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ASYMPTOTIC QUANTIZATION FOR PROBABILITY MEASURES
ON RIEMANNIAN MANIFOLDS

MIKAELA [ACOBELLI?

Abstract. In this paper we study the quantization problem for probability measures on Riemannian
manifolds. Under a suitable assumption on the growth at infinity of the measure we find asymptotic
estimates for the quantization error, generalizing the results on R%. Our growth assumption depends
on the curvature of the manifold and reduces, in the flat case, to a moment condition. We also build
an example showing that our hypothesis is sharp.
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1. INTRODUCTION

The problem of quantization of a d-dimensional probability distribution deals with constructive methods to
find atomic probability measures supported on a finite number of points, which best approximate a given diffuse
probability measure. The quality of this approximation is usually measured in terms of the Wasserstein metric,
and up to now this problem has been studied in the flat case and on compact manifolds.

The quantization problem arises in several contexts and has applications in signal compression, stochastic
processes, numerical integration, optimal location of service centers, and kinetic theory. For a complete list
of references, we refer to the monograph [5] and references therein. In this paper we study it for probability
measures on general Riemannian manifolds.

We now introduce the setting of the problem. Let (M, g) be a complete Riemannian manifold, and fixed
r > 1, consider p a probability measure on M. Given N points x!,...,2" € M, one wants to find the best
approximation of u, in the Wasserstein distance W,., by a convex combination of Dirac masses centered at

z', ..., 2. Hence one minimizes

inf{Wr(Zmiémi,,u> my,...,my >0, Zmi: 1}’
i i
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with
1/r
Wy (v1,v2) := inf { (/ d(x,y)%’y(x,y)) s(m)uy =11, (m)ay = V2},
MM

where « varies among all probability measures on M x M, m; : M x M — M (i = 1,2) denotes the canonical
projection onto the ith factor, and d(x,y) denotes the Riemannian distance; see [10] for more details on the
Wasserstein distance between probability measures.

The best choice of the masses m; is explicit and can be expressed in terms of the so-called Voronoi cells ([5],
Chap. 1.4). Also, as shown for instance in ([5], Chap. 1, Lems. 3.1 and 3.4), the following identity holds:

inf{Wr(Zmi(Smi,,u) tmy,...,my >0, Zmi: 1} = Fy(at, ..., 2N),
i i

where
N : i
FN,T(xla sy X ) = Y 1g1_<nNd(x’,y)r dlu’(y)
Hence, the main question becomes: Where are the “optimal points” (x!,..., ") located? To answer to this

question, at least in the limit as N — oo, let us first introduce some definitions.

Definition 1.1. Let u be a probability a probability measure on M, N € N and r > 1. Then, we define the N
quantization error of order r, Vy (1) as follows:

VN r(p) == min d(a, y)" dp(y), (1.1)

inf

aCM:|a|<N g a€x
where || denotes the cardinality of a set «.

Let us notice that, the functional Fyv , being decreasing with respect to the number of points IV, an equivalent
definition of Vi, is:
o ; 1 N
Vnr(p) == xl,...l,gzlffVeMFN’r(w e, T,

Let us observe that the above definitions make sense for general positive measures with finite mass. In the
sequel we will sometimes consider this class of measures in order to avoid renormalization constants.

A quantity that plays an important role in our result is the following:

Definition 1.2. Let dz be the Lebesgue measure and x|o 1)« the characteristic function of the unit cube [0, 1]4.
We set

Q- ([0, 1]d) = JifrglNr/dVer (X[O’l]ddl') .

As proved in ([5], Thm. 6.2), Q,.([0,1]?) is a positive constant. The following result describes the asymptotic
distribution of the minimizing configuration in R?, answering to our question in the flat case (see [4,5], Chap. 2,
Thms. 6.2 and 7.5):

Theorem 1.3. Let = hdx + pu® be a probability measure on R, where p® denotes the singular part of .
Assume that p satisfies

/ 2" dp(z) < oco. (1.2)
Rd
Then
(d+r)/d
lim NV, (1) = Qr ([0,1]%) (/ e dz) ' (1.3)
N —oo Rd
In addition, if p* =0 and x', ..., 2N minimize the functional Fx . : (RN — R, then

hd/d+r

N
Opi = ——F+———dz as N — oo. 1.4
2 = i (14)
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It is worth to mention that the problem of the quantization of measure has been studied also with a I'-
convergence approach in [1-3,7]. It is reasonable that, using the results in [7], the convergence of the empirical
measure to a certain power of the measure h in Theorem 1.3 holds whenever the measure p has an absolutely
continuous part. Nevertheless, we do not investigate this question since this paper is focused on the extension
of the first statement in Theorem 1.3 to the case of probability measures on general Riemannian manifolds.
Such a statement has been generalized to the case of absolutely continuous probability measures on compact
Riemannian manifolds in [6]. The aim of this paper is twofold: we first give an alternative proof of Theorem 1.3
for general probability measures on compact manifolds, and then we extend it to arbitrary measures on non-
compact manifolds. As we shall see, passing from the compact to the non-compact setting presents nontrivial
difficulties. Indeed, while the compact case relies on a localization argument that allows one to mimic the proof
in R, the non-compact case requires additional new ideas. In particular one needs to find a suitable analogue
of the moment condition (1.2) to control the growth at infinity of our given probability measure. We will prove
that the needed growth assumption depends on the curvature of the manifold (and more precisely, on the size
of the differential of the exponential map).

To state in detail our main result we need to introduce some notation: given a point xyg € M, we can consider
polar coordinates (p,9) on T, M ~ R? induced by the constant metric g,,, where ¥ denotes a vector on the
unit sphere S?~! and p is the the value of the norm in the metric g,,. Then, we can define the following quantity
that measures the size of the differential of the exponential map when restricted to a sphere Sﬁfl C TyoM of
radius p:

Ay (p) = sup d expg, [u] (1.5)

vESﬁ_l,wETsz_l,huhO:p expy, (V)
To prove asymptotic quantization, we shall impose an analogue of (1.2) which involves the above quantity.

Theorem 1.4. Let (M, g) be a complete Riemannian manifold without boundary, and let ;1 = hdvol+ u® be a
probability measure on M. Assume there exist a point xg € M and 0 > 0 such that

/ d(z, 20)" T dp(x) —I—/ Agy (d(z,20))" dp(z) < 0. (1.6)
M M

Then (1.3) holds.

Once this theorem is obtained, by the very same argument as in ([5], Proof of Thm. 7.5) one gets the following:

Corollary 1.5. Let (M,g) be a complete Riemannian manifold without boundary, u = hdvol an absolutely

continuous probability measure on M and let x',... 2N minimize the functional Fy . : M®N — RT. Assume

there exist a point xo € M and § > 0 for which (1.6) is satisfied. Then (1.4) holds.

Notice that the quantity A, is related to the curvature of M, being linked to the size of the Jacobi fields (see
for instance [8], Chap. 10). In particular, if M = H is the hyperbolic space then A, (p) = sinh p, while on R?
we have A, (p) = p. Hence the above condition on H¢ reads as

<1+ /H (o) dp() + /H d sinh(d(x,xo))rdu(x)) ~ /H erim) (o),

and on R? as

(1 + d(z,z0)" dp(z / d(z,x0)" du(z ) / d(z, z0)" 0 dp(z).
Rd

Hence (3.2) holds on H? for any probability measure p satisfying

/ em @) qy(z) < oo
Hd
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for some z¢ € H?, while on R? we only need the finiteness of some (r + §)-moments of p, therefore recovering
the assumption in Theorem 1.3. More in general, thanks to Rauch Comparison Theorem ([8], Thm. 11.9), the
size of the Jacobi fields on a manifold M with sectional curvature bounded from below by —K (K > 0) is
controlled by the Jacobi fields on the hyperbolic space with sectional curvature — K. Hence in this case

Ay (p) < sinh(K7r) =~ &7,
and Theorem 1.4 yields the following:

Corollary 1.6. Let (M, g) be a complete Riemannian manifold without boundary, and let p = hdvol + p* be
a probability measure on M. Assume that the sectional curvature of M is bounded from below by —K for some
K >0, and that there exist a point xo € M and § > 0 such that

/ d(z, x0)" 0 dp(z) —l—/ eKrd@eo) qy(z) < co.

M M

Then (1.3) holds. In addition, if u* =0 and x', ..., 2™ minimize the functional Fx . : (RN — R then (1.4)
holds.

Let us observe that, by the argument in the proof of Theorem 1.7 in the Corollary above the moment condition
does not depend on the choice of the point zg.

Finally, we show that the moment condition (1.2) required on R? is not sufficient to ensure the validity of
the result on H?. Indeed we can provide the following counter example on H?2.

Theorem 1.7. There exists a measure pn on H? such that
/ d(z,z0)? du < oo Vp >0,V € H?,
H2

but
NT/2VNVT(/,6) — 00 as N — oo.

The paper is structured as follows: first, in Section 2 we prove Theorem 1.4 for compactly supported prob-
ability measures. Then, in Section 3 we deal with the non-compact case concluding the proof of Theorem 1.4.
Finally, in Section 4 we prove Theorem 1.7.

2. PROOF OF THEOREM 1.4: THE COMPACT CASE

This section is concerned with the study of asymptotic quantization for probability distributions on compact
Riemannian manifolds as the number N of points tends to infinity. Although the problem depends a priori on
the global geometry of the manifold (since Vi, involves the Riemannian distance), we shall now show how a
localization argument allows us to prove the result.

2.1. Localization argument

Let (M, g) be a complete Riemannian manifold without boundary and let u be a probability measure on M.
We consider {U;, v; }ier an atlas covering M, and ¢; : W; — R smooth charts, where W; DD U; for all i € I.
As we shall see, in order to be able to split our measure as a sum of measures supported on smaller sets, we
want to avoid the mass to concentrate on the boundary of the sets U;. Hence, up to slightly changing the sets U;,
we may assume that

w(0U;) =0 Viel. (2.1)
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Vag

R4

FiGURE 1. We use the map <pi_1 i) C R% — W; C M to send the partition in cubes
Qi,; of p;(Vi) on M.

We want to cover M with an atlas of disjoint sets, up to sets of pu-measure zero. To do that we define

Vii=U \ (JQZ@)

Notice that we still have V; CC W,;.
Given an open subset of R?, we can cover it with a countable partition of half-open disjoint cubes such that

the maximum length of the edges is a given number §. We now apply this observation to each open subset
o

©:(Vi) € R? and we cover it with a family G; of half-open cubes {Q; ;}jen With edges of length ¢; < 6.
We notice that the “cubes” ¢; '(Q;,;) C M are disjoint and

U U @,=mM\ (Lijaui).

i€l Qi ;€G;

Since by (2.1) the set U;0U; has zero p-measure, we can decompose the measure p as

K= Z'ulvi = Z Z M]'Vq:ﬂtpfl(@i,j)'
el i€l Qi ;€G;
We now set 1
H th@fl(Ql‘ j)
Qi :=/ du, Hij i= —7’
Vine;  (Qij) Qij

so that
p="y aij g, /M dpij =1, supp(ui) C Vi N (Qiy),
]

where, to simplify the notation, in the above formula the indices 7, j implicitly run over ¢ € I, Q; ; € G;. We will
keep using this convention also later on.

The idea is now the following: by choosing ¢ small enough, each measure 1;; is supported on a very small set
where the metric is essentially constant and allows us to reduce ourselves to the flat case and apply Theorem 1.3
to each of these measures. A “gluing argument” then gives the result when p = Zij oyl is compactly
supported, a;; # 0 for at most finitely many indices, and pu;; has constant density on ¢, I(Qi,j)~ Finally, an
approximation argument yields the result for general compactly supported measures.
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2.2. The local quantization error

The goal of this section is to understand the behavior of Vi , (1) when
= Alw—l(Q) dvol, (2.2)

where A\ := W (so that g has mass 1), Q is a d-cube in R?, ¢ : W — R? is a diffeomorphism defined on

a neighborhood W C M of ¢=1(Q).

We observe that, in the computation of Viy (1), if the size of the cube is sufficiently small then we can assume
that all the points belong to a Kd-neighborhood of »~1(Q), with K a large universal constant, that we denote
by Zks. Indeed, if dist(b, o1 (Q)) > K& then dist(x,b) > dist(z,y) for all 2,y € »~1(Q), which implies that,
in the definition of Vi (1), it is better to substitute b with an arbitrary point inside ¢~ (Q).

Hence, denoting by 3 a family of N points inside a Zks, and by « a family of N points inside ¢(Zks), we
have

V(1) = A iIﬁlf mind (o~ (2), o~ (a))" V/det gre()dz. (2.3)

Q acx

We now begin by showing that d(go*l(:r), @*l(a)) can be approximated with a constant metric. We use the
notation gge to denote the metric in the chart, that is

ngz x)vFol = = Go1(2) (dgp 1(x)[v],dg0_1(x)[v]), VeepW),ve RY. (2.4)

Lemma 2.1. Let p b(j the center of the cube Q and let A be the matriz with entries Age := gre(p). There exists
a universal constant C such that, for all x € Q and a € p(Zks), it holds

(1—C8) (Al — a),x — a) < d(¢™(2), ¢ (a))” < (14 C6) (A(z — a),x — a).

Proof. We begin by recalling that *

1
_ _ 2 . . .
Ao e @) = it g () a
Y(0)=¢~ (x), Jo
F(D)=¢"(a)
Let 4 : [0,1] — M denote a minimizing geodesic*. Then the speed of 7 is constant and equal to the distance

between the two points, that is
13Oy := /9300 (), 3(1)) = d(p ™" (), 0™ (a))- (2.5)
We can bound from above d(ap‘l (x), 7! (a)) by choosing a curve v obtained by the image via ¢! of a segment:
1
_ _ 2 . . _
Ao (@), 7 (@)% < / Got(6(0,6(0) A, o(t) == (1 - D + ta).

3Recall that there are two equivalent definition of the distance between two points:

1
d(z,y) = ,Y((I)I)lfz/ \/gv(t) _y(é?iz, \//0 Gty (7(1), 4(1)) dt

y(1)=y y(1)=y

In this paper we will make use of both definitions.
4Notice that the hypothesis of completeness on M ensures the existence of minimizing geodesics.
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Observe that this formula makes sense since (1 — t)x + ta € (W) provided 0 is sufficiently small.
Since

\//0 9ot (6(1),6(t)) dt < C'|z — a (2.6)

for some universal constant C’, combining (2.5) and (2.6) we deduce that
B0l < Cla—al < vie 0,1

In particular
dF(t),z) = d(¥(t),7(0)) < C"§  for all t € [0,1],

which implies that 4 belongs to the Kd-neighborhood of ¢ ~1(Q), that is ¥ C Z¢rs.
Thanks to this fact we deduce that in the definition of the distance we can restrict to curves contained inside

Zcng. Since Zons C W for 6 sufficiently small, all such curves can be seen as the image through ¢! of a curve
contained inside ¢(W) C R?. Notice that, by (2.4), if o(t) := ¢(v(t)) = (¢'(¢),...,0™(t)) € R? then

o) (7 Z Jre(o (t)5" (1),

therefore

d(gofl(sr),c,ofl(a))2 < (1+ 6'5) inf / ZAMJ )t

o(0)=z, o(
UC(,O(ZC//(;)

where we used that, by the Lipschitz regularity of the metric and the fact that gis is positive definite, we have

X:gkg(z)vkvz <(1+ C’(S) ZAkwkvz Vzep(Zons), Vo e R4
k£
Using now that the minimizer for the problem

1
inf Aed® ()t (¢) dt
o(0)=z,0(1)= a/o %: ke ( ) ( )

is given by a straight segment, and since this segment is contained inside ¢(Z¢s), we obtain

. / ZAMO' gl(t)dt = (A(x — a),z — a),

o(0)=z, o(
O'CLp(Zc//(;)

which proves
(o (2), 0 () < (1+ CO)(A(x — a),z — a).

The lower bound is proved analogously using that

Zgu(z)vkve > (1—C9) ZAkwka Vz e p(Zons), Vv e RY,
ke ke

concluding the proof. O
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Applying now this lemma, we can estimate Vx (1) both from above and below. Since the argument in both
cases is completely analogous, we just prove the upper bound.
Notice that, by the Lipschitz regularity of the metric and the fact that det gx¢ is bounded away from zero,
we have
det gre(x) < (14 Co)v/det gre(p) = (1 + CH)Vdet A Voeq.

Combining this estimate with (2.3) and Lemma 2.1, we get

V() < (1 +C'8) Ainf | min(A(z — a),z — a)™/?Vdet Adz

a Q acx

= (1+C’5)/\inf/ min |z — a|” dz,
@ Al/g(Q) aco
where | - | denotes the Euclidean norm.
We now apply Theorem 1.3 to the probability measure ml A1/2(q) dz to get

lim sup N"/ Vi o (1) < (1 -+ C'8) A Qu ([0, 1)) | AY2(@) |47/

N—o0

Observing that

|A1/2(Q)|:/deetAdacS(1—|—C’(5)/Q\/detgkg(x)dx:(1—|—C’(5)§,

we conclude that
limsup N/ Vi (1) < (1 +C6) Q- ([0,1]%) vol(p~1(Q))"/“. (2.7)

N—o0

Arguing similarly for the lower bound, we also have

lim inf Ny (1) > (1= C8) Q- ([0, 1) vol(p~ (@), (2.8)
—00
which concludes the local analysis of the quantization error for u as in (2.2).

2.3. Upper bound for Vi,

We consider a compactly supported measure p =5, ; Ot i where a;; # 0 for at most finitely many indices,
and p;; is of the form Ay lwfl(Qi _)dvol with

;N (Qiy) Ny (Qy) =0,  Vii', Vj#j,

and A\ = m (so that each measure p;; has mass 1).
7 ¥

To estimate Viv (1) we first observe that, for any choice of N;; such that >, i Nij <N the following inequality

holds:
V(1) <) e Vivg o (pig)-
j

We want to chose the N;; in an optimal way. As it will be clear from the estimates below, the best choice is to
set °

_ rdy &/ (d+)
(g vol(; 1 (Qig))"?)

ke (e VOI(@;l(QZ))r/d)d/(dJﬂ‘) )

5Notice that, if we were on R? and ¢; were just the identity map, then the formula for t;; simplifies to

tij =

(aij)fi/(fi-&-r)
Y ()@

that is the exact same formula used in ([5], Proof of Thm. 6.2, Step 2).

ij
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and define
Nij = [tUN]

Notice that N;; satisfy Z Ni; < N and Z ” — 1 as N — oo. We observe that each measure p;; is
a probability measure supported in only one cube with constant density. Hence we can apply the local
quantization error (2.7) to each measure p;; to get that

limsup N/ Vi, (11i7) < (1 + C8) Q. ([0,1]%) vol(p; (Qi 7))/

N;j—00

Recalling our choice of Nj;,

limsup N™/*Viy (1) < (1 + C5) Q,([0,1)¢ Z% ool Qi)

N—)OO
and observing that
d (d+r)/d
>yt vol(; 1 (Qi ) = ( / R/ (@) dvol) ,
ij M

we get

(d+r)/d
limsup N"/*Viy (1) < (1 + C8) Q,([0,1]7) ( / pd/(d+T) dvol) .
M

N—o0
2.4. Lower bound for Vi,

We consider again a compactly supported measure p = Zij aijpii; where oy # 0 for at most finitely many
indices, and ;5 is of the form A;;1 Qs )dvol with

0 (Qig) Ny (Q) =0, Vid, Vi#j,
and \;j = W (so that fM tij = 1). Fix ¢ > 0 with ¢ < §, and consider the cubes Q; . given by
Qje:={y€Qi;:dist(y,0Q;,) > e}
Also, consider a set 7;; consisting of K;; points such that

min d(z,a) < inf d(zx, 2) Va € (Q)e) st v 1 (Qiy) Nsupp(u) # 0.
a&%ij zeM\p; 1 (Qiy)

Notice that the property of u being compactly supported ensures that
K = maX{Kij 0 1 (Qiy) Nsupp(p) # @} < 0
Then, if 3 is a set of N points optimal for Vy (1) and §;; := 5N cp;I(Qj),

Vi) = 30 / g ol D) A2 D0 Vi) (2.9)

be LU,
)Eﬁ"/J i

where

_ B lvrw? @, )dvol

o .—/ dp, Wi = ,
! Vine; (Qj.e) ! VOI(%‘ (QLE))

We notice that af; — a;; as e — 0.

Nij == #0i;.
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Let L := liminfy_, NT/dVN,T(u). Notice that L < oo by the upper bound proved in the previous step.
Choose a subsequence N (k) such that

NE)Vygyr(p) = L ask — o0
and, for all 7, j,
Nij (k)
N (k)
Since ), Nij(k) = N(k) we have 3, v;; = 1.
Moreover N;j(k) — oo for every 7, j. Indeed, if not, it would contradict the finiteness of L, see also ([5],

Thm. 6.2, Step 2).
Thanks to this fact, we can now apply the local quantization error (2.8) to deduce that

likrgirgf Nz‘j(k)r/dVNﬁ(k)+K1_7.(k),r(/~ij) > (1 - 00) Q- ([0,1]%) vol(p; *(Qy, )4,

— v € [0, 1] as k — oo.

which implies that (recalling (2.9))

L>(1-0C8)Q.([0,1] Z% v vol(p; 1 (Q.0)) 7.

Letting ¢ — 0 and applying ([5], Lem. 6.8) we finally obtain
B (d+r)/d
L>(1-0%)Q.([0,1]%) ( / hd/(d+T) dvol>
M
2.5. Approximation argument: general compactly supported measures

In the previous two sections we proved that if p is compactly supported and it is of the form

vol

—Q”) dvol
o Z Qi)

where @; ; is a family of cubes in R? of size at most ¢ and ai; # 0 for finitely many indices, then

(d+r)/d
(1-C%) Q. ([0, 1] ( / p/(d+T) dvol) < lim inf NV (1)

(d+r)/d
> (2.10)

< limsup N/ () < (1 + C6) Q- ([0, l]d) </ R/ (447 dyol
M

N—o0

To prove the quantization result for general measures with compact support, we need three approximation steps.
First, given a compactly supported measure p = hdvol, we can approximate it with a sequence {uy }ren of
measures as above where the size of the cubes d; — 0, and this allows us to prove that

(d+r)/d
Ny (1) — Q- ([0, 1] (/ pd/(d+r) dvol) (2.11)

for any compactly supported measure of the form h dvol. Then, given a singular measure with compact support
w = u®, we show that
NV () — 0.

Finally, given an arbitrary measure with compact support g = hdvol + p®, we show that (2.11) still holds true.
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The proofs of these three steps is performed in detail in ([5], Thm. 6.2, Step 3, Step 4, Step 5) for the case
of R?. As it can be easily checked, such a proof applies immediately also in our case, so we will not repeat here
for the sake of conciseness.

This concludes the Proof of Theorem 1.4 when p is compactly supported (in particular, whenever M is
compact).

3. PROOF OF THEOREM 1.4: THE NON-COMPACT CASE

The aim of this section is to study the case of non-compactly supported measures. As we shall see, this
situation is very different with respect to the flat case as we need to deal with the growth at infinity of u.

To state our result, let us recall the notation we already presented in the introduction: given a point x¢y € M,
we can consider polar coordinates (p, ) on Ty, M ~ R? induced by the constant metric g.,, where ¥ denotes a
vector on the unit sphere S~ and p is the value of the norm in the metric g,,. Then we define the quantity
Azy(p) as in (1.5). Our goal is to prove the following result which implies Theorem 1.4.

Theorem 3.1. Let (M, g) be a complete Riemannian manifold, and let y = h dvol+ pu® be a probability measure
on M. Then, for any xg € M and 6 > 0, there exists a constant C = C(8) > 0 such that

N"Vya () <C <1 + /M d(z,z0)" 0 dp(z) + /M Az, (d(z, xo))r du(w)) . (3.1)

If there exists a point g € M and § > 0 for which the right hand side is finite, we have

(d+r)/d
NV (1) — Qr([0,1]%) ( / A/ (d+m) dvol) : (3.2)
M

3.1. Proof of Theorem 3.1

We begin by the proof of (3.1). For this we will need the following result, whose proof is contained in ([5],
Lem. 6.6).

Lemma 3.2. Let v be a probability measure on R. Then

N"Vy.,(v) < C(l +/ |t +9 du(t)). (3.3)
R
To simplify the notation, given v € T,y M we use |v|y, to denote \/ gz, (v,v).
In order to construct a family of N¢ points on M, we argue as follows: first of all we consider polar coordinates
(p,9) on Ty M ~ R induced by the constant metric g,,, where 9 denotes a vector on the unit sphere S¥~!, and

then we consider a family of “radii” 0 < p; < ... < py < oo and a set of N9~1 points {¢;,...,9ya-1} C S¢1
distributed in a “uniform” way on the sphere so that

v e st (3.4)

zlQ

mindy (9, Jr) <

where dy (1, Y);) denotes the distance on the sphere induced by g,.
We then define the family of points p; , on the tangent space T, M that, in polar coordinates, are given by
Dik = (pi, V1), and we take the family of points on M given by

ik = exp,, (Pik) i=1,...,N; k=1,... N1

We notice the following estimate: given a point z € M, we consider the vector p = (p, ) € T, M defined as
p = 4(0) where v : [0,1] — M is a constant speed minimizing geodesic arriving at z. By the definition of the
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FIGURE 2. The bold curve joining (p,¥) and (p;, ¥y ) provides an upper bound for the distance
between the two points.

exponential map we notice that = exp, (p) and p = |p|,, = d(x,20). Then, we can estimate the distance
between x := exp, (p) and z; as follows: first we consider o : [0,1] — S?~! C T, M a geodesic (on the unit
sphere) connecting 9 to ¥ and we define 1) := exp,, (p o), and then we connect exp,, ((p,Jx)) to x;  considering
Y (p.pi]» Where (s) := exp,, ((s,9)) is a unit speed geodesic (see Fig. 2).

Setting 1 := exp, (p o), this gives the bound

1 Pi
P

S A:EO (d(%fo)) d@(ﬁkvﬁ) + ‘d(%fo) - pl‘v

where A, (p) is defined in (1.5), and we used that o(t) is a geodesic (on the sphere) from ¥4 to ¥ and that
p =d(z, ).
Notice that, thanks to the estimate above and by (3.4),

Z,

mind(z, z; )" < miin {AZD (d(z,20)) % + |d(z, z0) — pl@ .

We can now estimate the quantization error:

. C "
N"Vya (1) < Nr/ min {Amo (d(z,m0)) = + |d(z,z0) — pzq dp(x).
M bR N

Using that (a +b)" < 2""(a" +b") for a,b > 0 we get

N"Viva (1) < N72" ! / min [d(x, 20) — pi]" dpu(a) + 727! / Ay (d(, 20))" dpa(a).
M T M

Let us now consider the map dy, : M — R defined as dy, () := d(z,2z0), and define the probability measure
on R given by 1 := (dg, ). In this way

[ minldte,zo) - pi” du(o) = [ minfs— pi” dp (o).
M T R *
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We now choose the radii p; to be optimal for the quantization problem in one dimension for ;1. Then the above
estimate and Lemma 3.2 yield

N"Vya, () < C' (1 + /OOO s dp (s) + /M Ag, (d(z,20))" dM(ﬂC))

=’ (1 + /M d(z,z0)" 0 du(z) + /M Az, (d(z, l‘o))r dM(@")) )

that concludes the proof of (3.1).
To show why this bound implies (3.2) (and hence Thm. 1.4 in the general non-compact case), we first notice
that by (3.1) it follows that, for any M > 1,

MWy () < C<1 + /M d(x, z0)" " dp(x) +/

Az, (d(x,xo))rdu(w)) (3.5)
M

Indeed, for any M > 1 there exists N > 1 such that N4 < M < (N +1)4, hence (since Vi, is decreasing in M)

1 T
MV (1) < (N + 1) Vi, (1) = (1 ¥ N) NV (1)

< c<1 + /M d(w,20)" " dp(z) + /M Ay (d(w,20))" du(w))»

which proves (3.5).

We now prove (3.2). Observe that, as shown in ([5], Proof of Thm. 6.2, Step 5), once the asymptotic quan-
tization is proved for compactly supported probability measures, by the monotone convergence theorem one
always has

(d+r)/d
liminf N/ Vi (1) > Q. ([0,1]%) ( / hd/(d+T) dvol) :
M

N—o0

hence one only have to prove the limsup inequality.

For that, one splits the measure p as the sum of ,u}% = XBg(wo)M and ,u%,l = XM\ Bg(z0)H, Where B> 1. Then
one applies ([5], Lem. 6.5(a)) to bound from above N"/9Vy () in terms of N/4Vy .(uk) and N7V .(u%),
and uses the result in the compact case for N"/?Vy ,.(u}), to obtain that, for any ¢ € (0, 1)

N—o0

(d+r)/d
limsup N™/ Vi . (u) < (1 —¢)~"/4 Q- ([0, l]d) </ pd/(d+T) dvol)
BR(JE())

1
B —r/d li Nr/d N\ ——— < 7 '
+ u(M\ Br(zo)) e i Sup i, <M(M \BR(QCO))MR)

Thanks to (3.5), we can bound the limsup in the right hand side by

e~/ (u(M \ Br(xo)) + /M d(w, 20)™+* dpy(w) + /M Ary (d(,70))" dﬂm),

that tends to 0 as R — oo by dominated convergence. Hence, letting R — oo we deduce that

(d+r)/d
limsup N/ Vi, (1) < (1 — )~/ Q,.([0,1]7) ( / R/ (@) dvol) :
M

N—o0

and the result follows letting € — 0.
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4. PROOF OF THEOREM 1.7

We begin by noticing that if
/ d(z, xo)? dp < o0
H?2

for some g € H?, then this holds for any other point: indeed, given z; € H?,

/ d(x, )P dp < 2P71 / [d(z, 0)? + d(z0, 21)P] dp < o0.
H2 H2
In particular, it suffices to check the moment condition at only one point.
We fix a point 2o € H? and we use the exponential map at x¢ to identify H? with (R2,d?p + sinh p d?¥).
Then, we define the measure
JTRES Z e_(1+5)kH1LS}€,
kEN

where H! Sk denotes the 1-dimensional Haudorff measure restricted to the circle around the origin of radius
R, and £ > 0 is a constant to be fixed.
We begin by noticing that

d(x, z0)" d (L+e)k / pP dH*
/H2 x,20)P dp = Ze H

keN
= Z e~k EP 97 sinh (k) ~ Ze_Ekk” < 00
keN keN

for all p > 0.
An important ingredient of the proof will be the following estimate on the quantization error for the uniform
measure on a circle around the origin.

Lemma 4.1. For any R>1 and M € N we have

1 gl el
Var, (H'LSh) 2 (E - M>+R.
Proof. To prove the above estimate, we find a good competitor for the minimization problem. Let us denote
with [-] the integer part, and define
ol
_ {23] .

We split S}% in 2L arcs X; g of equal length. Notice that the following estimate holds: there exists a positive
constant ¢, independent of R, such that

d(ZQj’R,EQj/,R) >c vV j 75 j/ S {1, .. ,L} (41)

To show this fact, one argues as follows: consider a geodesic connecting a point z1 € Xojr to x2 € Yoy g.
Because j # j’ any curve connecting them has to rotate by an angle of order at least R/e®. Now, two cases
arise: either the geodesic 7 : [0,1] — H? is always contained inside R? \ Bg_1(0), or not. In the first case we
exploit that the metric is always larger than sinh?(R — 1)d?9. More precisely, if we denote by (ep,eq) a basis of
tangent vectors in polar coordinates

R
d(x,y) / \/ “ep) 4 sinhQ(p)(W(t) ceg)dt 2 eR_le—R ~R>1,
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where we used that v has to rotate by an angle of order at least R/e’t. In the second case, to enter inside the ball
Br-1(0) the geodesic has to travel a distance at least 1, so its length is greater that 1. This proves the validity
of (4.1). We pick now a family of M points {z,}},. Then, by (4.1) and triangle inequality, we have that for
every index ¢ there exists at most one index j(¢) such that

c S,
d(ze, Lajr) > 5 VY j#5(0).
Therefore there exists a family of indices J € {1,..., L} of cardinality at least (L — M) such that

d(ze, Xoj r) > Vied, Wl=1,...,M.

o

We can now estimate the quantization error:
L
Vi (H'CSE) > min Z/ min d(x, xe)" dH*
X2, R

T aCH2:|a|=M 4 €
Jj=1

zz/ (5) an' z (- ).k
jeJ /¥R 2
where at the last step we used that Hl(Zgj’R) ~ R. O

We can now conclude the proof. Indeed, given a set of points {x}<¢<n2 optimal for x, these points are
admissible for the quantization problem of each measure H'LS}, therefore

R — —(1+e)k . r 1
Viver(u) =Y e mind(z, z¢)" dH' ()

kEN Sk
k
—(14e)k 1 @l —(14e)k [ € 2
>3 e kY (HISE) 2 ) e (1) (ﬂ—N> k,
keN keN +

where at the last step we used Lemma 4.1. Noticing that, for N large,

k 1 k
e——N2>—% for k > log(N4),

we conclude that

N” ek NT"
T —(14+e)k _ —ck
N"Vye (1) 2 E e Tk = e E e’

4 k
k>log(N4) k>log(N*)
o] NrN74s
ZN’“/ e 'dt m ———— —
log(N*) <

as N — oo provided we choose € < r/4.
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