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OPTIMAL BLOWUP TIME FOR CONTROLLED ORDINARY DIFFERENTIAL
EQUATIONS *

HoNcweEl Lou! AND WEIHAN WANG!

Abstract. In this work, we study both minimal and maximal blowup time controls for some ordi-
nary differential equations. The existence and Pontryagin’s maximum principle for these problems are
derived. As a key preliminary to prove our main results, due to certain monotonicity of the controlled
systems, “the initial period optimality” for an optimal triplet is built up. This property reduces our
blowup time optimal control problems (where the target set is outside of the state space) to the classical
ones (where the target sets are in state spaces).
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1. INTRODUCTION

Due to its importance from both theoretical and applied points of view, the blowup phenomenon has been
studied extensively. One of the most typical blowup models (c¢f. [1]) is given by uw; — Au = f(z,t,u, Vu),
which describes the temperature distribution of a substance in a chemical reaction. In this model, the blowup
phenomenon presents a dramatic increasing in the temperature which leads to the ignition of a chemical reaction.
In the past 50 years, most studies on the blowup phenomenon of evolution equations focus on the existence of
blowup solutions and the blowup rate (see [3,5,6,9,11], and references therein). It would be interesting to ask
for the best/a good method controlling the blowup time. Two important and natural issues on this topic are to
minimize and maximize respectively the blowup time with the aid of controls. These turn to the blowup time
optimal control problems. As Barron and Liu mentioned in their paper (see [2]), although the researchers’ initial
interest is about the optimal control to the distributed systems, they met some difficulties. Hence, researchers
discuss the relevant problems governed by ordinary differential equations.

To our best knowledge, the publications on the aforementioned subject are quite limited. The first study on
this topic is due to Barron and Liu [2], where an optimal control problem to maximize the blowup time was

Keywords and phrases. Optimal blowup time, initial period optimality, existence, maximum principle.
* This work was supported in part by 973 Program (No. 2011CB808002) and NSFC (No. 11371104).

L School of Mathematical Sciences, Fudan University, Shanghai 200433, P.R. China.
hwlou@fudan.edu.cn; 11210180039@fudan.edu.cn.

Article published by EDP Sciences © EDP Sciences, SMAI 2015


http://dx.doi.org/10.1051/cocv/2014051
http://www.esaim-cocv.org
http://www.edpsciences.org

816 H. LOU AND W. WANG

discussed. The controlled system in [2] is an autonomous system. More precisely, it reads

YO — ryte),um), 1> 0 (L1)
y(0) =z € R™,

where n > 1, u(-) is a measurable function from [0, 4+00) to some compact subset Z of R?. For some p > 1, f
verifies that
z- f(z,2)

P — 1 uniformly in z € Z, as x| — oc. (1.2)

Denote by T, (u) the right-ending point of the maximal interval of existence for the solution to equation (1.1)
corresponding to a control u, the authors in [2] defined the following valued function:

V(z) = sup Ty(u), V:R" — [0, ], (1.3)
ucz
where Z := {(:[0,+00) — Z|( is Lebesgue measurable}. Through the dynamic programming principle, they
proved that V(-) is the unique continuous viscosity solution to the Hamilton-Jacobi equation:

1+ IgleangV(ac) - flz,2) =0. (1.4)

From this, Pontryagin’s maximum principle follows.
Another paper on this topic is due to Lin and Wang [7] where an optimal control problem to minimize the
blowup time was studied. There the controlled system is the following special non-autonomous system:

dz_(tt) = |y(t)[P" y(t) + B(t)u(t), t > 0, (1.5)

y(()) = Yo,
where p > 1, y(t) € RY, B(+) € L*([0, +00); RN*M) M, N > 1, and u(-) € Uy,
Uya := {v: [0,+00) — RM|u is Lebesgue measurable, [u(t)| < po, fora.e. t € [0,+00)}

for some fixed py > 0. The authors proved in [7] the existence of optimal controls via the following strategy:
they first verified the existence of optimal controls for a family of relevant problems (Pr), where the target
sets are the sphere of the ball in R", centered at the origin and of radius R > 0, and then by passing to the
limit for R — oo to get the existence of optimal controls for the origin problem. Also, they derived Pontryagin’s
maximum principle for an optimal control, through building up a new penalty functional.

In [8], Lou, Wen and Xu approached the problem in [7] by a different way. They proved that Pontryagin’s
maximum principle holds for at least one optimal relaxed control. Consequently, Pontryagin’s maximum principle
holds when the optimal relaxed control is unique and in this case it is the optimal control to the original problem.

However, it is difficult to derive Pontryagin’s maximum principle for more general controlled systems, through
utilizing the methods provided in either [7] or [8]. For instance, in [7], the key to derive Pontryagin’s maximum
principle is the application of Ekeland’s variational principle to the functional |y(t* — &;yo,u)|* 7P, where t* is
the optimal time and y(+; yo, ) is the solution to the system (1.5). One can verify that (1 — p) is the only one
exponent making this approach valid.

On the other hand, we can see from Example 6.5 in Section 6 that Pontryagin’s maximum principle for
blowup time optimal control is not necessary to hold.

In this paper, we will study the minimal/maximal blowup time optimal control problem governed by the
following system:

WO — (1,90, u0), >0, Lo
y(0) = yo.
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Here, f : ][0, 4+00) x R® x U — R, with (U, p) being a separable metric space, is given by

fty,u) = Gt \yl) +A@y + bt u), VYt y,u) € [0,400) x R" x U, (1.7)

where G(-,) is a function on [0, +00)2, A(:) is an n X n-matrix-valued function on [0, +occ) and b(-,-) is an n
dimensional vector-valued function on [0, +00) x U. We say that y(-) is a solution to (1.6) on [0,7") (with T" > 0)
if y(-) € C([0,T); R™) verifies

t) = yo -l-/o f(s,y(s),u(s))ds, Vie (0,7).

It is worth to mention that the system (1.6) covers the systems studied in [2,7].

Denote
w - {u [0, +00) U‘ u(-) i measurable }
P = { € (0, +00) x C([0,T); R") x 02/‘(1.6) holds on [o,T)},
ad—{ e@] lim y()|—+oo}
Yot = {u() € %‘(T,y(-),u(-)) € Paa}. (1.8)

Moreover, &, Z,q and %,q are named as the set of feasible triples, the set of admissible triples and the set
of admissible controls, respectively.

If Z.q # 0, the corresponding minimal time optimal control problem is as£°

Problem (TI): Find (¢,7(:),u(-)) € Paq such that

t= inf T. (1.9)
(Ty(),u(-)) EPaa

When %,q = % , we can consider the maximal time optimal control problem:
Problem (TS): Find (t*,y*(),u*(:)) € Paq such that

= sup T. (1.10)
(Ty()u() € Pad

The main purpose of this study is to derive Pontryagin’s maximum principles for the above-mentioned two
optimal control problems, via a new method. The key of our strategy is to bridge the gap between classical
time optimal control problems (where the target sets are in state spaces) and the blowup ones (where the target
set is outside of the state space). It is based on “the initial period optimality”, which follows from a certain
monotonicity of the controlled system. In plain language, says that if @(-) is an optimal control for a time optimal
control problem and # is the optimal time, then it is well-known that its terminal period is also optimal, i.e., for
any T € (0,1 ), u(-)|;7,7) is also an optimal control for the time optimal control problem restricted on [T',7). It is
worth mentioning that in general, when the controlled system is time-varying, (-)|o,7] is no longer an optimal
control for the time optimal control problem in the initial period. Fortunately, for our controlled system (1.6), we
are able to derive the afore-mentioned initial period optimality. By this optimality, we can approach Pontryagin’s
maximum principles for Problem (TT) and (TS) by passing to the limit in Pontryagin’s maximum principle for a
class of classical time optimal control problems. When the controlled system is time-invariant, “the initial period
optimality”, as well as “the terminal period optimality”, follows from the translation invariance of the trajectory
at once. Thus, the condition for the time-invariant case could be weaker than that for the time-varying one.
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The rest of the paper is organized as follows: Section 2 gives the existence of optimal controls (see Thms. 2.3
and 2.4). Section 3 proves Pontryagin’s maximum principles for Problem (TI) (see Thms. 3.2 and 3.4). Section 4
verifies Pontryagin’s maximum principles for Problem (TS) (see Thm. 4.1). Section 5 presents easier ways to
derive Pontryagin’s maximum principles for both (TTI) and (TS) for the case where the controlled system is
time-invariant. Section 6 provides some examples to illustrate our main results.

2. EXISTENCE OF TIME OPTIMAL CONTROL PROBLEM

In this section, we will prove the existence of optimal controls to the problems (TI) and (TS). We impose the
following assumptions:

(P1) (U, p) is a separable metric space;
(P2) The function G(t,r) is measurable in ¢t € [0,+00), continuously differentiable in r € [0,+00) and
satisfies

G(t,0)=0,  Vtel0,+00). (2.1)

Moreover, for any M > 0,
0G(t,r)
esssup | ———=

(t,r)€[0,M]? or

(P3) A(:) € Lis.([0, +00); R™™*™), i.e., for any T > 0,

| < +o0. (2.2)

esssup ||A(t)]| < +o0, (2.3)
t€[0,T)
where || A|| represents the norm of an n x n matrix A: ||A|| = sup,cgn-1 |Az|.
(P4) The function b(-,-) takes values in R™ and is a Carathéodory function, that is, it is measurable in the
first variable and continuous in the second variable. Moreover,

esssup sup |b(t, u)| < +oo, VT >0 (2.4)
te[0,T] uelU

and U(t) = {b(t,u)|u € U} is a convex compact set.
(P5) There is an Ry > 0 and a nonnegative function ¢(-) (defined on [Ry, +o0)) such that

G(t,r) = [[A@)] r - Sup lb(t,u)| = ¢(r),  V(t,7) € [0,+00) x [Ro, +00), (2.5)
+oo 1
AO @ dT < +00. (26)

Because of (P2), for each u and each yp, equation (1.6) has a unique solution over its maximal interval of
existence. We denote this solution by y(-;u(-)) when yq is fixed. Two things are needed to be mentioned: First,
Condition (2.1) is not necessary but only for the convenience; Second, it is only for the existence of optimal
controls, but not for Pontryagin’s maximum principle, to assume that U(t) is convex and compact.

Before proving the existence of optimal controls, several lemmas are given in order:

Lemma 2.1. Assume that (P1)-(P4) hold. Let (T,y(-),u(:)) € £, @ ly(t)] < +oo and ug(-) € % be a
t—T~

sequence such that
b(+, ug()) — b(-,u(+)), weakly in L*([0,T + 1]; R™). (2.7)

Then, there exist a 6 € (0,1) and a K > 0, such that yi(-) = y(-;ur(-)), which is the solution to equation (1.6)
with the control uy(-), exists on [0,T + d] and satisfies

lyi(t) —y()] < 1, Vte[0,T + 4] (2.8)
when k > K.
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Proof. Let
v (t) = b(t,ug(t)), wv(t) = b(t, u(t)), te[0,T+1].
Because of (P1)-(P4) and @ ly(t)] < +o0, it follows from the basic theory of ordinary differential equations
t—T—
that there exists a ¢ € (0,1) such that y(-;u(-)) exists on [0, + d]. Let

My = esssup sup |b(t,u)|, Ma = esssup [|A(¢)],

te[0,T+1] uelU te[0,T+1]
OG(t
M= max |y(t)|+T+2, N = -esssup 9G(t,r) .
te[0,T+1] (t,r)€[0,M]? or
1
Write « = ———————=—. Let £ be an integer such that ¢ > % By the weak convergence, it is not

3e(BNTMA)(T+1) "
difficult to prove that for some K > 0,

Ji(r+1)
U ot) — o) dt| <@, Vj=1,2,....0-1; k>K. (2.9)
0
Thus,
t
/ (k(s) — v(s))ds| < 20, Vte[0,T+1], k>K. (2.10)
0
We claim that when k > K,
lye(t)| < M,  Ytelo,T+4). (2.11)

Otherwise, for some k > K, there exists an S € (0,7 + 4], such that |yx(S)| = M,
lyi(t)] < M, vt e|0,5). (2.12)

We have

= t S S yk(S) — S S y(S) S S)— S VE(S) —U(S S
) =30 = | [ (G0 DL G o)) L+ A (6) ~ )+ 00(5) = o(9) @

<| [ Gt lnto) = 6t o)) L ds
RECITOD N O — o (1) 26 4
| [ SR (410) = y66)+ ()] = (o) 24 )

ly
—|—MA/O lye(s) — y(s)|ds + 2«
§(3N+MA)/O e(s) — y(s)|ds + 20, Ve 0,S].

Adopting Grownwall’s inequality, we can get
lyr(t) — y(t)] < 3aeBNTMAt <1 vt e|o,S]. (2.13)
In particular,
lye(S)] < [y(S)[+1 < M,

which leads to a contradiction since |yz(S)| = M. Therefore, (2.11) holds. Further, we get (2.8) from (2.11)
(see also (2.13)).
The proof is completed. U
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Lemma 2.2. Assume that (P1)-(P4) hold. Let (T, yx(:),ur(-)) € & satisfy

lim |yu(T)| = +o0. (2.14)

k——+oo

Then, t < T, where t is the optimal time of Problem (TI) (see (1.9)).
Proof. Write

vg(t) = b(t,uk(t)), te[0,T], k=1,2...
By (P4), {vk(:)} is uniformly bounded in L°([0,T];R™). Hence, it is uniformly bounded in L?([0, T]; R™).
Thus, there is a subsequence, denoted in the same way, vi(-) — v(-) weakly in L2([0,T]; R™). Based on Mazur’s
Theorem (see [10], for example), there exists a sequence defined by a convex combination Z;V"l a0 (+), which

converges strongly to v(-) in L2([0,T]; R™). Since U(t) is a compact convex set, we get
v(t) € U(t), t e [0,7].
Then according to Filippov’s Lemma (see [4], for example), there exists a u(-) € %, such that
v(t) = b(t, u(t)), a.e. t €[0,T].

We now suppose that y(-) is the solution to equation (1.6) corresponding to the control u(-). If y(-) blows
up during [0, 7], the lemma is proved. Otherwise, y(-) exists on [0,T]. Then, Lemma 2.1 shows that there exist
ad >0 and a K > 0, such that yi(-) exists and it is bounded uniformly on [0,T + §] when k > K, which
contradicts (2.14). Therefore, y(-) has to blow up in [0, 7). This proves our conclusion. O

Next, we have the following existence results for Problem (TI).

Theorem 2.3. Assume that (P1)~(P4) hold and P4 # 0. Then Problem (T1) admits at least one solution.
Proof. Let (T, yi(+), uk(:)) € Paq be a minimizing sequence, that is,

li T, =t. 2.15
k—1>I-&I-100 k ( )

Then
T, > t, Vk>1.

Similar to the proof of Lemma 2.2, there is a u(-) € %, such that along a subsequence,
b(,ur(-)) = b(-,u(),  weakly in L*([0,£]; R").

Let y(-) = y(-;u(-)). Then we can easily see that (¢,y(:),u(-)) € 2.

We claim that y(-) blows up at £ 2, that is, (£,y(-), u(-)) € Pua. Otherwise, by Lemma 2.1, there exist a § > 0
and a K > 0, such that y(-) exists and it is bounded uniformly on [0, + 4] for k¥ > K. This contradicts (2.15)
since y () blows up at T.

Therefore, (£,y(-),u(:)) € Puq, and (¢, y(-),u(-)) is an optimal triple to Problem (TT). O

For Problem (TS), we have the following existence result:

Theorem 2.4. Assume that (P1)—(P5) hold and %,q = % . Suppose that t*, defined by (1.10), is finite. Then,
Problem (TS) admits at least one solution.

2Based on the definition of £, y(-;u(-)) cannot blow up before Z.
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Proof. Let (Sk,yr(+),ur(+)) € Paq be a maximizing sequence, that is

lim Sj = t*. (2.16)
k——+oo
Then
S, <t,  Vk>1.

Similar to the proof of Lemma 2.2, there is a u(-) € %, such that along a subsequence,
by un()) = b(,u()),  weakly i L2([0, 7], R™).
Let y(-) = y(:u().

We claim that y(-) blows up at ¢*. Otherwise y(-) blows up at some time S < t* since %,q = % . By (2.6),
there exists an R > Ry, such that
%) 1 *
/ —drgg. (2.17)

r C(r) 2
Since y(-) blows up at S, there is a T' < S such that

ly(T)| > R+ 1. (2.18)
Since i lim Sp =1t" > S, we can apply Lemma 2.1 to find a constant K > 0 such that S > S and
— 400
lye(T)| = R (2.19)
for any £ > K. Noting that

SO = Gle () + T (A (0) + it 01 (0). (1)
> G0, () — 1A To(0)] — max o0t )

=2 C(ye@)),  te[T,S), k=K, (2:20)
we have
* +oo +oo
-5 / 1o / L
2 r <) e (T)] C(7)
Ssoo1d
= — lye@®)|dt > Sy — T > Sk — S. 2.21
| i 5125, 221
Letting kK — +o0o in the above leads to
P8 s, (2.22)

which contradicts the assumption ¢* > S. Thus, the blowup time of y(-) is ¢*. Therefore, (t*,y(:),u(:)) € Pua
and (t*,y(-),u(-)) is an optimal triple of Problem (TS). O

3. PONTRYAGIN’S MAXIMUM PRINCIPLES FOR PROBLEM (T1)

In this section, we will discuss Pontryagin’s maximum principle of Problem (TI). For simplicity, we relabel
some previous assumptions.
(S1) (U, p) is a separable metric space;



822 H. LOU AND W. WANG

(S2) The function G(t,r) is measurable in ¢ € [0, +-00), continuously differentiable in r € [0, +00) and satisfies

G(t,0) =0, Vit e [0,4+00).

Moreover, VM > o > 0,

OG(t,r)

esssup | ———
(trepanz O

G(t,r)

lim essinf ——~ = +o0,
r—+00 te[a, M] r

rG,(t,r)
lim f —22
rj+mtis[21%] G(t,r)

| < +o0,

> 0.

(3.1)

(3.2)

(3.3)

(3.4)

(S3) There exists an sy > 0, a function ¢(-) € C?(0, s0) and a modulus of continuity w(-) € C[0, +00) such

that

o(s) >2, ¢'(s) <0, Vs € (0,s0),

lim ¢(s) =400, lim ¢'(s)=—o0, lim #(s) =0,

s—0+ s—0+ s—0t ¢/ (s)

p(s)¢" (s) 8)
L <wto) (Gttpten - &

¢'(s)
©?(s)

1]

Y (t,s) € [0,+00) x (0, sp).

(S4) For any T > 0,

esssup ||A(t)|| < 400, esssupsup |[b(t, u)| < +oo.
t€[0,7) te[0,T] uel

To simplify the notations, we let, for each p > 0 and s € (0, s¢),

_G(tr) 1 o(3)
) = essinf ;wo(s) = sup ——=, wi(s) = sup
r0) = ol = () = 2 Sy ) = SR G
5 : G(t,r)¢"(®(r)) )
2(p) = essinf | G,.(t,r) — ———F————
)= esiat (6nt.n) - ST
, G(Ew@))@”@))
= essinf | G- (¢, o(s)) — ,
exfat (60wt - SR
where @(-) is the inverse function of ¢(-).
For f = (f1 2. f”)T, denote
aft oft af? . of"
ot Jy1 Oy1 Oy1
af? oft af? .. of"
£ = "ot f _ﬁ_ dy2 dy2 Dy
t ) y 8y
o ot of2 . 2f"
ot Oyn Oyn OYn

We have the following lemma.

(3.5)

(3.6)
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Lemma 3.1. Assume that (S2)—(S4) hold. Let T >ty > 0 and g(-) € L*>([to, T]; R™). Let §(-) and §(-) be the

solutions to the equation:

YO — G o) 2+ A o), 1> 10

over [to, T] and with the initial state y(to) = o and y(to) = Yo, respectively. Suppose that

190l > p,
N _ Jo Yo
2(|90]) — @(|70l) — 5ol Tzl >0,

where p > 0 satisfies
Dp(p) > M+1, p>2M, M = esssup max(|g(t)], [|A®)]),

te(to,T]
wo(®(p)) <1, wi(®(p) <1, w(@(p)) < 4M1+ 1
and
f)(p) > 18M.
gt) gt

Then, the function @(|4(t)]) — D(|5(t)]) —

(3.10)

(3.11)

(3.12)

(3.13)

Proof. Since @(+) is monotonically decreasing, it follows from (3.12) that |go| > |§o| > p. As a solution to (3.10),

y(+) satisfies

dly(®)]
dt

ly(t)]
> (2r(ly(@)) = M) |y(B)] — M, Vi€ [to, T].

=G ly®)]) + <A(t)y(t) +g(b), ﬂ>

Hence, |y(-)| is monotonically increasing on [tg, T'] when |y(to)| > p. Especially,
@ >p, 9@ >p, Vi, T].

Denote

where

or equivalently,

(3.14)

(3.15)
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We have
AX() _ Glp(a0) _ Glplaol) | [ 00 i)
T (0 R O]} FEO) - ZTEOD
O /45 o QD) /o
* oD AOP0-00) = e (A0D.60)
_ G0 G eEn) | (1 1
- St~ staan -+ (o ~ ) (60.60)
1 20) _ LUEOD Y /4o
ot OO T GEa S (A0i0.00)
+z,((”; (tt))||)) ((Awdw,om) + (Awew.ow))
L GO G e(E0))
SR (0] R FO))
gl e eam)
M| - |~ Etan - SEan)
30 (@(0)) [610)
and
%it) = AH)O(t) — O(t)At) TA)O(t) + 0(1)0(t) T A(t)A(t)
e (90 = 00007 0)) =~ (a() = 6080 g(1)
= AWO) ~ BWINTAWAW) ~ H)ONT AW ~ HINT ADE)
1 _ 1 Aoa T
+ (s ~ ) (00 - 4000 t0)
1 -
S (000790 +00e) 9(1)
Then,
dle()) R
i M 4 20000 010+ 2 |

We know from (3.12) that X (t9) — |©(t9)| > 0. Denote
S = sup {ﬁ c (to,T]’X(t) —1e®)| >0, Vte [to,ﬁ)} .

Then,
X(t)—|e(t)] >0, Yt € [to,S).

Moreover, X (S) — |©(S)|=01if S < T.

(3.16)

(3.17)

(3.18)
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By (3.16)—(3.18), we get

A(X(1) ~ [60)]) _ Gt e(a®) Gt e(E (1))
ai A Z(z00))
Y 1 _ 1 ‘ _ QM‘ 1 1
EEODIREAEC)) EECIRE(EOD
el so<~<t>|>‘
O]
M (4+ 2u0(8(p)) + 3w1(P(0))) [O0)

|
|2(t)] $)o" (s
/|§:(t)| (1 - LFJ((SO’)ET;))(z)) as

|2(t)] ©"(s) [2(t)] ©'(s)
M /W CI0) b /w) (o) ©

—M (4 + 2wo(D(p)) + 3w1(2(p))) [O(1)]

-M

ol Gl @)
> /W) (1= 201009 (G 1,066) - AR as - ar o)
> S 0()X (1)~ OM [6(1)
> OM (X (1) — [O(0))
>0,  te [t S (3.19)

Therefore, X (t) — |©(t)| is monotonically increasing on [tg, S]. Consequently X (S) —|©(S)| > 0. Thus, S =T.
This completes the proof. O

With the aid of the above-mentioned lemma, we can now prove Pontryagin’s maximum principle to Problem
(TT).

4) hold. Let (¢,4(-),u()) be an optimal triple of (T1). Then, there exists a

Theorem 3.2. Assume that (S1)—(S
t);R™) to the following equation:

(S
nontrivial solution 1(-) € C([0,1);

dy(t) (Cv‘(t,_ly(t))pr @G- |50 - G

O g0+ 0750, en) @20

dt 5(t)] ()P
such that
((t),b(t,u(t)) = r51€a5<<1;(t),b(t,u)>, ae. t€[0,%). (3.21)
Moreover,
tlirtg P(t) = 0. (3.22)

Proof. Write

M = esssup sup max(|b(t, u)|, ||A(t)]])-
te[0,t] uel
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One can easily find a p > 2M such that

2p) = M+1, wo(@(p) <1, wi(@(p) <1, w(@(p)) <

2(p) > 18M.

Meanwhile, there exists a § > 0 such that

lg(t)] > p, te[t—0d,1).

For each z € R™ with |z| > p, we define
E. = {lz|t>1}.

We now use Lemma 3.1 to show that for each T € [t — 4,t), (g(-),u(+)) is an optimal pair of the following
optimal control problem (7'T)7: To find a control u(-) € %, such that the solution y(-) to

S = Gy o) 5k + A(e) + bt u(0). ¢ € 0.7, .
y(0) =yo

maximizes |y(T')|* with terminal constraint y(T') € Eyr.

Indeed, if the above statement did not hold, then there would exist a @(-) € % and an ¢ > 1 such that
y(T5a()) = y(T).

In this case, it holds that

#(D)) ~ #7320 - | D~ DA o)) — g} > o

Define

By Lemma 3.1, @(|g(-)|) — @(|y(-; a(-)|) — % — |§EZ8\ ‘ increases in the existence interval of y(-;a(-)) within

[T,¢). In particular, there is an S < ¢ such that lirél D(ly(t;u(-)]) = 0, i.e., y(-;a(-)) blows up at S, which
t—S—

contradicts the optimality of (¢, (), a(-)) and proves the above statement.

Next, by the classical Pontryagin’s maximum principle for the Problem (7'T)r, there exists a nontrivial pair
(por,o7r(-)) € R x C([0,T];R™) such that

wo,r <0,
d@;(t) _ _ (G(t:;j|(t)(t))l + |g(t)‘ Gr(tv :T?S—t()tg);;_ G(t7 ‘?(t)Dg(t)g(t)T + A(t)T) @T(t)a te [O,T],
(3.24)
(er(t),b(t, u(t))) = max (o (8), bt w) . ae. t € [0,7] (3.25)
and
(er(T) + 0ry(T),q —y(T)) 20, Vg€ Eyr). (3.26)

Obviously, (3.26) implies
(or(T) + o,ry(T), y(T)) = 0. (3.27)
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If wo,r = 0, then 7 () # 0 because of the non-triviality. If g 7 # 0, then it follows from (3.27) that
{pr(t),5(T)) = —por|5(T)* > 0,

or(-)
lo7(0)]

which indicates @7 (-) # 0. Therefore, o7 (-) # 0 always holds. Thus, by replacing ¢7(-) by if necessary,

we can suppose that |7 (0)] = 1. While (3.24)—(3.27) remain true.
Given € > 0, {7 () }i>T>0 is equicontinuous on [0, — €]. Therefore there is a subsequence, denoted in the

same way, such that it converges uniformly to () on [0, — ] when T"— ¢~. Hence, (3.20)—(3.21) are verified.
Furthermore, by (3.4), there exists a To € (0,t) and a ¢ € (0,1) such that

@ Gt [5(0]) = Gt [y, Vit e [To,t).
By (3.20), we get

g1 Gt [0

Ldjp(t)? Gt |5 -~ -Gy ,_ o -
— (A (1), 9 (1))
(G Im®D) T2 -
< - (SSLHOD _ar) e, e m, (3.28)
On the other hand, since
Ldlg(t)]> _ Gt |0l | - U
3 = T R (ADR0.50) + b0, 5(1). 560
G(t, yt)]) 2
< (SR o) o + Migto), vee o)

and lim |y(t)] = +oo, we conclude
t—t—

This, along with (3.27), yields
t _
i [ G156
t—=t= JT, 5(s)|
From the above inequality and (3.28), the desired equality (3.22) follows immediately. This completes the
proof. O

ds = +o0.

We will show later that any optimal triple of Problem (TS) also satisfies the above theorem. For this purpose,
we need some further observation on the optimal triple of problem (TI). First of all, we assume

(S5) For almost all ¢t € [0,4+00), b(t,U) is a convex set which contains 0 as its interior point. Meanwhile, for
any x € 9 (b(t,U)), there exists a unique A € S"~!, such that

(A\y—z) <0, Yy e b(t,U). (3.29)
Remark 3.3. Suppose that U is a closed ball (in R™) which contains its interior point 0. Further assume that

b(t,u) = B(t)u, Vte[0,+0),uclU (3.30)
and for each ¢ € [0, +00), B(t) € R"*™ has the full row rank. Then (S5) holds.
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Theorem 3.4. Assume that (S1)-(S5)
exists a nontrivial solution (-) € C([0,
following transversality condition

old and (t,y(+),u(-)) is an optimal triple of Problem (TT). Then, there
);R™) to equation (3.20) such that (3.21)—(3.22) hold. Moreover, the

h
t
((t),5(t)) >0, Vte (t—6,t) (3.31)

holds for some § € (0,1).

Proof. We will use the same symbols as those used in the proof of Theorem 3.2. We need only to prove (3.31).
Ift — 6 <T) < Ty <t then it follows from (3.25) that

(o, (1), b(t,u) — b(t,a(t)) <0,  ae tel0,Ty], i=1,2. (3.32)

Since ¢, (t) # 0 (Vt € [0, T3], i = 1,2), b(t,u(t)) is a boundary point of b(t,U) for almost all ¢ € [0, 7;]. Thus,
(S5) and (3.32) imply that

o7, (t) = corn, (t), a.e. t €[0,T1] (3.33)

for some constant ¢ > 0. By the continuity of @1, (-) on [0,T}] and |¢r, (0)] = |1, (0)| = 1, we get
er (t) = e (),  te€[0,T1] (3.34)

Consequently,
U(t) =pr(t), Vte[0,T),Telt—-01t) (3.35)

since ¢7(+) converges uniformly to ¢(+) on [0, — €] for any € > 0. Especially,

(D(T),9(T)) = {er (D), 5(T)) = —porlg(T)? 20, VT e[t—4,). (3.36)

On the other hand, since 0 is an interior point in b(¢,U) for almost all ¢ € [0,1),

(p(t),b(t,u(t)) = glea[}c(&(t), b(t,u)) >0, a.e. t € (0,7). (3.37)
Then
3 (90900 = ~HOLELBOR = CCIOD 50, 10y + (00,60, 10)
> IOIG |?7|S2t;|_ CEOD 5y, g)), e te(06). (3.38)
By (52),
o = [ EECIOD =G o), 530)
is well-defined in (0,%). It follows from (3.38) that
% (e (o). 50)) >0, Ve (0.0 (3.40)

Finally, (3.31) follows easily from (3.36) and (3.40). We complete the proof. O
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4. MAXIMUM PRINCIPLES TO PROBLEM (TS)

In the statement of the following theorem, we need
(S5’) For almost all ¢ € [0, +00), the origin of R™ is an interior point of b(t, U).

Theorem 4.1. Assume that (S1)—(S4) hold and (t*,y*(-),u*(-)) is an optimal triple of Problem (TS). Then
there exists a nontrivial solution ¥*(-) € C(]0,t*); R™) to the following equation

(DI Gr g™ () = G @) .

dyp*(t) (G(t ly™()]) T T
= - . I+ . y Oy () +A[E) | ¢r(t), tel0,t)
a v @) PROE Oy 0"+ 407w, rel
(4.1)
such that
(7(1), b(¢, u™(1)) = max (¥*(1), b(t, w)),  ae. t€[0,¢7) (42)
and
lim *(t) = 0. (4.3)
t—t*—
Furthermore, if (S5') holds, then
(*(t),y" (1)) <0,  Vte[0,t). (4.4)
Proof. The proof is similar to that of Theorems 3.2 and 3.4. Write
M = esssup sup max(|b(t,u)|, || A(t)]).
tel0,t*] uelU
One can easily find a p > 2M such that
1
* > < < <
2 ()2 M+ 1, wo(@() 1, (@) 1, (@) < p
2(p) > 18M.
Then, there is a § > 0 such that
v (O =20,  VEe[t"—4,t7).
For |z| > p, denote?
EZE{Kz‘%<€<1}. (4.5)

We now use Lemma 3.1 to show that for any T € [t* —0,¢*), (y*(-),uw"(-)) is an optimal pair of the following
problem (7'S)r: To find a control u(:) € %, such that the solution y(-) to the equation

U — Gt IO A + A(o) + b u(0), t € 0.7, -
y(0) =yo

minimizes |y(7)|? with the terminal constraint y(T) € Ey«(r).

Seeking for a contradiction, we suppose that there did exist a @(-) € % and an ¢ € [%, 1), such that
y(Tsa(-) = Lty™(T).

3In the proof of Theorem 3.2, it will also work if F. was defined by (4.5) there.
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In this case

P(|y(T5a()]) = 2(ly™(T)]) — :N - y( ‘=¢(€|y*(T)|)—¢(|y*(T)I)>0~

We set
), tel0,T],
"= {u*(t), te[T,t).

Then, by Lemma 3.1, &(Jy(-; a(-)]) — 2(ly*(-)]) — ’ ‘ZEZ& — “'38‘ ‘ is monotonically increasing in the existence

interval of y(+; @(+)) within [T, ¢*). In particular, we know that y(-;4(-)) exists on [0,¢*] and lim @(|y(¢t*;a(-)]) >
t—t*—

0, which contradicts the optimality of (¢*,y*(-),w*()). Hence, the above statement holds.

According to classical Pontryagin’s maximum principle for Problem (7'S)r, there is a nontrivial pair
(po1,07(-)) € R x C([0,T]; R™) such that

wo,r <0, (4.7)
dort) __ (GIY 0D, W QGO GO O 7 4 ) grit, 1€ 0.7
(4.8)
(pr(t),b(t,u*(t))) = max (pr(t),b(t,w)), ae tel0,T] (4.9)
and

(o1 (T) = o,ry™(T),q — y*(T)) = 0, Vq € Ey(1). (4.10)

Obviously, (4.10) ensures
{or(T),y*(T)) = wo,rly*(T) . (4.11)

When ¢or = 0, we get or(-) # 0 from the non-triviality. When ¢o 7 # 0, we get from (4.11) that

{er(t),y™(T)) <0,

which leads to ¢r(-) # 0 for this case. In summary, we conclude that @7 () # 0.
Thus, we can reset p7(-) such that [@7(0)] = 1. Moreover, we have (4.8)—(4.9) and the following inequality

(e (T),y"(T)) <0. (4.12)

Next, similar to the proof of Theorem 3.2, we get that, at least by taking a subsequence, {¢7(:)}t+>750
convergence uniformly to ¥*(-) on [0,¢* — €] for any € > 0 when T' — t*. Then we get the conjugate function
*(-) and (4.1)—(4.3).

When (S5') holds, similar to (3.40), we have

% (eh(t) (@T(t),g(t») >0, ae. te(0,T), T e[t —0dt%), (4.13)
where
_ [y (8)[ Gelss [y (s)]) = Gs, y* (s)]) < .
h(t) _/0 (s ds, te[0,t). (4.14)

Combining(4.12) with (4.13), we get

(or(),y* () <0,  ae. tel0,T). (4.15)
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Therefore,
(W (t),y"(t) <0,  Vte[0,t"). (4.16)
Then, since it also holds that
d
< (eh(t) (w*(t),g(t») >0,  ae tel0,t), (4.17)
dt
we get (4.4). O

Remark 4.2. In Theorem 4.1, if (S5’) is replaced by the following condition: (S5”) For almost all ¢ € [0, +o0),

0€b(t,U), (4.18)

then instead of (4.4), we have the following transversality result:

(W (), y*(t)) <0,  Vtelo,t). (4.19)

5. RESULTS FOR AUTONOMOUS SYSTEMS

When the controlled system (1.6) is time-invariant, both the statement and the proof of Pontryagin’s maxi-
mum principle can be simplified. In fact, due to the invariance of the system, for each T' € (0,%), the restriction
of an optimal triple (¢,%(-), @(+)) (of Problem(TI)/(TS)) over [0,7] is an optimal triplet to the new time optimal
control problem that steers yo to the target set {#(7)} in the minimal/maximal time. This new problem is
a classical time optimal control problem whose maximum principle can be derived by the standard way. By
passing to the limit for T" — ¢~ in Pontryagin’s maximum principle for the new problem, we can derive the
desired one for Problem (TT)/(TS).

More precisely, we consider

WO _ fy(e).u(e)), uieyt >0, (5.1)
y(0) = vo-

The following conditions are imposed:
(A1) (U,p) is a separable metric space;
(A2) The function f(y,w) is continuous in (y, ) and continuously differentiable in y € R™. Meanwhile,

ly(0,u)| < L, VYuelU (5.2)
for some L > 0. Futther, for any R > 0, there exists an Lr > 0 such that
|fy(y,u)| < LR, Vyl < RyueU. (5.3)

We have the following result.

Theorem 5.1. Assume that (A1)—~(A2) hold and (¢,y(-),u(-)) is an optimal triple of Problem (T1)/(TS). Then,
there exists a nontrivial solution ¥ (-) € C([0,t); R™) to the following equation

W g, awe, e, (5.4
such that
(B0, £, 6(0)) = max (90, £, ), ae-t € 0,7). (5:5)
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Proof. The translation invariance of the autonomous systems ensures that for any 7 € (0,¢), (T, y(-),u(-)) is
an optimal triple of the following optimal control problem: to find (t*,y*(:),u*(:)) € 2L, such that

T inf t / tr = sup t, (5.6)
(ty()u()ePL, (ty().u()ePT,

where
28 = {(t.y()u()) € (0,4 x C([0, +00); R") x %|(5.1) holds on [0,1), y(t) = g(T)}.  (5.7)

Thus, by classical Pontryagin’s maximum principle, there exists a nontrivial solution ¥ (-) € C([0,T]; R") to
the following equation

Wl — @, a0, teoT] (58)
such that
(e, £, 1(0)) = max (G (1), F5E).0)) . aet € 0.T] (59)

Because of the non-triviality of ¢r(-), we can set |¢)7(0)| = 1. Thus, for any € > 0, Yr(+) is equicontinuous on
[0, — €]. Therefore, {7 ()} has a subsequence that converges uniformly to ¥(-) on [0,¢ —¢] for any € > 0 when
T — t~. Then, by passing to the limit for 7" — ¢~ in (5.8) and (5.8), we obtain (5.4)—(5.5). This completes the
proof. O

Remark 5.2. In Theorem 5.1, we do not impose any growth condition on the nonlinear term. In fact, growth
conditions are contained in the existence of optimal controls.

Remark 5.3. In the time-invariance case, some weaker conditions than those imposed in Theorem 4.1 can
imply the transversality condition. But the proof is quite technique. We will not discuss it here.

6. SOME EXAMPLES

The conditions in Theorems 3.4 and 4.1 concern mainly about the functions G and ¢. Though quite com-
plicated, they are satisfied by many interesting and important systems. We will present some of them in what
follows.

We always assume that p > 1, § > and ¢(+) is measurable in [0, +00), satisfying

p—1
0 < essinf g(t) < esssup g(t) < +o0, VT >a>0. (6.1)
t€[e,T] t€le,T)

Example 6.1. Let

By taking
o(s) =57, 5> 0, (6.2)

one can directly verify that (S2)—(S3) hold.

Example 6.2. Let
G(t,r) = g(t)rin?(1+r), t €[0,400),r > 0.

We take
©(s) = exp (s*ﬁ) , s> 0. (6.3)

Then (S2)-(S3) hold.
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Example 6.3. Let
G(t,r) = g(t) (e@*m - 1) . te0,+00),r >0,

Choose
o(s)=In(1+s7), s>0. (6.4)

Then (S2)-(S3) hold.

Remark 6.4. In Examples 1 and 3, ¢(-) can be defined by (6.3), one needs only the positivity of 8 to guarantee
(S2)—(S3).
Similarly, in Example 3, if 5> 0 and ¢(+) is defined by (6.2), then (S2)-(S3) hold.

We end the paper with the next example, which shows that Pontryagin’s maximum principle does not hold
in that case.

Example 6.5. Consider

~—

dy(t t
:(yi—( = sec? t + u(t) sec? 3 t>0,

~

(6.5)
(0

=

:0’

<

where u(t) € [0,1]. Let u*(-) = 1, ux«(-) = 0. Then the corresponding states are

* t s
y*(t) = tant 4 2 tan 2 y«(t) = tant, te [O, 5) .

Both y*(-) and y.(-) blow up at ¢ = 7. Moreover, for any measurable u(-) satisfying 0 < u(-) <1, it holds that

v(t) Sylu() <y’ (), e (0.3)

Therefore, any control is an optimal control for the related blowup time optimal control problem. However,

when () = % and g(-) denotes the corresponding state, there is no non-trivial solution of
dyp -
©O — pew.aeen,  refol). (6.6)
such that
(1), £, 5(8),a(t)) = max (B(e), f(t. 50, w), e te0,7), (6.7)
where

t
f(t,y,u) = sec® t + usec? 5

In fact, (6.7) implies ¥(:) = 0, a.e. t € [0, F).
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