sy, then the solution g of (3.18) satisfies
o € HA(2) NT'Sy,. (3.22)
This implies that nx.,Sv € C([0,T]; H3(2) N Hi(12)).

Proof. We adapt slightly here the argument of [5] which can be almost followed term by term but for sake of
completeness we give the complete proof here.
We recall that 1y € T'S is solution of

a(tho, o) = /

wx(0,T)

MY SUSPdadt = —R / 2othedz, Vo € TSy
(]

We assume now that zp € D(A). Let 7 be such that 0 < 7 < ¢. As the Schrédinger equation corresponds
to a group we can extend all equations on (—0,7 + §) and we recall that in the equation for z we have
Supp(n) = [0, T — ¢]. Let us define

o = Y(1) — 2o +Y(—7)

T2

Then t 2 (t t
AP s B I VR o)

T
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Let H be defined by

H = MeUTdadt = [ p(0xsw ()3 (1/’ Grr) -2 +y- ”) dadt
wx(0,T) wx (0,T) T
On the one hand we have
H=-% <Zo, LA I Qf‘; + (_7)> . (3.23)
L2(2)

On the other hand, because 7 vanishes outside (6,7 — d), some elementary computations give

_1 S S w T

3 RGO C e PR

_1 /M_TT) 0 (1) xS0 () S (w) dadt

RS, KO

T

1
——/ n(t—l—T)xw%w(t—l—T)%(
wX (—7,T)

T

:/M_m (n(t)—z(tJrT))Xw%<w(t)+;b(t+7)> g(ww —W’f))dxdt

+/WX(T’T) (n(t)%—z(t%—T))Xw% <¢(t)—;¢(t+r)) %<¢(t+7 —¢(t)>d$dt_

Notice that all integrals between —7 and 0 vanish because of the presence of . We know that

~—

— 3

B

’n(t) —n(t+7)

< 7'l 0.1)
and because of the equation (3.18) satisfied by 1)y and the coercivity condition (3.19)

[Yolz2(02) < Cl2olr2(0)-

Therefore, from the preservation of the L? norm by the Schrédinger equation, we obtain

H < C [0 xo 00) +w(t+r>|w‘ dedt
2
~3 Joxo.ry (1t +7) +0(1)x0 S (M) dzdt
2
< Clzol2() M -1 wx (0. M+ T) +n(t))xe |3 (—dj(t i T)T_ w(t))) dadt
L2(12)
Now from the observability inequality obtained in Lemma 3.7 we have
2 2
Sl O fo (M)
T 2 2 Joxom) T
2
<[ o |3 (L) e
2 Jux(o,7) T
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Therefore
¥(1) — %o

T

— CH. (3.24)
12(2)

< Clzolr2()
From (3.23) we have

P ( ¥(r) = 200 + ¢<—T>) - ( i) - %) . ( Yo = ¢<—T>) |
L2(R) T L2(92) L2(R)

T2 72
Because 7 vanishes on (0, 7) the function z satisfies

Z%—FAZ‘F)\ICZ:OIH‘QX (077-)7

z=0onI" x (0,7), (3.25)
2(0) = zpin £2.

If we define . .
bty = (HD00)

this function satisfies
%% A+ Np—r = 0in 2 x (0, 7),

Y, =0onl x (0,7), (3.26)
Y- (0) = (@)m Q.

Then, multiplying the equation for z by ¥ _, and integrating on (0, 7) gives

(0 () sy (o () )=

Therefore we have

Then for 7 small enough we obtain

‘H| < 20 _TZ(T) ¢(7')T— '(/JO
L2(92) L2()
) —
S C‘AZO‘[P(_Q) ¢( ) 1/}0
T L2(2)
Using (3.24) we obtain
2
T) — T) — T) —
B G [HE] | g [ A
T L2(92) T L2(02) T L2(92)
and therefore )
V7 > O0small enough, (7) = ¥o < CHZOH%)(A)' (3.27)
T L2(92)
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This implies that Ayy € L?(§2) with [Atg|r2(0) < C|l20||p(a) which means
Yo € D(A) and [[tho||pcay < Cllzol|p(ay- (3.28)

We can iterate this process exactly in the same way to show that when 29 € D(A?) N TS, then ¢y € D(A?%)
and

1Yollp(azy < Cll20llpa2)-
By interpolation we see that when zy € D(A2) N TSy then ¢y € D(A?) and

[Woll 42, < Cllzoll 48

As Ha(2) = D(A?) we see that zp € Ha(2) N TS, implies g € Ha(f2) which itself implies ¢ €
C([0,T); Ha(£2)) and therefore ny., v € C([0,T]; H3(2) N HL(£2)).
This finishes the Proof of Lemma 3.8. (]

We have now proved that when the initial data z satisfies zgp € Ha(£2) N T'Sy, we can choose a real control
nxwg € C([0,T); H3(2) N HL($2)) in Proposition 3.5. This enables us to write this control in the form

NXwd = NXo Wk, with W e C([0,T]; E).

All our constructions are continuous so that this proves that the derivative of the mapping A defined in (3.5)
at the point (g, 0) has a continuous right inverse.

Using an inverse mapping theorem, we can find a neighborhood Uy of 0 in C([0,T]; E) and a neighborhood
Uy of (7 o, ¢1) in Ha($2)? such that for any (yo,y1) € Uy, there exists V € Uy such that the solution y of

i) + Ay + iy Vy = 0in 2 x (0,7),

y=0onl x (0,7), (3.29)
y(0) = yoin 2
satisfies
y(T) =y1.
This finishes the Proof of Theorem 2.1. O

3.2. Proof of Theorem 2.2

For the case of a rectangle in dimension N = 2 or a fortiori for the case of an interval in dimension N = 1
we consider the eigenfunction ¢y and we take two non empty open subsets of {2, wy and w such that

wo Cw

and such that
wr # 0 in @.
Then we define x,, € C§°(w) such that

< <1li
{0 = Xe = 2 (3.30)
Xw = 1 on wy.
Then we know from [6] that we have an observability inequality of the form
[olr2(0) < C [2dedt < C Yo || dadt. (3.31)

wo % (0,T") wx(0,T)

The rest of the proof is completely identical to the one for Theorem 2.1. We don’t have to use here the regularity
property given by [10] because the term Vy vanishes near the boundary of (2.
This finishes the Proof of Theorem 2.2.
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