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REMARKS ON NON CONTROLLABILITY OF THE HEAT EQUATION
WITH MEMORY * **

SERGIO GUERRERO! AND OLEG YURIEVICH IMANUVILOV?

Abstract. In this paper we deal with the null controllability problem for the heat equation with a
memory term by means of boundary controls. For each positive final time 7" and when the control is
acting on the whole boundary, we prove that there exists a set of initial conditions such that the null
controllability property fails.
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1. INTRODUCTION

Let £2 be a bounded domain with smooth boundary and let 7" > 0. We consider the following control system
associated to the heat equation with memory:

t
yt—Ay—/AydT:() in @ :=(0,T) x (2,

0
y=v on (0,7T) x 042, (1.1)
y(0,-) = yo(+) in £2.

Here, v € L?((0,T) x 92) is a control function which is acting on our system at the boundary. Furthermore,
Yo is the initial condition which is supposed to be in L?(§2). Under these assumptions, it is classical to see (e.g.
by transposition method [6]) that there exists a unique solution y of system (1.1) which belongs to the space
L?(Q) and a constant K > 0 such that

1yll2@) < KolllyollLz(e) + [Ivllz2(0.1)x00))- (1.2)

The null controllability property for system (1.1) reads as follows: given yo € L?(2), does there exist a control
v € L2((0,T) x 012) such that the corresponding solution of (1.1) satisfies y(T,-) = 0 in L?(£2)? This property
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is very well-known to be true for the heat equation (see, for instance, [1,2,4,7]). The purpose of this paper is
to prove that this is not the case of the heat equation with a memory term.

The problem (1.1) naturally appears in some models developed for the approximation of the Navier-Stokes
system (see, for instance, [8]).

In [3], for a one-dimensional heat equation with memory, the authors proved the lack of “controllability to
the rest” for some initial conditions when controlling through one endpoint. This notion of controllability means
that, with the help of a control, one can prove that y(7,-) = 0 and fOT y(t,-)dt = 0.

As we said above, the main result of this paper states that the null controllability of system (1.1) does not
hold for all initial conditions. The precise formulation of this result is given in the following theorem:

Theorem 1.1. Let T > 0. Then, there exist initial conditions yo € L?(£2) such that for any control function
v € L?((0,T) x 812) the associated solution y € L*(Q) to (1.1) is not identically equal zero at time T.

In order to prove Theorem 1.1, we will suppose that (2 is a cube. Then, if {2 is a general bounded domain in
R” we consider a cube K C £2. Once the proof is established for K, we would have that for any fixed positive T’
there exists an initial condition go € L?(K) such that for any boundary control v € L?((0,T') x 0K the solution
y at moment 7" is not identically equal zero. We extend gy on 2\ K. Obviously for such an initial condition the
null controllability property at moment 7T fails.

Consider now the similar problem

t
yt—Aer/ ydr =0 in Q,

0
y=v on (0,T) x 042,
y(0,-) = yo(+) in 0.

Theorem 1.2. Let T > 0. Then, there exist initial conditions yo € L?(2) such that for any control function
v € L2((0,T) x 812) the associated solution y € L*(Q) to (1.3) is not identically equal to zero at time T.

(1.3)

The proof of this theorem is completely analogous to that of Theorem 1.1, so we omit it.

Remark 1.3. The same non null controllability results hold for interior controls v1,,, where w is an open set
satisfying w C {2.

Remark 1.4. There have recently been several published papers which claim to prove the observability inequal-
ity for the heat equation with memory. In the process of the proof of Theorem 1.1 we establish in particular
that this observability inequality is not true.

Since the proof of Theorem 1.1 is rather technical, we have decided to first provide the proof for the one-
dimensional case. This is done in Section 1. Finally, in the second section we prove Theorem 1.1 in any dimension.

2. ONE DIMENSIONAL CASE

In this section, we prove the following result:

Theorem 2.1. Let T > 0. Then, there exist initial conditions 3jo € L?(0,1) such that, for any control functions
v1, vo € L2(0,T), the associated solution y € L?(Q) to

t
Yt — Yz _/ Yoo dr = 0 (tax) € (O’T) X (071)3
0

y(t,0) = 'Ul(t)v y(tv 1) =w(t) t € (OvT)v
y(0,2) = Yo(x) z€(0,1)
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satisfies
y(T,) 0 in (0,1). (2.2)

Proof. Let us introduce the adjoint system associated to our control problem (2.1):

T
—t — Pux —/ Yz dT =0 (t,2) € (0,T) x (0,1),
t
©(t,0) =0, ¢t,1)=0 te(0,T),
(P(T7 x) = <)OT(:E) T € (0’ 1)a
for or € L?(0,1). It is very well-known by now (see, for instance, [7] or [5]) that the null controllability

of system (2.1) with L2-controls depending continuously on yo is equivalent to the following observability
inequality:

1 T
/ 0(0,2) > dz < Cops / (lia (£, 02 + |0t 1)) .
0 0

Our goal in this proof is to construct, for all sufficiently large M, a sequence of solutions {¢™} of (2.3) such
that H(pM|t:0HL2(0’1) is estimated from below by C'/M? for some C independent of M and the quantity

1/2
(Hwi\fx:o”%?(om) + ||90i\/\[x=1”%2(0,T)>

is estimated from above by C/M? for some (maybe different) C' > 0 independent of M. Then, based on the
properties of this sequence, we will construct an initial condition o € L?(0, 1) such that system (2.1) is not null
controllable.

First, let
w;(x) == sin(jrz) = € (0,1), \; = (jm)?, Vj e N, =N\ {0} (2.4)

be the eigenfunctions and eigenvalues of the Laplace operator with the Dirichlet boundary conditions in (0, 1):
{ —AU)j = )\jwj in (0, 1),
w;(0) = w;(1) = 0.

Let us write

pr(e) =7 Buwj(z) Vo e(0,1)

j>1

for a sequence {3;};>1 € £ := {{y;} e RN : > jeN. ly;|? < +oc}.
The solution ¢ of (2.3) can be written as follows:

QD(t,.T) = Zaj(t)wj(x) (tax) € (OaT) X (0’ 1)a (25)

i>1
where the function «;(t) satisfies
—Oé;-/ + /\ja;- — )\j()tj =0 in (O,T)7
Otj(T) = ﬁj, —Oé;-(T) + )\j()tj(T) =0.

That is to say,
Qg (t) = Olﬂ‘e“j(T_t) + 027]‘8“; (T—1) te (O,T),
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with
/N2 .
o N Ny 1 1—4/\;
By == T T\ TV T /2
and
o ﬁu;+Aj 51+\/1—4/Aj0 5uj+Aj ﬂ—1+\/1—4/xj (26)
1,~: T = 3 s 2’.: . — = . . .
T =l 21— 4 Tt = 2 /T4

Observe that uj gives faith of the parabolic character of this equation since it tends to —oo, while j; represents
a completely different type of behavior (u; — —1 when j — +00).
With this notation, the integral

1
/ 100, 2)|? do
0

is given by

2

dz = 1 E (C’1 o + Cy et ! )2 (2.7)
2 5J »J ’

Jj=1

/

thanks to the orthogonality of the eigenfunctions in L2(0,1) and the fact that \|wj\|%2(0 y =1/2.
On the other hand, the term

> (Crgei T+ Cogei ) wy(a)

Jj=1

T
/ AT0 (|ou (0| + lpalt, D[?) dt
0

is given by

2
T
7T2/ (ng(Cl,je“*“ﬁ(T—”+Cg,je(1+“j)(T_t))> dt
0

jz1
(2.8)

2
T

+7r2/ (Z(—l)jj (C’Lje(H“j)(T_t) + C’2,je(1+“j_)(T_t)) > dt.
0

j=1

Of course, it is equivalent to estimate (2.8) or ||‘Px\w:0||2L2(o,T) + ||<px‘m:1\|%2(0 ) but we have chosen to esti-
mate (2.8) since the term e2(T—t) will somehow simplify the computations.
The idea of the proof is to find a particular choice of {3;} so that the ratio between (2.7) and (2.8) is large

enough. Let’s make this choice so that just a finite number of 3;’s will be different from zero. In fact, let M be
a large entire parameter; we take

Bj=0forall j¢{12M +2k: ke N, 1<k <6}
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Estimate from above of (2.8)
A direct computation shows that we can estimate (2.8) by A := A; + Ay, where

2
6

T
s 4”2/ PORFICRTE Rl I (2.9)
0

j=12M+2k,
k=1

and
2

T 6
Ay ::4772/ > Oyttt (2.10)
0

j=12M+2k,

We give an estimate of the first and of the second term separately:

e Estimate of A;. Taking into account the expression of the eigenvalues and using the notation
(k—3/2)!=(k—3/2)(k—5/2)...1/2 Vk>2 and (—1/2)l=1,
we find
exp{(1+ )T — 1)} = exp{-X;(T =) exp{ (T —t) [ 1+ > W (%)H
E>1 ’ J

= exp{(2 = \))(T — )} exp{(T — 1)B,}, (2.11)

where B; goes to zero (like j72) as j goes to infinity.
We can rewrite A; as follows:

T
Ay :47r2/ U= 2BMET)(T—1) o () it (2.12)
0

where gy (t) = far(t)?, Vt € [0,T] and fy is defined as follows:

6
= > (12M + 2k)Ch 120426 exp{(—(48kM + 4k*)w® + Buonrso)(T — )} (2.13)
k=1

Let us now impose the following seven conditions:

9u(T) = gay(T) = g3, (T) = gy (T) = g (T) = gxy(T) = g3/ (T) = 0. (2.14)

These conditions are fulfilled just by imposing four linear equations (which correspond to far(T) = f1,(T) =
(1) = D) = 0):
6

> (12M + 2k)Ch 1201426 (485M + 4k%)7® — Biaysiax)* = 0,
k=1 (2.15)

for every £ =0,1,2,3.
Here we have four linear equations and six unknowns {Cf 12 M+2k}2:1. Hence the set of nontrivial solutions

of (2.15) is nonempty. Moreover, since (2.15) is a linear homogeneous system, we can choose a nontrivial
solution {C4 1242k }$_; which is bounded independently of M.
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Then, from (2.14) and using some integrations by parts, we have that

©(t)at.

6 (4-288M%x%)T ® T o(4—288M%7?)(T~t)
0) — / Im
o, (4— 288M272)7

T
(4—288M>72)(T—t) Hdt —
/0 ¢ gu () ; (4 — 288 0M272)+19M

Observe that the ¢th derivative of the function gy is estimated by M?+¢ for all £ € N. The conclusion is that
the term (2.12) is estimated by 1/M®9.

e Estimate of A;. We develop in power series for j large enough:
] ) B (k- 1/2)0 4
- 1—4/x,)"Y ) =N JE (2 2.1
Coy =3 (1-(1-4/x) S ) (2.16)

and

AN (k—3/2)! [ 4\"
eI tr N (T—=t) _ 122429 1= A eV AR il T ¢
P 2 T3 ]; 2(k) (/\j> T-9

Observe that, since j is large enough we can suppose in particular that

T—1
—— <1 Vtel0,T
(735)? .71
and so we obtain T
e(Hu )(T=t) _ 1 _ : + 0(/\;2)_ (2.17)

J
From the previous expressions (2.16) and (2.17) and the fact that \; = ()2, the jth term in the expression of
Ay (see (2.10)) is given by

) 1 3—(T-1) _3
_i5, <W2j2 R Talcy )) . (2.18)
We impose that
Z Bramtok
12M + 2k =0 (2.19)

Thanks to (2.6), this equation reads

26: Chii2m+2e\/ 1 — 4/ Mook —0
= (12M +2k) 1+ /T — 4/ Manrgor)

where we recall that \; = ()2, Together with equations (2.15), this gives a linear homogeneous system of five
equations with six unknowns. Since we have supposed that {C 12 M+2k}2:1 are bounded independently of M,
it is easy to see from the expression of Cy ; (see (2.6)) that {B12ar42k}S_, are also bounded independently of
M. Consequently, taking into account the definition of Ay (see (2.10)) and (2.18), we have

T 6 o [ 2
A2:2/O ( Z jﬁj(ﬂjj2+3 753;-4 t)+0(>\j3)>> dt.

j=12M+2k,

Then, using (2.19), we get

6

2
(T — )
> B (%w&f))) dt,

AFQ/OT(

which implies that A is estimated by 1/M6.



294 S. GUERRERO AND O.YU. IMANUVILOV

Estimate from below of (2.7)
One can estimate from below the term (2.7) as follows:

1 ; SN2 1 ; - 2
1= 3 E (Cl,jeﬂj Ty Cy et T) = 3 E (C1,12M+2keﬂ121\4+2kT + C2,12M+2keH12M+2kT>
i>1 k=1
6 2
3C _
> 1 E —3012 12M+2ke2ui'—2M+2kT + MQQP‘HMJr%T
-2 ’ 4
k=1
19 2 2ut o 3Bhnrion [ Panssor T AM2miok i 27, T
=3 § —3CT 1onrpane 22T+ 1 T = eTIMERET ) (2.20)
=1 Hionrtor = Mi2ar+2k

Observe that, from (2.16) and the fact that p; — —1as j — 400, we have that

2

+

inf Hiopryop + Al2n 2k > C
T - Ny

LSk<6 \ Hyonryor — Mioni42k M

T

for some C' > 0 independent of M, while 012712M+2k,62”;r21\4+2k can be estimated by Ce=°T. Consequently,

C
'=am
with C > 0 independent of M. That is to say, we have
Co
1™ (0, M0, > 3720 (2.21)

where Cy > 0 is independent of M.

Construction of the initial condition

Finally, we construct an initial condition 4o € L?(0,1) such that the null controllability of (1.1) does not
hold. In fact, from (2.7) and (2.21) we deduce the existence of ko € {1,2,3,4,6} such that

+ T - T 2 CO
(C1,12M+2koe”121‘4+2’“0 + Ca,120M 42k €12V +2k0 > M (2.22)

N =

Then, we define

1
Yo = Z Mwlgg_t,_zko S L2(0, 1)
>1

(recall that the eigenfunction w; was defined in (2.4)). Let us prove that for any vy, vo € L*(0,T), the solution
y of

t
yt_yzz_/yzsz:() (tax)er
0

y(t,O) = Ul(t)’ y(t’ 1) = U2(t) le (O’T)a
y(0,2) = go(x) z € (0,1)

(2.23)
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satisfies y(T,-) # 0. Arguing by contradiction, let vy, vo € L?(0,T) be such that y(T,z) = 0 for all z € (0, 1).
Then, by duality with ¢, we have

/01 @™ (0, ) go() dz + /OT o1 (t) M (t,0) dz + /OT (/Of 1 (s) ds) ey (t,0)dt

_Kfvﬂﬂwyaqu%%AT(AZ@@NB>¢y@@yn:o.

From the previous choice of gy and (2.22), we have that

(2.24)

S _G

1
/0 @™ (0, ) go(x) da 2 A

Finally, since the term in (2.8) is estimated by C/M°, we have that

/OT v1(t) 2 (¢,0) dw + /OT (/Ot v1(s) dS) oM (t,0)dt

—/OTm(t) @iw(t,l)dx—k/OT </Otvz(s) ds) ©M(t,1) dt

This contradicts identity (2.24) by taking M large enough.

C
SV

This ends the proof of Theorem 2.1 in dimension 1. O

3. N-DIMENSIONAL CASE
As explained in the introduction, it suffices to prove the desired result when 2 is a cube:
Q:={(z1,...,an) ERY :0 <z, < 1,1 <k < N}.

Let us introduce the adjoint system associated to our control problem (1.1):

T
—got—Ago—/ Apdr =0 in (0,T) x £2,

t
p=0 on (0,7) x 092, (3.1)
o(T,-) = ¢r() in {2,

for pr € L*(02).
Similarly to the 1-D case, let

Z

N
wj(x) = [ [ sinGmay) o, € (0,1), \j =7 ji = w*l§|*, Vi = (ju, ..., jn) € NY (3:2)
k=1 k=1

be the eigenfunctions and eigenvalues of the Laplace operator with zero Dirichlet boundary conditions in {2:
—Aw; = Ajw; in §2,
wj =0 on 0f2.

Let us write

%OT(Z‘) = Z ﬁjwj(as) Vx € (2

JENY

for a sequence {3;}jeny € 2.
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The solution ¢ of (3.1) can be written as follows:

ota)= 3 as(u@) (ta) € (0,T) x 2, (3.3)
JENY
where oy satisfies
—Oé;-/—i-/\ja;- —Ajo; =0 in (O,T)7
o (T) = Bj, —a}(T) + A\ja(T) =0.

That is to say,
a;(t) = Cyge"s T~ 4 Oy jels 7D ¢ e (0,T),

with
NIy
Aj J J A
pE=-Pa o — (_1 +4/1 —4/>\j> (3.4)
and
c ._ﬁ.u;+/\j —ﬁ-1+’/1_4//\j _ s 1 + X _ﬁ.—1+\/1—4//\j'
T 1—4/Aj’ Tuf—py 7 21— 4)

Again, uj goes to —oo as |j| — 400, while y1; tends to —1 when |j| — +oo0.
With this notation, the quantity [|¢(0, ')H%z(g) is given by

J,

thanks to the orthogonality of the eigenfunctions in L?(£2) and the identity ||w; ||L2 @) = =1/2N for all j € NV,
Consider the quantity

2

1 N 2
do =53 > (Cl,jeﬂa*TJrczjeﬂj T) : (3.5)

JENY

) (Cl,je“? T+ Cy et T) wj ()

JENY

ol ta@
on

L2((0,T)x02)
Using (2.5), this norm is given by

2

oN— 1/ Z Z ZJZ 01 e1+“+)(T t)-i-C e(1+” WT— f)) dt

=14, =1 \Ji=1
ket

ton= 1/ ZJZ 1)74(Cy e 1) T=0 0y 5e0Hm ) T=0) | gy,

i= 1]k—1 Ji=1

Here, we have used that for any i € {1,..., N} and any h, £ € NY~! we have

/ H H sin(hgmay) sin(y, w2, ) do’ =
zﬁo

=1m=1

k:;éz m#i

0 otherwise,

{ 12Nt if h =&,

;=1 = (_1)j1'

and cos(j;mx;)
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Now, we choose only a finite number of C; ;’s and Cs ;’s to be non-zero, so that the previous expression can

be estimated by
2

SN v (L1 + Lo+ Lz + Ly),
where the terms L; (1 < ¢ < 4) are given by
2 2

oo N oo
L = / S iCr eI, Lz:/ Z Z Y GiCage Tt
i=1 j,/end

i=1 ,GNN 1 \ji=1 ji=1

2

oo
Ls= / > Gi(=1PCy eI gy,

= ,eNN 1 \ji=1

L4_/ ZJ 1) Gy )T | g,

i=1 ’ENN 1\di=1
where, for each 7 € {1,..., N}, we have denoted
gi' == (s Jimts Jis - - dn) € NYTL
Let us start by taking
Ci1;=0C; =0 if die{1,...,N} such that j; is odd.

Recall that 7 = (j1,...,7n~). This readily implies that Ly = Lg and Lo = Ly.
Let now M > 0 be a sufficiently large even number and p € N (to be fixed). Then, we take

B; =0 if there exists i € {1,...,N} such that j; € Xarp :={M +2k: ke N, 1<k <p}

Study of the terms Lo = Ly
Let us take a closer look to L. For this, we develop in power series for |j| large enough (recall that A\; =

w2 |51%):
Caj= % (1-(—a/x)772) = G I; — 1/2 X ( ) (3.7)

and

(11 N(T=t) _ exp 1- Aj I Aj 1_ Z (k 3/2

2 2
k>1

k—1
_exp —<T—t>2%(yj) Ltong, (8)

k>2

From (3.7) and (3.8), the term ngje(lJr"a‘_)(T*t) is given, for |j| large enough, by

- 1 3—(T—t
Cy je T )T — _ 3. (Y + % + Rj> : (3.9)
g J

where R;j = O(1/)}).



298 S. GUERRERO AND O.YU. IMANUVILOV

Then, let us freeze i € {1,..., N} and impose the following p” =1 equations for the unknowns 3;:
i v e xNo 3.10
Z i, T Jii € Xnpp - (3.10)

Ji€XM,p J

Since this is done for each i € {1,..., N}, we have imposed Np"~! equations. The linearity of system (3.10)
allows us to choose §; such that |5;| < C with C' independent of M.
Thus, coming back to the expression of Lo, we have

2

T N (T —
L2:/0 > > jzﬂjw-szﬂjRj dt.

i=1 ji’EXﬁ_pl Ji€XM,p J

Consequently,

C
L2+L4§W’

with C independent of M.

Study of the terms L, = L3
From the equation of u;r (see (3.4)), we find

k—1
exp{(1+ 1T D} =exp{-A (T — D exp { (T — ) (14 3 L2 (i)

= exp{(2 — \)(T — 1)} exp{(T — 1)}, (3.11)

where D; goes to zero (like |§]|72) as || goes to infinity. With this, the expression of L; is given by

N T
>y / exp{(4 — 2NM?7%)(T — t)}gar.i 5 (t) dt, (3.12)
i=1 j;EXﬁ_pl 0

where, for each i € {1,..., N} and each j, € Xﬁ;l, we have denoted gar,ij := (far,ij)? with

farig®) = > GiCrjexp {(=27°(|5]* = NM?) + D;) (T —t)}.

Ji€XM,p

As in the one dimensional case, for every ¢ € {1,..., N} and every j;' € X ﬁ;l, we require the functions
g,  to satisfy
g\ (T) =0 Y0 <h<6.

From the definition of gas,; ;, these conditions are satisfied as long as
F (M) =0 Yo<h<s. (3.13)

We have thus imposed 4Np~N~! equations here.
Then, integrating by parts in (3.12), we find the following expression for Lj:

N 6 exp{(4 — 2NM272)T T oxp{(4 — 2NM272)(T — t
Z Z (Z (Izl{(— 2NM27r2)h+)1 }gl(\ilf,)i,j(o) + /0 ull (4— 2NM27T)2()7 )}gl(\sl?i,j(t) dt> .

=1 ji/exﬁ;} h=0
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Since ‘91(\3),2‘,3" < CM8, we have that
- C
=
where the constant C' > 0 may depend on p and N but does not depend on M.

|L1

In these two steps, we have imposed 5Np~N~! equations while we have p” unknowns. Then, it suffices to
take p = 6N and a choice of non-trivial ﬂ;-s is possible. We call ™ the corresponding solution to (3.1), which

satisfies )

O™ C
Tt < — (3.14)
on |lp20,ryx00) M
One can prove like in dimension one the estimate
Co
1™ (0, MZe ) = 3730 (3.15)

with 6’0 > 0 independent of M.

Construction of the initial condition

Following the same ideas as in the one dimensional case, we construct an initial condition go € L?({2) such
that the null controllability of (2.1) does not hold. First, all the previous estimates hold if we suppose that M
is a multiple of 2p, since we only used that M is even and large enough. In fact, let us replace M by 2pM and
p by 6N in the above computations.

Then, from (3.5) and (3.15) we deduce the existence of (k1,...,ky) € {1,...,6 N} such that for the index

Go(M) = (12N M + 2k, ..., 12NM + 2ky),

we have R
QLN (Clvjoe“;rOT n 0273,06/%7“)2 > (6]\57;\)[]\44. (3.16)
Then, we define
Jo = Z ﬁ%wjo(é) € L*(2)
>1
(recall that w; was defined in (3.2)). Let us prove that for any v € L2((0,7') x 042), the solution y of
t
yt—Ay—/ Aydr =0 in Q,
y=v 0 on (0,7T) x 012, (3:.17)
y(0,-) = go(") in (2

satisfies y(T, -) # 0. Arguing by contradiction, let v € L?((0,T) x 8£2) such that y(T,z) = 0 for all z € 2. Then,

by duality with ¢, we have
T a(pM T t 8@M
—/ o™ (0, ) go(x) dz —|—/ / v(t, x) dodt —|—/ / (/ v(s,x) ds) ——(t,z)dodt =0. (3.18)
Q o Jon v o Jon \Jo ov

From the previous choice of o and (3.16), we have that

> G
= iyl

/ M (0,2) fio () dz
0
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Finally, using (3.14), we obtain

T 8(pM T t 8<pM C
t, d+// (/ ) d)—t7 dodt| < —-
/0 /89 v(t,x) 55 40 A v(s,x)ds 5 (t,z)do YE

This contradicts identity (3.18) by taking M large enough.
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