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STABILITY AND BOUNDARY CONTROLLABILITY OF A LINEARIZED
MODEL OF FLOW IN AN ELASTIC TUBE

GILBERT PERALTAL? AND GEORG PROPST?

Abstract. We consider a model describing the flow of a fluid inside an elastic tube that is connected to
two tanks. We study the linearized system through semigroup theory. Controlling the pressures in the
tanks renders a hyperbolic PDE with boundary control. The linearization induces a one-dimensional
linear manifold of equilibria; when those are factored out, the corresponding semigroup is exponentially
stable. The location of the eigenvalues in dependence on the viscosity is discussed. Exact boundary
controllability of the system is achieved by the Riesz basis approach including generalized eigenvectors.
A minimal time for controllability is given. The corresponding result for internal distributed control is
stated.
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1. THE MODEL AND ITS LINEARIZED VERSION

Consider an elastic cylindrical tube of length ¢ filled with an incompressible liquid and each end of the tube
is linked to one of two tanks, both with horizontal cross section Ar (see Fig. 1). Let u(t,z), A(t,z) and p(t, x)
denote the fluid velocity, the vertical cross section of the tube and the pressure in the tube, respectively, at time
t > 0 and position x € [0,]. The rest cross section of the tube is denoted by Ay = 773, where 7 is the inner
rest radius, and the ambient pressure is denoted by p,. According to Laplace’s law for cylinders and Hooke’s
law for the radial tension in the tube material, the equation of state, as in Rath and Teipel [18], is given by

Alt,2) = 40 (14 25 (ol 2) o)) (11)

where E is the Young’s modulus and s is the thickness of the tube material. We note that longitudinal tension
is not taken into account in this model, i.e., the radial tension at x is independent of the neighborhood of .
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FIGURE 1. An elastic tube connected to two tanks.

Using Euler’s continuity equation and the law of balance of momentum, the cross sectional area and the fluid
velocity are given by, as in Ottesen [17],

8_A:_ua_A_Aa_u, t>0,0<z<?,

ot oz oz (1.2)
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where p and p are the constant density and the viscosity of the fluid respectively. The last component of the
right hand side of the balance equation in (1.2) represents friction, according to the model of Hagen-Poiseuille.

We are interested in the well-posedness, stability and controllability of the linearized model. In this work,
we consider forcing pressures that are applied on top of the tanks. The pressure at the end of the tube is then
the sum of the ambient pressure, the hydrostatic pressure and the forcing pressure. This gives the boundary
conditions

p(t,0) = pa + pgho(t) + pso(t), (1.3)
p(t,£) = pa + pgh(t) +ps(t), (1.4)
where g is the gravitational constant and pyo and py are the forcing pressures applied to the left and right tank

at x = 0 and & = ¢, respectively. In terms of the cross sectional area we can see from the equation of state (1.1)
that these boundary conditions become

A(t,0) = Ao (1 + ;—%(pgho(t) +pfo(t)))2, >0, (1.5)
A(t, 0) = Ay (1 + ;—%(pgh(t) erf(t)))2 , t>0, (1.6)

Note that the tube ends’ cross sections are free to adjust to the inner pressure that is prescribed by the pressures
at the bottom of the tanks.

The level heights hg and h in the tanks are state components starting at some given initial height hJ and h°,
respectively, and are coupled to the cross section and fluid velocity by

1
dho _ _ L At 0yt 0, t> 0,
dt Ar
dh 1 (L7)
E = A—TA(t,f)u(t,f), t> 0,

See [2,17,18] for similar models. System of equations similar to (1.2) are also used in multiscale blood flow
models, for example, in [5,19].

Let us determine the equilibria of the above system when pfo and py do not depend on ¢. Setting the derivative
with respect to time to zero in (1.2), the first equation will give (Au)/0z = 0 and so Au is constant on [0, £].
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However, the third and fourth equation will give A(¢, 0)u(¢,0) = A(t, £)u(t, ¢) = 0 and assuming that A remains
positive for all t > 0 it follows that v must be identically zero on [0, ¢]. Using this information in the second
equation we obtain that 0A/0x = 0 and so A must be constant on the domain, say A = A.. Because dhy/dt =0
and dh/dt = 0 then hg = hg. and h = h, for some constants hg. and h.. Thus we have

7o 7o

Ay (1 + S—E(Pghoe +Pfo))2 = Ao (1 + S—E(Pghe +Pf))2 .

Ae
and it follows that he — hge = %(pfo —py). We ignore the other possibility hge +he = — prlog (2sE+ropro+ropy)
since we are interested in the case where the level heights in the tanks are both positive. If pyq = py then the
former equality coincides with the fact that the level heights in the two tanks must be the same. Note also that
this is true even when the two tanks have different horizontal cross sections. If V' denotes the volume of fluid
in the tube and in the tanks, then V = A.l + Ar(hoe + he). Therefore pro, py and V' uniquely determine the
equilibrium point. Furthermore, it is easy to see that we can choose pfg and ps such that ho. and h. are both
positive.

To linearize the above system about the equilibrium point z. = (Ae, te, (Ae)z, (Ue)zs Roe, he), Where ue =
(Ae)z = (ue)r = 0, we use the Taylor series expansions of the right hand sides of (1.2), (1.5), (1.6) and (1.7)
about the equilibrium z. and neglect the terms of order higher than one. From these equations we let A = Ae—i—fl,
u =1, hg = hoe+f~lo and h = he—l—ﬁ, which are the small deviations from the equilibrium, to obtain the linearized
system

oA A
or = Aeny t>0,0<x</,
a—u:—a%—ﬁa, t>0,0<a<l,
ot Jx
dh A (18)
0 _ e ~
E = ATU(t,O), t> 07
dh A, _
E = A—Tu(t,f), t> 07
with boundary conditions . } ) ~
A(t,0) = ~vho(t), A(t, 0) = vh(t), t >0, (1.9)
and initial conditions
A(0,z) = A%x), 4(0,2) =a%(x), 0< </,
~( )~ (x) (~) ~() (1.10)
ho(0) = A, h(0) = h®

In the above system we used the following notations

sE 3 8T
o = = = 0,
2,07"0 vV Ao Ae pAO
~ 2pAogro 70 _ 2pAogro o
Y (1+SE(.09hoe+Pfo)> = .7 (1+SE(Pghe+Pf)>,

since, for the linearization, we assume that pso and py are constants. We remark that all the parameters
10,5, Ao, Ae, I/ are positive while p is nonnegative. As a result, @ > 0 and 5 > 0. The constants pyo and py
can also be chosen to be small, so that v > 0. The resulting linear system is the coupling of PDEs in one
space dimension with ODEs and sometimes such systems are referred to as hybrid systems. By differentiation,
a second order linear model, which is a wave equation with viscous damping and Robin boundary conditions,
was formulated and discussed by Bredow [23].
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In Section 2, we show that the operator corresponding to the abstract formulation of the linearized model
generates a strongly continuous semigroup of contractions on the whole state space. We show in Section 3
that under the presence of friction there are no eigenvalues of the operator on the imaginary axis other than
the origin. The semigroup is then exponentially stable if it is restricted to the orthogonal complement of the
eigenspace corresponding to the eigenvalue 0. This eigenspace can be viewed as a space of equilibria of the
linearized model.

A boundary control system is considered in Section 4. For more details on boundary control systems, we refer
to the book of Tucsnak and Weiss ([22], Chap. 10) and the references therein. The main idea is to reformulate an
abstract initial-boundary value problem as a pure initial-value problem in an extended space. We use the Riesz
basis approach to prove the exact controllability of the system. To do this, we modify the arguments in ([22],
Prop. 8.1.3) which work in orthonormal bases. Unlike orthonormal bases, Riesz bases in general do not satisfy
the property of being orthogonal. The Riesz basis approach has been successfully used by Guo and collaborators
to prove the stability of certain beam equations [6-9]. The basic idea of Riesz basis generation in these papers is
the application of a result similar to Bari’s Theorem ([26], Thm. 15), i.e., to prove that a sequence of generalized
eigenvectors is quadratically close to a given Riesz basis. Unlike beam equations, which have increasing spectral
gap (distance between consecutive eigenvalues), wave equations have an asymptotically constant spectral gap.
A refinement of the Riesz basis generation theorem of Guo ([6], Thm. 6.3), was given recently by Xu and Weiss
([25], Thm. 2.4). The latter result will be used in proving that the infinitesimal generator is Riesz spectral,
1.e., has a Riesz basis consisting of generalized eigenvectors. Furthermore, the uniform gap property of the
spectrum also plays an important role for the application of Ingham’s theorem, which is used in the proof of
exact controllability.

A minimal time of controllability for single input controls will be given. However, Ingham’s Theorem will not
be applicable in this problem and we need to use other perturbation results in non-harmonic Fourier analysis.
In order to solve this, we separate the lower and higher frequencies and replace the non-harmonic Fourier basis
elements corresponding to the lower frequencies by some harmonic ones. With this in hand, the problem will
be solved by applying a generalized Kadec’s %-Theorem (see e.g. [26], Cor. 2, p. 196).

Finally, we will state an analogous result for distributed control which is done, e.g. in [2,18,23].

2. WELL-POSEDNESS OF THE LINEAR SYSTEM

In this section we prove the well-posedness of the linear system (1.8)—(1.10). For convenience, we will denote
the state variables and the initial conditions for the linearized system without the tildas. Our approach utilizes
the theory of strongly continuous semigroups. We will recast the system as a differential equation in an infinite-
dimensional state space. Consider the Hilbert space X = L?((0, /), C)? x C? equipped with the inner product

1

1 A
((¢1,%1,0a1,b1), (P2,v2,a2,b2)) » = T (p1,02) 12 + > (V1,2) 12 + T

A (aya@z + b1b).

Notice that the norm induced by the above inner product is equivalent to the usual product norm of X.
Define the linear operator A : D(A) — X with domain D(A) = {(A,u,ho,h) € X : A,u € H*(0,¢), A(0) =
vho, A(£) = h} by

A _Aeux
—aA, — Pu
A “ - A
hO _A; (0)
h 4=u(f)
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Observe that the last two components of the state appear only in the domain of A. The coupled system (1.8)
can now be phrased as an abstract Cauchy problem
<
(ACP) dt
(A, u, ho, h)(0) = (A%, u®, hY, h0)

A, u, ho, h)(t) = A(A, u, ho, h)(t), t>0,

on the state space X.

There are several ways to prove the well-posedness of (ACP). One possible approach is to split the PDE and
the ODE. The PDE can be considered as a port-Hamiltonian system and hence it is well-posed ([11], Chap. 13),
and the ODE, being finite-dimensional, is also well-posed. Then one shows that the feedback interconnection of
the two systems is well-posed (]20], Sect. 7.2).

However, the approach presented here is based on the following lemma. It is a recap of the proof of Theorem 3
in [3]. X’ denotes the dual space of X and £(X,Y") is the space of bounded linear operators from X to Y.

Lemma 2.1 (Lax-Milgram—Fredholm). Let V' and H be Hilbert spaces such that the embedding V. C H s
compact and dense. Suppose that a1 : V xV — C and ay : H x H — C are two bounded sesquilinear forms such
that ay is V-coercive and F : V — C is a continuous conjugate linear form. The equation

a1 (u,v) + az(u,v) = F(v), Yo eV, (2.1)
has either a unique solution w € V' for all F € V' or has a nontrivial solution for F = 0.

Proof. Since ay is bounded, the operator T' : V. — V' defined by (T'p, ¥)v/«v = a1(p,v) for all p,p € V
is bounded. Furthermore, by the Lax-Milgram Lemma we have T-! € L(V' V). Define S : H — V' by
(Se,Y)vixy = aa(p, ). Since for each p € H

ISellv: = sup [(Sp,¥)vixvl < sup Cllellullvlla < Cllella
llwllv=1 lwllv=1
it holds that S € L£(H,V’) and in particular S € L£(V,V’) is compact. The equation (2.1) is equivalent to
(14+T71S)v =T-1F in V. Since T~1S is compact the Fredholm alternative implies that either —1 € p(T~1S) or
—1 € 0,(T~19), where p(A) and o,(A) denote the resolvent set and point spectrum of a closed operator A. [

Theorem 2.2. The operator A generates a strongly continuous semigroup of contractions on X, and in
particular, for every (A% u% hd,h%) € D(A) there exist unique functions A,u € C*([0,00),L3(0,¢)) and
ho,h € C*[0,00) such that (ACP) is satisfied.

Proof. We will use the Lumer—Phillips Theorem in reflexive Banach spaces (see e.g. [4], Cor. I11.3.20). Integrating
by parts and using the boundary conditions we have

(ACA, o, ), (A, o, B)) = = 2l + 205 fu, A4)

for all (A, u, ho, h) € D(A). Taking the real part shows that A is dissipative. Next we are going to show the range
condition. Fix A > 0 and (B, v, go,g) € X and define a; : H*(0,£) x H'(0,¢) — C, ay : L?(0,¢) x L?(0,¢) — C
and F : H1(0,¢) — C by

T (P + A0 + X 50D

01(90,1/1) = AT
v ale

o) = 2= (A= 175 ) v
e
Ar

4 4
P = 2= [ @i e+ s [ o) do -+ 20000 + 26000

(A+p
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respectively. Note that the sesquilinear forms aq, as and the conjugate linear form F' satisfy the conditions of
Lemma 2.1. It can be shown (see the Appendix for details) that the equation

(T — A)(A,u, ho, ) = (B, v, g0, 9) (2.9)
has a solution (A,u, ho, h) € D(A) if and only if there is an A € H'(0, ) that satisfies
a1(A,0) +az(A, ) = F(v), Ve H'(0,0) (2.3)

We prove that the second case in Lemma 2.1 does not hold. Suppose that aq(A4,v) + a2(A4,v) = 0 for all
€ HY(0, E) This condition is equivalent to the system (2.2) with (B, v, go, g) = 0. From the first equation we

get A = . The rest of the equations will give us
(A, A) 2 = ——/ Uy (2
S Ao [*
= LA - (M@Hu—/ww&@mw
A A Jo
Ar ad ¢
= -2 (|A(0O)]* + |A(0)|? —76/ Ay (x)]?dz < 0.
(I()I [A(0)[%) )\()\+ﬁ)0\ ()|
Hence A = 0. This proves the range condition and hence completes the proof of the theorem. O

Remark 2.3. If the initial data A, u" € H?(0,¢) and ho, ho € C satisfy the compatibility conditions A°(0) =
vh, A(£) = yh°, Arul(0) = yu®(0) and — Arul (£) = yu(¢) then we have a classical solution A, u € C([0, o) x
[0,£]) and hg, h € C?[0, 00).

3. SPECTRAL PROPERTIES AND UNIFORM EXPONENTIAL STABILITY

At this point, we already know that o(A) C {z € C: Rz < 0} since A generates a contractive Cyp-semigroup
on X. Furthermore, the adjoint operator A* also generates a contraction Cp-semigroup, which is the adjoint
semigroup, in other words, (e*)* = A" for all t > 0.

Let us determine the X-adjoint of A. Define A : D(A) — X by

B Acvy
| w aB, — pv
A g | T | 4z00)
g - Q;v(ﬁ)

For each (A, u, ho, h), (B,v,g0,9) € D(A), a straight forward computation yields
(A(A,u, ho, ), (B, v, 90,9)) v = (A, u, ho, h), A(B, v, g0, 9)) x

which implies that (B, v, g, g) € D(A*), and this proves that A* is an extension of A. Using a similar argument
as in the proof of Theorem 2.2, we can also show that A generates a Co-semigroup of contractions on X,
and hence (0,00) C p(A*) N p(A). Applying ([16], Lem. 1.6.14), we can see that A* = A and in particular
D(A*) = D(A) = D(A).

In the absence of friction, i.e. § = 0, we have A* = —A and so A is skew-adjoint and from Stone’s Theorem
(see e.g. [4], Thm. 3.24) the operator A generates a unitary Cp-group. This will be used in the succeeding
section. The operators A and A* also generate Cp-groups even for 5 > 0. To see this, let us define C € L(X) by
C(A,u,ho,h) = (0,u,0,0). Then —A = A* +23C and —.A generates a Co-semigroup satisfying [le™4|| < e25* for
all t > 0 (see, e.g. [4], Thm. IT.1.3). From Theorem 2.2 and ([4], p. 79), A generates a Co-group on X satisfying
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|et|| < e?’Il for all t € R. The case of A* is analogous. Tight decay rates will be given after we have described
the spectra of the generators.

The operators A and A* have compact resolvents and therefore their spectra consist of eigenvalues only.
This is a consequence of the compactness of the embedding H'(0,/) < L?(0,/). We can now characterize the
spectrum of A and its adjoint. Due to the differential boundary conditions, namely the third and fourth lines
in (1.8), the eigenvalues appear on the boundary conditions of a two-point boundary value problem, see (3.5)
for instance. To describe the spectrum of the differential operator for G > 0, we first describe the special case
where 3 = 0 and use this to investigate for the case g > 0. First, we state a lemma needed for the asymptotic
description of the eigenvalues.

Lemma 3.1. Let a,b,c >0 and H(x) = zcosax — (ba* — ¢)sinaz and let (iun)nen, listed in strictly increasing
_ (n=Dm

order, be the positive zeros of H. Then p, = ~——— + O(n=1Y) asn — oco.

Proof. Define Hy(z) = tanazx and Ha(z) = z/(ba® — ¢). If (2n + 1)7/2a = \/c/V/b for some n > 0 then
++/c/ Vb are zeros of H. The other zeros of H are precisely the abscissas of the points of intersection of the
graphs of Hy and Hy. If (2n + 1)7/2a # /c/V/b for all n > 0 then the zeros of H are just the abscissas of the
intersection of H; and Hs. By looking at the graphs of H; and Hs it can be seen that for large indices n, we
have y, = (n — 1)7/a + e,, where e,, — 0. Multiplying by a and taking the sine of both sides yields

n—1Hn COSAftn (1)L ((n—=1)m/a+ O(1)) cos ajin,
buz —c b((n—Dr/a+O(1))?—c’

sinae, = (—1) n — o0o.

Taking the inverse sine and noting that sin ™'z = O(z) as  — 0 we obtain that e,, = O(n™"). O
Theorem 3.2. Let (pin)nez, listed in strictly increasing order, be the real solutions of the equation,

2Ar wul VA, ( Az, a) 4
14 COS - sin =0,
YAe Vad,  Va VaA,

where pg =0 and p—, = —pn. Then the spectrum of A is given by o(A) = (A\n)nez, where

h=-L i L VFTTE,  nez -2\ () (3:2)

and A\g = 0, and the eigenvalues N\, satisfy the asymptotic growth

- (Y=o

72143 a Ae

)) i, n— oo (3.3)

In particular, o(A) = o(A*). An eigenvector z, of A associated with the eigenvalue A, is given by

@ Arpn . pinT
o Vad.  yaA. - VaA,
A1), LnT Vad, . ppx >
“n — ( cos sin
Ae AE Ae n AE
. v Vo VAefin v . nez (3.4)
Non l
Mn v
1 ( fin Arpin . pn >
cos

aA, B YV A, i VaA,

Similarly, an eigenvector z; of A* associated to the eigenvalue A, is given by z! = (pn, —n, Non, Nn) for every
n e 7.

v
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Proof. Note that A\ € o(A) if and only if there exists (A, u, ho,h) € D(A) \ {0} satisfying the boundary value

problem
o (ay_( 0 -2\ (4
or \u) —X‘ﬂ 0 u

Ae A A, A
—A—TU( ) = ;A(O)v A_Tu(g) = ;A(f)

Consider the equation A(A,u, ho, h) = 0 where (A, u, ho,h) € D(A). Then we have u = 0 and A is constant.
Since A(0) = vyho and A(¢) = vh we have hg = h and so (A,u, hg,h) = ¢(v,0,1,1) for some ¢ € C. Hence
0 € o(A). One can check that —8 € o(A) with § > 0 if and only if / = —2Ar/~, hence we exclude this case
under the physically relevant assumption ¢ > 0.

Suppose that A # 0 and A # — (. By diagonalizing the 2 x 2 matrix in (3.5) we can obtain that the solution
of the ODE is given by

B VAA+ Bz
A(z) = ¢ cosh Ny A

(3.5)

VAN + Bz (3.6)
p VA B 3.7)

for some (c1, co) € C2, where the square root denotes any fixed branch of the complex square root; for definiteness
we choose the principal branch where the nonpositive real axis is the chosen branch cut.
This and the boundary conditions yield the following homogeneous system of equations

B AT)\ \/ )\+ﬁ£+ &) A \/ A+ DB)
Ay N ek VA o vak )

—I—(coshiw AT \/_\/ AN+ B) sinh Y——+—*— )\+ﬁ€> =0

\/Oer e
At

—~cCc14+c=0
Aey

The above system in the unknowns ¢; and co has a nontrivial solution if and only if the determinant of the
corresponding matrix is zero and this is equivalent to the equation

F(w) := 2ATwcosh \/i \/\/@ ( Ar

sw” + 1%) sinh Z—i =0, (3.8)

where we put w = /A + ).

Let us consider the special case where 3 = 0. In this case, A € o(A) if and only if F(A\) = 0. However,
since A is skew-adjoint, its spectrum must lie on the imaginary axis. This implies that all zeros of F' are purely
imaginary. Letting A = iu, where p € R, we can see that F'(ix) = 0 is equivalent to the equation (3.1). Using
this for the case § > 0, we can see from (3.8) that A € o(A) if and only if \/A(A + 8) = iu for some p € R
that satisfies (3.1). The asymptotic behavior (3.3) of the eigenvalues follows from the asymptotic behavior of
the solutions of (3.1) given by the previous lemma

Hn = w +0(m™), n— . (3.9)

The fact that the spectra of A and A* coincide comes from the symmetry of the spectrum of A with respect to
the real axis.
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Choosing ¢; =1 and ¢y = —AWTAA” in (3.6) and (3.7) gives the first and second components of the eigenvec-

e

tor z,. The third and fourth components are due to the boundary conditions 7g, = %g@n(()) and 7, = %g@n 0).
Finally, since z, is an eigenvector of A corresponding to A, we have

Antn, +(Ae ()¢n)a: 0
N\ % _Anwn_agon z_ﬁ¢n 0
()‘nI -A )Zn = )\n770n + ﬁ_;rlpn(()) = ol
Anfln — :2_;'(/%(@ 0
and so z is an eigenvector of A* corresponding to the eigenvalue A,,. O

If 3 > 2pu,, then the eigenvalue ), is real and negative. This implies that z(t, ) = (e?!)z,(z) = ez, ()
monotonically decays to zero as time goes to infinity. This means that when the fluid inside the tube and tanks
is sufficiently viscous, then there are solutions which decay to the equilibrium state without oscillations.

With or without viscosity, we have seen in Theorem 3.2 that 0 € o(A) and this means that the system
is not stable in X. The eigenspace associated with the eigenvalue 0 is the one-dimensional subspace X :=
{c(v,0,1,1) : ¢ € C}. Moreover, N(A*) = Xy and so A and its adjoint have the same kernel. The state
(Ac, 0, hoe, he) +¢(v,0,1,1) for ¢ # 0 is also an equilibrium of the nonlinear system but corresponds to different
parameters V', pro and py.

It is easy to check that the space & is invariant under the action of the group (e*);cr and its adjoint group.
If 2 € A& and w € Xy then (e*z,w)xy = (z,eA'w)x = 0 by the invariance of Xy under (e*);cr. Hence
X is invariant under (e);cg, i.e., e X C Xy~ for all t € R. From ([22], Prop. 2.4.3), the restricted group
(et XOL)tGR is a Co-group on X3~ whose generator is given by the part of A in X3, denoted by A,. A similar
argument shows that eA*t|XOL = ™! for all t € R where Az is the part of A* in Xg-. It is casily seen that
A = (Ap)*, which means that taking the part in a closed invariant subspace and taking the adjoint commute.
Since A, and A also have compact resolvents we have o(A,) = o(A;) = a(A)\{0}, p(A4p) = p(A5) = p(A)U{0}.
The semigroup generated by A, will be used in the next section.

Let us characterize the nonzero eigenvalues of A as the viscosity (§ increases. In the following discussions
the equality (3.2) is used. If 5 € [0,2u1) then all the nonzero eigenvalues have nonzero imaginary parts and
[An| = |pn| for all n € Z. Therefore as 3 increases on this interval, the eigenvalues are rotated positively (that
is, counterclockwise) around the origin and all the eigenvalues lie on the line ®z = —(3/2. If § = 2uq then the
two eigenvalues A1y coincide and both are equal to —/3/2. Suppose that 3 € [2u1,2u2). As [ increases in this
interval, \,, for |n| > 2 is again rotated in the same manner as before. However, the eigenvalue A\; now goes to
the right along the real axis while A_; goes to the left along the real axis, faster than RAis. When 5 = 2uo,
the eigenvalues Ay, coincide while A_; is on the left of Ais. The same behavior holds for the other intervals
[24tn; 2ptn+1), n > 2. Thus the larger 3, the more eigenvalues there are on the interval (—3/2,0) and there are
eigenfunctions which decay slower than those for smaller 3. The eigenvalues that move to the right approach 0
as [ increases.

If we denote by (, the eigenvector of A corresponding to A\, = iy, when 3 =0 and by z,, the eigenvector of
A when 8 > 0 then for all n such that 5 < 2|u,| we have |\,| = |pnl,

[znllx = llzpllx = llallx = I¢—nllx, (3.10)
and a straightforward calculation gives

Ajbup € Ar AT< il Arp il )2

120 A2 + A, + vA, + vA, o Vad, /oA, ° VaA,
Theorem 3.3. Let 3 > 0. Then we have the following:

1. If B # 2u,, for all n € N then the normalized eigenvectors (z, /|| znl|lx)nez of A form a Riesz basis for X. If
B =0 then this Riesz basis is in fact an orthonormal basis.

(3.11)
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2. If B =2y, for some n € N then the sequence (2n/||2nl x)nez\{—ny U{Z/|1Z]|x}, where
Z = (0,-X,",,0,0)"

is a generalized eigenvector of A corresponding to A, satisfying (A1 — A)Z = z,,, forms a Riesz basis for X.

Similar results for the generator A* hold, however, in 2 the vector Z should be replaced by the generalized
eigenvector Z* := —7 of A* corresponding to A,.

Proof. First consider the case where 3 = 0. Applying ([1], Prop. IIL.6.1) to the operator A,, the normalized
eigenvectors (2, /||zn||x)nez- forms an orthonormal basis for Xj;-. Therefore combined with the normalized
eigenvector associated with the eigenvalue 0, the sequence (z,/||zn||x)nez form an orthonormal basis for X =
Xo@ X3 Now suppose that 3 > 0 and 3 # 2y, for all n € N. Again, let ¢, be the eigenvector of A corresponding
to the eigenvalue \,, = ip, for the case where there is no viscosity, i.e., § = 0. The first part of 1 follows from
Theorem 2.4 of [25], once we have shown that (2, /| zn||x)nez and ((n/||Cnllx)nez are quadratically close in the

sense that
2
Zn . Cn

(3.12)
TLEE:Z lznlle - lISnll2 [].2
Let N be the largest integer such that § > 2uy. From (3.4) and (3.10)
o
o G (o, An — thtn_Gn2 ,0,0), In| > N. (3.13)
lznlla [Cnllx i [l 2

where (2 is the second component of (,. It can be seen from (3.2) that |\, —iun| — /2 as |n| — oo and in
particular the sequence (A, — iftn)necz is bounded. Because ||(nz||£2(0,0) < v||Gnllx it follows from (3.13) that

C
<> =

In[>N Hn,

2
n

IIZon 1ol 1] 2

|n >N’

for some constant C' > 0. The last sum is finite because of (3.9). As a consequence, (3.12) is satisfied.
Finally, consider the case where 8 = 2u,, for some n € N. Let us verify that Z satisfies (A\,I — A)Z = z,.
Indeed,

Ac(=A"n)z — ¢n A (Anen + Ae(¥n)2)
()\ 7 A)Z An(_>‘771¢) _5)‘7:17/}71 —Yn —Un + 2¢p _¢n
— —_— Z = =

! ! G5 (A9 (0) — o A Aanion + 4294 (0)

_ﬁ_;(_AEIan)(e) —n = At — f_;'(/%(g))
and this is zero because z, is an eigenvector of A corresponding to \,, = —/3/2. The same argument as in the
previous case shows that the sequences (z,,/|2nl| x )nez\{—ny ULZ/[1 Z]|x} and (Ca/[|Cnll x)nez are quadratically
close and hence part 2 also follows from the Riesz basis generation result in Theorem 2.4 of [25]. O

Let (Z,)nez be the sequence biorthogonal to the Riesz basis (2 /|25 || x)nez if B # 2uy, for all n € N or to
the Riesz basis (z,, /|2 |lx)nez\{—ny UL1Z7/I|Z7[|x} if B = 2pp for some n € N. The result we have just proved
implies that every z € X can be expressed uniquely as a Fourier series

*

- z
2 = Z<Z’Zn>Xz*—n’

H I (3.14)
nez nllX



BOUNDARY CONTROLLABILITY OF FLOW IN AN ELASTIC TUBE 593

whenever 8 # 2u, for all n € N and a similar equation holds for the other case. For all square-summable
sequences (@, )nez we have

1/2
c(Zan2> ‘ C’(Zan2> (3.15)

for some ¢,C' > 0 independent of (a;,)nez. Furthermore, the sequence ((z, Z,)x)nez+ is square-summable for
each z € X. Since etz = eM?z* for all n € Z it follows from (3.14) and the continuity of e that when
6 # 2u, for all n € N the group generated by A* can be written as

HX

t2 = Z ez 2w “n (3.16)

ezl

for every z € X and t € R. If § = 2u,, for some n € N then the group is given by

* ~ * * = Z:’:
ety = (2,7_,) (eMiZ* —tetizr) + Z e>‘"t<z,zn>XW (3.17)
neZ\{-n} nll X

for every z € X and ¢t € R. Similar characterizations for the group generated by A hold. The reason why we
choose to expand the adjoint semigroup is that we will use a duality argument in the proof of Theorem 4.3.
Now we have the following stability result.

Theorem 3.4. Let 3 > 0. The Co-semigroups (e?**);>¢ and (eA;t)tZO generated by A, and A}, are uniformly
exponentially stable, i.e., there exist constants M > 1 and w > 0 such that

||eApt||L(XOL) = ”eA;tHL(Xoi) < Me™", t>0. (3.18)

Furthermore, w(Ap) = s(Ap) where s(Ap) is the spectral bound of A, and w(A,) is the growth bound of the
semigroup generated by A,. For every zo € X, if z = ezy € C([0,00),X) is the mild solution of (ACP)
corresponding to the initial data zo then ||z(t) — Pzo||» < M|zo||xe™" for all t > 0, where P is the orthogonal
projection of X onto Xj.

Proof. The first and second parts follow immediately from (3.16) and (3.17). For the last part, let @ be the
orthogonal projection of X onto X3 so that every zp € X can be written uniquely as zp = Pzy + Q2. Since
the restriction of e* to X is just the identity operator on Xy we have z(t) = Pzo + 'z, and the required
estimate follows from (3.18) and the fact that ||Q| < 1. O

The eigenvalue 0 is removed by restricting the state space to the orthogonal complement of the eigenspace
corresponding to the eigenvalue zero. Define the volume functional V : X — C by

14
V(A, u, ho, h) = / A(ZL’) dr + ATh() + ATh
0

It is clear that V is a bounded linear functional on X. Recall that z = z. + Z where z = (A, u, ho, h), z. =
(Ac,0, hoe, he) and 2z = (/1, @, ho, iL) are the state, the equilibrium state and the deviation of the state from the
equilibrium, respectively. By the conservation of mass we must have V(z) = V(z.) = V and this is equivalent
to V(2) =0, i.e., 2 € N(V). One can check that N'(V) = X;-. This means that X" is the natural state space
for the deviations. Also, if z(t,z) = e»*2%(z) is the solution of the system then V(z(t,-)) = 0 for every t > 0
whenever 20 € X;-. For this reason, we consider X to be the state space in the next section.
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4. A BOUNDARY CONTROL SYSTEM

Consider time varying control pressures pso(t) and p(t) applied to the left and the right tank, respectively.
Linearizing about the numbers Plo and P}y we have

A(t,0) = vho(t) + plgﬁfo(t),
At,0) = yh(t) + ;—gmt)

where pro(t) = pro(t) — Pjo and pr(t) = py(t) — pj. Again for simplicity, we ignore the tildas and we let
po = g—gpfo and p; = g—gpf. In this scenario, we have the system (1.8) with the boundary conditions

A(t,0) = vho(t) + po(t), A(t, 0) = vh(t) + p1(t), t>0. (4.1)
Definition 4.1. For A% u% € L?(0,¢), h),h" € C and po,p1 € LE.([0,0),C), the tuple (A, u, ho, h) such that

Aju € C([0,00), L%(0,£)) and hg,h € C([0,00),C) is called a weak solution of the system (1.8) with initial
conditions (1.10) and boundary conditions (4.1) if

(A(t), ) 12 +vAT(ho(t),n0) + YAT(R(t),n) .
— (49, 0) 12 + A AT (G m0) + 7 Az (RO, 1) + A, / (u(0), g2 12 do

(u(t), 9) o = (0, )12 + / (A(0), a2 do — B / (u(0), ¥) 12 do

+a / (vho(0) + po(0), $(0)) — (Yh(0) + p1(0), (8)) do

for every t > 0, ¢, € H'(0,¢) and n9,n € C such that p(0) = yno and ¢(£) = .

To prove the existence of such weak solutions, the system will be expressed as a boundary control system
using well-known results in control theory. Because the velocity component of the eigenvector corresponding to
the eigenvalue 0 vanishes, the system is not approximately controllable in X', c¢f. the observation operator B* in
Theorem 4.2 below. For this reason the system is restricted to the state space Xj.

Denote by Z = (H(0,¢) x H'(0,£) x C?) N A" the solution space endowed with the product norm of
H'(0,0) x H'(0,¢) x C2. Our input space is C2 and the state space is X5-. Note that Z is continuously embedded
in Xg-. Let D(A%) be endowed with the graph norm. Then D(A%) C X5t C D(A)’ with continuous and dense
embeddings and we have

Furthermore, we can see that A% € L(D(A}), Xg") so that (A%)* € L(Xg-, D(A})'), where the state space A
is identified with its dual. The operator (A})* can be viewed as an extension of A, to X;-. For more details on

the interpolation and extrapolation spaces for semigroups the reader may consult ([4], pp. 123-127).
Let F: Z — X3 and G : Z — C2 be given by

and
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Note that F € L(Z,X3"), G € L(Z,C?), N(G) = D(Ap), R(G) = C? and Flpa,) = Ap. As a consequence,
(F,G) is a boundary control system. Then according to Proposition 10.1.2 of [22], there exists a unique operator
B e L(C? D(A)'), called the control operator, such that Fz = ((A%)* 4+ BG)z for all z € Z. A characterization
of this control operator is given in the following theorem.

Theorem 4.2. The input control operator B € [,((CQ,D(.A;)’) is given by

K K
0 0
B(ci,ca) = —(A))* lig—1) |t 1, e |, (4.3)
8l 1 1 8l
;I‘Q ;(KJ— 1)

where (c1,c2) € C? and k = HT Its adjoint B* € L(D(A3),C?) is given by

B*(B,v,g0,9) = (—v(ﬁ)) , (B,v,90,9) € D(A}). (4.4)

Proof. Given (c1,c2) € C2, consider the problem F(A,u, ho, h) = 0 with boundary conditions G(A, u, hg, h) =
(c1,c2). This implies u = 0, A is constant, A — yhg = ¢1 and A — vh = ca. Since (A, u, ho, h) € XOL =NV),

Al+Arho+Arh = 0. Note that the unique solution of 7z = 0 with Gz = (c1, ¢2) is given by —(A})*z = B(c1, 2).
Solving the linear system for (A, hg,h) € C? in terms of ¢; and ca we can see that B : C? — D(A*)’ is given
by (4.3).

For z = (A, u, ho,h) € Z and ¢ = (B, v, go,g) € D(A;) we obtain from (4.2) that

(G2, B" ()2 = <Bgva>D(A;)/xD(A;) = (Fz— (A;)*Z’C>D(A;;)’><D(A;;)
Integrating by parts and using the surjectivity of G we obtain (4.4). O

In the above theorem, we have a representation of the control operator B in terms of the extension of the
operator A,. However, the more important item to use in the controllability of the boundary control system, at
least in our case, is the adjoint B* of the control operator.

We shall make use of the Riesz basis approach to study the above boundary control system. We refer to [13]
for various examples in this direction. From Theorem 3.2, the eigenvalues of A satisfy

VoA

1‘1r|n inf |SA, — SApg1] = 7 (4.5)
and, in particular the uniform gap property
= A—pul>0. 4.6
Yo ME%(A A =l (4.6)
AFp

Now we are ready to state and prove the main result of this section. A direct application of Ingham’s
Theorem [10,13] yields the exact controllability of the boundary control system for any time 7 > 2= o T where 7 is
the gap of the eigenvalues of A5 given by (4.6). However, in general this gap is less than that of the asymptotic
distance between consecutive eigenvalues. To provide a smaller lower bound for the time of exact controllability
we will separate the low and high frequencies as in Proposition 8.1.3 of [22]. However, we need to modify the
arguments in the said proposition since the eigenvectors are not orthogonal anymore, i.e., we generalize the
proposition in such a way that it is still true for the case where the orthonormal basis is replaced by a Riesz
basis.
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Theorem 4.3. Suppose that 3 > 0. Then the boundary control system (F,G) is exactly controllable in time

T, if T > T = iil . That means, for any 2°,2' € X3 there exists (po,p1) € L2([0,7],C2) such that the

weak solution z € C([0,7],X5") of the system (1.8) with initial conditions (1.10) and boundary conditions (4.1)
satisfies z(1) = 2.

:

Proof. The proof of the existence, uniqueness and regularity of the weak solution will be provided later (see
Thm. 4.4 below). We divide the proof into several steps for ease of reading. Moreover, we first assume that
0B # 2y, for all n € N.

Step 1. Let us prove that B is an admissible control operator for (eAPt)tZO, or equivalently, B* is an admissible
observation operator for the adjoint semigroup (eA;t)tZO. The latter means that for each ¢ > 0 there exists
C¢ > 0 such that fg |B*eAr52|2ds < C|z||% for all z € D(Ay). According to (3.10), (3.11) and the asymptotic

. . . A% L . .
behavior of u,, given in (3.9) we have “%Hz:‘LH?Y — 3447 as [n| — oo. Using this, we can see that
n e

[en@)? _ ()

0<dy,:= inf < sup

=: D, < o0, y=0,¢. (4.7)
ez |zil% ~ neze ll2nl% !

Let M = M(f3) the largest integer such that 3 > 2pps. Thus A, is real whenever |n| < M. From (3.16), Ingham’s
Theorem [10,13], (4.7) and (3.15) we have

! Ars |2 An Y (y) ?
|B*e pSZ| dS _ / e s 7~n n
/0 2 2 el

y=0,0 nez*
2 2
<9 Z (/ M| (2, 20 x |2|¢n | Z B/ 2SN (1 2y %*(y) ds)
0 1% [P
y=0,¢ 0<|n|<M [n|>M
s 2 ¥ (y)|? -2 12
<C Y Y szl e < Do+ Do)e |23
y:O,ZnEZ* ||Z7IHX
for all z € D(A;) and ¢t > 0. Hence B* is an admissible observation operator for (e*rt)>0.

Step 2. Now we separate the eigenfunctions into two parts. From (4.5), for arbitrary e > 0, there exists a
positive integer N = N (e) such that A, = —(3/2 for all |n| > N and

JaA,
inf S — Shm| > Y2 (4.8)
\m|,|;\>1v ¢

Consider the subspace X; = span (2};)o<|n|<n Of Xg-. It is clear that (z};)o<|n/<n is linearly independent and so
it forms a basis for X;. For each ¢t € R, let T'(t)* be the restriction of e to ;. We note that by construction
U(A;|X1) = ()‘n)0<\n|§N~

Let Xy = clos span (2, /|2 ]| x)jnj>n and A% be the part of A} in A5. Notice that A7 have also compact
resolvent and o (A}) = o(A5) \ (An)o<|nj<n- Since span (2 /[[25 || x)jn|>n is invariant under the Co-group gen-
erated by A, its closure is also invariant under this Co-group. Thus A7 also generates a Co-group on &> and
eMl|y, = e qt for all t € R.

Step 3. From the discussions in the previous step, we can see that the normalized eigenvectors (z;; /|| 2;; | x)jn|> N
of Aj form a Riesz basis for A5. Let B; be the restriction of B* to D(Ay). A similar application of Ingham’s
Theorem as above shows that B is an admissible observation operator for the semigroup generated by Aj.
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Moreover, from Ingham’s Theorem and (3.15) we have the inverse estimate

/|B;e atz2dt > Z /
0

y=0,0

2
z\y)\ns<z’ 2n> 'l/’n(y) dS

X
T [EXIF%

SRPIPIRLY 21|/|JZ(||2| > cr(do +dg)C7?||2] %

y=0,¢ |n|>N

27l
VaAcn—el”
Step 4. Because Aj|x, € L(X1) ~ L(CH), B*|x, € L(X,C?) ~ L(C?N,C?) and B*|x, 2, # 0 for every
0 < |n| < N, the Hautus test for finite-dimensional systems implies that (A} |x,,B"|x,) is observable. Since
o(Aslx,) No(Ay) = 0, according to Proposition 6.4.2 of [22] (see also [21]), the pairs (Aj|x,,B*|x,) and
(A, By) are simultaneously exactly observable, in other words, there exists a constant ¢, > 0 such that for all
(v,w) € X1 x D(A}) it holds that

27l

for every z € D(A;) and 7 > Thus, the pair (A, B;) is exactly observable in time 7 > Toha—a

/0 B[, T(t) 0 + Byetitw]? dt > & (o] % + |wl) (4.9)

for every T > \/a—j%ﬁ_d. For k > N define the kth truncation of z € D(A;) b

*

_ z
2F = Z (2, Zn) 71—

b B

Then z* — z in X. Since 2V € &} and zF — 2"V € span (;=2—
that for any & > N we have

/0 BreAit 2 dt = /O (B T()"2" + Byea! (28 — 2V) [ dt

> &IN5 112 = 2N1R) 2 e Y 1R Al 2 &0
0<|n|<k

)inj>n C D(A}) it follows from (3.15) and (4.9)

[ Hx

Because B* is an admissible observation operator for the semigroup generated by Aj, letting k — oo in the last
inequality we obtain the inverse estimate

)
/ B Atz 2 dt > 6,202 2|2

0
Therefore (.A;, B*) is exactly observable in time 7 > \/Tj%ﬁfee’ and since € > 0 is arbitrary, this pair is exactly

. . 2@
observable in time 7 > Tar

If 3 = 24, for some n € N then one applies the above argument to the closure of the span of the normalized
eigenvectors of A7, Notice that B*Z* # 0. Then the series representation (3.17) together with Haraux’s Theorem

([13], Thm. 4.5), imply the exact observability in the state space Xg- for any time 7 > 7*. In any case, the
conclusion of the theorem now follows from the well known duality of exact controllability and exact observability
(e.g. [22], Thm. 11.2.1). O

Now we address the existence and uniqueness of weak solutions of (1.8) under the boundary conditions (4.1).
Let po,p1 € L2 .([0,00),C) and zg € X-. Since B is an admissible control operator for the semigroup generated
by A,, then using the variation of parameters formula, the function

t
z(t) :eAPtZO—I—/ e(A;)*(tfs)B(po(s),pl(s)) ds in D(.A;)/ (4.10)
0
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is the unique function that satisfies 2 € C([0, 00), X;") and

2(t) = 2(0) = /0 ((Ap)"2(s) + B(po(s), pr(s))) ds

for all t > 0 (cf. [22], Rem. 4.2.6). The integral is computed in D(Ay)’. Therefore, for each ¢ € D(AY) we have
from (4.2)

(2(t) = 2(0),O)x = /0 ((2()s ApC) o + ((po(3), p1(8)), B* ()2 ) ds

and using the definition of B* provided in Theorem 4.2, we can see that the components of z comprise the
unique weak solution of (1.8) with boundary conditions (4.1).

Theorem 4.4. If zy € X3 and po,p1 € L% ([0,00),C) then (1.8), (1.10), (4.1) has a unique weak solution

loc

z € C([0,00), X5") N H\ . ((0,00), D(A%)) and for every T > 0 there exists C = C(T) > 0 such that

Iz lle 0,7),Deazyy + I2lleom,ay < CURNa + 1o, )l L2(0,).c2)) (4.11)

for all 2° € X3 and (po,p1) € L2((0,T),C?). Moreover, if 2° € Z and po,p1 € H'((0,T),C) satisfy the
compatibility condition Gz° = (po(0),p1(0)) then the solution z is in C([0,T], Z) N CL([0,T], Xs").

Proof. The first statement was already explained above and the estimate (4.11) can be shown from (4.10), while
the second statement is a direct application of Proposition 10.1.8 from [22]. O

Remark 4.5. As in the proof of Theorem 4.3, it can be shown that B* is an admissible observation operator for
the semigroup generated by A,. This implies the following: For any zo € D(A,) the solution of the (unforced)
system satisfies

lu(, 0)ll20,7) + u(, O)l 20,7y < Crll20]lx-

By a standard density argument, one can use this to define the traces u(-,0), u(-,¢) € L?(0,T) for the solution
corresponding to the initial state zg € X-. Note that these traces do not make sense by the usual trace theorem
for Sobolev spaces because in general u € C([0,T], L%(0,¢)). This is sometimes referred as a hidden regularity
property of solutions, see [12,14,15].

The controllability result Theorem 4.3 still holds even if there is only one forcing function that is applied
to either of the tanks. In this case, the control operator would be either the first or second component of
B according to where the control pressure is applied. The results can be also extended for two tanks with
different horizontal cross sections. Now let us consider the case where the forcing is applied only at the left
tank. In this case, the boundary operator Gy : Z5 — C is defined by Go(A,u, ho,h) = A(0) — vhg, where
Zo = {(A,u, ho,h) € H'(0,£)? x C? : A(¢) = yh} N X" is the corresponding solution space.

Theorem 4.6. In the situation of Theorem 4.3, where G is replaced by Go, the pair (Ap, Bo) is not approzimately
controllable for any time 0 < T < 7, where By is the control operator associated with the boundary control system
(F,Go). In particular, (Ap, Bo) is not exactly controllable for any time 0 < 7 < 7*.

Proof. From (3.3), there exists*a fositive integer M such that \% —n| < % whenever n > M. By symmetry
T SAn—1
2m
Theorem ([26], Cor. 2, p. 196), the system of exponentials (e 0<n|<ar U(er+18) 1< oy forms a Riesz basis
for L?(0,7*). Let (gn)nez be the sequence biorthogonal to this Riesz basis. Given 0 < 7 < 7%, let us take a

nonzero element F; € L?(0,7* — ) such that

of the eigenvalues we have | —n| < 1 for all n < —M. Now according to the Generalized Kadec 1-

i2n7rt/7'*)

/ Agr+Ddt=0,  0<|n| <M,
0
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that is, Fy is in the orthogonal complement of the subspace of L?(0,7* — 7) spanned by the functions
(gn (7 + *))o<|nj<m- Define the nonzero element F € L*(0,7*) by F(t) =0if 0 <t <7 and F(t) = Fy(t —7) if
T<t<71"=20/\/aA..

Define

lznqalle 20
z = Z ((F gn>L2 07 :11( o - +1

=, B

This is a nonzero element of Xz~ because ((F, In)r2(0,7) |25 1 |2 ¥n41(0) ) > ar is nonzero element in 2.
Note that by the uniqueness of the coefficients in a series of the elements of the Riesz basis, we must have
(F, gn) 120, |25 1 [ x¥n41(0) ™1 = (2, Zpy1) 4 for all [n| > M and so

Bg‘e ply = Z e ”+1t (2, Zn1) v ﬁnﬂ( ) =

|n|>M

[ Y (Fgn) oo @ = F (D).
n+ll X Sy

The terms with indices 0 < |n| < M vanish by construction of F. Hence there exists z € X" \ {0} such that
Bie»)z = 0in L2(0, 7). Therefore N(Bg‘eAp( ) # {0} so that the adjoint system (A5, ;) is not approximately
observable in time 7 for any 0 < 7 < 7*. The theorem follows from the duality of approximate observability
and approximate controllability. O

5. SYSTEM WITH DISTRIBUTED CONTROL

One could also consider external control pressure applied to a part of the elastic tube, e.g. [2,18,23]. In this
case, the linearized momentum equation becomes

88—1: = —a% = Bu+ PeX(ab), (5.1)
where P. € L2 _([0,00),L?(0,¢)), 0 < a < b < £. In the literature, the control has to vanish at the endpoints of
the subinterval [a, b] where it is applied, however, we consider the general case where this vanishing condition
is not assumed.

In the present situation, the control operator By : L?(0,/) — X is bounded and given by BiP. =
(0, PeX[a,1],0,0). For each z = (A, u, ho, h) € X3t and P. € L*(0,/) we have (B1P.,z), = %<PC,UX[a’b]>L2(0’g).
Thus, the operator B : X3~ — L2(0,/) is given by Bj(A,u, ho,h) = éuX[avb]. We have the following result,
whose proof is similar as in the previous section, and hence it is omitted.

20
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Theorem 5.1. The pair (Ay, B1) is exactly controllable in time T if T >

APPENDIX

We prove the equivalence of (2.2) and (2.3) stated in the proof of the well-posedness in Section 2. Notice
that (2.2) is the system of equations
M+ Acu, = B

A+ Pu+ad, =v
Ao + 4=u(0) = go
b — Aeq(l) = g.

Suppose that (2.2), and hence (A.1), has a solution (A, u, ho, h) in D(A). Multiplying the first equation in (A.1)
by X—Tw for ¢ € H(0,¢), integrating by parts, solving for u in the second equation of (A.1) and using the
boundary conditions we obtain (2.3).

(A1)
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Conversely, let A € H1(0, /) satisfy (2.3) for all ¢» € H1(0, £). Define

u= M (v — ady,), (A.2)
o= (- 22000 "
h= 1 ( . (z)) . (A4)

Notice that u solves the second equation of (A.1) while (A.3) and (A.4) are the third and fourth. From (2.3)
and (A.2) we have

N ¢ — Y ¢ S
y / (AA(2) = B@)¥(e) dr = -~ / ulw)a(2) da + (790 — AA(0))$(0)
+ (79 = MA()P(0). (A.5)

Since the above equation is true for all v € H(0, ), it also holds in particular for all test functions 1 € C§°(0, ¢),
and so the above equation gives us

v ¥/
/ (B(x) — A(2))d(@) dz = — / Acule)ba@ dz, Yo € C32(0,0),
0 0

which implies that B — AA = (Aeu), or u, = 4+ (B — AA) € L?(0,£). As a consequence, u € H'(0,¢) and the
first equation in (A.1) holds. It remains to Verlfy the boundary conditions A(0) = vho and A(¢) = vh. The left
hand side of (A.5) can be written as

‘ L ‘
L [ i) - BT o - 14 / e ()@ da

AT AT
A, e A, [
= Lo (090 — ud ) + 2= [ i) o,

and therefore, upon using (A.3)-(A.5) and the fact that A\ > 0,

(vho — A(0))$(0) + (vh — A(0)$(€) = 0 (A.6)

for all ¢» € H'(0, ). Choosing appropriate functions 1, this equation implies that A(0) = vyho and A(¢) = ~h.
Therefore (A, u, ho, h) € D(A) and (A.1) holds.
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