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¢# REGULARITY FOR DIRICHLET PROBLEMS ASSOCIATED TO FULLY
NONLINEAR DEGENERATE ELLIPTIC EQUATIONS
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Abstract. We prove Holder regularity of the gradient, up to the boundary for solutions of some
fully-nonlinear, degenerate elliptic equations, with degeneracy coming from the gradient.
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1. INTRODUCTION

In a recent paper Imbert and Silvestre [14] have proved that the solutions of

\Vu|*F(D*u) = f(z) in 2 ¢ RY (1.1)
have first derivative which are Holder continuous in the interior of {2 when o > 0, F' is uniformly elliptic and f
is continuous.
Results concerning regularity of solutions have an intrinsic interest which doesn’t need to be explained. When
a = 0, it is known (see e.g. Evans [11], Cabré, Caffarelli [7-9]) that u is C1# for some 3 € (0, 1). But for solutions
of (1.1) with @ > —1 the question of the continuity of the gradient was open and it was naturally raised, in [5].
In fact, the question raised concerned precisely regularity near the boundary. Let us recall that context. The
values

pt =sup {p,3¢ > 0in 2, |Vo|*F(D?¢) 4+ pep' ™ <0 in 2},
p~ =sup {p, I < 0in 2, |VY|*F(D*P) + plp|*¢ >0 in 2}
are generalised principal eigenvalues in the sense that there exists a non trivial solution to the Dirichlet problem
VI*F(D*¢) + p¥|¢[*¢ =0 in 2, ¢=0 on 0,
with constant sign.
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1010 I. BIRINDELLI AND F. DEMENGEL

The main scope in [5] was to prove the simplicity of these principal eigenvalues. The main difficulty comes
from the fact that the strong comparison principle holds only in open subsets of {2 where the gradient is away
from zero (in the viscosity sense). It is well known that the Hopf Lemma guarantees that this is true on 9f2. So
that the continuity of the gradient up to the boundary would imply that, in a neighbourhood of it, the strong
comparison principle holds, which is exactly what is needed to prove that the eigenvalues are simple.

In that same paper, we proved that if « € (—1,0) the solutions of the Dirichlet problem associated to (1.1)
are indeed C1% and we raised the problem of whether that regularity would hold also for o > 0 i.e. when the
operator is degenerate elliptic.

[14] was a first answer in that direction, very much inspired by that breakthrough, we wanted to complete
the work. We want to point out that a difficulty specific to this type of equation is due to the fact that the
difference of two solutions is not a sub- or super solution to another equation, which would provide regularity.

Recall that F' is uniformly elliptic if there exists A > A > 0 such that for any symmetric matrices M and N
F(M)+ M; 4(N) < F(M + N) < F(M) + M ,(N) (1.2)

here we have denoted the Pucci operators My 4(N) = Mr(NT) + Atr(N~) and Mj\rA(M) = Mr(M~) +
Atr(M™). In the rest of the paper we shall drop the indices A and A of the Pucci operators.

We now state the main result of the paper in its generality.

Theorem 1.1. Suppose that {2 is a bounded C? domain of RN and o > 0. Suppose that F is uniformly elliptic
and that h € C(2). Let f € C(2) and p € CHP=(02). For any u, viscosity solution of

{ |Vu|®(F(D?*u) + h(z) - Vu) = f in 2
U= on 0?2

there exist = B(A, A, || flloo, N, £2, ||h]|ccs Bo) and C = C(B) such that
_1
foll @y <€ (elcrseqom + uls + 17157

For radial solutions, and a more general class of operators, this was proved in [6], with the optimal Holder’s
coefficient inf (1_+a, Bo). In a recent paper the result of Imbert and Silvestre was improved by Araujo, Ricarte,
Teixeira in [1].

The novelty with respect to the paper of Imbert and Silvestre is two folded, on one hand we have added the
lower order term h(x) - Vu|Vu|®, and on the other hand we go all the way to the boundary.

The proof follows the scheme of the one in [14], but requires new tools. In particular in Section 2, we give some
a priori Lipschitz and Holder estimates in the presence of boundary conditions on one part of the boundary.
These are important because the proof of Theorem 1.1 requires that sequence of bounded solutions do converge
to a solution of a limit equation.

The main tool is an “improvement of flatness lemma”. In the proof of Lemma 3.3, we need to use regularity
estimates for a limit equation with boundary terms. The novelty is in guaranteeing that even in the presence of
the lower order terms and of the boundary term the limit equations are sufficiently “good” and the new terms
behave well, see in particular the Claim in the proof of Lemma 3.3.
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Let us make a final remark:
Following Caffarelli’s famous technique, the results here obtained could be generalised to an operator
depending on x i.e. of the form |Vu|*F(z, D?u); in particular by imposing conditions on

= su F(l’,M)—F(x,O).
Pla) = s =1

But we would further need to impose conditions that guarantee that u, a solution of
|Vu|*F(z, D*u) = 0in 2 = F(z,D?u) =0 in £2.

For the sake of clarity we have chosen not to treat the case where there is a dependence on =x.
After this paper was submitted for publication, Silvestre and Sirakov have posted an interesting related
paper [18].

2. LocAal, HOLDER AND LIPSCHITZ ESTIMATES UP TO THE BOUNDARY.

Throughout the paper, the notation B, (x) indicates the euclidian ball of radius r and centre x, we will write
B, when no ambiguity arises.

It is a classical fact that in order to prove that u is C*# at z,, it is enough to prove that there exists some
constant C' such that, for all < 1, there exists p, € IRV, such that 0SCB, (z,) (u(x) — pr - ) < Crith.

As a consequence, u is C1# in some bounded open set B if there exists a constant Cj such that for all x € B
and r < 1, there exists p, , such that

BOB&C)(u(y) — Prx y) < CﬁTH_ﬁ'

This will be used in the whole paper.
We begin by stating the following comparison theorem which will be needed later, proved in [3] under stronger
conditions on h, later improved to h continuous and bounded in [17].

Theorem 2.1. [3,17] In the hypothesis of Theorem 1.1, let u and v be respectively C(£2) solutions of
|Vu|*(F(D*u) + h(x) - Vu) < f in 2

and
|Vo|*(F(D?*v) + h(x) - Vv) > g in 2

with f and g continuous and bounded such that f < g.

If u>wv on 052 then u > v in {2.

In order to prove Holder and Lipschitz estimates we fix a few notations concerning (2 and F'. We suppose,
without loss of generality, that at 0 € (2, the interior normal is ey. By the implicit function theorem, there
exist a ball B = Br(0) in RY, and D’ C B%(0) ball of RNV~ and a € C?(D’), such that a(0) = 0, Va(0) =0
and, for y = (v, yn),

2NBC{yn>aly),y € D'}, and 02N B = {yny = a(y'),y’ € D'}.

We shall also act as if F' be positively homogeneous of degree 1 i.e. such that for any t > 0, F(tM) = tF(M).
Observe though that, if this doesn’t hold, when necessary it is enough to replace F(M) by Gy(M) =t~ F(tM);
this operator satisfies (1.2) with the same constants as F' and the results are unchanged.

In the lemma below we have supposed, for simplicity, that B is the unit ball centred at the origin.



1012 I. BIRINDELLI AND F. DEMENGEL

Lemma 2.2. Let ¢ € CYPo. Let a € C*(D’) such that a(0) = 0 and Va(0) = 0. Let d be the distance to the
hyper surface {yn = a(y’)}.

Then, for all v < 1 and for all v < 1, there exists 0, depending on || fllco, A\, A, ||hllcs, £2, 7 and Lipyp, such
that for all § < d,, if u is a solution of

{ [Vul*(F(D?*u) + h(y) - Vu) = f in BN {yn > a(y)} (2.1)

u=¢ on BN{yn =a(y')}
such that oscu < 1 then it satisfies

d(y)

) = ol0/)| < G g in Br(0) N > alw):

Proof. We write the details of the proof for ¢ = 0. Note that then ||u||s < 1. The changes to bring in the case
o # 0 will be given at the end of the proof, the detailed calculation being left to the reader.

It is sufficient to consider the set where d(y) < ¢ since the assumption ||u]oo < 1 implies the result elsewhere.

We begin by choosing § < 41, such that on d(y) < &; the distance is C? and satisfies |D?d| < C;. We shall
also later choose § smaller depending of (A, A, || f oo, || 2] cos IV)-

In order to use the comparison principle we want to construct w a super solution of

[Vw|* (M} 4(D*w) + h(y) - Vw) < —[|flloc, in BN {yn > aly'), dly) < 5} (2.2)

such that w > u on (B N {yn > a(y’), d(y) < d}).
The candidate is

2 dy)
wly) = §1+d(y) for |y <
]2 dy) 1
51 +dv(y) + (1— T)3(‘y| - T)3 for |y| > r.

In order to prove the boundary condition, let us observe that,
on {d(y) =6}, w> 3% >1>u,
on {|ly| =1} n{d(y) <}, w> ﬁ(l —7)? > v and finally
on BNn{yn =a(y)}, w>0=u.
We need to check that w is a super solution. For that aim, we compute

21+ (1 —y)d

gﬁV{i when ‘y| <r
VU= 214 (1= )d y 3 2

g (1+d’7)2 m(l_r)gﬂy\—r) 1 ‘y|>7“.

Note that |Vw| > 41—5 as soon as 0 < % By construction w is C? and

2vdY1\ (1 1 —~)d? 214 (1 —=~)d”
D*w = _( Wfs ) ( +Ziiih)3 G40 vd+ 57?1& d,:)/)zd D*d+ H(y)

where [[H(y)]| < e + 2820
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Standard computations that use (1.2) imply that w satisfies (2.2), when § < min(dy,

that the two following inequalities hold

(1+7)
Aoy > A4 ((1 7

75-) is small enough

Y 6 3(N-1 g) 4h]l

2t r(l1—r) 5 5
A — (24« (1+’Y)
22+2a (yor—2F ))m > || flloo-

By the comparison principle, Theorem 2.1, u < w in BN {yy > a(y’)} N {d(y) < d§}.

Furthermore the desired lower bound on w is easily deduced by considering —w in place of w in the previous
computations and restricting to B, N {yn > a(y’)}. This ends the case ¢ = 0.

When ¢ # 0, let ¢ be a solution of

{MY,A(D%) =0 in BN{yn >a(y)}

Y= on BN{yn = a(y')}.

It is well known that v is C1% (BN {yny > a(y’)}) NC*(BN {yn > a(y’)}). Furthermore, we can choose 1 such
that [|¢]|cc < |@]lee < 1, [[VY]loo < ¢||Vpl|oo, for some constant ¢ which depends on A, A, N, {2, see [9].
We now define

8 dy)
B + 9 (y) for |y| < r
YW= s dw) !

51T T Wl ) ) forfyl >

Computations similar to the case ¢ = 0 imply that

w>wuon d(BN{yy >aly)} N{d(y) < d}).
Furthermore choosing ¢ small enough, we can ensure that

V] (M, (D?w) + h(=) - Vi) <~ ]|

For the lower bound, we replace w by 29 — w. This ends the proof of Lemma 2.2. O
Using this estimate together with an argument due to Ishii and Lions [16], one finally gets the Holder regularity
of the solution, which can be stated as follows with the same hypothesis on a, and f as above:

Proposition 2.3. Let ¢ be a Lipschitz continuous function. Suppose that u satisfies (2.1).
For allr < 1, and for all v < 1, u is v Holder continuous on B, N{yn > a(y’)}, with some Holder’s constant
depending on (M A.a, N, | flloer [l]oer Lipip).

Remark 2.4. In the absence of boundary conditions, the solutions are Holder continuous inside B, for any r
such that B, CC B. We do not give the proof which follows the lines in the proof below, it is sufficient to cancel
in it the dependence on . This will be used in the proof of the interior improvement of flatness lemma with
additional lower terms.

In the following proof we shall use directly the definition of viscosity solutions, so, in particular, in order to
fix the notations we state the definition of semi-jets:

Definition 2.5. Let S?” denote the symmetric 2n x 2n matrices. For any continuous function g we define the
intrinsic semi-jets by:

J>Tg(x) = {(p,X) eRN x SN, g(x+h)<g(x)+p-h+ %(Xh,h) +o(h?) Vh € IRN} :

J*g(x) = {(p,X) cRN x SN, g(x +h) >g(z)+p-h+ %(Xh,h) +o(h?) Vh € IRN}.

and the definition of the closed semi jets



1014 I. BIRINDELLI AND F. DEMENGEL

Definition 2.6.
J2Tg(x) ={(p,X) € RY x SNv 32y, Ipn, Xn) € J27+g(1'n)ag(xn) — g(z),and (pn, X») — (p, X)}
and analogous definition for J2~¢g(z)

Proof of Proposition 2.3. The proof relies on arguments similar to those in [2,3,14]. Let 1 > r; > r. Without
loss of generality we can suppose that oscu < 1. Let z, € B, N{yny > a(y’)} and @ be defined as

D(z,y) = u(x) = u(y) = Mz —y|" = Lz — zo|* — Lly — z,|*.

The scope is to prove that for L and M independent of x,, chosen large enough,
b(z,y) <0 on (B, N{yn > aly)})?* (2.3)

This will imply that u is y-Holder continuous on B, N {yn > a(y’)} by taking x = z,, and letting z, vary.
To prove (2.3), we begin by observing that the inequality holds on the boundary. First we treat the points
where yny = a(y’). According to Lemma 2.2 there exists M, such that for z € B, N {yn > a(y’)},

lu(z) — p(a’)| < Mod(x,002).
Then, using |z’ — y'| < |x — y|, one has

lu(@’, zn) —u(y's a(y)| < Ju(@’,2n) —u(@',a(@))] + [u(@’, a(2) — u(y’, a(y’))|
< Moyd(z, 092) 4 Lip,|a" — ¢/
< M|z — (v, ay")| + Lip,|z — (v, a(y"))].

So, if M is chosen greater than M, + Lipy, then we have obtained that ®(x,y) < 0 on (B, N {yn = a(y’)})?.
In order to satisfy the required estimate on the rest of the boundary, it is enough to choose L > ﬁ and
to recall that the oscillation of w is bounded by 1.
In the sequel we will choose L large and M > 7%2_]: 5 Suppose by contradiction that @(x,y) > 0 for some

(z,y) € By, N{yn > a(y’)}. Then there exists (&, ) such that

B(z,5) = sup(&(z, y)) > 0.

By

Clearly T # 3. Furthermore the hypothesis on L forces Z and § to be in B+ N {yn > a(y’)}. Then, as in [2],
2

for all small € > 0 depending on the norm of Q := D?(M|x — y|7), using Ishii’s Lemma [13], there exist X and
Y such that
(WM (& - PI7 — §P~2 + 2L(7 — 2,), X) € PFu(a)

(YM(z — )|z — g2 = 2L(y — x,), —Y) € J>u(y)

(3)=(% @) rera(i)

L

with

A

< % one also has LAT < % and then we drop € for simplicity.

M(z — )|z — g|"=2 — 2L(y — z,). Since
i.e.

In the sequel, since we assumed that
Let us denote ¢, = YM(Z — 9)|z — y|"=2 + 2L(Z — x,), and g,

S
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Since |¢z — gy| < 4L, by the mean value theorem and using a constant kK < aif e <land k =1if o > 1:

llqa|* — |Qym < alg, — Qy|ﬁ2|a_1le|55 - §‘7_1|1_H‘7M|5f - g"y_l|a_1
[e3
< ol g = (3 1Y),

We now treat the terms concerning the second order derivative. The previous inequalities can also be written

as
X—92LI 0 _(Q -Q
0 v-201)S\-0 0 )
We prove, in what follows, that L = o(|tr(X + Y')|), that there exist constants ¢ and C' such that |X|,|Y| <

Cltr(X +Y)| and that
M|z — g2 < [r(X +Y)| < CM|z — g%

Indeed, let

)

P::( — <.
]

Using 4L — (X +Y) > 0, (I — P) > 0 and the properties of the symmetric matrices, one has
tr(X +Y —4L) <tr(P(X +Y —4L)).

Remarking in addition that X +Y — 4L < 4Q), one sees that tr(X +Y — 4L) < 4tr(PQ). But tr(PQ) =
yM(y — 1)z — g|"~2 < 0, hence

ltr(X +Y —4L)| > 4yM (1 — v)|z — g2 (2.4)
Furthermore, by Lemma III.1 of [16], there exists a universal constant C' such that

X Y] IX = 2L] [Y = 2L] < C(tr(X +Y = 4L)| + [QI* [tr(X +Y — 4L)[%)
<Cltr(X +Y —4L)|
< Clr(X + ),
since |Q| and |tr(X + Y — 4L)| are of the same order, and £ = o(1). This will yield the required estimates.

For some positive constants ca, c3, since u is both a sub- and a super- solution of (2.1), using the uniform
ellipticity of F' and the assumptions on h:

(@) < |gu|*(F(X) + h(Z) - )
< gy (F(X) + h(Z) - g2)
+o(MA|Z — g ) (AIX| + [|h]l o (vM|Z — g~ + 2L))
< lgy|*(F(=Y) + h(y) - go + 4[[h]l L) +
Flgy |t (X +Y)A + o (M1+a|53 _ g|(771)a+772>

< MOeof — |0V N(X V) +o (MM —g| 07 V2) 4 ()

< —esMe |z — O 4 g ().

This is clearly false as soon as L (and then M) is large enough and it ends the proof. O
Compactness near the boundary is a natural consequence of Proposition 2.3.



1016 I. BIRINDELLI AND F. DEMENGEL

Corollary 2.7. Suppose that (uy,) is a bounded sequence of continuous functions which satisfy
|V, |*(F(D?*uy) + h(y) - Vup) = fn in BN {yny > a(y’)}
Un = on BN {yn =a(y)}

and suppose that (fy) converges simply to some continuous function f. Then for all r < 1, one can extract from
(un) a subsequence which converges uniformly, on B, N{yny > a(y’)}, to a solution of

{ [Vul*(F(D?u) + h(y) - Vu) = f in BN {yy > a(y')}
u=¢p on BN {yn =a(y)}.

Remark 2.8. In the absence of boundary conditions, the analogous result holds, in the sense that one can
extract from (u, ), a subsequence which converges uniformly on every B, CC B to u a solution of

|Vu|*(F(D?*u) 4+ h(y) - Vu) = f in B.

When we shall treat, in the improvement of flatness lemma up to the boundary, the case where the boundary
is locally straight, we shall need the following Lipschitz estimate’s near the boundary for some different but
related equation.

Proposition 2.9. (Lipschitz estimates for large p’'s) Let ¢ be a Lipschitz continuous function. Suppose that
hy = 0. Assume that u solves

{ pen + Vul*(F(D*u) + h(y) - Vu) = f in Bi(z) N {yn > 0}
u=¢ on By(z) N{yn =0}

with 08¢, (z)n{yx>0} U < 1 and || f|lL(B, (2)n{yn>0}) < €0 < 1. Then, for all v < 1, there exists b, depending on
(M AN, o, €0, Lipp), such that if |p| > bi, w is Lipschitz continuous in B, (x) N{yny > 0} with some Lipschitz
constant depending on (A, A, N, a, 1, €5, Lipp).

Remark 2.10. In the absence of boundary conditions, the solutions in some ball B are Lipschitz in B,, for
any r such that B, CC B with Lipschitz constant independent of p.
This will be used in the proof of the interior improvement of flatness lemma with lower order terms.

This Proposition is a consequence of the following

Lemma 2.11. Suppose that ¢ is Lipschitz continuous and that hy = 0. For all v < 1, for all r < 1, there

exists 0 = 0(|| f]loos A, A, 7, Lipy), such that for b < g, any solution u of

{ len + bVu|*(F(D?u) + h(y) - Vu) = f in Bi(z) N {yx > 0}
u=¢ on Bi(x) N {yn = 0}.

such that osc(u) < 1, satisfies |u(y',yn) — @(y")] < %1;’1’;7\] in B.(z) N {yny > 0}.

Proof of Lemma 2.11. Suppose for simplicity that ¢ = 0. If b = 0 the result is known by properties of solutions
of F(D?u) + h(z) - Vu = f which are zero on the boundary. So we assume in what follows that b # 0.
We proceed as in Lemma 2.2, replacing the distance of y to the boundary by yn; so we consider

2
- yN,y for yy < 6, |y'| <r
w(y) = 01+yy
=32 1
IN_ —(ly'| =) for yn <6,y > 7.

S1+yl (-1
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Similarly to the proof of Lemma 2.2, it is sufficient to consider the set where yy < 9, since the assumption
oscu < 1 implies ||ulloc < 1, so the result holds elsewhere. Furthermore we only prove that u < w, the desired
lower bound can be obtained by considering —w in place of w.

In order for w to satisfy

len + bVw|* (M 4(D*w) + h(y) - Vw) < =[|f]les, in B,

it is sufficient to choose ¢ such that

<%> A6 3 (1~ ’Y)ﬁ > [ flloo +24 <(1 _6T)2 A ?;((Jl[__:)) + 4“:5'00) ’

b < %, and recall that |Vw| < Z. Furthermore w > u on (B N {0 < yy < 6}).

Hence we can use the comparison principle in Theorem 2.1, for w(x) = zn + bw(z) and 4(x) = zn + bu(z),
with b # 0, (recall that hy = 0 )which implies that v < w in BN {yx > 0}. Finally the desired estimate is
obtained in {|y'| <r, yn > 0}.

In the case ¢ # 0, we take the function w as in the proof of Lemma 2.2, with d replaced by yx. Requiring
sufficient restriction on the smallness of § give the result. O

We are now ready to give the

Proof of Proposition 2.9. The proof proceeds as in [14] so we just detail the differences. Recall that u is a
solution of

lex + bDu|*(F(D?u) + h(y) - Vu) = f
with b =L and f = [p| = f.
Let r <7y <1 and let 2, € By, (x) N {yny > 0}, Ly = ﬁ,

U(z,y) = ulz) —uly) — Liw(|z = y[) = La|z — z,|* = Laly — ,|?
2
where w(s) = 5 — wys? if 5 < 5, = (%) and w(s) = w(s,) if s > s,. We also require Ly > 3(2 + Lip,,).
If we prove that ¢(z,y) <0 in By, (x), since L; is independent of z,, by choosing z = z, one gets
u(wo) —uly) < Lilzo — y| + Lalz, — y|2§

next choosing y = z, for all z € B,

w(2) — u(z,) < Li|x, — 2| + Lo|z, — 2|2

Finally, for (z,y) € B,(z), |u(z) — u(y)| < Li|x — y| + L2|z — y|?, which implies the desired result.

We begin to observe that if the supremum is achieved in (Z, ) € B,(z) then, with our choice of L;, neither
Z nor g can belong to the part {zy = 0} according to Lemma 2.11.

The rest of the proof is as in [2] and [14], (see also the Proof of Prop. 2.3) as long as we choose ¢ small enough
in order that

(3) 205 5 > il 24

3(N —1) 4|h|oo)
f + +
2 (1467)3

(1-r)2 r(1-r) )

and such that b < g. Let us note that this implies that b is small enough depending on
(AvAaNaaaTaeov||h||007Lip(p)' D
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As a corollary of this Lemma one has the following compactness result

Corollary 2.12. Let ¢ be a Lipschitz continuous function. Suppose that (u,,) is a sequence of uniformly bounded
continuous viscosity solutions of

{ len + b, Vu,|* (F(D?*uy) + b - Vuy,) = f,, in BN {yn > a(y’)},
Un = ¢ on BN{yn =a(y)}.
where b, < b,, b, is given above in Proposition 2.9. Suppose that f, converges simply to some function
[ in $2. Then for all v < 1, one can extract from (un,byn) a subsequence which converges uniformly on
B, n{yn > a(y’)} x R, and the limit (u,b) satisfies
{ len + bVu|* (F(D*u) + h-Vu) = f in BN {yn >a(y')},
u=¢ on BN{yy =a(y)}.

Remark 2.13. In the absence of boundary conditions, the conclusion is that the sequence (u,) contains a
subsequence which converges locally uniformly and up to a constant toward a solution of

len + bVu|® (F(D*u) + h-Vu) = f in B.

3. PROOF OF THEOREM 1.1.

In fact Theorem 1.1 is an immediate consequence of the following local result up to the boundary, together
with some argument of finite covering:

Theorem 3.1. Suppose that F', h and f are as in Theorem 1.1 and ¢ is a function in C*P. Let B be a ball in
IRY and let a be a C* function defined on RN 1 with a(0) = 0, Va(0) = 0. There exists (3 such that for any u
solution of

|Vu|®(F(D?*u) + h(z) - Vu) = f in BN {zy > a(2’)}
u=¢p on BN{xzny =a(z)},
u is CYP (BN {xy > a(z’)}) for any B CcC B.
Theorem 3.1 is proved wia the following two “improvement of flatness” lemma and their consequences.

Lemma 3.2. There erist €, €]0, 1] and p €]0, 1] depending on (a, ||h||s, A, A, N) such that for any p € RN and
for any viscosity solution u of

Ip + Vu|® (F(Dzu) + h(y) - (Vu +p)) = fin By

such that oscp, u < 1 and || f|| L= (p,) < €0, there exists p' € RN such that

osc(u—p' -x) <

By

p.

DO | =

and
Lemma 3.3. For any a € C%, such that a(0) = 0 and Va(0) = 0, there exist €, > 0 and p which depend on
(a, A\, A, N, | D2al| o, [|Plloos [[@llc1.60) such that for any p € RN and u a viscosity solution of
{ p + Vu|*(F(D?u) + h(y) - (Vu+p)) = f in BN {yn >a(y)}
utp-y=¢ on BN {yy = a(y)},

the following holds: for all x € B such that Bi(x) C B, if 0scp (m)n{yn>a)}t < 1, and
|2 (B (2)n{yn>aly)}) < €o then there exists g , € IRY such that

p
osc u —Qz.p < =
Bp(wm{ywa(y')}( W) = 4o v) < 3

Suppose that these Lemmata have been proved and let us derive the following one.
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Lemma 3.4. Suppose that p and €, € [0,1] and B are as in Lemma 3.3 and suppose that u is a viscosity
solution of

{ [Vul*(F(D?u) + h(y) - Vu) = f in B {yy > a(y')} (3.1)

U= on BN{yn = a(y)}

with oscu < 1 and || flleo < €, then, there exists § €]0,1[, such that for all k and for all x € B such that
Bi(x) C B, there exists pr, € RN for which

0sC U — . <T1+B
Brk(x)ﬂ{yzv>a(y’)}( W) =pi-y) <7

where 1, = p~.

Remark 3.5. Of course, in the absence of boundary condition we obtain the interior regularity: Suppose that
p and €, € [0,1] are as in Lemma 3.2 and suppose that u is a viscosity solution of

\Vu|*(F(D*u) +h(:) - Vu) = f in By

with oscu < 1 and || f||oo < €, then there exists 3 €]0, 1[ such that for all k there exists px € IRV such that

osc(u(x) —pg - x) < r,?rﬁ.
Brk

Proof of Lemma 3.4. As in [14] we use a recursive argument.
We first remark that one can assume that ¢(z') = d;p(2’) =0 for i=1,...,N -1

Indeed, let u be a solution of (3.1). Then v(y) := u(y) — u(z) — Vo(a') - (v’ — a’) satisfies
{ Vv +q|*(F(D?*v) + h(y) - (Vv +q)) = f in Bi(z) N {yn > aly')}
u(y'sa(y’)) = oY) on By (x) N{yn = a(y’)}

where ¢ = (Vp(2'),0) and ¢(y') = ¢(y') — o(a’) — Ve(a') - (y' — ') which satisfies ¢(a’) = 0;¢(z') = 0 for
i=1,...,N—1.

So the result obtained for v would easily transfer to u.

Choose 3 small enough in order that p” > %, and define rj, = p*.

We can start the recursive argument. For k£ = 0, taking p, = 0 yields the desired inequality. Suppose that py
exists we now construct pyi.

Let or(y') = 7",;1_590(3;’ +rx(y' — 2')), which satisfies, for 8 < f3,, with the above choice of ¢,

lekllcres. @y < llellcrs-

‘We consider
un(y) =1, 7 (w(ri(y — ) + @) — pi - (rily — ) + ).
1y 4 alrely’—a")ta’)

Tk Tk

uy, is well defined on By (x) N {yn > ar(y’)}, where ar(y’) = zn(1 —
It is immediate to see that uy is a solution of

{ e+ V| (F(D?uy) + by, - (pery” + V) = fr. in Bi(z) N {yn > an(y')}
ug + T;ﬁpk Yy = T;ﬁ(rk —Dpi -z + pr(y) on By(xz) N{yn = ar(y')}

with fi(y) =m0 f(y — @) + @) and hi(y) = rih(ra(y = 2) + ).
Observe that if y € By(x) N {yn = ax(y’)}, then

a(rg(y’ —2')+2') — N
T

<1



1020 I. BIRINDELLI AND F. DEMENGEL

but this implies, using the mean value’s theorem and |y’ — 2’| < 1, that
lzn — a(x')| < rp(1 +|Val).

So if x is not on the boundary i.e. {xy > a(z’)} then, for k sufficiently large, Bi(x) C {yn > ax(y’)}, and in
that case we don’t have to worry about the boundary terms.

A direct computation gives that, |Vay(y')| = |Va(ri(y' — ') +2')|, while, D?ax(y') = ry D?a(ry(y’ — ') +2'),
and hence ||D?ax||c0 = 71/ D%a)| 00 < || D?a) o-

Furthermore, as long as § < H%,
Bionlonean 1l oo (81 @)ntun>an @) < €0 and [[hxfloo < []loo-

Hence, using Lemma 3.3 with obvious changes, there exists g,+1 € IR" such that

(ur(y) — qrs1-y) <

NI

0sc
By (z)N{yn>ar(y’)}
Defining pr+1 = pr + qkﬂrf, with the assumptions on 3 and p, one gets:

P A+B 148

osc (w(y) = pr+1-y) < 57 <

Bry,, (@0 {yn>a(y)} ( 2 F b

since the oscillation is invariant by translation. This is the desired conclusion. O
There remains to prove the improvement of flatness lemmata. We start by the interior case with lower order

terms.

Proof of Lemma 8.2. Suppose by contradiction that there exist a sequence of functions (f,,), whose norm goes
to zero, a sequence of (p,), € IRV and a sequence of functions (u,,), with oscu,, < 1, solutions of

|pn + Vg, |® (F(D2un) + h(y) ’ (Vun +pn)) = fns (3-2)
such that, for all ¢ € R, and any p € (0, 1),

: (3.3)

NI

osc(un(y) —q-y) >
BP
Let us suppose first that (p;, ), is bounded then, up to subsequences, it converges to ps. Considering v, (y) =
Un(y) + pn - y and using the compactness Remark 2.8, we can extract form (v,,), a subsequence converging to
a limit vy, which satisfies
Voo |* (F(D*vs0) + h(z) - Vo) = 0.

Remark next that the solutions of such an equation are solutions of

F(D*vs) + h(z) - Vs =0 (3.4)

as it is the case for h = 0 (see [14]). But, passing to the limit in (3.3) gives that oscp, (Voo — (¢ — Do) - ) > §.

This contradicts the regularity results known for solutions of equation (3.4), (see [20]) and it ends the case where
the sequence (py,), is bounded.
In the case where (py,),, is unbounded, take a subsequence such that \;;_:J converges to some poo.
Claim. There exist ¢, € IR™ and a subsequence o(n) such that for any r < 1,
Hm 7(y) - Po(n) = 7(Y) * doc

n—0o0

uniformly in B,.
We postpone the proof of that claim and we end the Proof of Lemma 3.2.
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We now divide the equation (3.2) by |p,|® and get, with e,, = |§n| and a, \plnl’
00Vt + eal” (D) + hly) - (Va4 ) = i

Using Remark 2.13 and the claim, a subsequence of uy(,,) converges to u a solution of the limit equation
F(D?uss) + h(y) - (Voo + goo) = 0.

On the other hand, osc(use — ¢’ - ) > % p, which contradicts the regularity of solutions of such equations.

Proof of the Claim. Let V' C IR™ be the space generated by h(B,). Let ¢, = ITyp, be the projection of p,
on V, hence h(z) - p, = h(x) - gn
Let p be such that for a subsequence \ﬁi\ — p, and let

Up +Pn - T

Uy =
" |Pn

Clearly v,, converges to vs = p - x and it is a solution of

‘VUH‘Q(F(DQUVL) +h(z) - Vu,) = fi?lzm

Pnl
Using compactness of bounded sequences one obtain by passing to the limit in the equation that v,, must be a
solution of

| Voo |“(F(D*vs0) + h(z) - Vs ) = 0,
hence we have obtained
h(z)-p=0

Let us note that this implies that ;Z”L“ — 0. Indeed suppose that h(z;)1<i<i generate V', let E; be an

orthonormal basis such that

[El, e Ek} = [h(l‘l), .o h(l‘k)]
then there exist A; such that Ej = >, Abh(z;) and ¢n = Y- (¢n - Ei)Ei = >ii(an - h(wz))A; and then

M<CZ19§H(%~ ;) —C Z
| |Pnl S

B xi))‘ —0.

Suppose by contradiction that the sequence (g, ), goes to infinity in norm.

Define w,, = %. Divide the equation by |[p, — ¢n|“|gn|, then w, is a solution of

: Jn

Pn — Qn |q7z‘ (F(Dan) + h(y) . an) — m.

‘pn - Qn‘ |pn - Qn‘

Yw,

Now, the sequence w,, which is bounded converges to weo(z) = ¢ - « for some ¢ of norm 1.
Using the compactness of (wy(n))n, proceeding as above, since |p, — ¢,|%|gn| diverges and since e
we get that it converges to a solution of the limit equation

— 0,

qn\

F(D*ws0) + h(y) - Vs, = 0

which implies
h(y)-q=0 forall y € B,.
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This means that g is both in V and V*, hence ¢ = 0, which is a contradiction and the sequence (g, ), is
bounded. This gives the claim, indeed, up to a subsequence, g, converges to g, and

lim h(y) *Po(n) = nh—>ngo h(y) “ldo(n) = h(y) *Qoo-

n—oo
This ends the proof. O
We now want to prove Lemma 3.3. In the case of a non straight boundary it requires the following technical
proposition, which is probably known, but for which we give a proof at the end of the section since we could
not locate one in the literature.

Proposition 3.6. Suppose that a is not identically zero in B5(0) and a(0) = Va(0) = 0. Suppose that (py)r is
a sequence in RN such that, for all n and for all z € B§(0),

pn - (2',a(a’)) < C
for some constant C. Then (pn)n is a bounded sequence.

Proof of Lemma 3.3. We assume first that A = 0.

Note that if By(z) N {yny = a(y’)} = 0 then it is sufficient to use the result of [14]. So we now assume that
Bi(z) N {yn = a(y)} # 0. _

We argue by contradiction and suppose that for all n, there exist x,, € B and p, € RN, |f,| L) < % and
Uy, with osc(u,) < 1 a solution of

{ [pn + Vun|*F(D*uy) = fo in B0 {yn > a(y)} (3.5)
un(¥) +pn-y =)  on BN{yn =a(y)}
such that for any ¢ € R

B:J(Sggn)(un(y) —q-y) > g- (3.6)

Extract from (), a subsequence which converges to zo, € B N {yn > a(y)}.
We denote in the sequel Bo, = Ny>n, Bi(xy,), which contains B, (2 ) as soon as N; is large enough.

The case where T is not straight. Observe that u, — u,(z,) satisfies the same equation as wu,, it has
oscillation 1 and it is bounded, we can then suppose that the sequence (u,,) is bounded. This, together with the
boundary condition implies that

lpn - (v, a(y))| < C

and Proposition 3.6, gives that (p,) is bounded.
So, up to subsequences, u, converges to some U, uniformly on B, N {yny > a(y’)} for every B, CC Buo,
(due to Cor. 2.7), and p,, converges to po. Furthermore, (too, poo) solves

[Poo + Voo |*F(D?*us) =0 in Boo N {yn > a(y’)}
{uoo+poo =) on Boo N{yn = a(y')}.
Using Lemma 6 in [14] one gets that
F(D%*uy) =0 in Boo N {yny > a(y')}
{uoo + Poo -y = @(y) on Boo N {yn = a(y’)}-

On the other hand, by passing to the limit in (3.6), one obtains

0sC Uoo —q-y) >
Bp(mxm{ywo}( W) —a-y)

[N
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This contradicts the fact that, by known regularity results on uniformly elliptic operators, there exists p; and
¢1 = ¢a,p, SO that any u, solution of (3.7) satisfies

osc  (u —q1 - <
5 (mx)( (y) —q1-y) <

pr

2

The case where T = {yx = 0}. Let p,, = p!, + pYen. The boundedness of u,, and the boundary condition

imply that (p,),, is bounded. If (pY),, is bounded just proceed as above. So we suppose that p2 is unbounded.
Dividing (3.5) by |[pX|® it becomes

el

Be + o Vua|* F(D*un) = phis in B N {yn > 0}
un +py, -y = @(y') on Boo N {yn = 0}

Denoting by p’ the limit of a subsequence of p),, and u the limit of a subsequence of (u,,), one gets by passing
to the limit and using Corollary 2.12 that

F(D*uy) =0 in Boo N{yn > 0}
Uso +p' -y = 0(y') on Boo N{yn = 0}.

Passing to the limit in (3.6) one gets that oscp,(z.)(teo — ¢ -y) > §, a contradiction. This ends the proof for
h = 0.

We briefly point out the differences in the case h # 0. It is sufficient to treat the case of a straight boundary,
the other cases being as before. Indeed, we already know that if the boundary is not locally straight, (py)n is
bounded.

In the case where the boundary is locally straight, say T = {yn = 0}, the only possibly unbounded component
iS pp - €N

The Claim in the interior flatness Lemma 3.2 implies that for any open set D C B,.(x)N{yn > 0}, h(y)-en =0
for any y € D. By the arbitrariness of D, this implies that h(y)-ey = 0 in B,.(z) N{ynx > 0}. We can now apply
Proposition 2.9 and end the proof as in the case h = 0.

We end the paper with the proof of Proposition 3.6.

Its thesis is proved if there exists N independent vectors, Vi, ..., Vi such that |p,-V;| < Cfor j=1,...,N.

Since a is not identically 0 on [—d,4] and a(0) = 0, Va(0) = 0, then there exists i such that a(te;) is not
constant for t € [—4, §]. Hence, there exist 0 < |t1] < d and |t2| < d such that the vectors

Vi :=t1e; + a(tie;)ey and Vy :=tae; + a(tae;)en

are linearly independent. Indeed, since a is not constant there exists ¢; and e; such that a(t1e;) # 0. Suppose
now that for any ¢, V; and Vi are linearly dependent, this implies that
a(tre;)  a(tae;)

= T = 0ia(0) = 0

a contradiction
Now, for j # i and j # N choose V; = t1e; +a(tiej)en. By constructions the V; for j =1,..., N are linearly
independent and by hypothesis |p, - V;| < C this ends the proof. O
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