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PERIODIC STABILIZATION FOR LINEAR TIME-PERIODIC ORDINARY
DIFFERENTIAL EQUATIONS * **

GENGSHENG WANG! AND YASHAN XU?

Abstract. This paper studies the periodic feedback stabilization of the controlled linear time-periodic
ordinary differential equation: §(t) = A(t)y(t) + B(t)u(t), t > 0, where [A(:), B(+)] is a T-periodic pair,
i.e., A(-) € L®°(RT;R™ ™) and B(:) € L (R"; R™*™) satisfy respectively A(t+T) = A(t) for a.e. t > 0
and B(t+T) = B(t) for a.e. t > 0. Two periodic stablization criteria for a T-period pair [A(-), B(-)] are
established. One is an analytic criterion which is related to the transformation over time 7" associated
with A(:); while another is a geometric criterion which is connected with the null-controllable subspace
of [A(+), B(+)]. Two kinds of periodic feedback laws for a T-periodically stabilizable pair [A(-), B(-)] are
constructed. They are accordingly connected with two Cauchy problems of linear ordinary differential
equations. Besides, with the aid of the geometric criterion, we find a way to determine, for a given
T-periodic A(-), the minimal column number m, as well as a time-invariant n X m matrix B, such that
the pair [A(-), B] is T-periodically stabilizable.
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1. INTRODUCTION

Throughout this paper, we refer that [A(-), B(:)] is a T-periodic pair if A(-) € L®(RT;R"*") and B(-) €
L (RT;R™ ™) satisfy respectively A(t + T) = A(t) for a.e. t > 0 and B(t +T) = B(t) for ae. t > 0
Corresponding to each T-periodic pair [A(-), B(-)], we consider the controlled equation

§(t) = A@y(t) + Boyu(t), 0. (L1)
Here, u(-) is a control taken from the space

Ung 2 L (RT;R™), with RT £ [0, 00). (1.2)
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For each control u(-) € Uyq and each x € R™, we denote by y(-;0,z,u) the solution of equation (1.1) with the
initial condition y(0) = x. equation (1.1) is said to be kT-periodically stabilizable if there exists a kT-periodic
K(-) in L=®(R*;R™*"™) (with k € N) such that the zero solution to the equation

y(t) =[A(t) + BOK(t)]y(t), t>0 (1.3)

is exponentially stable. Any such a K(-) is called a kT-periodic feedback stabilization law for the pair [A(-), B(-)]
(or for Eq. (1.1)). The main purposes of this study are (i) to build up two different T-periodic stabilization criteria
for a T-periodic pair; (ii) to construct two different periodic feedback stabilization laws for a T-periodically
stabilizable pair, one is nT-periodic, while another is T-periodic.

Two important types of solutions for ordinary differential equations are equilibrium and periodic solutions.
A mature theory on stability and stabilization for equilibrium solutions of time-invariant linear ordinary differ-
ential equations has been established. One of the most important results on the stability is as follows (see, for
instance, [3]): The zero solution to the equation y = Ay where A € R™*" is exponentially stable if and only if
o(A) € C~ (where C™ is denoted by the complex half plane {z € C : Re(z) < 0}). The most important result
about stabilization is the following Kalman’s criterion (see, for instance, [7,20]): A pair of matrices [A, B] in
R™*™ x R™*™ ig stabilizable (i.e., there exists a matrix K in R™*™ such that (A + BK) € C7) if and only
if rank(A — A, B) = n for each A € C\ C~. When a pair [A, B] is stabilizable, any matrix K with the above-
mentioned property is called a feedback stabilization law for the pair [A, B]. The usual structure of such feedback
laws is connected with either Riccati equations or Lyapunov functions (see, for instance, either Chap. 7, [16] or
Chap. 5, [20]). With respect to linear time-periodic ordinary differential equations, a well-established stability
theory has been developed. One of the most important results is the following stability criterion (see, for in-
stance, [9,10]): any periodic solution y,(-) to the equation: §(t) = A(t)y(t), t > 0 (where A(-) € L= (R*T; R"*")
is T-periodic) is exponentially stable if and only if o(P) C B. In view of Kalman’s criterion for the stabilization
of time-invariant pairs and the periodic stability theory mentioned above, it is natural and important to ask
for periodic stabilization criteria on a T-periodic pair and the way to construct periodic feedback stabilization
laws for a periodically stablizable pair.

To present our main results, some preliminaries are given in order. We start with some notations. For each
k€N, | |ge and (-,-)ge denote accordingly the Euclidean norm and inner product in R¥. We will simply
write them as || - || and (-,-), when it will not cause any confusion. We denote by {ei,...,ex} the standard
basis of R*, with k € N, where each e; is a column vector. We treat an element in R¥1*%2 with ki, ko € N,
as a k1 X ko real matrix. When ki, ke € N, Ox, «x, and Iy, stand for the k; x k2 null matrix and the &y x k;
identity matrix, respectively. For each matrix P, ||P| represents its operator norm, P* denotes its transpose
and P~1 stands for its Moore—Penrose inverse (see [19] for its definition). For each linear map L over a linear
space, (L), N (L) and R(L) denote its spectrum, kernel and range, respectively. We use B to denote the unit
open ball in the complex plane C, B¢ to denote the complement of B. Let @ 4(.)(-) be the fundamental solution
associated with A(-). We will simply write it as @(-) when there is no risk to cause any confusion. Let

P 2 o(T), (1.4)

which is called the transformation over time T associated with A(-) (see p. 256 in [3]).
Next, for each T-periodic pair [A(~), B()] and € > 0, two linear ordinary differential equations with initial
conditions are introduced. The first one is

Sn(t) —A(t)S,(t) — Sp(t)A(t)" + éB(t)B(t)* =0, te[0,nT], Sp(nT) = I (1.5)
while the second one is
S(t) —A)S(t) — SH)A)" + éB(t)B(t)* =0, te0,7], S(T)=PXX"P*, (1.6)

where X is an invertible matrix in R™*",
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Then, two periodic matrix-valued functions K2 (-), K°(-) and a special matrix Q will be defined. Write S& (-)
and S¢(-) for the unique solutions of equations (1.5) and (1.6), respectively. It is proved that S¢(-) and S°(-)
are symmetric and positive definite matrix-valued functions over [0,nT] and [0, T, respectively (see Lem. 2.3
and Step 2 in Part 2 of the Proof of Thm. 1.1). It is also shown that

Q2 lim (55(0) " (L.7)

e—0t

is a symmetric and positive semi-definite matrix (see Lem. 2.3). For each ¢ > 0, we define an nT-periodic
matrix-valued function K¢(-) in L (R*; R™*") by

1 _
KE(t) = —gB*(t)(Sfl(t)) " for ae. t € [0,nT); KE(t) = KE(t+nT) for ae. t € RY. (1.8)
Similarly, a T-periodic matrix-valued function K¢(-) in L>(R*; R™*") is defined by
1 _
K&(t) = —EB*(t)(SE(t)) " forae. te [0,T); K°(t)=K(t+T) for a.e. t € RT. (1.9)

Then, for each T-periodic pair [A(-), B(+)], its null-controllable subspace and the null-controllable subspace
on [0, kT], with k € N, are accordingly defined by

A
Viae),B( = {ﬂﬁ €R"

Ju €Upq and t > 0 s.t. y(t; 0,2, u) :0} (1.10)

and
A "
ViAo, Bk = {1‘ €R

Fu € Unq st y(kT;0,2,u) = O} ) (1.11)

We will simply write them as V' and Vj, respectively, when it will not cause any confusion.
Finally, given a finite dimension linear space H and a linear map L on H, there is a unique pair (H; (L), H2(L))
of subspaces such that (see, for instance, Theorem 1 on p. 78, [10])

H = Hy(L)® Hy(L), (1.12)

where H(L) and Hy(L) are invariant under L and satisfy o(L|g, (1)) C B and o(L|w, (1)) C B°.
The main results of this paper are presented by the following two theorems.

Theorem 1.1. Let [A(-), B()] be a T-periodic pair with P and Q given by (1.4) and (1.7), respectively. Then,
the following statements are equivalent:
(a) the pair [A(-), B(+)] is nT-periodically stabilizable;
(b) the pair [A(-), B()| is T-periodically stabilizable;
(c) it holds that
o (Q™'QP) C B. (1.13)

Furthermore, when [A(:), B(-)] is T-periodically stabilizable, each K&(-) defined by (1.8), with
[(s:00)7"-@
invertible X € R" ™ (depending on Via(.),B()k with k=1,...,n) and a positive number o (depending on n,
| X|| and ||P||) such that each K°(-) given by (1.9), with ¢ < eq, is a T-periodic feedback stabilization law for
this pair.

‘ < 1, is an nT-periodic feedback stabilization law for this pair; and meanwhile there are an

Theorem 1.2. Let [A(-), B(+)] be a T-periodic pair with P, V and RY(P) given by (1.4), (1.10) and (1.12),
respectively. Then, the following statements are equivalent:
(i) the pair [A(:), B(-)] is T-periodically stabilizable;
(ii) it holds that
RS (P) C V. (1.14)
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Based on Theorem 1.1, we can get an estimate on the decay rate for solutions of equation (1.3) where
[A(+), B(+)] is T-periodically stabilizable and K (-) = Kg(-) with e sufficiently small. To state it, we let

p= _min —In|\|/T. 1.15
A€o (Q~1QP)\{0} | ‘/ ( :

Write Py and Py . for the orthogonal projections of R™ to V and V-, respectively.

Theorem 1.3. Let [A(-), B(+)] be a T-periodically stabilizable pair with V and K£(-) given by (1.10) and (1.8)
respectively. Then, given § > 0, there are positive € = &(8) and M = M(J) such that the solutions y°(-) to (1.3)
with K(-) = K&(+) satisfy

Iy (@)1 < 2 (=8 | Py ()] + &7 [Py (F O)]) for all ¢ € B, (1.16)
Theorem 1.2 has the following application: For each T-periodic A(-) € L>®(R™*;R"™), define
CBay = {B eR™™|meN, [A(-), B] is T-periodically stabilizable}. (1.17)
For each B € CB4(.), denote by M (B) the number of columns of B. Set
M (CBagy) 2 min {M(B) | B e€CBag)}. (1.18)

With the aid of Theorem 1.2, we can find a way to determine the number M (CBA(.)) and to design a matrix B
in CBa(.), with M (CB4(.)) columns. In particular, when A(-) = A (i.e., A(:) is time-invariant), our way leads to

M (CB4) = max m(N),
A€o (ANC—

where m(\) denotes the geometric multiplicity of the eigenvalue A. Moreover, a corresponding matrix B has an
explicit expression (see Rem. 6.19).
Several remarks are given in order:

e R. Brockett formulated the following problem in [5]: What are the conditions on a triple (A, B,C) (with
A e R"™", B e R"™™ and C € RP*™) ensuring the existence of a periodic K(-) (with K(t) € R™*P) such
that the system y(t) = Ay(t) + BK(t)Cy(t) is asymptotically stable? After the Brockett problem, it was
pointed out in [15] that however, the stabilizaiton of the above system by a constant matriz K is a classical
problem in the control theory, from this point of view, the Brockett problem can be reformulated as: can the
time periodic matrices K (t) aid in the stabilization? Furthermore, the positive answer for the reformulated
Brockett problem (at least for the case where n = 2) was given in [15]. The connections of our Theorem 1.1
and the reformulated Brockett problem are as follows. By Theorem 1.1, we will find that (see Rem. 3.1)
when [A(-), B(:)]= [A, B] is time-invariant, (1.1) is T-periodically stabilizable for some 7' > 0 if and only
if (1.1) is T-periodically stabilizable for any 7" > 0 if and only if (1.1) is feedback stabilizable by a constant
matrix. Hence, the time periodic matrices K (t) will not aid in the stabilization of any triple (A, B, C) with
rankC = n, i.e., the reformulated Brockett problem has the positive answer only if rankC' < n.

We expect that our main results, as well as the application of Theorem 1.2, given in Section 6, can be
connected with the original Brockett problem. Unfortunately, we have no any result on it so far, except for
the trivial case where rankC' = n.

e There have been studies on periodic stabilization criteria for linear periodic systems. In [14], the following
criterion was established (see Thm. 2 in [14]): T-periodic stabilization < H-stabilization. Here, a T-periodic
pair [A(:), B(-)] is said to be H-stabilizable, if for each A € o(P) with [A| > 1, it holds that

n =0, when P*n =y and B*(t)(®(t)*)"'n =0 for a.e. t € [0,T). (1.19)
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The property (1.19) is a kind of unique continuation property for eigenfunctions of P* corresponding to
A € o(P) with |A| > 1. There is a similar version of this kind of unique continuation property in infinite
dimensional systems (see [4]). With the aid of the above-mentioned criterion, the authors of [14] built up a
T-periodic feedback stabilization law via the solution of the following T-periodic matrix Riccati equation

Q+AQ+QA+H"H—-QBB*Q=0; Qt) =Q(t+T), tecRt, (1.20)

where H(-) is a T-periodic matrix-valued function such that [A(-)*, H(-)*] is H-stabilizable. It was proved
in [13] that when both [A(-), B(-)] and [A(-)*, H(-)*] are H-stabilizable, the equation (1.20) admits a unique
positive semi-definite matrix-valued T-periodic solution (see [13]). Furthermore, K(-) = —B(:)*Q(-) is a
T-periodical feedback stabilization law.

The novelties of our paper, compared with the results in [14], are as follows: (a) we establish two criterions
differing from the H-stabilization in [14]. (b) We build up two kinds of periodic stabilization laws through
solving accordingly two linear equations with initial conditions.

The study in [14] was partially motivated by [6], where the author proved the fact that a T-periodic pair
[A(+), B(+)] is controllable if and only if it is controllable over [0, nT]. This also hints us to define the concept
of nT-periodic stabilization and to build up a nT-periodic stabilization law.

The equivalent condition (1.13) in Theorem 1.1 is a natural extension of Kalman’s rank condition (see
Rem. 3.1).

e The matrix X in Theorem 1.1 can be explicitly structured. (See Step 1 in Part 2 of the proof of Thm. 1.1).
When [A(+), B(+)] is T-periodically stabilizable, one can use a very similar method as that used in the Proof
of Theorem 1.3 to derive a similar estimate to (1.16) for solutions y°(-) to equation (1.3) with K(-) = K*¢(-)
where K¢(+) is defined by (1.9) with X given by Theorem 1.1. We omit its proof in this paper.

By our understanding, the procedure to stabilize periodically a system: y(t) = A(t)y(t) (where A() €
L*>(RT;R™ ™) is T-periodic) is as follows: one first builds up a T-periodic B(:) € L% (R™;R™ ™) such
that [A(-), B(+)] is T-periodically stablizable, and then design a periodic (such as T-periodic or nT-period)
K(-) € L®(R*;R™*™) such that A(-) + B(-)K(-) is exponentially stable. We call the aforementioned B(-)
as a control machine and the corresponding K () as a feedback law. Control machines could be treated
as control equipments which belong to the category of hardware, while feedback laws could be treated as
control programs which belong to the category of software. Thus, it is interesting to answer to following
question: How to design a simple T-periodic B(:) for a given T-periodic A(-) such that [A(-), B(-)] is T-
periodically stablizable? A matrix B, with M (CBa(.y) columns, in CBa(.) (see (1.17) and (1.18)) could be
one of the simplest ones. From this point of view, we give an answer for the above question, with the help
of Theorem 1.2.

As a byproduct of this study, it is built up that V = N(Q) for any T-periodic pair [A(-), B(-)], where V is
defined by (1.10) and Q is defined by (1.7) (see Lem. 2.3). This is a connection between the null-controllable
subspace V of a T-periodic pair [A(+), B(-)] and the corresponding operator (or matrix) ). This connection
appears to be new and plays an important role in the proof of our main results.

The rest of this paper is organized as follows: Section 2 presents some preliminary lemmas. Section 3 proves
Theorem 1.1. Section 4 verifies Theorems 1.2 and 1.3. Section 5 gives an example to illustrate our main results.
Section 6 provides an application of Theorem 1.2, i.e., a way to determine M (CBA(.)) given by (1.18).

2. PRELIMINARY LEMMAS

Lemma 2.1. Let [A(-), B(-)] be a T-periodic pair with P, V and V. given by (1.4), (1.10) and (1.11), respec-
tively. Then

k—1
Vi=> PVi foral keEN; V=V, (2.1)
j=0
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Moreover, it holds that
PV =V=P'V; PWVt=vi=(P) Vi (2:2)

Proof. Recall the definition of Vi, (see (1.11)). It holds that

kT
Vi = {/0 &1 (5)B(s)u(s)ds ‘ u(-) € Z/lad} . (2.3)

Now, we prove (2.1) and (2.2) by three steps as follows:

Step 1. To show the first equality in (2.1)
Arbitrarily fix a k € N. By the periodicity of B(:) and &(-), we have

j=0"JT
k—1 .7 k—1
= Z/ PId71(s)B(s)u(s)ds € ZP_]Vl,
j=0"0 j=0

which leads to V}, C Z;:é P~IV;. On the other hand, given x1,..., 2, € Vi, there are ui(-),...,ur(-) € Uaq
such that

T
zj :/0 D(s)B(s)u;(s)ds, je{l,2,... k}.

Let 2 = P*jxj and define @ € Unq by
§=0

(T +t) = u;(t) forall je{l,....k}, t€[0,7), a(t)=0 forall ¢e [kT,oc0).
Then, it holds that
kT
&= / &1(5) B(s)i(s)ds,
0

which leads to & € Vi. From this, $27-0 P~/Vy C V. Hence the first equality in (2.1) holds for all k € N.

Step 2. To prove that V =1V,
It is obvious that V;, C V. To show the reverse, let € V. By the definition of V', there are u(-) € Uaq and
t > 0 such that y(t;0,2,u) = 0. Let 4(s) = x(0,+)(s)u(s) for s > 0 and N(t) the non-negative integer such that
N@)T <t < (N(t)+1)T. Then
y(N(t) + 1)T750,2,4) = y((N(t) +1)T¢,0,4) = 0,

from which, it follows that x € Viy(;)41. On the other hand, it follows from the Hamilton—Cayley theorem and
the first equality in (2.1), indicates that

N(t) n—1
Vi1 =D PVIC Y PVI =V,
j=0 j=0

Therefore, z € V,, which leads to V = V,,.
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Step 3. To show (2.2).

Since
n—1 . n ) n—1 )
PV=P W, =P 'Y PV =) PIVIiC) PN =V,
j=0 j=1 j=0

it follows from the second equality in (2.1) that
PV CV. (2.4)

Because P is invertible, dim(P~1V) = dimV, which, along with (2.4), yields that P~V =V, i.e., V = PV.
Hence, the first statement in (2.2) stands. The second statement in (2.2) is a direct consequence of the first one.
This completes the proof. O

Define, for each £ > 0, € R™ and ¢ € [0,nT), the linear quadratic optimal control problem

(LQ); . inf Jo(u(-); t, x).

u€L?(t,nT;R™)
Here,

nT
Jo(u(-)it x) = / e <u(s), u(s) >rm ds+ <y(nT;t, z,u),y(nT;t, x,u) >pn,
t

where y(+;¢,x,u) is the solution to equation (1.1) over [t,nT], with the initial condition y(¢) = z. The corre-
sponding value function is

We(t, z) = ueL?(itr,lnfT;Rm) JE(u(-);t,x), t€[0,nT) and = € R™.

The classical theory on optimal controls (see, for instance, Thm. 37, p. 364, [20]) leads to the next lemma.
Lemma 2.2. For each € > 0, it holds that
We(t,z) = (x, Q5 (t)x) for all (t,z) € [0,nT) x R", (2.5)

where Q5 (+) is a symmetric and positive definite n x n matriz-valued function (over [0,nT]) solving uniquely
the Riccati equation

Q) + AW Q1) + QDA ~ ZQBOBH QU =0, t€[0,nT];  QnT) =1. (2.6)

Moreover, if y©*(-) is the solution to the equation

i) = (460 + 56) (~1860°0i9) o) sz 9t = (2.7
then the function
u(s) = —éB(s)*QZ(s)yt’z(s) for a.e. s € [t,nT] (2.8)
is the unique optimal control to Problem (LQ)3 .

Lemma 2.3. Let [A(-), B(-)] be a T-periodic pair with V, Q%,(+) and Q given by (1.10), (2.6) and (1.7) respec-
tively. Then the following statements stand:

(i)  the solution Sy (-) of equation (1.5) is Q)71

(il) the matriz Q is well defined, and is symmetric and positive semi-definite;
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(iii) 4t holds that
V =N(@Q) and V* =R(Q). (2.9)

Proof.

(i) Since Q5(-) solves equation (2.6), it follows from some simple calculation that SZ(-) is the solution to
equation (1.5).

(ii) Arbitrarily fix z € R™ and u(-) € L?(0,nT;R™). Clearly, J* (u;0,2) < J2(u;0,7) when &1 < e5. Thus,
(z,Q%(0)x) (which equals to We(0,z) by Lem. 2.2) is monotonically increasing with respect to £ and
bounded from below by 0. Hence, Slirél+ (x, Q5 (0)x) exists for each x € R™. From this, Elirgl+ Q5 (0) exists,

since we are working in the finite dimensional space R™. Clearly, this limit is a symmetric and positive
semi-definite matrix, since Q% (0) is symmetric and positive definite for each £ > 0.
(i) We first claim the statement that

x €V if and only if (x,Qxz) =0. (2.10)

In fact, on one hand, if € V, then it follows from Lemma 2.1 that x € V,,, i.e., there is a control 4(-) € Uaa
such that y(nT';0,z,4) = 0. We restrict this control on [0, nT] and still denoted by 4(-) the restricted control,
which is clearly in L2(0,nT; R™). Then, one can easily check that

nT
< S — s £ < 3 EA. — 3 -~ 2 — .
0< (0.Qu) = lim W(0.2) < lim J(i0.2) = lim e [ a)]Par =0

On the other hand, if x € R™ satisfies (z, Q) = 0, then by the definition of J¢,

0= D) = i inf J?(u;0,x) > inf T;0 2, 2.11
(z,Qx) B (u; ,w)_ueLQ(})r}nT;Rm)lly(n ;0,2 u)| (2.11)

Since
{y(nT;0,2,u) | u e L*(0,nT;R™)} = &(nT)x + &(nT)V,
(where @(-) denotes the fundamental solution associated with A(-)), it follows from (2.11) that

),
inf |z||* = 0.
z€P(nT)x+P(nT)V
From this, &(nT")z + @(nT)xo = 0 for some x¢ € V, which leads to z € V, and proves (2.10). B
Finally, since @ is symmetric and positive semi-definite, it is clear that (2, Qx) = 0 if and only if Qz = 0.
This, along with (2.10), leads to the first equality in (2.9). The second equality in (2.9) follows from facts that

VE = (WN(Q))*r =R(Q*) = R(Q). This completes the proof. O

The next lemma is a modified version of Lemma 1 in [11].
Lemma 2.4. Let [A(~), B()] be a T-periodic pair with V., P and Q given by (1.10), (1.4) and (1.7), respectively.
Then there are T-periodic A11(-), A12(+) and Aga(-) in L (RT;R™ ™) and By (-) in L®(RT;R™™ ™) such that
any solution y(-) of equation (1.1), with a control u(-) € Uaa, can be uniquely expressed as
y(t) = yi(t) + y2(t), t € RT, (2.12)

where the pair (y1(-),y2(-)) satisfies

{1/:1(15) = An(®)y1(t)+ Ar2(t)y2(t) + Bi(t)u(t), fERY, (2.13)
Yo(t) = A2z (t)y2(t),
yi(t) € D)V and yo(t) € ()" 1)*VE for each t € RT (2.14)
and
yo(nT) = Q™1QP"y2(0) € V*. (2.15)

Here, §(-) denotes the fundamental solution associated with A(-).
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Proof. By Lemma 1 in [11], there are A1 (-), Aia(-) and Agg(-) in L°(RT;R™*™) and By (+) in L®(RT;R™"*™),
which depend only on [A(-), B(+)], such that any solution y(-) to equation (1.1), with a control u(-), can be
uniquely expressed by (2.12), where (y1(), y2(+)) satisfies

G1(t) = An (ya (H)+ Ara(t)y2(t) + Br(tu(t), N
{92(t) = Agz(t)yg(t), teR (2'16)

and (2.14) (see Rem. 2.5 following the proof of this lemma). Define A11(-), Ai2(-), A22(-) and By(-) by

(t), Aw(kT +1t) = A12(t),
(t), Bi(kT +1t)= By (t),

A1 (KT +1)

€0,T), keN. 2.17
AQQ(/{;T—I—t) = [ ) ( )

411
A22

Clearly, they are T-periodic.
Now we arbitrarily fix a control u(-) € Uaq and let y(-) be a solution to equation (1.1) corresponding to this
control u(+). For each k € N, we define

y*(t) =yt +kT) and u®(t) =u(t +kT), t>0. (2.18)

From the T-periodicity of [A(-), B(-)] and (2.18), one can easily check that each y*(-) is a solution to equa-
tion (1.1) corresponding to the control u*(-). Then, by Lemma 1 in [11], y*(-) can be uniquely expressed as

y () = ui (t) + y5(t), t € RY, (2.19)
where (y§(-),y5(-)) satisfies
Sy = An(pE O+ An(pb(0) + B0 (1),
1 ) te Rt (2.20)
ayé“(t) = Aga(t)y5 (t),
and
yr(t) € d(t)V and yh(t) € (®(t)"1)*V* forall t € R, (2.21)

From (2.19), (2.18), (2.12), (2.14) and (2.2), three observations are in order:
yt () +y5(t) = y*(t) = y(t + kT) = g1 (¢ + kT) + yo(t + kT), k €N, t € [0,T);
yi(t+kT) € d(t+kT)V = dt)D(kT)V = &(t)d(T)FV = d(t)V, k€N, t € [0,T);
yo(t +kT) € (P(t + kT)"1)*V+L = (&(t)"1)*V+ keN, t € [0,7).
These, along with (2.21), indicates that
yr(t) =y (t + kT) and yb5(t) = y2(t + kT) forall t >0 and ke N.
From these, (2.16), (2.20) and (2.18), one can easily check that (y1(-),y2(),u(-)) satisfies system (2.13) with

T-periodic A11(+), A12(+), A22(-) and By(+) given by (2.17).
The rest is to show (2.15). By the variation of constant formula and (1.4),

nT
y(nT) =P"y(0) + Pn/o &1 (5)B(s)u(s)ds. (2.22)
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On one hand, it follows from (2.12), (2.14) and (1.4) that
y(nT) = y1(nT) + y2(nT), y1(nT) € P"V and yo(nT) € (P7")" V.

Because PV = V and (P~1)*V+ = V1 (see (2.2) in Lemma 2.1), it holds that y;(nT) € V, yo(nT) € V*.
Hence,
Pyi (y(nT))= y2(nT). (2.23)
On the other hand, since y(0) = y1(0) + 2(0), y1(0) € V and y2(0) € V1, it holds that
P"y(0) = P"y1(0) + P"y2(0) and P"y:(0) € P"V =V. (2.24)
By Lemma 2.6 (where M = @), we see that

P y2(0) = Q™ QP y2(0) + (P"y2(0) — Q' QP y2(0)), (2.25)

Q™QP 2(0) e R(Q) = V+ and Pz — Q™ QP y»(0) € N(Q) = V. (2.26)

Besides, it follows from Lemma 2.1 that
nT
77”/ &1 (s)B(s)u(s)ds € P"V,, = P"V = V.
0

Along with (2.22), (2.24), (2.25) and (2.26), this indicates that

PvL (y(nT)): PvL (P"y(())) =S PvL (P"yg (0)) S QNlQPnyz (0)

This, along with (2.23), leads to (2.15).
Finally, the uniqueness of such a decomposition follows from (2.14) at once. O

Remark 2.5.

(i) In[11], the proofof (2.14) is hidden in the proof Lemma 1 (see Line 6, p. 721, [11]), where the null-controllable
subspace w.r.t. the time-varying system is defined in the same manner as (1.10).

(ii) In Lemma 1 of [11], it is assumed that V is a proper subspace of R™. This assumption can be dropped if
one regards {0} as a zero-dimensional subspace of R™.

The next lemma is about a decomposition of vectors related to the Moore—Penrose inverse of a symmetric
matrix.

Lemma 2.6. Let M be a symmetric matriz in R™ ™. Then, any vector & in R™ can be decomposed into two
orthogonal vectors M™~'M¢ and € — M~ ME such that

M~*ME € R(M) and &€ — M~ ME € N(M). (2.27)

Proof. By the definition of the Moore—Penrose inverse matrix (see [19]) and by the symmetry of M, it holds
that
M™ME= (MYIM)E = (MM™Y)E = M(M™'€) € R(M);

and
M(&— M~ ME) = ME— (MM~ M)E = ME— ME=0.

These lead to (2.27). Besides, it follows from the symmetry of M that R(M) = N (M*)+ = N(M)=+. Hence,
the vectors M~*M¢ and (&€ — M~1ME) are orthogonal. O

The next lemma is a direct consequence of Theorem 1 on page 67 in [10].
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Lemma 2.7. Let H be a real n-dimensional linear space. Let L be a linear map on H. Then H can be uniquely
decomposed as

H = H\(L) P Ha(L), (2.28)
where Hy(L) and Ho(L) are invariant under L and satisfy accordingly

o(L|y, 1)) B and o(L|,, ,))C B". (2:29)

Remark 2.8.

(i) Let L be a linear map on R™. Let Z C R™ be an invariant subspace of L. Then, Lemma 2.7 provides a
unique decomposition of Z corresponding to the map L| - We will simply denote this decomposition by
(Z1(L), Z2(L)), when there is no risk to cause any confusion.

(ii) Let [A(-), B(-)] be a T-periodic pair. Let V be its null controllable subspace. By Lemma 2.2, V' is an invariant
subspace of P, where P is the transformation over time 7" associated with A(-). Thus, Lemma 2.7 provides
a unique decomposition (Vi (P), Vo(P)) for the space V.

Lemma 2.9. Let Z be a finite-dimensional vector space and L be a linear map on Z. Suppose that Y C Z is
an invariant subspace of L. Then

Yi(L) € Zi(L)  and  Y3(L) C Z»(L). (2.30)
Proof. Let Z = Yi(L) @ Z>(L). Then

Z=27+27Z=(Yi(L)+ Zi(L)) + Zo(L). (2.31)
Subspaces Y;(L) and Z;(L) are invariant under L, so is Y1 (L) 4+ Z1(L). Clearly, it holds that

O—(L’Yl(L)—i-Zl(L))C B.

This, together with the fact that O'(L|Z2(L))C B¢, implies

(Y1(L) + Z1(L)) () Z2(L) = {0}
Along with (2.31), this yields
Z = (i(L) + Z:(L) P Za(L).
Then, because of the uniqueness of the decomposition provided by Lemma 2.7, we see that
Yi(L) + Z1(L) = Z:(L),

which implies that Y7 (L) C Z1(L).
Similarly, we can verify the second conclusion in (2.30). This completes the proof. O

We end this section with introducing some notations which will be used in the Proof of Theorems 1.1 and 1.2.
By (2.2), V is invariant space of P. Hence, V3 (P) and V2(P) are uniquely provided by Lemma 2.7. We write

ki 2dimV,  ky2dimVi(P), ks 2 dimR}(P). (2.32)

Clearly,
ki > ko < ks, (2.33)
k‘l — k‘g = dlm‘/g (P), n — k‘g = dlng('P) (234)

Since Vo(P) C R (P) (see Lem. 2.9), it holds that
ki + ks <n—+ ko. (235)
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3. THE PROOF OF THEOREM 1.1
The proof will be organized as two parts as follows.

Part 1. To show (a) < (c)

It is hidden in the proof of this part that if (¢) stands, then K¢() given by (1.8) is an nT-periodic feedback
law when ¢ is sufficiently small. The strategy to prove the equivalence in this part is showing

(a) © o (Q™'QP") C B and (c) o (Q~'QP") C B.
The proof of these two equivalence will be carried by three steps as follows:
Step 1 in Part 1: To prove (a) = o (Q~'QP™) C B

Let A11(+), A12(+), Aaa(:) and Bi(-) be the matrices given by Lemma 2.4. According to Lemma 2.4, each
solution y(+; 0, z, u) to equation (1.1) has a unique decomposition (y;"“(+),y5 “(+)) satisfying (2.12), (2.13), (2.14)
and (2.15). By the second equation in (2.13),

Yot (t) = ya°(t), when t > 0,u € Uag. (3.1)

We claim -
o (Q~'QP") C B+ Jlim yo(t) = 0 for all = € R™. (3.2)
— 00

To this end, it suffices to show that

_ _ k
lim y5°(t) =0 Vo € R" & lim (QV'QP") 2 =0 VzeV* (3.3)
t—o0 k—oo
and .
lim (Q¥1QP") 2=0 VzeVt &0 (QVQP") CB. (3.4)
— 00
To prove (3.3), we first observe that
Jlim vty =0 Ve eR" & Jim y2(knT) =0 V z € R™ (3.5)

Indeed, we only need to show the right side of (3.5) implies the left side of (3.5), since the reverse is obvious.
For this purpose, we write @ 4,, () for the fundamental solution associated with Ass(+). For each ¢ > 0, let N(t)
be the non-negative integer such that N(t)nT < t < (N(t) + 1)nT. By the T-periodicity and the boundedness
of Ags(+), there is a positive constant C' such that
lys @)1 = 1€ 455 (t = N (E)nT) B4, (N (T3 (0) |
< Oy (N(t)nT)|| for all t>0 and = € R™.

This yields (3.5). Then, we can easily derive from Lemma 2.4 (see (2.15)) that
_ k
Yy (knT) = (QNlQP") y2%0) e V* forall ke N and z € R™. (3.6)
It is clear that {y2°(0) ’ x € R"} = V4. This, along with (3.5) and (3.6), gives (3.3).

We next verify (3.4). It is well-known that the right side of (3.4) implies the left side of (3.4) (see Appendix C5
in [20]). Now we show the reverse. From Lemma 2.6 where M = @), it follows that

Pz —Q™'QP"z € NQ for each z € R™. (3.7)



PERIODIC STABILIZATION FOR LINEAR TIME-PERIODIC ORDINARY DIFFERENTIAL EQUATIONS 281

On the other hand, by Lemmas 2.1 and 2.3, we have

zeV=P'zeV =N(Q). (3.8)
By (3.7) and (3.8), we find that Q~'QP"z = 0 for all z € V.. From this and the left side of (3.4), it follows that

_ _ k
im (QNlQP”) =0 forall z€R"
k—oo

This yields the right side of (3.4) (see Appendix C5 in [20]). Hence, the claim (3.2) has been proved.
Now, we suppose that (a) (in Thm. 1.1) stands. Let K(-) be an nT-periodic stabilization law for the pair
[A(+), B(-)]. Consider the following equation:

§(t) =[AW®) + BOK(®)]y(t), teR: y(0) = a. (3.9)

For each = € R", we denoted by y(-;0,2) the unique solution of equation (3.9). Since K(-) is a feedback
stabilization law, we have
tlim y(t;0,z) =0 for each x € R". (3.10)

For each 2 € R™, we denote by (y{(-),y5(-)) the decomposition of the solution y(+; 0, z) provided by Lemma 2.4
where u(-) = K(-)y(+;0,z). By (2.14), we have that < y7(¢),y5(¢t) >= 0 for all ¢ > 0, from which, it follows that

lyz (1] < \/Hyf(t)||2 +ly5 ()2 = [ly(t;0,2)|| forall t>0.
This, along with (3.10), yields that

tlim y5(t) =0 for each z € R™. (3.11)

On the other hand, if we write a*(-) = K(-)y(+;0,x), then y(-;0,x,4%) = y(-;0,x). Thus, ygﬁl() = y3(-). This,
along with (3.1), indicates that
yE(t) = y3°(t), when t >0, z € R (3.12)

In summary, we conclude from (3.12), (3.11) and (3.2) that o (Q~'QP™) C B.
Step 2 in Part 1: To show o (Q”lQP”) CcB=(a)
Suppose that o (QNIQ_P”) C B. By the part (i) of Lemma 2.3 and (1.7), there is an gy > 0 such that
|Q5(0) — Q|| < 1, when 0 < & < g9. We arbitrarily fix an € € (0,¢¢], and then write
M2 (o) 2 Q5(0) = QI = [1(S5(0) - Q1 < 1. (3.13)

Let K:(-) be given by (1.8). It suffices to show that K7 (-) is an nT-periodic stabilization law for [A(-), B(-)].
For this purpose, we write ¥.(-) for the fundamental solution associated with A(-) + B(-)K;(:) and write
P. 2 W.(nT). Let y*(-;to, z) be the unique solution to the equation

§(t) = (A®) + BOK:(®))y(t), ¢ >0, (3.14)

with the initial condition y(tg) = x, where to > 0 and = € R™. Clearly, y°(-; to, x) is also the unique solution to
equation (1.1), where u(-) = KZ(-)y°(-; to, z), with the initial condition y(to) = x. Write (y1(;to, ), y2(; to, z))
for the decomposition of y*(+; to, ) provided by Lemma 2.4. (we omit € in the notation of the decomposition pair
to simplify the notation). Then the pair (yi(-;to, ), y2(;to, z)) satisfies (2.13) (where u(-) = K5 (-)y°(-; to, x)),
(2.14) and (2.15). The key is to show that

JkeN, st. lim y*(jknT;0,2) =0 for all z € R™. (3.15)
Jj—oo
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When (3.15) is proved, we have o(P-)C B (see Appendix C5 in [20]). Hence, equation (3.14) is exponentially
stable ((see [18] or [17]), d.e., K5(+) is an nT-periodic stabilization law for [A(-), B(:)].
The rest of this step is to show (3.15). the proof is built upon the following two cases:
The first case where x € V: We first claim that
ly=(nT; 0, 2)|| < M||z|| forall z € V. (3.16)
In fact, it follows from Lemma 2.3 (see (2.9)) that
(2,Qz) =0 forall z€ V. (3.17)

On the other hand, from Lemma 2.2, the control @<(-) (whit z € V') defined by
u(t) 4 K, (t)y°(t;0,2) = —%B*(t)Qi(t)yE(t; 0,z) for a.e. t € [0,nT],
is the optimal control to Problem (LQ)§ .. This, along with (2.5), (3.13) and (3.17), indicates
ly*(nT50,2))[I* < W9(0, 2) = (2,Q5,(0)z) < Afllz]* + (2, Qz) = A[|z|]%,

which leads to (3.16). Next, since z € V, it follows from (2.12) and (2.14) that y2(0;0,2) = 0. Then, by the
second equation in system (2.13), we find that ya(+;0,2) = 0. From (2.2) and (2.14), we see that

Y= (knT;0,z) = y1(knT;0,2) € (knT)V = PV =V for all k € N.

Here and throughout the proof, &(-) denotes the fundamental solution associated with A(-). Let z =
y°(knT';0,z). Then by the nT-periodicity of (A(-) + B(-)K5(-)),

y=(nT;0,2) = y*((k + 1)nT;0,z).
Thus, it follows from (3.16) that
ly*((k + 1)nT;0,2)|| < M||y*(knT;0,z)| for all k€N and z € V. (3.18)
Since \; < 1 (see (3.13)), it holds that

lim y*(knT;0,2) =0 for all x € V. (3.19)

k—oo

The second case when = € V1: Since o (Q_NlQP”) C B, there is a natural number k such that (see Ap-
pendix C5 in [20])

A 2(Q™1QP™YF|| < 1. (3.20)

Let
aj = y1(jknT;0,2) and B; = y2(jknT;0,), j =0,1,2,... (3.21)

Clearly, when = € V1, a; + 8; = y°(jknT;0,z) for all j € N; ap = 0 and By = z. By the nT-periodicity of
(A(-) + B(-)K5(+)), one can easily check that

ajr1 =y (knT;0,05) + y° (knT;0,8;) — Bjs1. (3.22)
Because {a;}52, C V (see (2.14) and (2.2)), it follows from (3.18) that

g% (nT; 0, 0)[| < AF[lay|| for all j=0,1,2,... (3.23)
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Write ¥, (-) for the fundamental solution associated with (A(-) + B(-)K5()). Clearly,
ly= (knT50, 85) || < (|2 (knT)[ - 1851 (3.24)

On the other hand, by the definition of §; and the T-periodicity of Ass(-) (see Lem. 2.4), we can easily check
that

ﬁ]q_l = yg(EnT; O,ﬁj) for all j = 07 1, cen

and
y2 (knT;0, 8;) = yg(nT;O,yg ((k— 1)nT;0,ﬁj)) forall ke N and j=0,1,2,...

By these, by using (2.15) repeatedly and then by (3.20), we can obtain that

I ‘
1500l = [[(@1@P™)" 5| < 2allg ) forall j=0,1,2,... (3.25)
Now, from (3.22)—(3.25), one can deduce the estimate
]l < M¥llagll + (A2 + ||@e (knT)||) 18;]] for all j =0,1,2,...,

which together with (3.25), implies that

|aj+1|> - (/\'f A2 + || (/mT)H) (||%‘|> -
e forall j=0,1,2,... 3.26
(wjm < X Ig;| ) forallJ (3.26)

Because )\’1“, A2 < 1, it holds that lim a; = lim (; = 0. Thus, we have
j—oo j—o0

lim 3 (jEnT;O,x) =0 forall ze V", (3.27)

Jj—o0
since y° (jknT';0,2) = o; + B3;. Now, the key statement (3.15) follows from (3.19) and (3.27).
Step 3 in Part 1. To verify (¢) < o (QNIQP”) cB

Since V is an invariant subspace of P (see (2.2)), we have V' = Vi (P) & Va(P) (see Rem. 2.8). Let us
recall (2.32). Because V1(P) C R (P) and Vo(P) C RY(P) (see Lem. 2.9), we can take {&1,...,&kyys- -, Eks |
as a basis of R?(P), where O; £ {£1,&2,...,&, + is a basis of Vi(P); and take {01,..., Mk, —kys -+ Tn—ks } tO
be a basis of R}(P), where O3 = {n1,7m2, ..., Mk, —k,} is a basis of Vo(P). Write O = {€y i1, Erpt2s -+ s Eks b
and Oy 2 {Mky kot 1, My —kot2s - -+ Tn—ks - Since Vi(P), Va(P), RF(P) and RE(P) are invariant subspaces
of P, there are matrices 4; € RF2*F2 A, ¢ Rb2x(hs—k2) A, ¢ Rka—ka)x(ks—k2) = g, ¢ R(F1—h2)x(k1—k2)
Asy € Rbr—k2)x(n—ks—ki+k2) anq A, € R(n—ks—kitkz2)x(n—ks—kit+k2) gych that

A1 A12 0 O
0 A, 0 O
0 O Ag A34
0 0 0 Ay

P(O1,02,03,0,) = (01,0,,03,04) (3.28)

Then, there are matrices Ay € RF2x(ka=k2) and A34 € R(k1—k2)x(n—ks—ki+k2) guch that

Ar A, 000
0 A7 0 0
0 0 A} Asy
0 0 0 A}

P"(61,02,03,0,) = (01,0,,03,0,) (3.29)
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On the other hand, by (2.27) and (2.9), I — Q™~'Q is a linear transform from R" to V = V;(P) @ Va(P).
Thus, there are vectors cy, ..., ck, in R™ such that

ko k1—ko
(T=Q'Q)C =D _(Cei)&+ > (Ccryi)m forall ¢€R™,
i=1 i=1
which leads to
B B k2 kl—kg
QV'QC=C=> (Cei)&— D ((rpra)my forall ¢ €R™
i=1 i=1

This, together with the fact that QV = {0} (see (2.9)), yields that there are matrices C) € RF2*(ks=k2)
02 c R(kl—kg)x(kzg—kQ)’ 03 c ngx(n—kg—k1+kg)7 04 c R(kl—kg)x(n—kg—k1+k2) such that

0 Ci 0  Cs
0 Ijy—, O 0

QNIQ_(@17@27@:’M@4) = (@1a827@37@4) 0 02 O 04 (330)
0 0 0 In—kg—k1+k2
From (3.28) and (3.30), it follows that
0C1A2 0 C3A,
Q™ QP(61,05,05,0,) = (61,05,05,0,) | 0 A2 0 0
1,%2,Y3,Y4) — 1,92,Y3,Y4 002142064144 )
0 0 0 Ay
which yields that
5 (QT1gp) = { AU UL0), - ifh = 1 (3.31)
O'(AQ)UO'(A4), if ]{il =0.
Similarly, it follows from (3.29) and (3.30) that
o (leQP”) _ o(A7)Ua(A)U{0}, if ki > 1; (3.32)
a(AS)YUa(AY), if k1 = 0.
By (3.31) and (3.32), we see that
o (Q™'QP™) = { X" | A€o (Q™'QP)}. (3.33)

Therefore, it holds that o (Q~'QP) C B« ¢ (Q~'QP") C B, i.e., (¢c) < o (Q~'QP") C B.

In summary, we conclude that the proof of Part 1 is finished.
Part 2. To show (a) < (b)

Clearly, (a) < (b) in the case that n = 1. Thus, we can assume that n > 2. It is obvious that (b) = (a). Now
we show that (a) < (b) for the case that n > 2. Suppose that (a) stands and n > 2. It suffices to show that there
is a T-periodic stabilization law for [A(-), B(+)]. To verify this, we first construct a special n x n real matrix X
(which will appear in (1.6)), then provide an g9 > 0 (depending on n, || X|| and ||P]|), and finally prove that
when € € (0,¢0], K°(+), given by (1.9) with the aforementioned X, is a T-periodic feedback stabilization law for
[A(+), B(-)]. The detailed proof will be carried by several steps.
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Step 1 in Part 2. Structure of X in (1.6) where n > 2

Recall that k; = dimV (see (2.32)). Hence, dimV+ = n — k;. We arbitrarily take a basis {fy, ..., Ak, } of V1.
The desired X will be defined by
Xé(Clﬂ"'aCklvﬁla"'aﬁn—kl)- (334)

Here, {1,...,(k, } is a special basis of V', which will be determined later. Clearly, X is invertible. To construct
the aforementioned basis {(1, ..., (x, }, we will build up subspaces Wi, Ws, ... and W,, of V such that

J
V; =EPwW: forallje{1,2,...,n} (3.35)
i=1
and
PWjt1 CW; forall je{l,...,n—1}. (3.36)

Here, we agree that {0} is the 0-dimension subspace of R™.
When the above-mentioned {W1, ..., W, } is structured, it follows accordingly from (3.35) and (3.36) that

n
V=V,=@W (3.37)
=1

and
dimW;41 < dimW; for each j e {1,...,n—1}.

The latter implies that
Wit1 = {0}, whenever W; = {0} for some j € {1,...,n—1}. (3.38)

Write {61, ceey 51%1}’ {éfcﬁl’ R C}c?}, ..., and {é’%nfl“rl’ cee ékn} for bases of Wi, Wa, ..., and W, respectively.
Here, we agree that any basis of W; is @, if W; = {0}. From the fact that k; = dimV/, (3.37) and (3.38), it follows
that {C1,...,Ck, } is a basis of V. Then we take the desired basis {(1,. .., Ck, } in (3.34) to be {Ci,...,Cx, }-

The rest of this step is to structure {W1,..., W, } satisying (3.35) and (3.36). Two observations are given in
order:

V; =P W1 +Vj_y forall je{2,...,n} (3.39)
and 4
Vi =V +P Uy forall je{2,...,n}. (3.40)
Now we construct the above-mentioned {W1,..., W, } by the following two cases:

The first case when n = 2. We first take W7 = V;. Then, from (3.40) where j = 2, we see that Vo = V; +P 117,
by which, there is a subspace W3 such that Vo = V3 @ W and Wa C P~1V;. Hence, {W1, Wa} satisfies (3.35)
and (3.36) in the case that n = 2.

The second case that n > 2. Let Wy = V4. Now we build up {Ws,..., W, } in such an order: W,, — W,,_1 —
.. — Wa. By (3.40) where j = n, there is a subspace W, such that

Vo =Vaa W, and W, C P~ DV (3.41)
Then, from the second property in (3.41), it follows that
PW, C P~=2y;. (3.42)

Besides, it holds that
PW,, ﬂ Vo = {0}. (3.43)
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In fact, if y € PW,, [ Vi_2, then y = Pz for some z € W,,. Thus, z = P~ 1y € P~1V,_,. This, along with (3.39)
where j = n — 1, indicates that z € V,,_1. From this and the facts that z € W,, and V,,_1 (W,, = {0} (see the

first property in (3.41)), it follows that z = 0. Hence, y = Pz = 0, which leads to (3.43).
We next build up W,,_;. From (3.40) where j = n — 1, (3.42) and (3.43), we see that

Vit =Voa + PV =V, 5+ P~V 4 PW, = (anz @PWn> +P Dy

Thus, there is subspace W, _1 such that

W, 1 CP " 2V; and V, 4 = (vn_2 @Pwn) DWr. (3.44)
Let
W1 =PW, P W, 1. (3.45)
It is clear that
Voot = Voo @ Wor and PW, € Wyo1. (3.46)

Besides, from (3.45), (3.42) and the first result in (3.44), we obtain that
PW,_1 C P~ (3.47)

By (3.39), with j = n — 2, and the fact that V,,_2 (V1 W,,—1 = {0} (see the first fact in (3.46)), using the same
method to show (3.43), we can easily verify that
PWo_1[ | Va-s = {0}. (3.48)

By (3.47) and (3.48), following the same way to construct W,_;, we can build up a subspace W,,_o with
the similar properties as those in (3.46), (3.47) and (3.48). Then we can structure, step by step, subspaces
Whn_s,..., Wy such that

V; =V, @DW; and PWjq CW; forall je{n—2,...,2} (3.49)

Now, from the first property in (3.41), (3.46), (3.49) and the fact that Wy = Vi, one can easily check that the
subspaces W7y, ..., W, built up above satisfy (3.35) and (3.36) in the case that n > 2.
We end this step with the following property which will be used later:

(X712, X 129) =0 forall z; € W;, 20 € W, with i# jandi,j€{1,2,...,n}. (3.50)
The property (3.50) can be easily verified, since W; N W; = {0} for all 4,5 = 1,...,n with i # j.
Step 2 in Part 2. Structure of a T-periodic K°(-) in L>(R*T;R™*™) and a positive number £

Let X be given by (3.34). For each € > 0 and « € R™, consider the optimal control problem

€y . 1€ .y : E(,,.
(Py) : We(t,xz) = uem%ggﬂ;ﬂw) JE(u; x).

Here J¢(;;2) : L2(0, T; R™) — R is defined by

jg(u; x) ] /OT e(u(t),ult))dt + (X P 1y(T;0,2z,u), X P y(T;0,z,u)), (3.51)
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where y(+; 0, x,u) is the solution of equation (1.1) over [0, 7], with the initial condition y(0) = z. According to
Theorem 37 on page 364 in [20] (see also Lem. 2.2),

We(t,z) = (x,Q°(t)z) for all (t,z) €[0,T) x R, (3.52)

where Q°(-) is a symmetric and positive definite n x n matrix-valued function over [0, 77, and S°(-) =(Q(")) -
is the unique solution to the equation (1.6).
For each x € V3, there is a control uy € U,q such that y(T;0,z,u;) = 0. Thus, by (3.52),

0< lim <a,Q%z>= lim W(0,2) < lim J*(uy;2) =0, when z € V4.

e—0t e—0t e—0t

From this, lim < z,Q°(0)z >= 0 for each x € V;. Since Vi is a finite dimensional space,

e—0+t
(2,Q%(0)z) — 0 uniformly in {zewvi:|zf <1} (3.53)
Let 1
= — (3.54)
2n[| X (1 + (V2IPIIXTIX 1))
By (3.53), there is an
g0 2 £0(6) £ go(n, X,P) >0 (3.55)
such that when ¢ € (0,¢e],
(z, Q°(0)z) < &2%||z||? for all z € V;. (3.56)

In the rest of the proof, we fix an ¢ € (0,¢¢]. Let K°(-) be defined by (1.9), where X is given by (3.34). Write
g* () for the solution to the equation

{y(t) = (A(t) + BOKE())y(t), ace. te [0,+00), (3.57)
y(0) = x.

By Theorem 37, page 364, [20] (see also Lem. 2.2), the control
e\ A _
ut () =K°()y" (), (3.58)

when it is restricted over (0,7), is the optimal control to problem (PZ).

Step 3 in Part 2. To prove that the above K¢(+) is a T-periodic feedback stabilization law
Define a linear mapping £ on R™ by
T
L) =2+ / & 1(s)B(s)i®(s)ds  for all € R", (3.59)
0

where @*(+) is given by (3.58). Clearly,
g*(T) = PL(x) for all z € R™. (3.60)

First, we claim

L(x)=x, ifxze @Wj ; L(z) € Wy and || L(x)] < ||z|, if 2 € W;. (3.61)
j=2
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To prove the first statement in (3.61), it suffices to show that a”(-) = 0 for all © € @;;2 W; (see (3.59)). For
this purpose, we observe that for each u € L?(0,T;R™),

22 /T &1 (s)B(s)u(s)ds € Vi = Wi (see (2.3),(3.35), where j = 1),
0

and
y(T;0,z,u) = P(x + z) for all z € R™.

These, together with (3.50), yields that when x € @;;2 Wj,

js(u;x) = /Te (u(t),u(t))dt + (X 'P1y(T;0,2,u), X "Py(T;0,2,u))
0
>{X AP y(T;0,2,u), X 1P~ 1y(T;0,2,u))
= (X Yo 42, X N o+2)> (X 1o, X 1z) = J(0;z).

Hence, the null control is the optimal control to problem (Pg). Since the optimal control to this problem is
unique (see Lem. 2.2), it stands that a*(-) = 0.

To prove the second statement in (3.61), we first observe from (2.3) that LW; C W7 (since Wi = V7). Then,
by the optimality of u*, we see that

JE (% x) =< 2,Q°(0)z > for all z € R"™.

This, together with the definition of /¢ and (3.56), indicates that

HX_1P_1;§”’(T)H < \/js(ax,x) = \/<.Z‘, Q=(0)x) < d||z|| for each e Wy = V.
From this and (3.60),
1@l =P~ g (D)l < XX P~ g™(T)]| < 81 X[l[|l=|| for each z € Wr, (3.62)

which, along with (3.54), leads to the second statement in (3.61).
Now we conclude that the claim (3.61) stands. In addition, by (3.62), we see that

[7° (M) = [PL)[| < IPIIL()] < oI PIX[|]«]| for each x € Wi. (3.63)
Second, we claim
17| < V2IPIIXIIXY[[|z]| for each z € V. (3.64)

In fact, by (3.37), each € V' can be expressed as: © = x1 + x3, where 1 € W and z2 € @?:2 W;. Because
of (3.50), vectors X ~1x; and X ~lxy are orthogonal. Thus, it holds that

_ _ _ _ _ _ 2
X7 oy + X7 | = [ X e || + [ X | > 1/2(J1 X || + | X a2])
This, along with the second statement in (3.61), yields
175 (D) = 157(T) + 57 (D)|| = |P(Lx1) + L(@2))[| < V2APIX | (IX ey + X L)),

which leads to (3.64).
Next, we claim

ly” ()| < SIIPI"V2AX X D" X Nl for all @ € (] Wi (3.65)
i=1
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For this purpose, we first observe from the T-periodicity of A(-) + B(-)K¢(-) that
= (kT) = g7 (*=DT)(T) for all z € R™ and k € N. (3.66)

By (3.66) and (3.64), one can easily check that
B 1 n—1 .
lg* @)l < (VRIPIIXIIX M) llg" (@) for all @ € V.
This, along with (3.63), indicates that the estimate in (3.65) holds when x € Wy, i.e.,
B 1 n—1
5Dl < oI (VXN )" X el for all & € Wi (3.67)

Now, we arbitrarily fix an x in W; for some j € {2,3,...,n}. By (3.66), (3.60), (3.61) and (3.36), using the
mathematical induction, one can easily prove that

7 (7 = 1)T) =Py*((j = 2T) = P'~'w € W1,
This, together with (3.66) and (3.63), yields that
157G < SIPHIX NIZ (G = VD) < SIPIPIX |l for all @ € W (3.68)

On the other hand, by (3.64), one can easily check that
k
12T < (VEIPIIXIX M) Jl2]) for all 2 €V and ke N.
This, along with the fact that ¢*(nT) = 5% UT)((n — j)T), yields that

7o)l < (VAPIIXIIX )" 156l

which, together with (3.68), shows that

—1

n—j n
()| < a1 (VXX ) I el < sl (VEIXIIX ) 1 XDl

Since = was arbitrarily taken from one of W; with j € {2,3,...,n}, the above estimate holds for all z € U?:z W;.
This, along with (3.67), leads to (3.65).
Then, we claim

[g*(nT)|| < éf|«]| for all z €V (3.69)

In fact, by (3.37), each x € V can be expressed as: x = Z?Zl xj with z; € W; for all j = 1,...,n. Thus, it

holds that
n
>yt (nT)
j=1

15° (nT)|| = |5 * (nT)|| =

n
<> lIg* (nT)].
j=1

This, together with (3.65), yields that

Ilg* ()| < SIPI(VRAXXHD™ XN D s -

j=1
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Meanwhile, since ( X ~'z;, X "1z;) = 0 when i # j (see (3.50)), one can directly check that

n

2 n n
=ny o X > (3 X g ])”
j=1 j=1

n
E X Ty
Jj=1

From the above two inequalities, we can easily verify that

17 ()| < onll X[ (V2IPIIX X D)™ 2.

This, together with (3.54), leads to (3.69).
Now, we write P, for the transformation over time T', associated with A(-) + B(-)K¢(-) (see (1.4)). It is clear
that
g*(nT) :(735)”@" for each z € R", (3.70)

and

T
g (T)=P|x —l—/o &~ Y(s)B(s)u"(s)ds| for each z € R™. (3.71)

Here, we recall that @(-) is the fundamental solution for A(-) and @*(-) is given by (3.58). Then, by (2.3), we
see that

T
x —|—/ &1 (s)B(s)u"(s)ds € V, when x € V.
0

This, along with (3.71) and (2.2), yields that §*(T) € V, when = € V. Thus, by making use of (2.2) again,
we see that §*(27) = ggl(T)(T) € V. Then, step by step, we can reach that

7*(nT) = g7 (=VINT) ¢ V, when z € V.

This leads to

(P)":V—=V. (3.72)
Hence, there are A € RF1xF1 Ay € RF1x(n—k1) Agy € Rm—k1)x(n=k1) quch that
5\ Ay Ay
) X=X ~ . 3.73
(P.) (o q2) (3.73)

By (3.73), it holds that o((P.)"|y) = o(A11). Then, from (3.70) and (3.69), we see that if § < 1 is given by (3.54),
then ||(P.)"z|| < d||z|| for all z € V. Since V is invariant under (755)” (see (3.72)), the above inequality implies
that [|(P.)"|v|| < 1. Furthermore, it follows that o((P.)"|y/) C B (see Appendix C5 in [20]). Hence, o(41;) C B.
We next prove that o(As) C B. When this is done, it follows from (3.73) that o((P.)™) C B, which leads to
the facts that o(P.) C B and K¢ is a T-periodic feedback stabilization law for the pair [A(-), B(-)]. Thus, we
complete the proof of the statement that (a) < (b).

The rest of this step is to show 0'(/122) C B. Recall that k; and X :((1, cos Chyy My - ,ﬁn_kl) are given
by (2.32) and (3.34), respectively. Since {1, ...,fn—k, } is a basis of VL (see (3.34)), the matrix (A1, ..., Nn—k, )
can be treated as a linear and one-to-one map from R"* to V+. Write

2(¢) 2 (A1, M, )c € VL for each ¢ € R"F, (3.74)

By (3.74) and (3.34), we see that

2(c) =X (Oklgkl ) for all ¢ € R" k1, (3.75)
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From (3.70), (3.75) and (3.73), it follows that
77 (nT) =(P:)"2(c) = (C1s- -+, Gy ) Arzc + (i1, -« iy ) Azzc for all ¢ € R*7F1, (3.76)
Since {C1,...,Ck, } and {A1,...,Nn_k, } are accordingly the bases of V and V1, it holds that

(Ciyeo s Coy)Arzc €V oand (i, ..., fn_k, )Aggc € V2 for all ¢ € RMF1, (3.77)

Let (gf(c)(~), gg(c)()) be the unique decomposition of 7*(°)(-) provided by Lemma 2.4, where y(-) and u(:) are
replaced by 77(¢)(-) and @*()(-) respectively. From the T-periodicity of the systems (3.57), (2.14) and (2.2), we
see that

gf(c) (nT) eV and gj(c) (nT) € V* forall c € R"F1,

These, together with (3.76) and (3.77), indicate that
T2 NT) = (A1, ..., Hui, ) Aszc for all ¢ € Rk, (3.78)
Meanwhile, it follows from (2.15) and (3.74) that
72 nT) = Q~1QP 5 (0) = Q7 QP™2(c) = Q™ QP (A1, ..., i, )c for all ¢ € R"F1.
From (3.78) and the above, we see that

(ﬁl? R f]n—kl)A22 = QNlQ_Pn(ﬁlv s 7"771—]61)' (379)

On the other hand, because V1 is invariant under Q~'QP™ (see (2.15)), there is a matrix Ay € R(—k1)x(n—k1)
such that

QNlQPn(ﬁla e Tn—ky) = (M5 iy ) A2, (3.80)
and . o
o(A) Co (Q™'QP™). (3.81)
By (3.79) and (3.80), we find that ) .
Ay = Aoo. (382)

Since we already proved (a) < o (QNIQP”) C B in Part 1, and because we are in the case that (a) is assumed
to be true, it follows from (3.81) that }
o(Az) C B. (3.83)

This, along with (3.82), leads to o(Ag) C B.
In summary, we conclude that the Proof of Theorem 1.1 is finished.

Remark 3.1. The periodic stabilization criterion for T-periodic pairs in Theorem 1.1 is an extension of
Kalman'’s stabilization criterion for time-invariant pairs in R™”*"™ x R"*"™. To see it, we let [A, B] € R x R*™
with the null-controllable subspace V. Write {&1,&a,...,&k, } and {&k, 41,8k 42, - -, &n} for normalized orthog-
onal bases of V and V', respectively. Let

Q: (517‘~’7§k1a"'a€n)~

By the classical linear control theory (see, for instance, Thm. 1.6, p. 110, [16]), there are matrices A; € RF1*F1
Ay € RFx(n=k1) = As ¢ R(—k1)x(n=k1) and B; € RF*™  with [A1, B1] controllable, such that

ot s-a(%)
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Furthermore, [A, B] is stabilizable if and only if A3 is exponentially stable; while As is exponentially stable if
and only if [A, B] satisfies the Kalman’s stabilization condition (see, for instance, [16] or [20]).

Let &(+) be the fundamental solution associated with A, and @ be the matrix defined in Theorem 1.1, where
[A(~), B()] is replaced by [A, B]. By a direct calculation, we have that for any 7" > 0,

T
&(T) = Q eTAl, /0 e(T*S)AlAgeSASds 0

0 el4s

and
Q=Q (8 eTA?eTAS) Q"
Thus, it holds that
@Qur) =Q(§ i ) Q"
Hence, when [A(-), B()] = [A, B] is time-invariant, it holds that for any 7' > 0
o(Q™'QP(T)) C B = o(eT2) c Be o(A3) c C™ & [A, B] holds Kalman’s stabilization condition .

From these, we see that if [A(-), B(-)|= [A, B] is time-invariant, then (1.1) is T-periodically stabilizable for some
T > 0 if and only if (1.1) is T-periodically stabilizable for any 7' > 0 if and only if (1.1) is feedback stabilizable
by a constant matrix.

4. THE PROOF OF THEOREMS 1.2 AND 1.3

The Proof of Theorem 1.2. Let Q be the positive semi-definite matrix given by (1.7). By Lemma 2.3, it

holds that V' = A(Q). Then, there is an orthogonal matrix P = (p1,...,p,), with p; its jth column vector,
such that
P*QP =diag{A1,..., \o—k;,0,...,0},

where A; >0 for i =1,...,n — ky and k; is defined in (2.32). Hence,
V = Span {pn—k,+1,--+Dn} - (4.1)

Along with the invariance of V' under P, this indicates that

(A0
PP_P(A2 Ag)’ (4.2)

where A; € Rv—k)x(n=k1) A, ¢ RF1x(n—k1) A, e RF1¥k1 Hence,
P*-Q™'QP - P = (P*Q™'P)(P*QP)(P*PP) = (P*QP)~'(P*QP)(P*PP)

= diag {A\7%,.. A, 0 ...,O}diag{)\l,...,)\n_kl,o,...,o}(P*PP)

y Yn—ky0
(I, O A 0\ (A0
U0 Opwr J\A243) T 00)

From the above and the equivalence of (b) and (¢) in Theorem 1.1, it follows that

(i) in Theorem 1.2 < o(A;) C B. (4.3)
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Since V' is an invariant subspace of P, we have (see Lem. 2.7 and Rem. 2.8)

V=Vi(P)PVa(P), o (Ply,p)) € B, o (Ply ) © B~
From properties of Vo(P) and R%(P), one can easily check that
(ii) in Theorem 1.2 < V4 (P) = Ry (P).
Thus, to prove (i) < (ii), it suffices to verify
Vo(P) = R5(P) < o(A1) C B.
Now, we are on the position to prove (4.6). Write
Vi(P) = Span{ni,...,nk, } with the basis {n1,..., 7k, }

and
Va(P) = Span{nky+1,---, Mk, + with the basis {ng,+1,- .., 7k, }-

By (4.4), (4.7) and (4.8), there are invertible A3; € R¥2*F2 and Az, € RF1—k2)x(k1—k2) guch that

Ag 0
7’(771,-~-,?7k1)Z(m,---,nkl)( 0 A32);

oAa) =0 (P|v1(7>)) CB  old)=0 (P|v2(7>)) c B
By (4.1), (4.7) and (4.8), {p1,-- -, Pn—k1+M1,---, Mk, | is & basis of R™. From (4.2) and (4.9),

P(pla~'~>pn7k1’771’"'anlﬁszw"»nkl)

Ay 0 0
:(plv"'7pn—k15771a"'7nk1—k27~-~ank1) A21 A31 0
Az 0 Asg

for some Aoy € RF2X(n=k1) and A,y € R1—k2)x(n—k1) Write

i A] 0 (n—k1+k2)><(n—k'1+k2)
Al_(AQlAg,l)ER ’

A2 = (A22a0(k?1*k2)><k2) € R(k1—k2)><(n—k1+k2)

and

P = (plv"'7pn7k:137717"'7/’7k:1)~

PP = (41 ).

One can directly check that

Ay Agy
The rest of the proof of (4.6) is carried out by the following two steps.
Step 1. 0(A;) C B= V5(P) =R4(P)
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(4.7)

(4.8)

(4.11)

(4.12)

(4.13)

Suppose that o(A;) C B. Then, by (4.10) and (4.11), it holds that o(A;) C B. This, along with (4.10), yields

that o(A;) (N o(Asz) = @. Thus, the Sylvster equation

A3 X — XAy = A

(4.14)
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has a unique solution X € R(*1—k2)x(n=kitk2) (see p. 131, [21]). Let

S T |
p2p( itk ) 4.15
< -X Ik1—k2 ( )
From (4.13), (4.14) and (4.15), it follows that
S 1p5_ (A0
pPlpp = ( . A32). (4.16)
Write p; for the jth column vector of P. Let
Y1 = Span{p1,D2, -, Pn—ki+ks}; Y2 = SPANADn—kythy+1, Pn—kithat2y- - Dnl - (4.17)

By (4.16), they are invariant subspaces of P and satisfy
YieY, =R" 0P |Y1) = U(/ll) CB and o(P |Y2) = o(Asz) C B

Then, by Lemma 2.7, it stands that
Y2 = RY(P). (4.18)

On the other hand, by (4.15) and (4.12),
Pr—kithats = Mhatjs  J =1, k1 — k. (4.19)
Now, it follows from (4.18), (4.17), (4.19) and (4.8) that Ry (P) = Va(P).

Step 2. V5(P) =RY(P) = o(A;1) C B

Suppose that
Va(P) =R3(P). (4.20)

Then it holds that
]{il —]{iz :Tl—k‘g, (4.21)

where k3 is given by (2.32). By Lemma (2.9), V4 (P) C R} (P). Thus, we can write
RY(P) = Span{li,...,Lln—kis M- My} with the basis {B1,..., Bnekys T, ks | (4.22)
where {m1,...,nk,} is given by (4.7). By (4.20), we have
R} (P) D Va(P) = R} (P) (PR3 (P) = R".

This, along with (4.22) and (4.8), yields that {ﬁl,...,ﬁn_kl,m,...,nkl} is a basis of R™. Recall that
{p1.-  Pn—kys M- Mk, } is also a basis of R (see (4.12)). Thus,

Az 0
(/Blv'uvﬁnklanla"wnkl):(pla"'apnklanlw"ankl)( A3 )) (423)
Ay Iy,

where As € R("=F1)%F1 jg invertible and A4 € R¥1*("=%1) Since R7(P) is invariant under P and o(P
by (4.9), there are Aﬁ € RF2x(n=k1) and invertible /15 € R(n—k)x(n—k1) with

rr(p)) C B,

O'(A5) C B. (424)



PERIODIC STABILIZATION FOR LINEAR TIME-PERIODIC ORDINARY DIFFERENTIAL EQUATIONS 295

such that
P(ﬁlv"'7ﬁn—k1a7717"'777k2777k2+1 ~-~777k1)
A5 00 (4.25)
:(ﬁlv"'7ﬁk2a771a"'777k2777k2+1-~-a77k1) AG A31 0
0 0 As
Write .
i A _ A Asz1 0
A7 = 6 o . | :( . )GRlekl. 4.26
’ (0(k1—k2)><(n—k1)) s 0 A32 ( )
From (4.12), (4.23), (4.25) and (4.26), we can directly check that
iAo -1
PP =P <A3A5A3 O(n—t1)x k1 ) (4.27)
* *

Because both {pn—r,+1,-..,pn} and {n1,..., 7k, } are base of V' (see (4.1), (4.7) and (4.8)), there is an invertible
matrix Ag € R¥1*k1 such that P = P - diag{I,,_1,, Ag}. Then, it follows from (4.27) that
dgds At 0)

* *

P lpp= (

Combined with (4.2), the above shows that A; = A3As A3, Along with (4.24), this indicates that o(A;) =
o(45) C B.

In summary, we complete the Proof of Theorem 1.2.
The Proof of Theorem 1.3. We organize the proof by the following two cases.

Case 1. where V' = R": Let y°(-) be a solution to equation (1.3) with K(-) = K7(:). It follows from the
second equality in (2.9) that @) = 0,,x,, in this case. This, together with (1.15), yields that p = +oo. Hence, the
estimate (1.16) is equivalent to the estimate

ly*(0)ll < Me™*/°||y=(0)|| for any ¢ € RF. (4.28)
By (1.7) and (3.13), we see that
s L € -1 _0 3 =
lim (o) £ T (55(0)7 — Q) =0
Then, given § > 0, there is an £ £ £(§) > 0 such that
Mi(e) <e T/, (4.29)

Notice that any solution y°(-) to equation (1.3) with K(-) = KZ(-) satisfies that y°(0) € V in this case. Thus,
it follows from (3.18), where Ay = A1(e) (see (3.13)), and (4.29) that

[y (inT)|| < e 7" T/9||y=(0)|| for all y*(0) € V and j € N. (4.30)
Write @°(-) for the fundamental solution associated with A(-) + B(-)K5(+). Let
M2 sup ||@(6)(@°(nT)) |- (4.31)
te[0,nT]
By (4.31) and (4.30), we see that
-1
ly= (Ol = [|#=(6) (#° ([77] + 1) nT) " @ (([77] + 1) nT) y°(0)] (432)
< Mz T/O(FrH) |42 (0)|| < MEe /3||y=(0)|| for each ¢ > 0.

Since (4.28) < (1.16) in this case, (4.32) leads to (1.16) in the case that V' =R"™.
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Case 2. where V # R™: It follows from the second equality in (2.9) that @Q # 0,,x, for the current case. This
implies that Q~'QP # 0,,xn, i.¢., there is a nonzero eigenvalue of Q~1Q7P. Thus, p < +oc (see (1.15) for the
definition of p). Meanwhile, since [A(-), B(:)] is T-periodically stabilizable, it follows from Theorem 1.1 that
o (Q~'QP) C B. Hence, p > 0 (see (1.15)).
Given 6 > 0, we take
po =max{p—0p/2} and \=e 2T, (4.33)

Since 0 < py < p, it follows from (1.15) and the second property in (4.33) that
maX{|/\\ ’ A€o (Q_NlQP)} <A< 1.
This, together with (3.33), implies that
max { |\l | AEo (QNlQ_P")} <A <1,

i.e., the spectral radius of Q~1QP" is less than 1. By the equivalent definition of spectral radius (see [23]), there
is a k € N such that
Ao &

(@@ P)F| < i = e <1 (.31

On the other hand, in Case 1, we already proved that for the ¢ given above, there is an ¢ = £(§) > 0 such
that (4.30) stands. Let
p1 £ max{py +1, 1/6} and X\ £ e "7, (4.35)

Then, by (4.30), with 7 = 1, and by (4.35), we see that
ly=(nT)|| < e " ly=(0)]| = Aully=(0)]| for all y=(0) € V- (4.36)

Notice that (4.36) and (4.34) correspond to accordingly (3.16) (with different A1) and (3.20)(with different Ao
and k).

Now, for the above-mentioned ¢ = £(4), let y°(-) be a solution to equation (3.14) (=equation (1.3) with
K(-) = K:(+)). Set y°(0) = . Write (y1(+; 0, ), y2(+; 0, )) for the decomposition of y°(-) provided by Lemma 2.4.
Let (¢, 8;) be defined by (3.21), i.e.,

aj = y1(jknT;0,2) and B; = y2(jknT;0,z), for each j € {0,1,2,...}. (4.37)

Then, from (4.36) and (4.34) (they correspond to according to (3.16) and (3.20)), following the same arguments
as those in Step 2 of Part 1 in the Proof of Theorem 1.1 (noticing that @°(-) here corresponds to W.(-) there),
we can reach the estimate (3.26) for the current case, i.e.,

<|aj+1||) - (em"””“ o2kl o ||ge (w)u) (ll%ll), Vi=01,... (4.38)

18+l 0 e—p2knT

Here, we have used (4.34) and (4.35).
Since Py and Py . stand for the orthogonal projections of R™ to V and V+, respectively, it follows from (4.37),
the definition of (y1(-;0,z),y2(-;0,2)) and Lemma 2.4 that

aj = yi(jknT) = Py (y*(jknT)), Bj = y3(iknT) = Pyo (y*(jknT)), ¥ j=0,1,... (4.39)
Let M5 =1+ H@E (knT) H Then, by (4.38), one can easily check that

_ j—1 _

. —jp1knT 5 —(lp1+(j—1=1)p2)knT

(||Olj|) < € M2 lgoe ) (|C¥O|)’ i j=1,2,... (4_40)
0 eijanT



PERIODIC STABILIZATION FOR LINEAR TIME-PERIODIC ORDINARY DIFFERENTIAL EQUATIONS 297

Because p1 > pa + 1 (see (4.35)), it holds that for each j =1,2,...,

Vit , . , _ -1 -
3 e~ (Up1+(G—1=Dp2)knT _ o—(j—1)p2knT > e~ lp1—p2)knT

=0 =0 B (441)
_ J—1 _ _ S _ ekanT -
< e—(j—l)kanT Z e~ lknT < e—(j—l)p2knT Z e~ lknT — _ e—]kanT.
N =0 N =0 1 —eknT
Let B
epgknT
e __ € .
Mj = M

It follows from (4.40) and (4.41) that
ly* (GRnT)|| < llegll + 11851 < 77T Jagl + (1 + Mg)e T 3o, ¥ j=1,2.... (4.42)
By (4.42) and by the same argument in (4.32), there is a M > 0 such that

ly= (@)1 < M (e [laxo| + e[| Boll)- (4.43)

1
Because p; > 5 (see (4.35)) and pa > p— ¢ (see (4.33)), the estimate (4.43), as well as (4.39) with j = 0, leads

to (1.16).
This completes the proof.

5. AN EXAMPLE

Now we present an example to illustrate the results given by Theorems 1.1 and 1.2. Consider the controlled
system

4 [ 000\ [ 1
)= 10 0 yo | + [ {t} | u(®), t >0, (5.1)
Y3 00—-1 Y3 0

where {t} denotes the decimal part of ¢. Clearly, (5.1) is a l-periodic controlled system. The corresponding
fundamental solution and the transformation over T'= 1 are accordingly

10 0 10 0
ot)=[t10 |, te01); and P=a()=[11 0 |. (5.2)
00e? 00e !

One can easily check that in this case,
Vi = Span{ei}; P~y = Span{e; — ex}; P72V, = Span{e; — 2e5}.
These, along with (2.1), imply that
V=Vi+P Vi + P 2V; = Span {e1, ea} .
Hence, V7 is a proper subspace of V' in this case. By a direct calculation, we have that
R3(P) = Span {ez} and R3(P) = Span {e1,ex}.

Hence, R3(P) = V. Then, by Theorem 1.2, System (5.1) is 1-periodically stabilizable.
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Meanwhile, System (1.5) in the current case reads

d L d [ S sz s 000 $11 S12 S13
a §(t) = a S12 S22 S23 (t) —1100 S12 S22 S23 (t)
S13 S23 S33 00-1 S13 S23 $33
S11 S12 S13 01 0 1 1 {t} 0
— | S12 S22 So3 (t) 00 0O + - {t} {t}2 0 (t) =0, te [0,3],
$13 S23 S33 00-1 € 0 0 0

with the initial condition S5(0) = I3. Its solution is

85(:) = 85.1() +552(-) + 55,50,

where
(1+1) -1t -2 —1+(1+HE-2)-L¢E-2?2 o0
SGall) = [ 14223 —2) - =22 99 —9)+ (1 —2)2 - =20 o | X2
0 0 et
(1+2)—1@t-1) —2+H+1+HeE-1)-Le-1)2 0
S52(f) = | 2o b2 ) U200 sebl _deba gy g e g2 (200 o | Xpi)
0 0 et
and
3 1 3 3 1
(1+2)—=t B+ + 1+t — 12 ‘ 0
Ssat) = —B+2)+ 1+ —L42 (10+2) -6+t +1+2)2 -1 0 | X0
0 0 o3t

From the above, one can directly check that

5e 4+ 10e? 3e + 3¢
6+ 17c+€2 6+ 17¢ + 2

(S5(0) " =  3c+3¢2 3¢ + &2 (5.3)
6+ 17c+€2 6+ 17¢ + 2
0 0 e 3

and the 3-periodic matrix-valued function given by (1.8) in the current case is
1
where
(K5, (8), K5(2))
(+d-1-2  —1+0+He-2)-Le-2p
= _X[273)(1’t - 2) t 2 t 2)3
1+ (e -2) - 2 g a-2) 4 st - 22— 022

g

(1+E)_E(t_1) —2+ )+ A+ HE-1) - (1)
_X[1,2)(1at_ 1)

%41 | e42 (t=1)° Betl _ det2 +2 2 _ (=1)?
B R U

€

—1
(1+2) -1t —B+3)+ 1+ 23— 1
—X[0,1)(1,1) gy s 1.2 5 6 T ave 1,3 '
—B+2)+ A+t —2t* (104+2)— (64 Dt + (14 2)t* — 2t
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By (5.3), we see that
Q = diag{0,0,e7%}. (5.4)

From (5.2) and (5.4), we see that o (Q”lQP) = {0,e7'} C B. Thus, by making use of Theorem 1.1, we also
deduce that System (5.1) is 1-periodically stabilizable. By (5.3) and (5.4), one can directly check that

_ ~ 8+ 11e + /40 + 108 + 1172
e r_ —
I (s500™" - @l YR e e 5.5
Let g = (94 v/321)/20. Then it follows from (5.5) that
- -1 A~ 8 + 11&2
H (53(0)) - Q” S m < 1 for each ¢ € (0,50). (56)

Now, by Theorem 1.1 and (5.6), each K5(), with ¢ € (0,¢9), is a 3-periodic feedback stabilization law for
system (5.1).

To construct a 1-periodic feedback stabilization law for system (5.1), we can use the method in the Proof of
Theorem 1.1 (see Step 1 in Part 2 in the proof) to get

xX=(0-10|. (5.7)

Thus, the solution to equation (1.6) corresponding to the above-mentioned X is

1\ 1 1 1,
24 =) — =t —14+(2+=)t—=t 0
3 3 3 3
1 1, 1\ , 1., :
14 (24 = )t—=2 1-2+(2+=)2-2F 0
9 9 9 3

0 0 e 2t

SE(t) = te0,3].

Then, by a direct calculation, the matrix-valued function given by (1.9) in the current case is

K5(t) = ﬁ(l —t,1,0), t€[0,1); Ki(t)=Ki(t+1), teR". (5.8)

Let &g be given by (3.55) where X is given by (5.7). (We omit the detail computation for this £q.) Then, from
the Proof of Theorem 1.1 (see Step 3 in Part 2 of the proof), as well as (3.55), each K§(-) with ¢ € (0,&0) is a
1-periodic stabilization feedback law for system (5.1).

6. AN APPLICATION OF THEOREM 1.2

In this section, we will apply Theorem 1.2 to find a way to determine M (CBA(,)) given by (1.18) and to
design a Be CB 4.y with M (CBA(.)) columns, for a given T-periodic A(-) in L>(R*;R"). Here, CB 4. is given
by (1.17).

6.1. The case where A(-) is time-varying
The following proposition is a consequence of Theorem 1.2.

Proposition 6.1. Let [A(-), B(-)] be a T-periodic pair with V and P given by (1.10) and (1.4), respectively.
Then, the following statements are equivalent:
(a) the pair [A(:), B(-)] is T-periodically stabilizable;
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(b) the property (1.14) stands;
(c) it holds that
V 4+ R} (P) =R"; (6.1)

(d) it holds that
Va(P) = R5(P). (6.2)

Here, Vo(P), R5(P) and R} (P) are given by (1.12).

Proof. First, it follows from Theorem 1.2 that (a) < (b).
Next, we suppose that (6.1) stands. Since V = V1 (P) @ Va(P), we have

(Vi(P) + Ry (P)) + V2(P) = R™. (6.3)

It follows from Lemma 2.9 that Vi(P) + R}(P) = RP(P) and Va(P) C RZ(P). Thus (6.2) holds. Since
V =Vi(P) & Va(P), from (6.2), we get (1.14). Hence, (¢) = (d) = (b).
Finally, it follows from (1.14) that

R™ DV +R}¥(P) 2 RE(P) + R} (P) =R",

which leads to (6.1), i.e., (b) = (c). This completes the proof. O

For each T-periodic A(+) € L (RT;R™) with P given by (1.4), one can structure an invertible matrix ¢ such
that

are=("4) (6.4)

where P; and P, are real square matrices with o(P;) in B and o(P2) in B respectively. Write g; for the jth
column vector in Q. Then, by (2.32),

ks £ dim (R}(P)) = dim (P) (6.5)

and
RY(P) = Span{qi,. .., qrs}- (6.6)
The next Corollary 6.2 is a consequence of Proposition 6.1.

Corollary 6.2. Let [A(), B(:)] be a T-periodic pair, with V, P, Q and k3 given by (1.10), (1.4), (6.4) and (6.5),
respectively. Then, [A(-), B(+)] is T-periodically stabilizable if and only if

(O(n—ka)xks> In—ks) Q'V =R"*s, (6.7)
Proof. By (2.32), we have dimV = k. Thus, we can write

V = Span{ni,n2, ...,k } with the basis {n:,n2,..., 7k, }. (6.8)
Clearly, there are matrix C € RFsxk1 Oy € R(n—ks)xF1 gch that
I, C
(Q1,Q27~--,Qk3,771’7727~-~777k1) = (q1’Q27'"7q’€37qk3+17""qn) ( ks Cé) (69)
From (6.8) and (6.9),

(O(n—kg)xkgv]’n*ks) Q_lv = (O(n—kg)xkgvjnfks) Q‘lSpan {771’ n2y. .- »Ukl}
=R ((O(nfks)xksv In—ks) Q" (m,ma, - 777k1)) (6.10)

=R ((O(nkS)XkS,In_ks) (g;)) =R(Cy).
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Since {q1,...,qn} is a basis of R", from Proposition 6.1, (6.6), (6.8), (6.9) and (6.10), we have

R(P)CV & V + (R"), = R"
& Span{qi,q2, - Qrss M2, -5 My } = R”

®R<(Ik3 g;)) =R" & R(Cy) =R"*e (6.11)

& (0(n—ky)xha> In—ky) Q7'V =R"Fs,

From (6.11) and Proposition 6.1, it follows that [A(-), B(-)] is T-periodically stabilizable if and only if (6.7)
holds. This completes the proof. O

Proposition 6.3. For each T-periodic A(-) in L*(RT;R™), the n x n identity matriz I, belongs to CBa.).
Consequently, CB 4.y # @ and M (CBA(.)) <n.

Proof. By Theorem 1.2, it suffices to show that [A(-), I,,] is null controllable over [0,T1]. It is well-known that

the later is equivalent to the non-singularity of the Gramian

T
A —1 —%
G2 /O B ()6 (1)dt,

which is clearly invertible in this case. This completes the proof. O

In what follows, we arbitrarily fix a T-periodic A(-) € L>®(R*;R"™) with P, @ and ks given by (1.4), (6.4)
and (6.5), respectively. Let

&([0,nT]) 2 Span{®~'(s) | s € [0,nT]} and k = dim(P([0,nT])). (6.12)

Here, @(-) is the fundamental solution associated with A(-). The following proposition provides a way to deter-
mine k.

Proposition 6.4. It holds that
N nT N
dim(®([0,nT))) = k = rank </0 vee(@ 1 (t)) (vee(®(t))) dt) , (6.13)

where vec(-) : R"*™ — R"**1 is defined by
UGC(D) = (du, ey dn1, dlg, ey dng, ey dlna ey dnn)* for each D = (d”)an

Proof. Let {®1,...,®;} satisfy that Span {®1,..., P} = Span{®~'(s) | s € [0,nT]}. By the continuity of

&~ 1(-), there is a RF-valued continuous functions ¢(-) = (c1(-), c2(*), ..., cx(-))* such that
k
vec(®1(s)) = Z cj(s)vec(@;) = (vec(P1), ..., vec(Pg))c(s). (6.14)

By (6.14), one can easily check that

nT . nT «
/0 vec(® ' (s)) (vec(P(s))) ds = (vec(®y), . .., vec(Py)) /0 c(s)c(s)*ds(vec(®r), ..., vec(Pg))

This implies

nT o . . - nT . B
rank (/0 vec(P(s)) (vee(@ ' (s))) ds> = rank (/0 c(s)c(s) ds> <k.
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nT B
The rest is to show the non-singularity of the & x k matrix (/ c(s)c(s)*ds). In fact, when ¢ € R is such
0
nT
that &* / c(s)c*(s)ds | € = 0, we have
0

c(8)*¢=0 forall se0,nT]. (6.15)
On the other hand, because of (6.12), there are s1,..., sz € [0,nT] such that
(vec(@ " (s1)), ..., vec(P(s5))) = (vec(®r),...,vec(Py))C, (6.16)
where C is an invertible k& x k real matrix, and such that
vee(@1(s)) = (vee(® ' (s1)), ..., vec(P ' (s3))) &(s) for each s € [0,nT], (6.17)

where ¢(s) = (¢1(8), ..., ¢x(s))*, with ¢;(+) a function from [0, nT] to R. It follows from (6.14), (6.16) and (6.17)
that

c(s) = C¢c(s) for each s € [0,nT]. (6.18)

From (6.17), we also have
c(sj)=ej forall j=1,...,k, (6.19)

where {e1,..., ez} is the standard basis of RF. finally, it follows from (6.19), (6.18) and (6.15) that

c(s1)* c(s1)*C* c(s1)*
Ce=noe=| .. |oe=| . e=| ... Je=o.
c(s)” c(sg)"C” c(sg)”
which together with the non-singularity of C, implies that £ = 0. This completes the proof. d

Definition 6.5. A family of matrices {@i}le in R™*" with k > k, is called a family generating &([0, nT) if

Span{®1,...,8;} = Span{d~'(s) | s € [0,nT]}. (6.20)

In general, a family generating ®([0, nT]) is not necessarily linearly independent. When k = k, it is a linearly
independent family.

Definition 6.6. Let {@Z}le be a family generating @([0,nT]). A family of matrices {/L-}f:l is called the
family affiliated to {®;}_, if

Ai = [(0(n—ty)kgs In—ky) Q7'®;] € RTFIXM for each i =1,...,k, (6.21)
where @ is given by (6.4).
Lemma 6.7. Let B € R"*™. Let {@i}le be a family generating ([0,nT]). Then

Via(y,B = Span {@iBU | 1<i< I%,v € Rm} . (6.22)
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Proof. By (6.20), it suffices to show
Via(y,B = Span {45_1(5)311 | s€[0,nT],ve Rm} ) (6.23)
From (2.1) and (2.3) in Lemma 2.1,

nT
Via(),B) = {/O &~ (t)Bu(t)dt | u(-) € Lz(o,nT;Rm)}. (6.24)

For each s € [0,nT) and v € R™, we take

1

nT
[ e Byt
0

>

:L,E

where € € (0,nT — s). By (6.24), 2° € V{4(.),5]- Sending € — 0, we get
-1 _ 1 €
¢~ (s)Bv = glir(l)l‘ € Viay,Bs
since V()] is closed. Similarly, we can prove that
&~ (nT)Bv € Via(y,p for each v € R™.

Hence, the space on the right hand side of (6.23) is a subspace of Via(.y, g

Conversely, for each u(-) € L?(0,nT;R™), there is a sequence of step functions on [0, nT], denoted by {ux(-)},

nT
such that u(+) converges to u(-) in L?(0,nT; R™). One can easily check that each / &~ (t) Buy(t)dt belongs
0

to the space on the right hand side of (6.23). Thus,

nT nT
/ SO Bu@)dt = lim [ & (1) Bug(t)dt
0

k—oo Jq

is in the space on the right side of (6.23), which, along with (6.24), indicates that V]4(.) p) is a subset of the
space on the right side of (6.23). This completes the proof. O

Proposition 6.8. Let {@i}le be a family generating ([0, nT)), with its affiliated family {fli}f:l (see (6.21)).
Then, it holds that

k
B€CBagy < Y AR(B)=R"F. (6.25)
i=1

Proof. From (1.17) and Corollary 6.2, we see that B € CB4(.) < (6.7). By Lemma 6.7, (6.7) is equivalent to
(O(n—ks)xkss In—ks) @ Span{®;Bv |1 <i < k,v € R™} =R" ks, (6.26)

By (6.21), the left side of (6.26) is the same as the space Span{A;Bv |1 < i < k,v € R™}. Meanwhile, it is
clear that

k
ZA{R(B) = Span{A;Bv |1 <i< k,ve R"™}.
i=1

Hence, it holds that

i
> AR(B) = (0(n—ka)xhkar In—ks) Q@ 'Span{®;Bv |1 <i<kveR™}.
=1

ko _
Thus, (6.26) is equivalent to > A;R(B) = R* *2. This completes the proof. O
i=1

Next, we introduce the concept of symbol matrices.
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Definition 6.9. Let a be a I-dimensional vector variable, i.e., « = (x1,...,2;)*, where x1, ..., x; are variables
in R. A symbol matrix with respect to « is a matrix whose elements are linear functions of .

By the definition, when « is a I-dimensional vector variable, a n’ x m’ symbol matrix w.r.t. o can be expressed
as:
Ala) = (A(a)m)ZZ?/jj:lm/ , with A(a); =< @, >p for some a;; € R
Definition 6.10. Let o be a [-dimensional vector variable and A(a) be a n’ x m’ symbol matrix w.r.t. a. A
non-negative integer j is called the rank of A(«), if the following conditions hold
(i) any (5 + 1)-order sub-determinant of A(«) is identically zero;
(ii) there is an & € R! such that some j-order sub-determinant of the matrix .A(&) is not zero.
The rank of A(«) is denoted by Rank(A(«)).

*

is a n-dimensional vector variable, and D = (dj;) € R™ %" with m’ € N, we define

n n *
Da = (Z dl,kl'kwn;zdm’l,kl'k) . (6.27)
k=1

When o = (x1,...,2,)

k=1
In what follows, we give n-dimensional vector variables ay, @, . .., ay,, with a; = (2%, ... ,xﬁl)* fori=1,...,n.
We define
. *
1 1,2 2 j .
(o, 00,...,05) = (acl,...,xn,xl,...,xn...,x{,...,x%) for each 1 < j <n. (6.28)

Clearly, it is a jn-dimensional vector variable.

Definition 6.11. Let {@i}le be a family generating ®([0,nT]) with the affiliated family {Ai}le.
(i) A family {A,; }?:1 of symbol matrices is called the symbol family affiliated to {@i}le if

.Aj = .Aj ((al,ag, ey ij)) = (Aqu, PN AI%OQ, ey A1C¥j, ey A,;aj), 1< _] <n, (629)
where (a1, 2, ..., ;) is given by (6.28).
(ii) When {A; }?:1 is the symbol family affiliated to {@i}le, Aj; is called the jth symbol matrix affiliated to
C23 g

Clearly, each A; is a (n — k3) X (n x k) symbol matrix w.r.t. the vector variable (v, a, . . . , Q).

Definition 6.12. Let {@i}le be a family generating @([0,nT]), with the affiliated symbol family {A, }?zl.
The symbol subfamily affiliated to {@Z}f 1 is defined by

G2 {A; | Rank (A;) =n—ks, 1 <j<n}. (6.30)
Write
D(G)=min{l1<j<n|A; €qG}. (6.31)

Remark 6.13. We must point out that G # () and hence, D(G) is well defined. In fact, let {Qi}fﬂ be a family
generating @([0, nT]) (see Def. 6.5). Let {/L-}f:l and A4,, be accordingly the affiliated family and the nth symbol
matrix affiliated to {@i}le (see Defs. 6.6 and 6.11, respectively). We claim that A, € G. By Proposition 6.3,
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k _
we have that I, € CB(.). Then, by (6.25) with B = I,,, we see that > R(A;) = R"~*s. Meanwhile, from (6.29)

i=1
where j =n and each ay, i = 1,...,n, takes the value e;, it follows that
’;: —
R(An(er ez, en)) = > R(A).
i=1
Hence, Rank (An(e1, e, ... e,)) =n — ks. Since Ay (a1, s, ..., ay) is a (n — ks) x (n x k) symbol matrix, we

see from Definition 6.10 that Rank (A,,) =n — ks. Then, by (6.30), A,, € G.

The main result of this section is the following theorem.

Theorem 6.14. Let {@i}le be a family generating ®([0,nT]), with {Ai}le, {A;})_, and G defined
by (6.21), (6.29) and (6.30) respectively. Then, M (CBa(.y) = D(G). Moreover, when j = D(G), any column
vectors [31,...,3; € R", with

Rank;(/_hﬁl, ey Al;:ﬂl’ ey Alﬂ;, ey Akﬁj) =n— k‘g, (632)

verifies
B2 (B1,....5) € CBag. (6.33)

Proof. Let j = D(G). By Definition 6.10, there are vectors f31,. .., f; in R™ such that
Rank(A;) = Rank ((A1ﬂ1, ce aAEﬂl,Alﬁ% ce ,Akﬂg, ce ’Alﬁi’ e ’Akﬁﬁ)) =N — k‘g,
Write B = (61, e ,ﬁ;). Then,

i
R™% = R(Aj) = Y AR(B).

By Proposition 6.8, this yields that B € CB4(.). Hence,
D(G) = j > M (CBa,))

Conversely, write jo = M (CBA(,)). Let B € CB 4.y with jo columns. Write B= (b1,...,bj,), where b; is the
ith column of B. Then, by making use of Proposition 6.8 again, we find

Span{Aiby,..., Apbi, Aiba, ..., Apbo, ..., Aibjy, ..., Agbj, }=R"Fs.
This, along with Definition 6.10 and (6.29), yields
RankAj (a1, ..., 0,)) =n —ks.
From this, (6.30) and (6.31), we see that
M (CBa)) £ jo = D(Ga))-

This completes the proof. O
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6.2. The special case where A(-) is time-invariant
Throughout this subsection, we arbitrarily fix a matrix A € R"*". We will apply Theorem 6.14 to this special

case to obtain more precise information on the number M (CB4). Write

J(A) = {)\1,...,)\T,ul,ﬁl,...,ﬂs,ﬁs}.

Here, A1,...,\. are distinct real eigenvalues of A and puq, fi1,. .-, s, fis are distinct non-real eigenvalues of
A. Let my, i = 1,...,r, and my;, j = 1,...,s be accordingly the geometric multiplicities of A; and p;, i.e.,
m; = dim Ker(A—\;I) and 7; = dim Ker(A. — p;) with A, the complexification of A. Then, m; is the number
of the Jordan blocks associated to A;, and 7i; is the number of the real Jordan blocks associated to (u;, ft;).
The main result in this subsection is as follows:

Theorem 6.15. Let A € R"*"™. Then

M (CB4) = Aear?f)}icf m(A), (6.34)

where m(\) is the geometric multiplicity of the eigenvalue A.

Before proving this theorem, we introduce some preliminaries. First of all, by the classical matrix theory (see,
for instance, Thm. 1 on p. 67 in [10]), there is a non-singular matrix P € R"*" such that

P1AP2 A (6.35)
:dz‘ag{Jl*l,...,ngl,...,Jfr,...,Jgg,Jfl,...,ngl,...,st,...,J;;:}, '
where Jf‘i = A LI = R . Here and in what follows, C; = (_]?;g’i(h)) %ﬂ;((m)))
] A i i
\i C;
i=1,...,m. Write
nig & dimJ), 1<i<r1<l<mg; 20 =dimJ/, 1<i<s, 1<1<m,. (6.36)
Let
é(k) £ (0,...,0,1)* € R¥ for each k € N. (6.37)
C I

a

Lemma 6.16. Let J = b 2), with a,b € R,

S be a Jordan block with 2k order, where C = <
I
C
b # 0. Let é(2k) be defined by (6.37). Then
Span {é(2k;), je(2k), ..., j%—lé(%)} — R?, (6.38)
Proof. Write {e1,...,ea} for the standard basis of R?*. Define a 2k x 2k orthogonal matrix E by

E* = (61 €3 ...€2k_1 €2 €4 ... egk).
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Then, one can directly check what follows:

a1
JEEJE = A bl , with A = a k x k matrix,
—b[k Ak a1
and
é(2k) = Bé(2k).
. 1 1
Let Io, = (?I’“ 2ilk ) Then,
51k — 51
a+1b 1
~ . i PN . .
T=bn ("} (ng> . with J;, = a k x k matrix.
o
a+ib

Thus, one can directly check that

é(2k), Je(2k), ..., J*F1e(2k)

= B |

b

(&0)- () (i)

where |S| denotes to the determinant of a square matrix S. From this, (6.38) will follow from non-singularity

of the matrix: é(k) Jpé(k) J2RLe(k)
H = ((é(k))’ (jké(k))""’ (J%klé(k))).

To prove that H is invertible, we let (ag, a1, ..., a_1)* € C?* verify

H(ag, a1, ... a2,-1)" = Ogkx1- (6.39)

Define a polynomial
fA) = CL21¢—1/\2’€71 + azk_zz\%*z + ...+ a1 A+ ap.

From (6.39),
F(IR)ek) = f(JIx)é(k) = 0. (6.40)

Hence, there are polynomials g1, g2,, hi, he (with complex coefficients) such that
FO) =g (VA —a—ib)* + (V) FO) = g2\ (A = a+ib)" + ha(N),
where d(h1) < k, 9(h2) < k (Here, O(h;) denotes the degree of h;). Because
(Ji — (a+ i) Ix)" =0 = (Ji — (a — ib)T)",

it follows from (6.40) that
hi(Jxk)é(k) =0 and ho(Jg)é(k) = 0.

This, along with the invertibility of (é(k), Jxé(k), ..., JF "é(k)) and (é(k), Jxé(k), ..., 5 é(k)), implies that
hi(A) =0 and ha(N) =0.

Thus, f is a multiple of (A — a — ib)*(\ — a — ib)*. This, along with 9(f) < 2k, indicates f(A\) = 0. Therefore,
(ag,ai,...,azx—1)* = 0 and matrix H is non-singular. O
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Proposition 6.17. Let A} € RP*P Ay € R1%9 By € RPX" By € RY*". Suppose that controlled systems
z(t) = A1z(t) + Byu(t),

and
y(t) = A2y(t) + Bau(t),

are controllable respectively. If

o(A1)[o(42) = 2, (6.41)

LY = (M ) () o+ (B) . (6.42)
i (n) o= (") () (3)

Proof. Let (zg,y0) € R? x RY? verify

then the system

s also controllable.

(B, B) (GA; eA3-> (23) =0. (6.43)

We aim to show that (xg,yo) = 0. When this is done, the controllability of (6.42) follows from the classical
O.D.E control theory (see, for instance, Thm. 1.7 on p. 112 in [16]). Clearly, (6.43) is equivalent to

BieAttzy 4+ Biet2ty, =0 for all t > 0. (6.44)
By differentiating (6.44) times, we obtain
Bietit ARz + Bie2tAkyo =0 k=1,2,... (6.45)

Let f1(-), f2(-) be accordingly the characteristic polynomials of A; and As. Because of (6.41), f1(-), f2(-) are
coprime. Thus there are polynomials ¢;(-) and g2(-) such that

91()/1() +92() f2() = 1. (6.46)
Tt follows from (6.45) that
BieAi(gy x f1)(A1)zo + Bie2t (g1 x f1)(As2)yo = 0. (6.47)
On the other hand, by the Hamilton—Cayley Theorem,
fi(A1) =0, f2(A2) = 0. (6.48)

Hence, from (6.46), (6.48), (6.47) and (6.48)

Bjeatyg = Bied2' Ty = Bie™>' (g1 X f1 + g2 X f2)(A2)yo
= BﬁeA;t(gl X fl)(A2)yO = —BfeAIt(gl X fl)(Al)l"o =0.

Since Az, Bs] is controllable, the above implies yo = 0. Likewise, g = 0. This completes the proof. g
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Since the the Kalman rank condition for [A, B] is equivalent to the controllability of [A, B], we have following
consequence of Proposition 6.17:

Corollary 6.18. When

Rank(By, A1 By,..., A" 'B)) = p, Rank(By, AyBs, ..., AT 'By) = q,

Rank ((g) (A1 A2> (g;) (Al A2>p+q1 (g;)) =p+q. (6.49)

Proof of Theorem 6.15. First we prove (6.34) for the case where o(A)()C™~ = @. In this case, k3 = 0 and Q = I,
where ks and @ are given by (6.5) and (6.4) respectively. Moreover, k (defined by (6.12)) is the degree of the
minimal polynomial for matrix A. (This will not be used in our proof.) By the Hamilton—Cayley Theorem,

and (6.41) stands,

Span {e*At,t € [O,nT]} = Span {I, A A% ,A”fl} .

Hence, {I, A, ..., A"'} is a family generating &([0, nT]) with &(t) = e~*4 (see Def. 6.5). By Definitions 6.6, 6.11,
the family and the symbol family affiliated to {1, 4, A%, ..., A"~} are accordingly {41}, and {A; }i_y with

A; 2 Ai((oa, .. a5) = (@1, ., A" rag, g, 0, AP ay), 1< <. (6.50)
Let . .
A 2 Ai((ag,. .. 0)) & (o, ., A" rag,a ..., A" ay), 1< 5 <, (6.51)
where A is given by (6.35). Clearly, /lj is a n x nj symbol matrix w.r.t. (a,...,q;), and
Rank(A;((a1, ..., a;)))= Rank(flj (oq,...,a5))). (6.52)
Write
m = max{my,..., My, M1,...,Ms}. (6.53)

By Theorem 6.14 and Definition 6.12 (where ks = 0), the statement (6.34) is equivalent to the following:
Rank(/ij((al, ...,a;)))<n, when j <m, (6.54)

and
Rank;(/im((al, L am)))=n. (6.55)

Step 1. The proof of (6.54)

Suppose that j < m. By Definition 6.10 and (6.52), to prove (6.54), it suffices to show that each n-order
sub-determinant of flj((al, ...,a;)) is 0. Seeking a contradiction, we suppose that it did not stand. Then,
there would be vectors aq, e, ...,a; € R™ such that one of n-order sub-determinant of Aj((dhdg, ceey dj))
is not zero. Since the matrix /lj((dl,dg, .. .,c‘uj)) has exactly n rows, any group of distinct row vectors in
./lj ((c‘ul, ag, ..., c_uj)) is linearly independent.

Without loss of generality, we can assume that either m = m; or m = m;. We will deduce a contradiction
for each case.

The first case where m = my: write

l
mEY g, l=1,2,...,m, (6.56)
=1
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where nq ; is defined by (6.36). Let

Qi 2 (enyy. . ren, ) a; €R™, i=1,...,7, (6.57)
where and throughout the proof, {es,...,e,} stands for the standard basis of R™ with each e; a column vector.
Notice that if we write a; = (2%, %,...,2%)%, with 2} € R, then &; = (2}, ,2f,,...,z} )*. From (6.35)
and (6.57), one has that when 1 <i < jand k € N,

:
(CnisCnas - enn) Abay = | T2 | ARy = aF [ T2 | & = My
€ €
This, along with (6.51), indicates
(eﬂuenz, ceey eﬂm)* leJ‘(O_Zla Q... 70_[j)
= (€n1,€n2, ey 6nm)* (0717 - ,An_ldl, g, ... ,An_ldg, ce QG An_ldj) (658)
= (1, MGty e, AT A, oy MGy e AT Aoy Gy MGG, AT ).

Clearly, any maximal independent group of column vectors in the matrix on the right side of (6.58) has at most
j vectors. Thus, the rank of the matrix on the right side of (6.58) is less than or equals to j(< m).
On the other hand, the matrix on the left side of (6.58) consists of m row vectors which are exactly nqth,

noth, ... and ngth rows in A;(ay,@s,...,a;). Since the rank of the matrix on the right side of (6.58) is less
than m, these row vectors are linearly dependent, which contradicts with the fact that any group of distinct
row vectors in A; ((c‘ul, Qg ... ,O_zj)) is linearly independent.
The second case where m = my. Let

7 = dim (diag {Jfl, AT Jﬁ;}) (6.59)
and l

=i+ 20, 1=1,2,...,m, (6.60)
i=1

where 711 ; is defined by (6.36). By (6.35), one can easily check that

e* b L e*

el AR = | | I =1,...,m, keN.
* *

€, €,

For each &;, with i € {1,...,j}, we define a vector
i 2 (en,—1 €hy Chy_1 Chy-- i1 €h, ) 0 € R, (6.61)
Notice that, if we denote a; = (z1,...,z%)*, with each z} € R, then
& = (b, _q,ah ok ah )R (A, A, A), i =1, (6.62)

where &, = (¢}, _y, 2} )%, k=1,...,m. By (6.35), (6.51), (6.61) and (6.62), one can directly verify

* — — —
(€1—1 €hy €hs—1 €hgse-vsCip—1 €ny) Aj(an,dz,...,a;)
~ ~ n—1~ ~ ~ n—1~
11 C’1a11 Cl a1y ... Q41 C1ij1 Cl Q1
~ ~ n—1~ ~ ~ n—1~
_ 12 Clalg Ce Ol 12 ... Qg2 Clan Ce Cl (7)) (663)

~ ~ n—1~ ~ ~ n—1
A1m C’loqm e Cl Qim - Oy C’lozjm e Ol Qjm,
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Because (] is a 2 x 2 matrix, by the Hamilton Cayley Theorem, each C¥, with k € N, is a linear combination
of I and C;. Thus, any maximal independent group of column vectors in the matrix on the right side of (6.63)
has at most 2j vectors. Therefore, the rank of the matrix on the right side of (6.63) is less than or equals to
2j(< 2m). On the other hand, the matrix on the left side of (6.63) consists of 2/m row vectors which are exactly
(fn — 1)th, ngth, ..., (fin — 1)th and A5 th rows of /lj (@1, @q,...,@;). Since the rank of the matrix on the right
side of (6.63) is less than 2m), these 2/m row vectors are linearly dependent, which contradicts to the fact that
any group of distinct row vectors in flj ((&1, agy ..., &j)) is linearly independent.

In summary, we conclude that (6.54) stands.

Step 2. The proof of (6.55)

By Definition 6.10, it suffices to structure vectors &1, ..., &7 in R™ such that

Rank ((Am((gl,gz,‘..,gm)))) —n. (6.64)

For this purpose, we first let, for each k € N, é(k) be given by (6.37). Then, we construct, for each k € {1,...,m},
a vector & in R™ by setting

= (1) oo ()™ oo (B (Fim, )™ (98" (98" (96)" - (95.)"), (6.65)
where fi’fl e R™:t with 1 <i<rand1 <[ <m;, is defined in the following manner:
when i =k, fF, =é(nn,,,); when I # k,  fF, = 0n, %1,
and gf’lR%“ with 1 <7 <sand 1 <[ < m;, is defined in the following manner:
when [ = k, gf’l = &2, ,); when [ # k, gf’l = O2n, , x1-

Two observations (follow accordingly from (6.35) and Lemma 6.16) are in order:

Span {é(nivl), JlAié(nu), R (JlAi)”iv’_lé(nu)} =R"! when 1<i<r1<I1<my (6.66)

Span {é(2fii.), J{e(2hiy), . .., (JF)PP T e(2A;,) } = R*™0 when 1< s,1 <1<, (6.67)

Write NV}, with 1 < k < m, for the set of all such K e {1,2,...,n} that the k’'th row of A contains one

of rows in one of blocks J,;\I,...,J,i‘”', Jit, oo JE (where J,i‘ =gor J’ =2ifm < korm <k).
From (6.35), (6.65), (6.66), (6.67) and Corollary 6.18, we obtain

Span {&, A&y, ..., A"7'&} = Span{e;, 1€ Ny} (6.68)

From the definition of A}, One has

UJNe={1,2,....n} and Ni(\N; =@, when i #j. (6.69)

k=1

Finally, by the definition of A ((a1,az,...,am)) (see (6.51)), (6.68) and (6.69), we obtain (6.64). Thus we
prove the case when o(A) C C™.

The remaining is to prove the case o(A)(C~ # @. In this case, we can apply Lemma 2.7 to decouple the
system @’ = Ax into two subsystems: kz-order 2} = Az and (n — k3)-order 2, = Asxa, with o(4;) C C~ and
0(A3)NC™ = @. If (n — k3) X k-order matrix By € CB4,, then matrix

Okyxk
( .ég )ECBA,
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which leads to
M (CBa) < M (CBa,). (6.70)

eAlT Ik
On the other hand, notice P = ( AT ) Select Q = ( 3
€ In—kg

> in equation (6.4). Let

b, = (Azl_l Aé_1>, ie{1,2,... 0,
a family generating @([0,nT]) in (6.20). Thus the family affiliated to {®;}._, is
Ai = (0n—k)xkss A5 1), i€{1,2,...,n}.
For any B € CB 4, assume k the column number of B. Let
By = (0(n—ky)shss In—ty) B € RVTHRXE,

By Proposition 6.8, one can directly check that

BeCBae Y A/R(B) =R ks
i=1

& ;A?l (O(n—ky)xkss In—ky) R(B) = R"Fs

& i ASI'R(By) =R hs
& g; € CBa,,
which leads to M (CBa,) < M (CB4). That together with (6.70) implies that
M (CBa) = M (CBa,).
Based the result of the first case, we derived the desired result (6.34).

Remark 6.19. In the proof above, we also provide a way to structure a matrix B with the column number
M (CBa4). More precisely, B = P(&1,&2,...,&m), where P is given by (6.35) and &, with 1 < k < m, is given
by (6.65).

6.3. The case when both A(:) and B(-) are time-varying
Let A(-) € L>°(R*;R") be T-periodic. Define

CBZ(,) = {B()) € L*(R";R™™) | m € N, [A(-), B(-)] is T-periodically stabilizable} . (6.71)
For each B(-) € 05’114(,), denote by N(B(+)) the number of columns of B(-). Set
N (eBly)) 2 min {N(B()) | B()ecBl,}. (6.72)

The purpose of this subsection is to show, with the aid of Theorem 1.2, the following theorem.

Theorem 6.20. It holds that M (CBA(.)) = 1. Namely, there is a T-periodic function B(-) in L>(RT;R"*1)
such that [A(-), B(-)] is periodically stabilizable.

To prove the above theorem, we need following result on the Floquet’s theory (see [8,18]).
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Lemma 6.21. Let A(-) be a T—periodic A(-) n x n real matriz-valued function. Then, there is a T-periodic

transform T (-) € CY(R;R™ ™), with non-singular T (t) for each t, such that the time-varying system i(t) =
A(t)x(t) can be transform into an autonomous system with respect to z by the transformation x = 7 (t)z.

The above transformation 7 (+) is called the Lyapunov transform (associated with A(-)).
Proof of Theorem 6.20. Let T () be the Lyapunov transform given by Lemma 6.21. Then,
Tt (A(t)’T(t) - T(t)) = A, t>0 (6.73)

for some A € R"™*". Let {ey,...,e,} be the standard basis of R”. Write

b = e®T/mAg, k=0, ,n—1 (6.74)
Define B(-) by
n—1
B(t) =Y Xpr/m(er1yr/mbi for t€[0,T); B(t)=DB(t—T) for t > T. (6.75)
k=0

Write B(-) = 7(-)B(-). Clearly, B(-) is a T-periodic function in L>(R*;R"*!). According to Lemma 6.21 and
equation (6.73), the following two controlled systems are equivalent:
(t) = A(t)x(t) + B(t)u(t), t>0. (6.76)
and
2(t) = Az(t) + B(t)u(t), t>0. (6.77)

For each ty > 0, zp € R™ and each control u, we denote by z(+;tg, 2o, u) the solution of (6.77) with the initial
condition z(tg) = zo.

We claim that [A(-), B(+)] is periodically stabilizable. By Theorem 1.2 and the equivalence of systems (6.76)
and (6.77), it suffices to show the null controllability of system (6.77) over [0,T]. For this purpose, we write
2k (5 2k, u) for the solution to the system:

2(t) = Az(t) + bpu(t), t € [kT/n,(k+1)T/n], 2(kT/n)= z. (6.78)

By Lemma 3.3.2 in [20] (see p. 91 in [20]), Span{by, Aby, ..., A"~} is a controllable subspace of (6.78). In
particular, for each k € {0,1,2,...,n — 1}, there is a control u; € L?>(RT;R!) such that

zi((k + 1)T/n; b, ug) = 0. (6.79)
From definitions of z(+; to, 20, w) and zx(+; 2k, u), (6.77), (6.78), (6.74), (6.75) and (6.79), it follows that

2(T50, €1, X(KT/n,(k-+1)T/n) Uk)
= 2(T; kT /n, b, X (kT /0, (k41)T/m) Uk))
= 2(T; (k+ 1)T/n,0, X(k1/n,(k+1)T/n)uk)) = 0,

for all k € {0,1,2,...,n — 1}. This leads to the null controllability of system (6.77) and completes the proof.

Remark 6.22. In the Proof of Theorem 6.20, we provide a way to construct a B(:) € CBy(.), with m = 1,
through utilizing the Lyapunov transform.
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