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SHARP INTERFACE LIMIT FOR TWO COMPONENTS BOSE—EINSTEIN
CONDENSATES *

M. GoLDMAN! AND J. ROYO-LETELIER?

Abstract. We study a double Cahn—Hilliard type functional related to the Gross—Pitaevskii energy
of two-components Bose—Einstein condensates. In the case of large but same order intercomponent
and intracomponent coupling strengths, we prove I'-convergence to a perimeter minimisation functional
with an inhomogeneous surface tension. We study the asymptotic behavior of the surface tension as the
ratio between the intercomponent and intracomponent coupling strengths becomes very small or very
large and obtain good agreement with the physical literature. We obtain as a consequence, symmetry
breaking of the minimisers for the harmonic potential.

Mathematics Subject Classification. 35Q40, 35J50, 49505, 49Q20.

Received January 8, 2014.
Published online May 1, 2015.

1. INTRODUCTION

For V' a given trapping potential (see Hypothesis 3.1 below for more precise requirement) and a fixed constant
€ > 0 let 7 be the (unique) positive minimiser of the Gross—Pitaevskii functional

1 1 1
B =5 [ VP + VIR + oIl da, (11)

under the constraint ||n]|2 = 1, where ||n||2 denotes the L?(R™) norm of 1. We then consider for 3, a; and as
positive constants, with a3 + as = 1, the double Cahn—Hilliard type functional

2

under the mass constraints

1 1 1 1 .
Feolo,e)i= 5 [ aEIVOP 4 g1 02 00? [Vl 4 Ot sind pda, (12)
R’!L

/ 77?112 dr=a;+as=1 and / nng cospdr = a1 — as, (1.3)

and study its behavior when the parameter ¢ tends to zero.
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This functional arises in the description of two-components Bose—Einstein condensates with equal intracom-
ponent coupling strengths (see Sect. 3). The parameter E% represents the intracomponent coupling strength
whereas 1 + (3 is the ratio between the intercomponent and intracomponent coupling strengths.

The Gross—Pitaevskii functional (1.1), which describes the energy of a single component condensate with
density |n-|?, has been extensively studied in the literature [1,2,17,18]. As ¢ goes to zero, 7. converges to the

Thomas—Fermi profile /p, given by

p(z) == (N = V(x))4 (1.4)

with A determined by the constraint / pdx = 1. The support of p is a domain denoted by D and corresponds

Rn
to the region where the density of the single component condensate does not vanish as € — 0.
The main result of the paper is the I'-convergence [11,12] of e, g to a perimeter minimisation problem with
an inhomogeneous surface tension o4, defined in D by o5(z) := p(z)3/?G 5 with

1 [tee 1 1
Tp = inf{i/ v/2+§(1—1}2)2+szgo/2+§v4sin2<pdt : lim ¢ = 0 and Emcp:ﬂ'}, (1.5)

where in the infimum, the function v (respectively ¢) denotes a function from R to [0, 1] (respectively from R
to [0, 7]).

Theorem 1.1 (I'-convergence). Let 8> 0 be fived. Under the Hypothesis 3.1, the I'-limit in L}, (D) x L} (D)
as € — 0 of eFe g with mass constraint (1.3) is given by the functional Fg defined as
/ 0—'6|D<p| ifv=1a.e inD and ¢ € BVioe(D;{0,7})
Fo(v,0) =472 7" (1.6)
400 otherwise,
with mass constraint
/ pcospdr = a; — . (1.7)

Since Fp is finite only for v = 1, we will denote by Fs(p) := Fp(l,¢). It is worth noticing that since
Fslp) = 98 / p>/%| D, the minimizers of Fj do not depend on 3. This fact, which is quite peculiar to BEC
T JD

interfaces, was already well-known in the physics literature (see [32]). The functional F. 3 shares at the same
time some features with the celebrated Ambrosio—Tortorelli functional which is approximating the Mumford—
Shah functional (see [4,5]), and some other with functionals appearing in the study of phase transitions such
as the Modica—Mortola energy [26] (also known as Cahn—Hilliard or Allen—Cahn functional) or more general
weighted functionals [10] (see also [11,12]). Indeed, F. 3 consists of the sum of two singularly perturbed, weighted
double-well potentials which are coupled together. As in [3,5,10,11] our proof is based on the slicing method
described in Section 2.2.

In experiments realised with two-components Bose—Einstein condensates [16,25,29], the segregation of the
components is observed for large values of the intercomponent coupling strengths. This has also been supported
by numerical simulations in respectively, one ([20]), two ([19,23]) and three ([28]) space dimensions. In our
setting, at the level of F. g this means that for large values of 3, ¢ takes approximately only values 0 and
7 while v is almost everywhere close to one. Moreover, for the harmonic potential V = |z|?> in dimension
n = 2 [23,25], one also observes a symmetry breaking in the sense that while V is radially symmetric, the
support of each component (which correspond respectively to A := {¢ =7} and D\ A = {¢ = 0}) are not. The
numerical simulations also show that near 0A, the function v is close to a small positive constant. For 5 < 0
the two components do not segregate and their densities are both proportional to p.
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We mention that segregation of two-components condensates has been widely studied for bounded intra-
component coupling strengths and large intercomponent coupling strength. In [30] segregation and symmetry
breaking is proven in R? for small intracomponent coupling strengths. In [33], working on a bounded domain
of R? and taking the trapping potential V to be zero, the authors show segregation and local uniform conver-
gence of the two components. In [15,27] the regularity of OA is studied for the same model. The profile of the
components near JA is analysed in [8,9].

In [3] the functional F. g is studied for n = 2 when § goes to +00 as € tends to zero. The authors also
prove I'-convergence to a perimeter minimisation problem with an inhomogeneous surface tension. The main
difference with our setting is that for 3 — o0, the limiting energy is given by the first two terms of ¢F. g
while the last two terms go to zero as € — 0. This leads to some decoupling of the energy which allows to
compute explicitly the limiting surface tension. In our case, all the terms in the energy ¢F; g are of the same
order so that the surface tension is given by the one dimensional optimal transition problem (1.5). Thus, we
need to precisely analyse the behavior of g and of the associated optimal profile. We prove existence and
qualitative properties of minimisers of o, an equipartition of the energy and compare our results with the
physical literature [6,7,24,31,32]. In particular, we prove that minimisers (v, ¢) of g satisfy inf v = m(3) > 0,
as was expected from numerical simulations. We remark that we are unable to prove uniqueness of the optimal
profile. We study the asymptotic behavior of 3 when 3 tends to zero or infinity. On the one hand, we prove that
when § — +o00, we recover the functional derived in [3]. We show that in this regime, 3 ~ B~1/* as predicted
by formal asymptotic expansions [32]. This estimate follows from the fact that m(8) ~ 8~'/* (see Prop. 4.3).
This fact is related to some open questions raised in [8] (see also the discussion in [3]). On the other hand,
we show that as expected from [6,7,24,31], 55 ~ /3 when 8 goes to zero. The fact that o5 vanishes in this
limit, reflects the non segregation of the two components. Finally, in Proposition 6.6, we extend the symmetry
breaking result for minimizers of F, (for the harmonic potential V' = |z|?) obtained in [3] to space dimensions
n =1 and n = 3. We notice that since the minimizers of Fg coincide with the minimizers of Fo,, this symmetry
breaking result extends to any 3 > 0 and by I'—convergence to minimizers of the original functional F, 5 for e
small enough.

The paper is organised as follows: in Section 2 we recall the definition and main properties of functions of
bounded variation and the slicing method. In Section 3, we explain how the functional F. s arises from the
coupled Gross—Pitaevskii energy of a two-components Bose—FEinstein condensate. In Section 4 we study the
variational problem (1.6) and 8 > 0, and prove existence and qualitative properties of minimisers. In Section 5,
we prove our main [ -convergence theorem. Finally, in Section 6 we analyse the asymptotic behavior of o3 when
[ tends to zero or infinity and prove as a consequence symmetry breaking of the minimisers.

2. NOTATION

For x € R™ and r > 0, we denote by B,.(x) the ball of radius 7 centered at 2 and simply write B, when x = 0.
We let S"~! be the unit sphere in R™ and for k € [0;n], we denote by H* the k-dimensional Hausdorff measure.
Given a set F C R", we let 15 be the characteristic function of the set E. The letters, ¢, C' denote universal
constants which can vary from line to line. We also make use of the usual o and O notation. For a and b real
numbers we let a Ab := min(a,b) and a Vb := max(a, b). Throughout the paper, with a small abuse of language,
we call sequence a family (u.) of functions labeled by a continuous parameter ¢ € (0,1]. A subsequence of (u.)
is any sequence (u.,) such that e, — 0 as k& — +o0o. We mention that p will denote a positive constants in
Sections 4 and 6, while in the rest of the paper it will be the function given in (1.4).

2.1. BV (12) functions

For 2 an open set of R, let BV (§2) be the space of functions u € L!(§2) having as distributional derivative
Du a measure with finite total variation. For u € BV ({2), we denote by S, the complement of the Lebesgue set

1
of u. That is, ¢ S, if and only if lim, _ g+ |B—/ lu(y) — z| dy = 0 for some z € R. We say that z is an
r B, ()
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approximate jump point of u if there exist v € S”~! and distinct a,b € R such that

1 1
lim ——— lu(y) —aldy=0 and lim ——— |u(y) —b| dy =0,
=0 |Bf (2,v)] JB# (@) 70 |Br (z,v)] JB; (.6)

where B (z,v) := {y € B.(v) : £(y — x,v) > 0}. Up to a permutation of a and b and a change of sign of v, this
characterizes the triplet (a, b, ) which is then denoted by (u™, 4™, v,). The set of approximated jump points is
denoted by J,,. The following theorem holds [4].

Theorem 2.1. The set S, is countably H" '-rectifiable and H" (S, \J.) = 0. Moreover Dul_J, = (u* —
u T, HP L .

We indicate by Du = Vu dz + D*®u the Radon—Nikodym decomposition of Du. Setting Du := D%ul_ (£2\S.,)
we get the decomposition
Du=Vudr + (um —u )y, H" ' J, + D,

where | denotes the restriction. In particular, if u = 71 € BV (£2,{0,7}) then Du = mvPH"~1_9*E, where
0*FE is the reduced boundary of E defined by

O*E = {.Z‘ € Spt(|D1gl) : Z/E(ac) = —lim D1g(B, (z))

=T exists and [vF (2)| = 1}
710 |D1g|(B,(x)) = (@)

and vF is the outward measure theoretic normal to the set E which is countably H"!-rectifiable. When n = 1
we use the symbol v/ in place of Vu, and u(x™) to indicate the right and left limits at z.

2.2. Slicing method

In this section we recall the slicing method for functions with bounded variation (see [11], Chap. 4) which
will be used in the proof of the lower I'-limit. Consider an open set A C R"™ and let v € S*~!. We call II,
the hyperplane orthogonal to v and A, the projection of A on IT,,. We define the one dimensional slices of A,
indexed by = € A,, as

Apg ={teR; z+1tv e A}.

For every function f in R™, we note f,, the restriction of f to the slice A,., defined by f,.(t) := f(x +tv) .
Functions in BV (§2) can be characterised by one-dimensional slices (see [11]).

Theorem 2.2. Let u € BV(A). Then for all v € S"~! we have
Uy € BV (ALz) for H" ' —a.e. x € A,.

Moreover, for such points x, we have

ul,(t) = (Vu(x +tv),v) forae te Ay, (2.1)
Ju,, ={teR:x+tve J,}, (2.2)

and
Uy (tF) = uF(z +tv)  or wu,.(tT) =uT(z +tv), (2.3)

according to whether (vy,v) > 0 or (v,,v) < 0. Finally, for every Borel function g: A — R,

| st i@ = [ gl ae, (2.4)

At Tu

Up g
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Conversely if u € L'(A) and if for all v € {e1,...,e,}, where (e1,...,e,) is a basis of R™, and almost every
x € A, we have u,, € BV(A,,) and

/ | Dty |(Aye) dH () < 400,
A

v

then u € BV (A).

3. DERIVATION OF THE ENERGY F. 3 FROM THE COUPLED GROSS—PITAEVSKII
FUNCTIONAL

A two-components condensate is described by two functions u; and us, where \ul\z and |U2|2 respectively
represent the densities of the first and second component. The energy of the two-components condensate is given
by a coupled Gross—Pitaevskii functional. When the intracomponent coupling strength of each component is
equal to 1/¢2, and when the intercomponent coupling strength is equal to (1+ 3)/2, the functional is given by

1+ 0

gs(“la“?) = Eg(ul) —+ Eg(uz) + 2—62

Jur[?fuz|? da,
RTL
where E. is defined in (1.1). Assuming that the mass of each component is preserved, the functional & is
minimised under the restrictions

/’ lui|* dz = ay and / \u2|2 dz = as (3.1)

with a1, a0 > 0 and a; + as = ||n]l2 = 1.

Standard arguments used in the study of a single component condensate yield that the minimisers of £, under
the constraint (3.1) are smooth positive functions, up the multiplication by constant terms of modulus 1, with
L norm uniformly bounded with respect to ¢ (see [1,3,17,18]). Notice also that for a radial potential V, if
(u1,us2) is a minimiser, then for any rotation R of the space, (u; o R, us o R) is also a minimiser. In the single
component case, the Euler—Lagrange equations imply uniqueness of the minimiser from which one can infer its
radial symmetry. For two components condensates, this is not the case anymore.

The relation between & and F. g was established in [3]. Using the nonlinear sigma model representa-
tion [19,23] and the Lassoued—Mironescu trick to decompose the energy of a rotating single condensate [21],
the authors introduced the change of variables

/ 2 2 .
V= —‘ul‘ + s and LA Arg —|u1| + ifuz| (3.2)
Vi ? + |uz)?

Ne 2
for any pair (u1,uz) such that & (u1,u2) < oo and |uy|? + |uz|? > 0. The equality

ga(ul’ u2) = -7:5,5(’07 ‘P) + Ee(ns) (3-3)

then holds, and the mass constraints in (3.1) rewrite as in (1.3). Let us point out that in [3], only the case
n = 2 is considered but the proof carries over verbatim to any space dimension. As seen from (3.3) and the
expression (1.2) of F. g, there are two main advantages of the formulation of the problem in terms of the
functions (v, ). On the one hand, it naturally identifies the leading order term E.(7:). On the other hand, it
clearly shows that the second order contribution F. g is a singular perturbation type functional.

Notice that since the minimisers (u1,u2) are uniformly bounded and 7. does not vanish, for every compact
set K of D, there exists a constant C'(K) such that 0 < v < C(K) in K. Moreover, it is readily seen from the
definition that ¢ € [0, 7]. We are thus naturally led to minimize F. g in the class

Y (D) :={(v, ) : for every compact set K C D, 0 <v < C(K) in K and ¢ € [0, 7]}
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under the mass constraints (1.3). For a subset A of D, we introduce the localised version of F, s:

1 1 1 1 .
Fep(v, 0 A) = 3 /Ang\VvF + 2—5277?(1 — v2)2 + anvz \th\z + 4—52&]?@4 sin? p dz,

and
Y (A) :={(v, ) : for every compact set K C D, 0<v < C(K)in KNAandpe€l[0,n]}.

Notice that, for any (v, ) € Y (D), defining
uy 1= v cos(p/2) and ugz = n.vsin(p/2) (3.4)

relation (3.3) holds and we have |u;|? + |uz|? > 0.
In the following we are going to make the following assumptions on V:

Hypothesis 3.1. V is such that V() — 400 when |2| — 400 and there exist C,a,b,c > 0 such that if p is
the Thomas-Fermi profile defined in (1.4),

1Melloe < € (3-5)
7]l L2@n\p) < Ce®
[ne(z) — /p(x)| < Ce€ if dist(z,0D) > Ce®

We remark that for the harmonic potential V (z) = |z|2, it was proven in [17] that these conditions hold true
in dimension n = 2. Moreover, it can be checked that their proof carries over almost verbatim to any space
dimension. Recently, Karali and Sourdis [18], obtained that if n = 2, Hypothesis 3.1 holds if V' satisfies:

(i) V is nonnegative and C*,

(ii) there exist C' > 1, p > 2 such that (1 + [z|?) < V(z) < C(1 + |z|P),

(iii) D is a simply connected bounded domain containing the origin with smooth boundary and such that
9% > 0 on OD.

Notice that in their paper, Karali and Sourdis prove that ||n. — \/p|| 1 ®2) < Ce'/3 ([18], Rem. 4.4) which is
stronger than (3.7). They also claim that their proof should extend to any space dimension (see [18], Rem. 3.12)
and that the fact that D is simply connected is superfluous (see [18], Rem. 1.1).

4. THE SURFACE TENSION AT FINITE (3 > (0

In this section, for g > 0 fixed, we study the following variational problem:

g = inf {gﬁ(v,go) c0v>0,0<p<mlimp=0and limp = 7r} , (4.1)
—0o0 +o00
where
| P Loy w,B a2
Gs(v, p) = 5/ v+ W(v) + 10 o+ 70 sin® ¢ dt, (4.2)
— o0

with W (v) := (1 - v2)2. Let us point out that if Gz(v, ¢) is finite then lim, 4 v(z) = 1.
We start by evaluating the energy necessary to connect v from a given value m > 0 to 1.
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Lemma 4.1. Let m € [0, 1] then

inf{/0+oov/2+W(v)dt : U(O):m}:ﬁ(g—m+%3)7

1
and the optimal profile is given by vy, := tanh (\/;t + cm> where ¢, 1= tanh_l(m).

Proof. As in the usual Modica—Mortola problem,
+oo 1 ) m3
inf v’2+W(v)dt:\/§/ 1-t)dt=Vv2 (= -—m+— |- O
v(0)=m Jq m 3 3
We now prove that we can restrict ourselves to functions v which stay away from zero.

Proposition 4.2. For every 8 > 0, there exists m* = m*(3) > 0 such that
g:inf{gﬁ(v,go) sv € [m* 1], limep =0 and lim<p:7r}. O
—0o0 +oo
Proof. First, let us notice that by truncation, we can reduce ourselves to minimise among functions v € [0, 1].

Up to translation we can also assume that infg v = v(0). Let m > 0, then for every function v such that
infg v = v(0) = m and every admissible ¢,

0)= oo v(0)=m Jo

0 “+oo
Ga(v, ) > % [ (inf / v+ W (v) dt} +% { inf / v+ W (v) dt]
+1/ v2<p’2+5 4sin? o dt

+o00
2{ inf / v+ W (v) ] /ﬁ1/2 3| sin ||| dt

v(0)=m Jqg

9 3 1/2
> V2 L +5 m’ /\sin<p|\<p/|dt
3 3 i )

9 3 1/2,,3 T
:ﬁ(——m—l—%)—l—ﬁ i / |sin x| dz
0

(G (5+55))

Now, for m > 0 and T > 0, consider the test functions defined by

(=t —=T) t<-T 0 t< =T
U, T 1= M te[-T,T] and @r:=Q5:t+T) te[-T,T]
Ut =T) t>T T t>T,
then
2 m3 T
Ga(Um, T, PT) V2 (§ —m+ ?> 5(1 —m?)? + 16T sin? t—|— T)) dt
2 m3 T m2m? 5
=V2(5-—m+—0 |+ 501 -m?? —m'T 4.
f(:’) m+3> g (1= e * 3 (43)
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FIGURE 1. The function ¥.

Optimizing in T we find T, := 2\/5((1—77172”57;—&-%7)14)1/2 and
2 m3 2 1/2
gﬁ(vmvaﬂme) = \/5 (§ —m + ?) + %mﬂ' ((1 — m2)2 + §m4> . (44)

Let now (see Fig. 1)
3

m 1 1] 1/2
o _ < o2, P4
¥(m) .—< 3 m>—|—4m7r((1 m*) —|—4m>
so that Gg(vm 1, ¢1,,) = V2 (T(m) + %) and let

m = argmin ¥ (m).
me[0,1]

Let us first notice that since ¥(0) = 0 and ¥'(0) = § — 1 < 0, the minimum of ¥ is negative for every 8 > 0.

The function st — m is decreasing in [0,1] and ¥(m) > —2 hence there exists a unique m*(8) € (0,1) such

that %ﬁ)s —m*(B) = ¥(m). We claim that

G5 = inf {gg(v,go) :info > m*(0), limp =0 and limp = 7T} .
—0o0 +oo
Indeed, if v is such that inf v < m*(5) and if ¢ is any admissible function, then letting m := inf v, there holds

G5 (Vs T ©T) = V2 <Q(m) + ;) <2 <m?3 Cm %)

<\/§<§—m+m3 (%4‘%)) < Gs(v, )

so that we can construct a competitor with smaller energy than (v, ¢). O

In the regime 8 — 400, we can prove a more precise bound on inf v. Notice that in the case § = +o0, [3]
proved that inf v = 0.
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Proposition 4.3. There exist constants B,C > 0 such that if 3 > B,

1
G = inf{gg(v,ap) : 6571/4 <info < Cg~Y4, Eg.}(p =0 and 1+11Crg<p = 7r} .

Proof. Let M :={m €[0,1]:m ( + 'g;) —m > W¥(m)} then arguing as in the previous proof, we obtain

o = inf {gﬁ(v,go) sinfo ¢ M, limp =0 and limp = 77} .
— 00 +oo

The claim is thus proven provided we can show that for 3 large enough, and for m € [0, 1] such that m < %5*1/4

—1/4 : S 8 s : ~1/4 03 (1 4 BY2Y _
orm > Cp then m € M. We notice first that if 3 is large then if m > Cg ,m° 5+ Vo) m>0>

1/4 1/2
¥(m) hence m € M. Taking m = mB~"/* with 0 < m < (4 [w;—f?D so that $7m ((1 —m?)? + %m‘*) <1,

we obtain ¥(m) < —%5_1/4 and therefore, for m < %5_1/4, we have m ( + g\/[) —m > ¥(m), that is

m e M. O

We can now prove the existence of an optimal profile.

Proposition 4.4. For every 3 > 0 there exists a minimiser of G3. Moreover, it is smooth and satisfies the
Euler— Lagrange equations

1
—v" = (1 —v*)w+ Zvaplz + ﬁv?’ sin?p = 0 (4.5)
—(v2") + povtsinpcosp = 0. (4.6)

Proof. Let (vn,¢n) be a minimising sequence. Up to translation, we can assume that ©(0) = 5. Let us notice
that up to truncating v,, we can also assume that v, € [0,1]. Therefore, since v/, is uniformly bounded in
L?(R), up to extraction, the sequence v,, converges locally uniformly to some continuous function v. Moreover,
by lower semicontinuity,
/ 0?4+ W(v)dt < lim V% + W (v,,)dt.
R

n—-4oo JR
Since

/(1 —w)%dt < /(1 —0?)?dt < C  and /(1 —v)?<C,
R R R

the function (1 — o) is in H'(R) and therefore lim4 (1 — v) = 0, d.e. limy v = 1. Thanks to Proposition 4.2,
inf v, > m* from which we obtain that ¢/, is bounded in L?(R) and thus ¢,, also converges locally uniformly
to some continuous function ¢ with ¢(0) = 7. By lower semicontinuity, there holds

1
/ v + ﬁv4 sin? pdt < lim —vinplnz + évfl sin? ¢, dt.
R 4 n—-+oco JR 4 4

Since sin? ¢ € H L(R), the function sin? ¢ converges to 0 both at plus and minus infinity so that ¢ has a limit

at infinity which is either 0 or 7. Moreover, since ¢(0) =  we see that ¢ cannot be constantly equal to 0 or 7
on R. If lim, o v(2) = limy—, 4 oo v(2) then assuming that

0 B oo B
/ v+ W (v) + 4v2<p'2 + Sotsin? pdt < / v+ W (v) + 4v2<p'2 + Sotsin? pdt
oo 0
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and setting

x>0 T—p(—x) x>0,

o() == {Zgi)x) v<0 and  p(z) = {%0(90) r <0

we see that Gg(0,9) < Gg(v, ) and up to symmetrising again, lim, ._ o ¢ = 0 and lim, .+ ¢ = 7 so that
(0, ) is a minimiser of Gg.

From the integrated form of the Euler—Lagrange equations we see that (v2¢’) is in H\ (R) with derivative
equal to Bv?sin ¢ cos ¢ which is continuous. Hence, v2¢’ € C! which implies (by continuity of v) that ¢’ € C°
and thus ¢ € C'. From this, we can use the first equation to infer higher regularity of v and then a simple
bootstrapping argument gives the smoothness of (v, ). O

Remark 4.5. Arguing as in [5], we could have obtained the existence of an optimal profile even without using
the fact that infv > 0.

We can now study some qualitative properties of the minimisers of Gz at fixed 3 > 0.

Proposition 4.6. For every minimising pair (v, ) of G, the function ¢ is increasing. Moreover there exists
a minimising pair (v, ) such that (—t) = 7 — o(t) and v(—t) = v(t), v is increasing on RY, ¢ is convexr on
R~ and concave on RT. For every minimising function v, the minimiser of

min{/ 411290'2—1— b visin? odt : limp =0 and Emgo:w} (4.7)
R — 00 o0
s unique and vice versa, for every admissible @, the minimiser of

1
min {/ v+ W(v) + 41)2@'2 + iv sin @dt} (4.8)
R
is unique. Finally, for every minimising pair (v, ), there is equipartition of the energy in the sense that

1 1
v+ Zv2<p'2 =W(v)+ Zﬁv‘L sin’ @ (4.9)
Proof. Let (v, ) be a minimising pair of Gg and let us prove that ¢ is increasing. Let ¢t~ be the first point such
that ¢(t) = 7 and similarly, let ¢* be the last point such that p(x) = 5. If t~ # ¢t then assuming that

t 400
/ v 4+ W (v )—1—4112(,0/2—!—511 sin npdt>/+ v 4+ W (v )—|—4v2<p/2—|—ﬁ vt sin? @ dt,
s t

letting

oy Jult+tt) >0 S ettt t>0
ot) := {v(t+—t) p<o M elt)= {ﬂ—(p(ﬁ—t) t<0,

™

there holds Gs(9,¢) < Gp(v, ) which gives a contradiction. From this, we see that ¢ can take the value 7
in only one point which up to translation can be assumed to be 0. From this, it follows that ¢ > 7 in RT
hence from (4.6), we see that v?¢’ is decreasing in R*. Since lim,_, ;. ¢(z) = m and p(z) < 7, there must be
arbitrarily large x such that ¢’ (x) > 0 from which we infer that ¢’ is non-negative in R*. Similarly we can prove
that ¢’ is also non-negative in R™. Let us notice that the symmetrisation made above, constructed a minimising
pair (0, @) which satisfies ¢(—t) = m — ¢(t) and 0(—t) = 0(t). From now on, let us drop the tildes for the sake
of clarity and assume that (v, ) is a symmetric minimising pair.

Let us now prove that we can further modify v, respectively ¢, on RT and get an increasing, respectively
a concave, function on Rt while decreasing the energy. For this, we use standard rearrangement techniques
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(see [22]). For a function f vanishing at infinity, let us denote by f* its decreasing rearrangement (see [22]).
Analogously, for a function g with limit « at infinity let us denote by g, its increasing rearrangement i.e.
fe = a— (a— f)*. From Theorem 3.4 of [22], we see that for two nonnegative functions f and g such that f
vanishes at infinity and ¢ has a limit at infinity, there holds

/f*g*dtg/ fgdt.
R+ R+

Consider now v, the increasing rearrangement of v then W(v,) = W (v)*, (v?)s = (v4)?, (v1)s = (v<)* and

/ v2dt < / v"2dt. Let finally @ := T
R+ R+ 2

¢. Notice that @ is increasing and concave and for x € RT, there holds

x
+ / (¢")*(t)dt be the primitive of the decreasing rearrangement of
0

fa) =5+ [(rea=7+ [ () O1e0

from which sin?(5(z)) < sin®(¢(x)) and by symmetry the same inequality holds in R~. From this, we infer that

/(v*)4 sin?(@)dt < / v*sin? @dt and /(v*)Q((ﬁ')th < / v?(')2dt. Putting all this together, we find that
R R R R

gﬁ('U*, 45) S gﬁ('U, QD)

Let v be a fixed minimising function and let us prove that the minimiser of (4.7) is unique. For this we use an
observation of [13] (see also [14]) and let ¢ := sin¢. The functional takes then the form

1, y”? B 42
/R4v1_w2—|—4v¢dt

which is a strictly convex functional in 4. From this we deduce that sin ¢ is unique and since (v, ¢) is minimis-
ing Gg, the function ¢ is increasing from which we infer that ¢ is also unique.

Similarly, if ¢ is any admissible function, then using the celebrated Brenier trick in optimal transportation,
we let w := v? and notice that the functional can now be written as

12 1 1
/R % + 5(1 —w)? + ngo’z + §w2 sin? pdt
which is strictly convex in w. Hence, w is unique from which it follows that v is also unique.
Finally, the equipartition of the energy (4.9) follows simply by differentiating for instance the right handside
and then using (4.5) and (4.6). O

Remark 4.7. If v is any admissible function we cannot in general infer that a minimising ¢ of (4.7) is increasing.
In this case, we can however still conclude that sin ¢ is unique.

Remark 4.8. The uniqueness of the minimising pairs (v, ¢) seems to be a difficult question. Let us notice that
the functional
p? B

w? 1 1
Wl w4 s Bo2e?dt
/Rw+2( W e e
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is not convex in (w, ). Moreover, due to the non monotonicity of v, the sliding technique (see [9]) seems to be
difficult to use here. We also mention that using the change of variables in (3.4) with 7. replaced by ,/p, the
uniqueness of the minimising pair (v, ¢) would be equivalent to the uniqueness of minimising pairs of

1 1
3 / uf? +ul + 5(1& +ul — p)? + Buiul
R

with constraints
limu; =limuy =p and limu; =limuy = 0.
“+o00 —00 —o0 “+oo

5. I'-CONVERGENCE OF F_ 3 FOR 3 > 0
In this section we study the I'-convergence of the functionals ef; g as ¢ — 0 and prove Theorem 1.1.

5.1. Lower bound and compactness
We start by proving the compactness of sequences with bounded energy.

Proposition 5.1 (Compactness). Let (ve,¢.) € Y(D) be a sequence of functions such that

sup eF: g(ve, pe) < 0. (5.1)
e>0

Then, as e — 0,

(Ve, pe) = (v,0) in Llloc(D) X Llloc(D)v
where v =1 a.e. in D and ¢ € BVioe(D;{0,7}). Moreover, if (ve,p:) satisfy the mass constraint (1.3), then ¢
satisfies (1.7).

Proof. Let K be an open set relatively compact in D. From (3.7), there is ¢ = ¢(K) > 0 such that for € small
enough 7. > ¢ > 01in K, so

. 8
/ |1 - Us|2 + ﬁvf sin® pe < C_4€2767ﬁ(’06a<)06) = 06—>0(1)'
K

Hence, v. — 1 in L?(K) and sin®(p.) — 0 a.e. in K. We also observe that

C3 .
6-7:5,[3(1}5’@6) > Z/ |VU5| ‘1 - US\ +U§ |V(ps| sin e > C/(K)/ ‘V’(/J(Ug,(pg)‘,
K K

where 9¥(s,t) == g(t)v3(4/3 — v) with g(t) := fot sinzdz = 1 — cost. The functions ¥(ve, p.) are uniformly
bounded in BV (K), so ¥(ve, ¢:) — g in L'(K). We derive that g(p.) — 31, which implies that ¢, — ¢ =
g7 (3¢h) € L' (K;{0,7}), since g is monotone and sin®(p.) — 0. Then, since 19 € BV (K;{0,2/3}), we obtain
that ¢ € BV (K;{0,7}).

Finally, if (ve, ¢c) satisfy (1.3), then since [, pdz = 1, there is 7 > 0 going to zero as dist(K,dD) — 0, such
that fD\K pdx = rg. Also, from (3.7) we have [, nZvide — [, pdz =re g = 0-—o(1). Combining these and

Jgn m2v2dx = 1, we obtain ‘fRn\K n2v? cos cpgdw‘ < fRn\K ntvide = rg + re g, which yields

= lim

e—0

’/ pcospdr — (o — az) <rg
K

/ n?v? cos p.dx
Rﬂ, \K

and finishes the proof. O

= lim ’/ ngvf cos p-dx — (a1 — a2)
e—0 K
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In order to apply the slicing method we need to define the one dimensional restriction of the energy. For
this we recall that for A an open set of D, z € A and v € S"~ !, we set A,, := {t € R; x +tv € A}. For
(v,9) € Y(Ayz), we define the one dimensional energy

1

1 1
fe,ﬁ(vv @7Ayx) = 5/ Uix,a“ﬂ + 2_527733075(1 - U2)2 + vaw,E‘eQUQ ()0/2 + _ﬁnyw EU sin det

v

We also define the limiting one dimensional energy as

Ovz,
Filgs Ava) = /A TvwB ).

s

Proposition 5.2 (1d I' —liminf). Let z € D, v € S" ! and ¢ € BVioe(Dys; {0, 7}). For any sequence (v., pe):

Ry, — (0,1] x (0,7) converging as € — 0 to (1,¢) in Ll (Dyy) X Ll (Dys),
limiélfe]:g,g(vg, ©s;Dyz) > Fp(p; Dug)- (5.2)

Proof. Let B be any open, relatively compact subset of D,,.. Let tg € BNJ, and dy > 0 be such that (to—0, to+9)
is contained in B. We can choose t* € (ty — §,to + ) such that
<ty <t p(t) £et), p(tt) — p(tt) € {0, and o (tt) — 1

as ¢ — 0. Estimate (3.7) and B C D, yield

1T 1 1
‘Sfﬁ’ﬁ(vﬁv Pes (t+7t )) = 5 / 577m 5 2‘2 _nux 5(1 - ) + 4577ux sve 905 + ﬁnmc Evs Sll’l ‘padt
i

1t 1 1 1 .
> pyz(to)i/ 51);2 + Zp,,z(to)(l - ) + 451) 905 + 4—65,0”(150)11? sin? @ dt
.

— 5+ 0-0(1).

for some ¢ = ¢'(B) > 0. We define T+ = (t* — to)ivp”{;(to) and f(t) = f(ﬁt-i-to) for f =
Prax(to

Vs, Pe, Nua,e OF Pug. A change of variables yields

t+ T+
1 e 1
e/ ok +4 2Pdt = \/pyx(to)/ 17;2+—17§ Prdt
. _
et "
P 6(0)/ (1—1)) + ﬂv sin? p.dt = vV pua(to) / —|— ﬂv sin? G.dt
i

and thus

fa,ﬁ(vea Pe; (t+7t7)) > pum(t0)3/2 gﬁ(@sv e (TeistJr)) —do+ 05—»0(1)7

where for an interval I and a pair (v, ¢), Ga(v, ¢; I) is the localized version of Gz defined in (4.2).
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Define now
B(t) e (T0,T)
De(t) := ¢ linear joint if t € (T.F, X +6) U (T2 —6,T,)
1 ifteR\ (T- — 0,75 4+ 9)

and
o (t)  ifte (T, 1)
R linear joint if t € (T, T +6) U (To —6,T.)
U= ) e (Coo T - 6) '
e(tt) ift e (TH +6,+00)

We have that (0c, ¢e) is admissible for 3 so

Gs(e, @ (T2, TH)) > G5 + 0c—o(1).

Hence,

eFe.3(Ve, e (tT,t7)) > ovz.5(to) + 0co(1) — 6. (5.3)

Since ¢ € BVioc(Dys,{0,7}) we have BN J, = {to,...,tn} for some N € N. Consider §y > 0 such that for
0 € (0,00), the intervals Iy = (to — 0, tp + d) are disjoint and contained in B. Reasoning as before and since (5.3)
holds for every d € (0,d¢), we obtain

N
€fe,ﬁ(vsv ¢e; D) > Zaux,ﬁ(ti) + 0c—0(1).
i=0
Thus,
liminf e F, g(ve, pei Dyz) > Z () :/ m’_wﬂkp/‘ = Fs(v, ; B).
e—0 B T
teBNJ,
This yields (5.2) since the choice of B was arbitrary. 0

We can now prove the I'-liminf. For any ¢ € BW,o(D), we define the localised lower I'-limit of eF; g as the
set function defined in A(D) by

F'(p; A) 1= inf {Tim inf o7 (v, 0e s A); (ve,02) = (1,6) in Lioe(D) X Lige(D) }

and we write F'(¢) := F'(¢; D).

Proposition 5.3 (I'-liminf). For any ¢ € BVio(D;{0,7}),

F'() = Fp(e)- (5-4)

Proof. Consider any fixed open set A relatively compact in D, v € S*1 and ¢ € BV(4,{0,7}). Let then
(ve, <) be such that v. — 1 and ¢, — ¢ in L'(A) and such that

lim e 7. g(ve, e A) = F' (3 A).

e—0
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We may assume that F'(p, A) < oo, so that (5.1) is satisfied. From Fubini’s Theorem, there holds

6-7:5,6(7157 Pe 3 A) > / gfs,ﬁ(ve,uxv Pe,vx 3 Al/w) dHnilv

v

with (Ve pe, Pevz) — (1, pug) for ae. x € A,. Then, Fatou’s lemma, Fubini’s formula, (2.4) and Proposition 5.2
yield

liw e (v d) 2 [ an ) [ P22 = [ o)l e
A A nJ.

e—0 ™

v v A ©

Notice that the last equality holds because ¢ is the characteristic function of a set with finite perimeter in
A. Hence,

F(g: 4) > / 05(2) (g )| AH

AnJ,

Since all the functions F. are local, F'(y;-) is super-additive on open sets with disjoint compact closures.
We may apply ([11], Prop. 1.16) with 2 = D, A\ = og(z) H" 1L 0*{p = 7} (where we recall that 9*F
denotes the reduced boundary of E) and v; = |(v,, v;)|, where {v;} is a dense family in S"~!. Remarking that
sup; [(Vy, V)| = 1, we obtain

Flp 4) > /A op()an T = Folps ).
NJy

which yields (5.4). O

5.2. I'-limsup

In this section we construct a recovery sequence and prove the I'-limsup. Using the following lemma, we may
restrict our selves to prove the inequality for the I'-limsup for functions in

X = {p =7ly; A relatively compact open set of D of class C*°}.

Lemma 5.4. Let ¢ = w14 € BVioo(D). There exists a sequence {¢r = mla, tren in X such that:

(i) Timpoe £7((Ax 1 D)AA) =0,
(i) limsup_. Fa(er) < Falp),
(i) [, pdz = [, pdx .

The proof of Lemma 5.4 uses the continuity of og with respect to = and follows closely the proof of [10],
Proposition 4.1, therefore we omit it here.

We first construct in Proposition 5.5 a recovery sequence for functions in X. We then explain in Lemma 5.6
how to take into account the mass constraint (1.3).

Proposition 5.5 (I'-limsup). Let 3 >0 and ¢ =7l € X, then there exists a sequence of functions (ve, pe) €
Y (D) such that

(’Ut"(p&) - (17()0) in Llloc(D) X Llloc(D) (55)

and
m)‘g]:&ﬁ(vsv@e) < }—5(90)- (5.6)
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Proof. Define the signed distance to A by d(z) := dist(z, A) — dist(x, R? \ A). For sufficiently small ¢ > 0, the
projection IT on A is well defined in the set {z € D; |d(z)| < t} and d is a Lipschitz function therein with
|[Vd| =1 a.e. . Define also

1 1 1 1 ,
Fnv,0.p,0) = 5 (772|p2 + 5774(1 —v*)? + 1772112 lq* + Zﬂn‘*v“ sin’ s@) -

Let (v, ¢) be a minimiser of 55 and for = € D, let v, (t) := v(p(x)*/?t), p.(t) := p(p()/?t) and for £ > 0 let

Vge:= (14+ vy, Al and ¢ p:=0V (((1 +20)p, — 6) A 1).

Notice that (vg.e, pz,¢) converges pointwise to (vg, ¢z) as £ — 0, and that there exists C' > 0 such that for
every £ € (0,1) and z € D,

f(\/ﬁ(x)a Ua’:,@v @w,[a U;,Za 90;:,6) S Cf(\/ﬁ(x)a Vg, ()03’:7 ’U;m 90;:) (57)

Therefore, thanks to the dominated convergence Theorem, for every § > 0 and every x € D, there exists £,
such that for £ < /.,

(5.8)

N >

/Rf(\/:z(w)avx,b ‘pz,f»véja (P;,Z)dt < Uﬁ(x) +

Fix from now on such a 6 > 0. Thanks to the compactness of 0A and the continuity of o, there is a finite
family {X;},., of open disjoint subsets of A such that H"~* (9A\ Ujer X;) = 0 and

op(z;) < og(z) + g in X, (5.9)

for every i € I. Let then £ := (min;es £,,) A 6 and define X9 := {x € X;; dist(x,0%;) > £} so that
HY (2 \ 22) = 050(1). (5.10)
For e, T > 0 define

W, :={z e R"; |d(z)| < T}
B :={xeW.; II(z) € X%}
Ci={zeW.; II(z) e X;\ X}

Notice that for every given T', for € small enough W; is contained in some fixed compact set of D containing A.
Consider a family {6;};c; of smooth functions such that

Z@izl on 0A and ;=1 inEz‘»s Viel,

iel
and define
Zie gl(ﬂ(w)) Uz, 0 d(Em) s P b d(Em) if |d(1')| < Ty
(ve, pe)(x) = ' ( (1,gr) ) ( >) if d(z) >eTs (5.11)
(170) if d(l‘) S —€T5

where T is big enough so that vy, ¢ = 1 in R\ [-T5,T5], ¢z,c = 0 in (—o0,Ts] and ¢, ¢ = 7 in [Ts, +00) for
every 1 € 1.
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The functions (v, ¢.) are Lipschitz continuous and converge to (1,¢) in L (D) x L (D). Defining
1
56 = gf (77!:" Ve, Pe, €2VU67 62V(p€) )
there exists C' > 0 such that
€| < Ce7, (5.12)
and since |Vd| =1 in W,
55('7;) = ‘Vd/€‘f (7757 CETNAS d/€, Px;.0 O d/&, U;i,e © d/&, @gci,[ © d/&) (513)
holds in B; for all i € I.
Using (5.10) and (5.12) we compute
eFe (e, 02) Z/ e dx+2/ el
i€l il
<Z/ () da + L” (UC)
i€l il
_Z/ E(z) da + 7} (5.14)
i€l

where r} = 05_,0(1). Using (5.13) and the coarea formula ([10], Prop. 2.4) applied to u = d/e, we obtain

— v n—1 .
], &= / o T @) 0,0, 0, (0) 7 )l

Since B; CC D, estimate (3.7) gives

/sg )dz = / / (V). Vo £(1), s (D), (1), P, o(6)) AHO L (2) dlE + 72,
{\d|—5t}ﬂB

where 7"35 = 0.0(1).
Hence, using Fubini’s Theorem, (5.8) and (5.9) we find

lin(l)/ &e(x dx</ / )s Vs 05 Pa 05 wlg,gox? )dtd’H”fl(m)
E— Eo

< / (05(2) + 6)dH"(2). (5.15)
25

i

Putting together (5.14) and (5.15) we obtain

lim hm eFe p(ve, pe) < / ogdH™ ™ = Fs(p).
A

§—0e—
Finally, a diagonal argument yields (5.6). O

Lemma 5.6 (mass constraint). Let > 0 and ¢ = w1l € X satisfying (1.7). Then, there exists a sequence of
functions (ve, @) satisfying (1.3) for every € > 0 for which (5.5) and (5.6) hold.
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c

Proof. Notice first that since / pdz = ag > 0 and / pdz = a; > 0, there exist 2% in A and 2~ in D\ A.

A
With the notations of Proposition 5.5, consider (v, @) as in (5.11) with d given by the signed distance to
Ac = (AU BY)\ B-, where B := B(z*,6%) and

0<6f<e/™ with ~e(0,1). (5.16)

Defining 9. = ||1-v||5 'v-, the first equality in (1.3) holds. Using [|7:]|2 = 1 we estimate

ol =1+ [ w02 - D=1+ 0(). (5.17)
Hence, the sequence (9., ¢.) converges to (1,¢) in Ll (D) x L], (D) and inequality (5.6) still holds.

Using estimates (3.5)—(3.7) we get

/ ngvg cos . dr = / 773(—1,45 + 1gm\ 4. ) dz + O(e)

_ / P14+ 1pya)de + 2/ (e — 1, )dz + O(e")
n R"L

where 7 := min{a, b, c} > 0. Let ¢ > 0 be such that 2 > ¢ in BZ U BI and fix v € (0, 7). For ¢ small enough,
thanks to (5.16) and (5.17) we obtain for (61,42 ) = (£7,0),

g 7e
/ n202 cos e dr > ay — ag + 2¢|By| €7 + O(7) > oy — ag

and for (6F,0) = (0,€7),

g r7e
/ 77?173 cospedr < ag —ag —2¢|B1|e” + O(e7) < a1 — as.

We conclude by continuity that there exists (61,02) € [0;&7] x [0;¢7] such that the second equality in (1.3) is

g r7e

satisfied. 0

6. ASYMPTOTIC ANALYSIS OF THE SURFACE TENSION
In this section we study the asymptotic behavior of @3 when 3 tends to zero or infinity.

6.1. Vanishing 3

When [ goes to zero, we expect the two condensates not to segregate anymore. This can be seen as an
interpretation of the following theorem which shows that in the limit 3 — 0, the surface tension o3 vanishes.

Theorem 6.1. The functional Gg I'-converges when 3 — 0 to
1 2 Lo
Go(v, ) == [ v+ W(v) + —vp™“dt,
2 Je 1

which is defined on all the pairs of functions (v, ) with ¢ € [0,7] (but without conditions at infinity). As a
consequence,

lim o3 =0
fin 7
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Proof. Since the compactness and I'—liminf inequality are readily obtained, let us focus on the I'—limsup. For
this, let (v, ¢) be such that G, ¢(v,p) < 4+00. Let then vg := v and

0 for t € (—oo —%]
Po(-3) i) ee() e[
() = 3 (t) for t € [~d5, 55
Ble-e (B B+ o(h) e[
T for t € :lﬁ,+oo>.
A simple computation then shows that
1G5 (vs,05) — Go(v, )| < CV/B. O

Remark 6.2. From the proof, we see that 3 < C'/f which is exactly the scaling predicted in the physics
literature [6,7,24,31].

6.2. Study of 3 — 400 and symmetry breaking

In this section we study the behavior of the limiting energy when 3 — +o00. We prove that in this case, we
recover the functional

M

= with a rate of approximation of the order of 3~

derived in [3], where oo () := Tfp 12(z).
. 1/4

Let us prove that limg_.. 03
in the physical literature [32].

as predicted

Proposition 6.3.
Too > 05 > Too — V20 14,

In particular, limg_. 1 o 08 = Too-

Proof. The upper bound is a consequence of (4.4) with m = 0. For the lower bound, we first notice that from
Lemma 4.3, we know that for every minimiser vg of @, there holds inf vg < C3~1/* so that as in the proof of
Proposition 4.2,

o5 > V2 g—infv + (infvg)? | = ﬁ1/2 > T — V203714 0
8= 3 B B 2\/— = Yoo ’

We then easily deduce the convergence of the full energy:
Proposition 6.4. The I'-limit in L}, (D) as 8 — 400 of Fp is Foo-

Let us now concentrate on the harmonic potential V' = |z|? and let us study the minimisers of F,, under the
mass constraint (1.7) to show the symmetry breaking. Let us point out again that since the functional Fg differs
from F only by a (multiplicative) constant, the minimizers of the two functionals coincide. In particular, they
do not depend on 3. To prove symmetry breaking, we closely follow the ideas of Corollary 1.3 from [3], where
such a result was derived for n = 2. Let us first prove that the minimizer among radially symmetric sets is
either the centered ball or the outside annulus.
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Proposition 6.5. Let o € [0,1] and let 1 > Ry > 0 be such that/ pdr = « then letting f(a) =
BxRrg
‘7:00(7‘-]‘B>\RQ)7

min{Fe(A) : A radially symmetric and satisfies (1.7)} = min (f(«), f(1 — a))

R
Proof. Let us first notice that R, is determined by o = H"~1(S"~1)\"+2 / (1 —72)r"~1dr, so that
0

-1

L= (HHSTHAMR (1 - R2)RET) (6.1)

where by a slight abuse of notation we identified R, with the function @ — R,. A simple computation shows
that for a € (0, 1),
2f

f(a) il Vil I(Sn 1)>\n+2Rn 1( _ Ri)3/2 (62)
and f(0) = f(1) = 0. It then follows from ( .1) that for o € (0,1),

2V2

() =~ 3HP—1(Sn—T)\n+2

(1—R2)™2R; "D (n —1)(1 - R2) +3R2) <0

and thus f is strictly concave 2.

Let now A(R1, Ra) := {\Ry < |z| < ARz} be an annulus with 0 < R; < Ry < 1 and / pdx = a, then
A(R1,R2)
letting

01 ::/ pdx and B2 ::/ pdx
Bxr, D\BAR,

J1(B1) = Foo (7L a(ry,Ry)) = f(B1) + f(B1 + @)

is a strictly concave function of 8; and thus attains its minimum for 8; = 0 or 51 = 1 — a. This proves that

R11r71f2.7: oo(ml A R1,RQ)) = min(f(«a), f(1 — a)).

we have 61 + 2 =1 — a and

As in [3], by induction it implies that any union of m € N annuli has energy larger than min(f(«), f(1—«)) which
in turn by approximation implies that any radially symmetric set has energy at least min(f (o), f(1 —«)). O

In order to show symmetry breaking it is thus enough to construct a non radially symmetric set with energy
smaller than min(f(«), f(1 — «@)).

Proposition 6.6. Let n = 1,2 or 3 then there exists ag € (0,1/2) such that if o € (o, 1 — vg), the minimizers
of Foo under the mass constraint (1.7) are not radially symmetric.

Proof. For n = 2, the proof is already given in Corollary 1.3 from [3]. For n = 1, consider the interval A, :=
ta
(= A, to] where t, is chosen so that / (A\? — |z[*)dz = a. We then have Fuo(nla,) = ¥\/A2 —t2. By

continuity of Foo(mly,) and f with respect to «, it is enough showing that Foo (714, ) < min(f(a), f(1 — «))
for « = 1/2 so that on the one hand t, = 0 and Foo(nlys,) = %)\3’ and on the other hand f(1/2) =
¥2A3(1 — R2)3/2. Tt is thus enough checking that

2(1 — R2)%/2 > 1.
We find that R, ~ 0.35 and thus 2(1 — R2)3/2 ~ 1.65 > 1.

3notice that for n = 1, f is discontinuous at 0 but is still strictly concave since f > f(0) and f is strictly concave in (0, 1).
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For n = 3, let us consider in cylindrical coordinates the set A, := {(rexp(if),z) : r € (0,A), 8 € (0,0,), z €
(=X, A\)} where 6, is such that (1.7) is satisfied. It is readily seen that Foo(wla,) = %52%)\5 (notice that it
does not depend on «). As for n = 1, it is enough to compare it with f(1/2) = ¥4W/\5Ri(1 — R2)3/2 50 that
we are left to check that

10R2(1 - R2)3/2 > 1.

We find R, = 0.64 and thus 10R? (1 — R2)3/? ~ 1.86 > 1. O

Using the properties of I'-convergence we derive the analogous result for the minimisers of 7. g with ¢ small
enough:

Corollary 6.7. Let n = 1,2 or 3 and V = |z|?. There exists o € (0,1/2) such that for a; € [5o,1 — &) and
B > 0, there exists e(8) > 0 such that for 0 < e < (), the minimisers of Fe g under the constraint (1.3) are
not radially symmetric.
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