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GLOBAL OPTIMALITY CONDITIONS FOR A DYNAMIC
BLOCKING PROBLEM

ALBERTO BRESSAN!' AND TAO WANG!

Abstract. The paper is concerned with a class of optimal blocking problems in the plane. We
consider a time dependent set R(t) C R?, described as the reachable set for a differential inclusion. To
restrict its growth, a barrier I' can be constructed, in real time. This is a one-dimensional rectifiable
set which blocks the trajectories of the differential inclusion. In this paper we introduce a definition
of “regular strategy”, based on a careful classification of blocking arcs. Moreover, we derive local and
global necessary conditions for an optimal strategy, which minimizes the total value of the burned
region plus the cost of constructing the barrier. We show that a Lagrange multiplier, corresponding to
the constraint on the construction speed, can be interpreted as the “instantaneous value of time”. This
value, which we compute by two separate formulas, remains constant when free arcs are constructed
and is monotone decreasing otherwise.
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1. INTRODUCTION

Aim of this paper is to derive global necessary conditions satisfied by an optimal strategy, for the dynamic
blocking problem introduced in [4]. As described in [4,5], these problems were originally motivated by the
control of wild fires or the spatial spreading of a contaminating agent.

At each time ¢ > 0, we denote by R(t) C R? the region burned by the fire. In absence of control, for each
t > 0 the set R(t) is described as the reachable set for a differential inclusion:

i € F(x) z(0) € Ry, (1.1)
where the upper dot denotes a derivative w.r.t. time. In other words,
R(t) = {ac(t); z(-) absolutely continuous, z(0) € Ry, #(7) € F(x(7)) for a.e. 7 € [O,t]}.

We assume that the initial set Ry C R? is open and bounded. Moreover, we assume that F : R? — R? is
a Lipschitz continuous multifunction with compact, convex values, and satisfies

0€ F(z) for all z € R?. (1.2)
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Clearly, this implies
R(t1) € R(t2) whenever t; < ta. (1.3)

In our model, the growth of the reachable set (i.e., the spreading of the fire) can be controlled by constructing
barriers, in real time. Let 1 : R? — R, be a continuous, strictly positive function. Calling v(t) C R? the
portion of the wall constructed within time ¢ > 0, we make the following assumptions:

(H1) For any t; < t2 one has v(t1) C y(t2).

(H2) For every ¢t > 0, the total length of the wall satisfies
[ wam <t (1.4)
(1)

where m; denotes the one-dimensional Hausdorff measure, normalized so that m;(I") yields the usual length of
a smooth curve T'.

In the above formula, 1/1(z) is the speed at which the wall can be constructed, at the location z. In particular,
if (x) = o~ is constant, then (1.4) simply means that the length of the curve () is < ot. A strategy
satisfying (H1)—(H2) will be called an admissible strategy. In addition, we say that the strategy 7 is complete
if it satisfies:

(H3) For every ¢t > 0 there holds
/ =t A1) = ) 7(s). (15)
vy (t

Moreover, if v(t) has positive upper density at a point x, i.e. if

— mq (B(:c, r)n fy(t))

r—04 r

>0,

then = € (¢). Here B(x,r) is the open ball centered at x with radius r.

As proved in [5], for every admissible strategy ¢ — () one can construct a second admissible strategy
t — A(t) 2 v(t), which is complete.

When a barrier is being constructed, the set reached by the fire is reduced. Namely, we define

RY(t) = {ac(t); x(+) absolutely continuous, x(0) € Ry,

(1.6)
i(r) € F(x(r)) forae. 7€ 0,1, x(7) € (1) for all T € [O,t]}.

The existence of a blocking strategy, keeping R?(t) uniformly bounded for all ¢ > 0, was studied in [8,10].
To define an optimization problem, we need to introduce a cost functional. In general, this should take into
account:

— The value of the area burned by the fire.
— The cost of building the barrier.

As in [4], we thus consider two continuous, non-negative functions «, 3 : R? — R, and define the functional

J () :/ admsg + Bdmy, (1.7)
R& Yoo
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where the sets R), 7o are defined respectively as

Ry = RO, oo = (J(0): (18)

t>0 t>0

In (1.7), ma denotes the two-dimensional Lebesgue measure, while m; is the one-dimensional Hausdorff measure.
In the case of a fire, a(z) is the value of a unit area of land at the point x, while 5(z) is the cost of building
a unit length of wall at the point x. This leads to:

(OP1) Optimization Problem 1. Find an admissible strategy t — ~(¢) for which the corresponding func-
tional J(vy) at (1.7) attains its minimum value.

For this problem, the existence of an optimal solution was proved in [5], under the following assumptions:
(A1) The initial set Ry is open and bounded. Its boundary satisfies ma(9Rg) = 0.

(A2) The multifunction F is Lipschitz continuous w.r.t. the Hausdorff distance. For each x € R? the set F(x)
is nonempty, closed and convex and contains the origin in its interior.

(A3) For every z € R? one has a(x) > 0, B(z) > 0, a(x) + B(z) > 0, and ¥(x) > g > 0. Moreover, « is locally
integrable, while 8 and v are both lower semicontinuous.

In its original formulation, a strategy is a set-valued map t — ~(t) C R? describing the portion of the wall
constructed within a given time ¢ > 0. The subsequent paper [9] showed that the above problem can be
reformulated in a simpler way, where a strategy is entirely determined by assigning one single rectifiable set
I' C R%. We shall briefly review this equivalence result.

Consider a rectifiable set I' C R? which is complete, in the sense that it contains all of its points of positive
upper density:

o) |,

lim sup
r—0+ r

Define the reachable set for the differential inclusion (1.1) restricted to R? \ I’

RY(t) = {ac(t); x(+) absolutely continuous, z(0) € Ry,

(1.9)
i(r) € F(z(r)) forae 7€(0,t], a(r)¢T forall7e [O,t]}.

Throughout the following, S will denote the closure of a set S. We say that the rectifiable set I' is admissible
in connection with the differential inclusion (1.1) and the bound on the construction speed (1.4) if

/ Pvdmy < t for all ¢ > 0. (1.10)
CNRT(t)

Of course, this means that the strategy

t — 4(t) = TNRI(D) (1.11)

is admissible according to (1.4). One can then consider:
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(OP2) Optimization Problem 2. Find an admissible rectifiable set I' C R? such that, calling RL =

U,>o RY(¢), the cost
= [
R
attains the minimum possible value.

As proved in [9], under the assumptions (A1)—(A3) the two formulations are equivalent. Namely, if ¢ — ~(t)
is a complete, optimal strategy for (OP1), then the rectifiable set

adm2+/6dm1 (1.12)
r

T
oo

r= U \Ur® (1.13)

t>0 t>0

is admissible and provides an optimal solution to the minimization problem (OP2). Vice versa, if the set T’
provides an optimal solution to (OP2), then the strategy () in (1.11) is optimal for (OP1).

Remark 1.1. For each ¢ > 0, the set y(¢) in (1.11) is the part of the wall I touched by the fire at time ¢. This
is the portion that actually needs to be put in place within time ¢, in order to constrain the fire. The remaining
portion I'\ v(¢) can be constructed at a later time. On the other hand, given a strategy +(-), the set I consists
of the “useful” part of all walls constructed by «. Portions of a wall, which are constructed in a region already
reached by the fire, are clearly useless.

Remark 1.2. By the assumption (A2), each velocity set F'(x) is a neighborhood of the origin. Hence the set
RL = U0 RY'(t) of all points reached by the fire without crossing I' can be characterized as the union of all

connected components of R? \ T which intersect Ry .

Some necessary conditions for optimality were derived in [4], in the special case where = 0 and ¢ = 1,
i.e. when there is no construction cost and the construction speed is constant. These conditions were essentially
of local nature, obtained by perturbing the optimal strategy in a neighborhood of a given point.

The main goal of the present paper is to derive general optimality conditions, also of global nature. In
particular, we study necessary conditions which must be satisfied at points of junction between two different
arcs. We also analyze the case where the fire propagates along two or more fronts, and describe the optimal
strategy at the time when one of these advancing fronts is extinguished.

As a preliminary, in Section 2 we introduce a concept of “regular strategy”, and provide a careful classification
of arcs. In particular, we observe that portions of an optimal barrier I' may be constructed not only to block
the fire, but also to slow down its advancement. These will be called “delaying arcs”. Their presence increases
the time needed for the fire to reach some regions of the plane.

Sections 3 and 4 describe necessary conditions for the optimality of “free arcs”, constructed away from the
advancing fire front, and “boundary arcs”, constructed right along the edge of an advancing front.

Section 6 deals with necessary conditions at junctions. In particular, we show that optimal arcs must join
tangentially and we study the relations between Lagrange multipliers associated to different arcs.

Our analysis shows the existence of a scalar function W (-), which arises naturally as a global Lagrange
multiplier, and can be interpreted as the “instantaneous value of time”. Roughly speaking, W (7) measures by
how much the total cost could be reduced if the constraint (1.10) is replaced by

t ift<r
Pdmy < { . ’
/I‘ORF(t) t+e ift > 7.

The paper is concluded with two examples, where the optimal strategies and the value of time can be explicitly
computed.
For the basic theory of differential inclusions and the minimum time function we refer to [1,2].
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FIGURE 1. Here we take Ry = F'(z) = B(0,1), the unit disc centered at the origin. The two
thick arcs denote the portion I'* C T" which contributes to slowing down the propagation of the
fire. Notice that T% (z) = T(x) for x € Qq, but T (z) > T(z) for x € Q1 UQy. The thick arc
next to the shaded region Q; lies in ' \ T'?, the thick arc next to Qy lies in 4 N T®.

2. REGULAR STRATEGIES AND CLASSIFICATION OF ARCS

In this section, we introduce the basic framework and the regularity assumptions, in order to derive suitable
necessary conditions for optimality.

Let T' be an admissible barrier for the differential inclusion (1.1), so that (1.10) holds. We observe that the
construction of the barrier I' has two effects, namely: (i) it restricts the fire to the set RL , consisting of all
connected components of R? \ I which intersect the initial domain Ry, and (ii) within the set RL_, it can slow
down the advancement of the fire.

This fact, illustrated in Figure 1, can be better described as follows. Given the differential inclusion (1.1)

and the barrier I', the minimum time function is defined as
T'(z) = inf {t >0, x eRF—(t)}. (2.1)
Calling T'(x) the minimum time function for the problem (1.1) without any barrier, one clearly has
0 < T(x) < T (x) for all z € R?.

We say that a point z € I' belongs to the delaying portion of the barrier if, by modifying the set ' in an
arbitrarily small neighborhood of x, one can change the minimal time function somewhere else. More precisely,
we introduce:

Definition 2.1. The subset I'* C T of delaying walls is the set of all points 2 € I" such that, for some 6 > 0,
the following holds. For every £ > 0 there exists an admissible rectifiable set IV with IV \ B(z,e) =T\ B(z,¢)
and such that 77 (y) # T" (y) at some point y € RL_\ B(x,d).

We think of I'? as a portion of the barrier I' which contributes to slowing down fire propagation. In addition,
the barrier I' will contain an outer portion I'’, separating the burned from the unburned region.

Definition 2.2. The subset I'* C I" of blocking walls is defined as
I’ =T na(RL). (2.2)

Remark 2.1. If T is optimal, and the construction cost is strictly positive, then I' = I'* UT?. Indeed, any arc
[V C T contained in the interior of the reachable set RL must be part of I'?. Otherwise the alternative strategy
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=T \ I” would also be admissible, with a smaller cost. On the other hand, as shown in Figure 1, one can
have T'9 N T # (.

Given an admissible barrier I', a further classification of arcs can be achieved as follows. Define the set of

times
S = {tZO; / wdmlt}. (2.3)
T'NRI(t)

These are the times where the constraint is saturated, i.e. it is satisfied as an equality. We can further classify
points & € I' by setting

I's={zel; T'(z) €S}, Tr={zel; T'(z)¢S}.

As in [4], arcs lying in the subset I'z will be called free arcs.

A very general result on the existence of optimal blocking strategies was recently proved in [5]. However, this
provides little information about the regularity of these optimal strategies. Namely, if I" is optimal, then I' must
be the union of countably many compact, connected, rectifiable sets, plus a set whose 1-dimensional Hausdorff
measure is zero. In order to derive necessary condition for optimality, additional regularity assumptions will be
imposed.

Motivated by the definition of regular synthesis for an optimal control problem [3,6,11,13], we consider
a decomposition

RZ=M;U---UMy (2.4)
with the following properties.

(i) Each M; C R? is an embedded, connected C? submanifold.
(ii) If j # k, then M; N M, = 0.
(iif) If M; N My, # 0, then M; C M.
We call dj, = dim(My,) € {0, 1,2}, the dimension of the submanifold My. In particular, dj, = 0 if M, consists
of a single point and dj, = 2 if M, is an open subset of R2. In the case d; = 1, the above assumptions imply
that My, is a curve admitting a C? parameterization in terms of arc-length.
Throughout the following, we assume that there exists a decomposition (2.4) such that the following holds.

(RA1) The barrier I" admits the decomposition

F=UMk, for some B C{1,2,...,M}.
keB

Moreover, this decomposition is consistent with the previous classifications. Namely, each of the subsets
'Y T T'g, T+ can be represented as a union of some of the manifolds Mj,.

(RA2) Restricted to each submanifold M, the minimum time function 7" is a C? function, or else T = +cc.
Concerning the differential inclusion (1.1) we assume:

(RA3) The velocity sets F(z) are uniformly convex, have C? boundary, and contain the origin as an interior
point. Moreover, denoting by (-,-) the Euclidean inner product, the map

,T) — arg max (p,
(p, x) g max (p, y)

is C% on the set where p # 0.
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We observe that, away from the barrier I', the minimum time function T is Lipschitz continuous and provides
a viscosity solution to the Hamilton-Jacobi equation

H(x,VV)—-1=0, H(z,p) = yren}g()i) (p, y). (2.5)
‘We denote b
y M) = o = max (n(2), 1) n(e) = YL (@) (26)
IVTT(z)] — wer() ’ [VTT ()|’ '

the propagation speed of the fire front, in the normal direction, at the point z.

Remark 2.2. The assumption (RA1) implies that each submanifold M; with k € B is a portion of the
barrier I' falling in one single class of the above classification. For example, if M} contains a point = € I's,
then M, CT's and M, NTx = 0.

Remark 2.3. If v C T'z \ T'%, then, as will be proved in the next section, any local perturbation of the arc v
requiring the same construction time yields another admissible strategy. This is not true if v ¢ T=NT¢. Indeed,
in this case a local perturbation of v will affect the minimum time function 7" in other regions. Therefore,
other arcs 4 C I's may not be admissible any more.

Remark 2.4. Consider an arc v C R! \ T'%. Then, the minimum time function T can be extended from R

to a whole neighborhood of each point x € I'. Indeed, this extended value function T is constructed by solving
the Hamilton-Jacobi equation (2.5) with data assigned along ~:

max VT(z)-y = 1, T(x) =T (z) for ze€r. (2.7)
yEF (x)

In particular, the gradient VT (x) and the normal propagation speed h(z) in (2.6) are well defined also for
x € 7, by a continuous extension.

3. NECESSARY CONDITIONS FOR FREE ARCS

In this section we consider an arc v C I'z. Intuitively, this means that at the time where this portion of wall
is constructed, the fire has not yet reached points in v. In addition, we assume that v C T'* \ I'?. This means
that ~ is a purely blocking arc. All minimum-time trajectories for the fire terminate when they reach a point
of ~.

We seek necessary conditions for optimality of the arc . To fix the ideas, let s — v(s) € R2, s € [a,b], be
a C? parameterization of 7 in terms of arc-length. Throughout the sequel, an upper dot will denote a derivative

w.r.t. s. Given two vectors v = (Z) and w = (2

By t(s) = 4(s) and n(s) we denote the unit vectors respectively tangent and perpendicular to the curve ~ at
the point v(s), oriented so that t An = 1.

We say that v is a normal arc if there exists a smooth scalar function ¢ : [a, b] — R with ¢#(a) = ¢(b) =0
such that, calling 7 (v#) the time needed to construct the arc v¢ described by

), their wedge product will be written as v A w = ad — bc.

s > E(s) = 7(s) + epf(s)n(s), (3.1)

there holds

d Cla :
£Ten| = | [ et el <o (3.2
€ o de J, o
This implies that one can join the endpoints P = v(a) and @ = ~(b) with some arc which can be constructed
in a slightly shorter time: the curve v is not a time-minimizer. By possibly taking a small perturbation, it is
not restrictive to assume that (f(s) = 0 for s in a neighborhood of a and b.
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Given a smooth function ¢ : [a,b] — R with ¢(s) = 0 for s in a neighborhood of a and b, and given &, close
to zero, consider the perturbed curve

s Yen(s) = v(s) + (ep(s) + ne'(s))n(s). (3.3)

By (3.2) and the implicit function theorem, for every e in a neighborhood of zero there exists a unique 7(c)
such that the time needed to construct the curves v and 7, (. is the same. Calling 7. = 7. (<), we thus have

[d%?’(%)] - %[/abw<%<s>>-m<s>|ds] = 0. (3.4)

e=0 e=0

We recall that n(s) = x(s)t(s), where k(s) is the curvature of v at the point y(s). Since |¥| = 1, computing
a derivative at ¢ = 0 we find

6] = (i) = ) (60 + 0.

The equation (3.4) can thus be written as

b
/ {<Vw(v(8)), n(8)> +w(v(8))f@(v(é’))} - (o(s) + 7' (0)¢(5)) ds = 0. (3.5)
For notational convenience, given a scalar function g : R” — R we define

G(g,7,5) = (Vg(r(s)), n(s)) + g(7(s)) k(s). (3.6)

With this notation, from (3.5) it follows

_ fab G(h,v,s) p(s)ds .
f: G(1h,7,5) p*(s)ds

1'(0) = (3.7)

Notice that in (3.7) the denominator is # 0, because by (3.2)

/ " Gy, 5) H(s) ds = T <o

e=0

Recalling that v € T'x \ I'?, we now show that, for all ¢ sufficiently close to zero, the barrier I'. obtained
from I' replacing the arc v by 7. is still admissible. To show this, we first observe that the map

t— ”(/}dml
T'NRT(t)

is non-decreasing and right-continuous, hence it is upper semicontinuous. In turn, the excess map

(t) = t—/  pdm (3.8)

ART(t)

is lower semicontinuous.
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To fix the ideas, assume T (y(s)) € |7, 7[ for s € ]a,b[, with ], 7[NS = 0. Moreover, assume that the
perturbations ¢, pf in (3.3) are supported in the compact subset [a + o, b — o]. By lower semicontinuity and
compactness, there exists § > 0 such that

E(T(y(s))) >0 s€la+o,b—0]

Choose times 79 < 71 < ... < 7n5 = 7 such that 7, — 7,1 < 6/2 for every i = 1,..., N. For each ¢, we can now
choose ¢; > 0 small enough such that, for |e| < ¢;, there holds

)
/ Ppdm; < -+ / Pdmy.
I.NRC= (1;) 2 INRY(7;)

Setting € = min{eq,...,ex}, we now prove that the barrier I'. is admissible whenever |e] < &. Indeed, when
Ti_1 <t <7; we have

) ) )
/ ”(/}dml § / ”(/}dml < —+/ d)dml = —+TZ‘7€(T¢') S T — = § t. (39)
AR () TR (7)) 2 Jrrrr) 2 2
Next, call J(T'.) the total cost associated with this perturbed strategy. If T' is optimal, then
d J(T:) =0 (3.10)
de "V, '

Assuming that the normal vector n points toward the outside of the burned region, by the previous analysis (3.10)
can be written as

/ {a6) +6(6.7,9)} - (#(5) + 70)1H(5)) ds = 0, (3.11)

Inserting the value of 7'(0) given at (3.7), and adopting the shorter notation a(s) = «a(y(s)), from the above
equation we obtain

b b
/ {a(s) +G(B,7,5)} o(s)ds + A - / G, v,8)p(s)ds = 0. (3.12)
a a
Here the constant A has the role of a Lagrange multiplier:

A = _ fab{a(s) + g(ﬂaf% 5)} @ﬁ(s) dS.

3.13
126w, 7, 5) ot (s) ds (3.13)

Since (3.12) holds for all smooth functions ¢ with ¢(a) = (b) = 0, recalling the definition of G(-) we conclude
a(s) + (V(B(s) + Xi(s)), n(s) ) + (B(s) + Mo(s))r(s) = 0 (3.14)
for all @ < s < b. Written as
— (B(s) + M) K(s) = alr(s)) + (V(A(s) + Mi(s)), n(s)). (3.15)

this necessary condition takes the form of a second order nonlinear O.D.E., determining the curvature of v. In
the special case where 1) and 3 are constant, the above equation reduces to

_als)
K(s) = EESVA (3.16)
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¥(b)~

Y(s)= t(s)
n(s)

Y(s)

Y@)¢

FIGURE 2. Left: The shaded region denotes the burned set. Since n(s) = x(s)t(s), here the
curvature & is negative. Center: For a normal extremal, one can find perturbations v that can
be constructed in shorter time. Right: When a free arc « of radius r is replaced by an arc 4" of
smaller radius r — €, the burned area increases by 0re while the length of the barrier decreases
by fe (neglecting infinitesimals of higher order w.r.t. €). If , 8 in (1.7) satisfy 5 > ra, then
the total cost changes by aflre — s < 0 and the arc 7 is not optimal.

showing that the curvature of v must be proportional to the local value of land «. In particular, if « is also
constant, then the free arc «y is an arc of circumference.

Remark 3.1. The Lagrange multiplier A can be interpreted as the (constant, non-negative) value of time, during
the construction of the arc v. Indeed, given any smooth scalar function ¢ : [a,b] — R with ¢(a) = ¢(b) = 0,
for € in a neighborhood of zero consider the perturbed arc J¢(s) = v(s) + ep(s)n(s). The time 7 (7.) needed to

construct this arc satisfies

d

[&T(%)} L /abg(wms) ¢ (s) ds. (3.17)

Calling I'; the barrier obtained from I' by replacing the arc v with 7., the cost J(I'¢) satisfies

L] = [+ aea e s (3.18)

[decrease of the total cost]
[increase in the construction time
does not vanish, this ratio can be computed as

The ratio

] now yields the value of time. Assuming that the quantity in (3.17)

=\ (3.19)

l%Jwa] = Jodals) + G(B. 7, 9)} ls) ds
w706 |, 1260, 7, ) p(s) ds

Indeed, by (3.13) and (3.12), the ratio does not depend on the choice of the function ¢.

In the special case where the construction speed ¢ = 1/ and the construction cost § are constant, calling
r = —1/k the radius of curvature, from (3.16) it follows

A = (ar —f)o. (3.20)

Notice that, in an optimal strategy, one must have ar — 8 > 0. A geometric explanation of this inequality was
provided in Figure 2.
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Next, we consider the case where |7y, 71| NS = (), and the portion of wall constructed during this time
interval consists of not just one but several free arcs, say

{zel; T(z)€lr,m[} = nU--Uvy C Ie\I

Let the ith arc be parameterized by arc-length, say s +— ~;(s), s € Ja;, b;[. Assume that at least one of these
arcs, say 71, is normal. Then we can find a compactly supported perturbation <p§ so that (3.2) holds.

Given a set of smooth perturbations with compact support ¢; : Ja;,b;[— R, i =1,...,v, for any e sufficiently
close to zero we can find 7(e) such that the total time needed to construct the v perturbed curves

Te(8) = 1(5) + [ee1(s) + ()i ()n(s),  Yiels) = 7i(s) +epi(s)ni(s) i=2,3,...,v,
is the same for all e. Hence

v v b,
S Tone) = o [Z [ vticto) Ficlds| = o, (3.21)

i=1

A similar argument as in (3.7) yields

v [hig i, 8) i(s)ds
n/(o) _ 72 faq, (w Y )50() .

b

3.22
=1 Ja, Gbimss) o (s)ds (3.22)

As before, one can show that the strategy I'. obtained by replacing each arc 7; with ;. is still admissible, as
long as e remains sufficiently small. Since I' is optimal, the identity (3.10) must hold. In the present case, this
yields

b1 v b;
[ @) +6.71.9) 0t ds+ 3 [ (alus) + 6 )il ds = 0. @2

ay
Hence there exists a Lagrange multiplier

fiH{a0n(9) + 608,71, 9)} ¢l (s) ds

A = - :
Lol G, 11, 8) ¢i(s)ds

(3.24)

such that
b b
/ {a(i(s)) + G871, 9)} als) ds + A / G5, 8)gi(s)ds = 0 (3.25)

for all i = 1,...,v and all perturbations ¢; with compact support in Ja;, b;[. As in (3.14)—(3.15), setting
a;(s) = a(vi(s)), Bi(s) = B(1i(s)), ..., and recalling the definition of G, we conclude that

ai(s) + ((V(Bi(5) + Ai(s)) mi(s)) + (Bi(s) + Mos(s)) kils)) = 0 (3.26)

for all a; < s < b;.
Summarizing the previous analysis, we now state a necessary condition for optimality, valid when several free
arcs are simultaneously constructed.

Theorem 3.1 (necessary conditions for free arcs). Let v1,...,v, C Iz \ T be free arcs, simultaneously con-
structed by an optimal strategy T' during the time interval t € |19, 71[. Assume that at least one of these arcs
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is normal, and let s — ~;(s) be a parameterization of v; by arc-length, with s € Ja;,b;[. Then there exists
a Lagrange multiplier X > 0 such that

— (Bi(s) + M) ki) = ails) + (V(Bils) + Moi(s)) , mals)) (3.27)

foralli=1,... v, a; <s<b.

We recall that all curvatures x; are negative, as explained in Figure 2.

Asin Remark 3.1, the Lagrange multiplier A can be interpreted as the value of time. Note that this value is the
same for all arcs 71, ..., 7., and remains constant throughout the time interval |7, 71[ where the constraint (1.4)
is unsaturated.

4. NECESSARY CONDITIONS FOR BOUNDARY ARCS

Let T be an optimal barrier, and assume that for ¢ € [a, b] the constraint (1.10) is saturated i.e. it is satisfied
as an equality. To fix the ideas, assume that the subset

Py = {z €Ty a<TH(z) <b}

consists of v boundary arcs 71,...,7, C I's \ 'Y, simultaneously constructed. Let each of these arcs be
parameterized by time: t +— ~;(t), t € [a,b], so that TT(;(t)) =t for each i = 1,...,v. We seek here necessary
conditions for the optimality of these arcs. These will extend the conditions derived in [4] to the case where the
cost functions «, 3 and the construction speed 1/t are allowed to depend on the space variable .

We say that +; is a normal arc if, at every t € [a, ], the tangent vector 4;(t) is not parallel to the gradient
of the value function VT (;(¢)). Since T (v;(t)) =t for all ¢, this is equivalent to the strict inequality

(@] > h(z). (4.1)

In other words, the speed at which the arc ~; is constructed is strictly greater than the local propagation speed
h(z) of the fire front, defined at (2.6). Throughout the following, we assume that all the arcs vq,...,7, are
normal. _

We begin by choosing a suitable set of coordinates, around each arc ;. Let T be the minimum time
function, extended to a neighborhood of each arc ~;, as in Remark 2.4. The assumption that the arcs ~y; are
normal guarantees that these extensions are well defined. For ¢ € [a,b] and s close to zero, define a coordinate
system (¢, s) — x;(t,s) so that x;(¢,0) = ~;(t), while, for each fixed time ¢, the map s — z;(¢, s) provides an

arc-length parameterization of the curve {x; T'(z) = t}. To fix the ideas, we choose the orientation so that the
points x;(t, s) with s > 0 fall outside the set R' reached by the fire, as in Figure 3. This implies

(ei(t), %(t)) < 0, (4.2)

Oz, (t,s) ‘

Os 5=0 ~
addition, we let n;(¢) be the unit vector parallel to VT (hence perpendicular to e;(t)) at the point ;(t), as in
Figure 3.

Let w}(t) > 0 be the amount of resources allocated at time ¢ to the construction of the arc ~;, so that

where e;(t) = denotes the unit vector tangent to the curve {x; T(z) = t} at the point v;(t). In
i

v

fa(t)] = S wi(t) =1 re (],

Y
(1)) Pt
Consider an alternative strategy w = (w1, ..., w,). This will result in the construction of different arcs t — y;(t),
determined by the equations
. w; (¢ ~
(o)) = o T((1) = 1.
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n()

T(x) =t

FIGURE 3. Choice of the coordinates (t, s) in a neighborhood of the arc ~;.

ood solution
- NG

FIGURE 4. In equation (4.4), one should take f; as the larger or the smaller solution, respec-
tively if the burned region lies to the right or to the left of the barrier ~;.

Using our previous coordinate system, let y;(t) = x; (¢, s;(t)). For each ¢ = 1,..., v, the scalar function s;(¢) will
then satisfy an O.D.E. of the form
Here the right hand side f; is implicitly determined by the scalar constraint
Oz, (1, si) Ox;(t, si) w;
—— *+ filt, s, wi = . 4.4
ot ( ) 0si Y(i(t, i) 44

We observe that the equation (4.4) admits solutions provided that

h(zi(t,si)) < Ozt si))

Indeed, the speed at which the barrier is constructed cannot be smaller than the propagation speed of the fire
front, in the normal direction. In the case of a strict inequality, the equation (4.4) has exactly two solutions.
The choice of the solution clearly depends on the side occupied by the burned region (see Fig. 4).

Assuming that the strategy ¢t — w*(t) = (wj,...,w})(t) is optimal for the fire blocking problem, we now

construct an auxiliary control problem for which w* is optimal as well. Consider the control system consisting
of the v equations (4.3), supplemented by the initial and terminal constraints,

(4.5)

si(a) = s;(b) =0 i=1,...,v (4.6)

Calling
RY = {w:(wl,...,wy); w; >0 forallizl,...,y},
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the family of admissible control functions is defined as
vt
W = qw:[a,b] — RY; w measurable, Z/ wi(r)dr < t—a for all t € [a,b] . (4.7)
=174
Now consider the optimization problem

b
minimize: A(w) = Z/ L;(t,s:(t), w;(t)) dt, (4.8)
where the running costs are

Liltosow) = Bai(t, s)) 20 S+ / " b (1.9)) alai (1,6)) de, (4.9)

w(x’é (ta Si
with h(-) as in definition (2.6). The minimum in (4.8) is sought among all control functions w € W. Notice that
the first term in (4.9) accounts for the cost of building the wall, while the second term is related to the value of
the burned area. We are assuming here that the burned region has the representation {x;(t,s); s < s;(t)}.

It is convenient to introduce two additional state variables, to account for the cost functional (4.8) and for
the integral constraint in (4.7), which will be reformulated as a pointwise state constraint. We thus consider
the variables sg, s,41, governed by the equations

so(a) =0, So(t) = fo(w(?)) = -1+ sz‘(t)a (4.10)
i=1
sy41(a) =0, $ur1(t) = fora(ts(),w(t)) = D Lit,si(t), wi(t)). (4.11)
i=1
For a system with state variables s = (sq, 81, ..., Sy4+1) and dynamics (4.3), (4.6), (4.10), (4.11), we now consider
the optimization problem
minimize: s,41(b) (4.12)
with state constraint
s0(t) <0 for all t € [a,b]. (4.13)
The minimum is sought among all measurable controls w = (wy,...,w,) : [a,b] — RY.

By construction, the control w*(t) = (wi(t),...,wk(t)) corresponding to the trajectory t — (so(t), si(t),...,
su(t)) = (0,0,...,0) is optimal for this auxiliary optimal control problem. We recall that

wy (t) >0, zl/:w;k(t)zl t € la,b].

Using a version of the Pontryagin maximum principle in the presence of the state constraints (see [12,15]), we
conclude that there exists A\g > 0, and a map t — ¢q(t) = (qo(¢),...,q.(t)), not both equal to zero, such that
the following holds. The map gy satisfies

qo(b) =0, Qo) = qola) — / du

where p is any positive measure supported on the set where so = 0. Since by assumption this set is the entire
interval [a, b], this is equivalent to

t— qo(t) is bounded, non-increasing, qo(b) = 0. (4.14)
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Moreover, the other components ¢, . .., q, are absolutely continuous functions such that
. afi 8L .
Gi(t) = fqza (t,0,w;(t)) — 0 D5 “(t,0,w;(t)) i=1,...,v (4.15)

for a.e. t € [a,b]. Finally, for a.e. t € [a,b] there holds

qO(t)+>‘0 ZLi(t,O,U} +Z% fltO'LU ())

i=1
= mi i+ A L;(t,0,w; i (t,0,w;) | . (4.16
1%]%}; ( Zw + OZ w; +Zq ) fi(t,0,w; )) (4.16)
Differentiating w.r.t. wy,...,w,, from (4.16) we deduce
of; OL; .
—qi(t) 85) (t,0,w;(t)) — )\Oa (t,0,w} (t)) = qo(t) i=1,...,v (4.17)

We now work out a more explicit form of the equations (4.15) and of the conditions (4.17). From the definition
of L; at (4.9) it follows

g—ff“vo’w?(t)) = <V (g) (1)), ez‘(t)> w; (t) + hi(7i(t)) a(yi (1)) (4.18)

Toward the computation of df;/9s;, consider a family of perturbed trajectories of the form

t =5 (t) = %t eC(t) + O(%) = %(t) +el(B)eit) + OFE?), (4.19)

such that for all €, ¢
19 (O - (v @) = 1%@)]- () = wi(?).

In particular, the above identities imply

Lasmrvaian] _ = o (120)
Using (4.19) in the above equation, we obtain
(34(6), LBeit) + C&:(6)) v(u(®) + (T(n(B), CWes(t)) I = 0. (1.21)
Solving (4.21) for ¢ and recalling (4.20), we derive the first order linear O.D.E.:
¢ L0:80)p0u®) + (Tenlt).ei®) [ O) .29

(3(t), ei(t)) Y((t))
On the other hand, we observe that the scalar functions s¢ = e((t) + O(g?) in (4.19) are solutions to the same
O.D.E.

$i (1) = fi(t, s5 (1), wi (1)),

with possibly different initial data. Hence the first order term ((-) in the expansion provides a solution to the
linear equation

afi
65i

(= 7 (t,0,w; () ¢. (4.23)
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Comparing (4.22) with (4.23) we conclude

ofi ?
881'

(Fit), &i(1)) P(3 (1) + (Vo (n(t)), ei(t)) |3 (t)
(3i(t), ei(t)) Y(7i(t))

The equations (4.18) and (4.24) provide a more explicit expression of the right hand side of (4.15).
To compute the partial derivative df;/Ow; at points (¢,0,w}(t)), we start by writing (4.4) in the equivalent
8:@ (t, Si) 8:01 (t, Sl)

form
o 2 = () (425)

Since our choice of coordinates (¢,s;) implies g‘gl (t,0) = e;(t) and fi(¢,0,w}(t)) = 0, differentiating (4.25)
w.r.t. w; we obtain

(t,O,U}:(t)) - =

(4.24)

+ fi(t, si, w;)

) et it 0wy = O
<’yz(t),ez(t)> ow; (taov i (t)) 1/)2(’71@))

For convenience, we denote by 6;(t) the angle between the barrier v and the level set {T'(z) = t}, as in Figure 3.
Notice that this implies
(¢
< hilt) ,ei(t)> = —cosb;(t).

19:(8)]
Recalling that the optimal control is w} (t) = |¥;(t)| - ¥(7i(t)), from the identity (4.26) we deduce

(4.26)

of; . 1 1
awi(t,O,wi (1) = @) st < 0. (4.27)

We observe that the map w; — f;(¢,0,w;) is well defined and monotone decreasing, for w; in a neighborhood of
w}(t). Intuitively, if we increase the amount w; of resources allocated to the construction of the barrier ;, then
the construction speed || increases. As a result, the angle 6; decreases and the barrier will be shifted toward
the left, further reducing the region burned by the fire (see Fig. 3).

We also notice that (4.14) implies that go(¢t) > 0 for all ¢ € [a,b]. Summarizing the above arguments, we
now state a set of necessary conditions for the optimality of multiple arcs which are constructed simultaneously.

Recall that f;, L; are the functions in (4.3) and (4.9), while 6; is the angle between the barrier and the fire front.

Theorem 4.1 (necessary conditions for boundary arcs). Let 71,...,7v, C I's \ T'¢ be the boundary arcs si-
multaneously constructed by an optimal strategy T, during the time interval t € [Ty, T2]. Assume that each arc
t — 7;(t) is normal, parameterized by time t = T" (v;(t)), and call e;(t) the unit vector tangent to the boundary
of the reachable set RY (t) at the point v;(t), oriented toward the outside of the reachable set. Then there exist
a constant A\g > 0, and an adjoint vector ¢ = (qo,q1,---,qv), not both equal to zero, satisfying the following
conditions. The map t — qo(t) is non-negative and non increasing, while for i =1,...,v the map t — ¢;(t) is
absolutely continuous and satisfies

| 2

Wt = g <"n(t),éi(t)>¢("ﬁ(t))+<V¢(%l(t))7ez‘(t)>}"n(t)

(4.28)

The optimality conditions

qo(t)w; (t) + Ao Li(t, 0,w; () + ¢i(t) fi(t,0,w; (t)) = glzlf(} {(Jo(t)w + Ao Li(t,0,w) + qi(t) fit, va)} (4.29)
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hold for everyi=1,...,v and 71 <t < 1o. Moreover, the functions

PN ) Bk) i
Wilh) = 0 ) Dn() b

S, (4.30)

are mon-negative, non-increasing, and all equal to each other.

Indeed, the first part of the theorem is a reformulation of the Pontryagin maximum principle. Concerning
the last statement, recalling (4.27), (4.9), and the above definition of W;, by (4.17) we conclude

Wilt) = —a(0) g (1,0, () — do 5 (1.0.u7(0) = an(t) i=l...n. (431)

5. NECESSARY CONDITIONS AT JUNCTIONS

The necessary conditions for optimality derived in the previous two sections were of local nature. Indeed, we
always used perturbations of free arcs or of boundary arcs which kept the endpoints fixed. In this section, we
shall obtain stronger optimality conditions, of global nature, by allowing changes also at the endpoints of the
various arcs.

We recall that, for a free arc 7, the Lagrange multiplier A introduced at (3.19) could be interpreted as the
value of time, which is constant during the interval when the free arc is constructed. If the construction cost
and the construction speed o = 1/1) are constant, then by (3.20) this value of time is computed as

W(t) = (ar —f)o. (5.1)
Here « is the unit value of the land, while r is the radius of curvature of the barrier v. According to Theorem 3.1,
if several free arcs 71,...,7, are simultaneously constructed, the values (a(v;(z))r;(xz) — 8)o are all equal to
each other.

On the other hand, when boundary arcs are constructed, the functions W;(¢) in (4.30) are defined only up to
a positive constant. Indeed, they depend on the choice of the adjoint variables ¢;, Ag. In the present section we
consider some particular configurations of optimal barriers, where one can take A\g = 1 and let (¢1,...,q,) = VV
be the gradient of a value function. In this case, the instantaneous value of time is well defined as

W(t) = Wi(t) = ! a:() __ Bu®) i=1,...,v. (5.2)

cos0i(t) Y(vi(t))  (vl(t))

5.1. Two boundary arcs joining together

We start by examining the case where two boundary arcs 71,72 join together at the terminal point P at
time 7', thus completing the wall construction, as in Figure 5.

We show that this situation can be modelled by an optimal control system in standard form, with free
terminal time. Indeed, let (¢, s) — (¢, s) be a system of coordinates, chosen so that:

e for each fized t, the map s v x(t,s) is an arc-length parameterization of the boundary ORY (t), so that

TV (x(t,5)) = t, '%m(t, s)| = 1.

We introduce an auxiliary optimal control problem, with state s = (sg, s1, s2) and control variable w = (w1, w).

Minimize: so(T) (5.3)
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P

T T =t

FIGURE 5. Left: two boundary arcs joining at the terminal point. Right: if the construction
is completed as the two walls meet at P, one can consider the perturbed problem, where at
time ¢ the position of the wall 5 is shifted by € along the fire front {z; T'(x) = t}. This yields
a slightly different cost J.. One can then uniquely determine the adjoint variable by setting

@(t) = [d%‘]'?} e=0"

for the system with dynamics

é0 = fO(t,Sl,SQ,'LUl,'UJQ)
$51 = fi(t,s1,w1) (5.4)
50 = fa(t, s2,w2)
and terminal constraints
s1(T) — s2(T) = 0. (5.5)

Here the controls w1, wo satisfy the constraints
w;(t) € [0, 1], wy (t) +wa(t) < 1. (5.6)
Moreover,

wl(t)
P(a(t, 51(1)))

w2 (t)

fO(t751752;w17w2) = ﬂ(x(t’ Sl(t))) m

+ B(x(t, s2(t)))
(5.7)

s2(t)
Jr/sl(t) h(z(t,€)) (2 (t,€)) dE.

The first two terms in the definition of fy account for the cost of building the two walls, while the integral term
keeps track of the increase in the burned area. As in (2.6), h(x) is the normal velocity of the advancing fire
front, at the point x. The functions f1, fo are implicitly determined by the identities

Jx(t, s;) dx(t, s;) w; ,
— 4+ fi(t, 55, w;) - = 1=1,2. 5.8
o T w) T S St )
As remarked in the previous section, each equation in (5.8) has two solutions. If the orientation of the vector
e= % is as shown in Figure 5, one should choose the larger solution for ¢ = 1 and the smaller solution for
1=2.

Let ¢t — w*(t) = (w,w3)(t) be an optimal control, and let ¢ — s*(¢t) = (s}, s3)(t) be the corresponding
optimal trajectory. Then, by the Pontryagin maximum principle [7], there exists an absolutely continuous
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adjoint vector p(t) = (po, p1,p2)(t) such that the following holds:

2
pO = 07 pz = 72(21?6 Pk i:1a27 (59)
k=0 '
2 2
> pilt) - filt,s* (1), w (1) = i > pit) - filt,s™(1), wi) (5.10)
=0 - =0

at almost every time ¢. Assuming that both arcs are normal, as in (4.1), we can here normalize the adjoint
vector by taking pg = 1. By (5.5), at the terminal time ¢ = T™* one has

(poaplapQ)(T*) - (1a*77; 77) (511)

for some real number 7. This Lagrange multiplier can be determined using the further relation

min {fO(T*,s*(T*),wl,wz) —nfi(T*, s7(T%),wr) +77f2(T*,S§(T*),w2)} = 0. (5.12)

wi+wz<1

By the first equation in (5.9) and the terminal conditions (5.11) it follows po(t) = 1. Setting

k=0
from the optimality condition (5.10) it follows

2

Zpi(t) 'fi(taS*(t)aw) . (513)

=0 e=0

d .
-— min
de [wi+ws < 1+4¢

The positive quantity W (t) = —¢;(t) is the instantaneous value of time.
At the terminal time t = T one has s; = s3 and v, (T*) = 72(T*) = P. From the necessary condition (4.30),
taking into account the orientations of e; = —e and es = e, it thus follows

01(T*) = 0o(T*).

In particular, the control that achieves the minimum in (5.10) is w; = we = 1/2, hence fo = 3/1¢. To compute
the difference f; — fo, observe that at the terminal point P one has

1

1) _cos0y(T™)
2

2) T o)
where 601, 05 are the angles between the barriers 71,72 and the fire front, as in Figure 5. At the terminal time
t = T* these two angles are equal, and can be determined by the identity

f (T*,sl(T*) ) - fQ(T*,SQ(T*),

in§;(T*
h(P) = %- (5.14)
Using these relations in (5.12) we obtain
BP)  costi(T) _ __BPp)
»(P) ! $(P) 7 = cos 6;(T*)
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FIGURE 6. Four boundary arcs, joining at different times.

According to (4.30), the terminal value of time is computed by

Ln B (1 \AR) PP AP
cos; v cos? 0;(T™) P(P) 1 —442(P)h2(P) +(P) '
Indeed, by (5.14) we have cos? ;(T*) = 1 — 4¢*(P)h2(P).
For future use, we shall denote by V (7,51, 52) the value function, i.e. the minimum cost corresponding to
initial data

W(T*) =

s(r) = 51, s2(T) = 2. (5.15)

5.2. Four boundary arcs joining at different times

Next, we study the case of four boundary arcs, shown in Figure 6. The two arcs 73, y4 join together at a time
71, while 71 and 72 join at a later time 7 > 7.
This can be modelled by a control system with state s = (sg, s1, 2, S3,54) and control functions w =
(wla w2, Wws, 'LU4).
Minimize: so(T) + V(T,s1(T), s2(T")) (5.16)

30

S
Here V (7, 51, 52) is the value function corresponding to the previous problem with two walls, considered at (5.15).
Moreover,

for the system with dynamics

f()(ta S, ’LU),
fi(t, i, w;) i=1,2,3,4. (5.17)

oltsssw) = 3 Bt sit) 2D ( [ 84“)) (a(1.) ae(1.) dg (5.18)
ST SRR EES®) T \Jaw  Jae | o
while the functions f1, ..., fy are implicitly determined by the identities
‘% + fi(t, si,w;) - axg;si) - d}(xa&)) i=1,2,3,4. (5.19)
The controls satisfy the constraints
4
w;(t) € [0,1], > wit) <1, (5.20)

WbiybIH



Highlight

144 A. BRESSAN AND T. WANG

while the terminal set is described by the identity:
s3(T) — s4(T) = 0. (5.21)

Let t — w*(t) be an optimal control, with optimal trajectory ¢ — s*(¢). Then by the Pontryagin necessary
conditions [7,12,14], there exists a nontrivial absolutely continuous adjoint vector p(t) = (po, p1, P2, ps, pa)(t)

such that
4

. . 0 .
po(t) =0 Gi(t) = = a?’ i=1,...,4, (5.22)
k=0 '

4
> pilt) - filt, s (1), w (b)) = min sz filt, s (1), w) (5.23)
1=0

w1 +wz+wz+ws<1

at almost every time ¢. In addition, at the terminal time t = 7, one has

(Po, p1, P2, p3,pa)(11) = (1, Ve, Vi, =, ) (5.24)

for some real number 7. This Lagrange multiplier can be determined using the further relation

min sz Tl fz T1, S (Tl) ) = 0. (525)

wi+we+wz+ws<1

From the minimality condition (5.23) it follows that, by setting

£ —p;(t) ~ By(1)) 5.96
Zﬁz SO0 0) = g et m  w0,0) (5:20)
one has
q 4
60 =) =a) = 60 = T |, 80, SEO-ACS O] 620
As in the previous case, the positive quantity W (t) = —¢&;(t) yields the instantaneous value of time.

5.3. Junctions between a free arc and a boundary arc

We now consider a free arc v and a boundary arc v¥, joining at a point P, as shown in Figure 7. In [4] it was
proved that, if these arcs are part of an optimal strategy minimizing the total burned area, then they must be
tangent at P. Here we study a more general case and derive further necessary conditions for optimality.

To fix the ideas, we assume that 7' (z) < 7 for all x € y and T'(z) > 7, for all x € 4%, We assume that
the free arc y is normal and parameterized by arc-length: s +— ~(s) with s € [a,b]. It joins the boundary arc ~v*
at the endpoint P = ~(b). As in Figure 2, we denote by t(s) and by n(s) respectively the unit tangent vector
and the unit normal vector to v and the at the point v(s). As in (3.1), let ¢¥ : [a,b] — R be a smooth function
which vanishes in a neighborhood of a and b, and such that (3.2) holds.

Given any vector v € R? and scalar p € R, we shall construct a family of perturbed curves v : [a,b] — R?
having endpoints

Y= (a), V= (b) + v, (5.28)

and such that the total time needed to construct each ~. is

T(v.) = T(7) +ep+o(e). (5.29)
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FIGURE 7. A junction between a free arc v and a boundary arc *.

Here and in the sequel, the Landau symbol o(¢) denotes an infinitesimal of higher order w.r.t. e. Toward this
goal, choose a smooth function ¢ : [a, b] — R? such that

o) =, ©(s) =0 for s in a neighborhood of a,
and let ¢1, @2 be the normal and the tangential components of ¢, so that
p(s) = @1(s)n(s) + pa(s)t(s).

Moreover, define

b -1 b
n = (/ g(%%S)@"(SNS) (pw(’v(b))soz(b)/ Q(w,%S)cm(S)dS>, (5.30)
Ve )

(5) = (s) +e(s) + et (s)n(s) s € [a,b]. (5.31)

Recalling that ¢ vanishes at s = a and at s = b, it is clear that the end-point conditions (5.28) are satisfied.
We claim that (5.29) also holds.

Since now we are perturbing v also in the tangential direction, computing the derivative of the time needed
to construct . as in (3.5) we obtain an additional term. Namely, calling x(s) the curvature of v, in place
of (3.5) one has

[%TW] = / b {<w<v<s>>, n(s)) +w(7(5))%(v(8))} (1(5) + my(s)) ds

_ . /: {<w<v<s>>, 6(5)) 2(5) + 6(2(5)) {£(s), %[@2<s>t<s>]>}dsz Ll

(5.32)
We observe that the identity (3.17) was true for every scalar function ¢ vanishing at the endpoints a,b. By
a density argument, it still holds for a smooth function ¢y which does not vanish at s = b. Using this identity,
together with (t(s), t(s)) = 0, we obtain

b
I - / G,7,5) (p1(5) + 1o () ds = p—B(1(B)pa(b), (5.33)

- b{%(wv(s))%(s))}ds = G() 92D (534)

In connection with (5.32), this yields (5.29).
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We now consider the cost J(v:) associated with the perturbed arc .. The change in the cost of building the
wall is described by

%[LZ%%®”%®”®]d):‘AqKVM%QLn@»+ﬁw®»“%@ﬁ.wﬂﬂ+%ﬁwnds

o/ b { S0 fas

On the other hand, the change in the cost related to the burned area is estimated by

(5.35)

b
= [ ats) (2109 + et () ds + ofc). (5.36)

We now use the fact that the free arc v is optimal, hence (3.12) holds (with ¢ replaced by ¢1). Comparing (5.35)—
(5.36) with (5.30), and using (3.19), we obtain

Lion| = et ntm-m (5:37)

e=0

where 7 is the Lagrange multiplier defined at (3.13). It is understood that the functions v, 8 are here computed
at the terminal point ~(b).

Remark 5.1. The value A in (3.13) and (3.19) describes the value of time, which remains constant as long as
the free arc is being built. The formula (5.37) thus has a simple interpretation. If the free arc v is part of an
optimal strategy, the only change in the cost functional associated to the perturbation ~. is due to (i) the cost
of building the additional portion of wall near the endpoint (), and (ii) the change in the construction time.

We can now state the main result of this section.

Theorem 5.1 (necessary conditions at junctions). Let y1,...,7, C 'z \I'? be free arcs, simultaneously con-
structed by an optimal strategy T during the time interval t € 1o, 71[. Assume that at least one of these arcs is
normal, and let s — ~;(s) be a parameterization of y; by arc-length, with s € |a;, b;[.

Let 7%, ...,y C T's \ T'? be boundary arcs, all normal, simultaneously constructed by the optimal strategy
during the time interval t € [11, T2].

Assume that each pair of arcs v;,7; have a common endpoint

Po= (b)) = 77 (m), (5.38)

and that the angle 0; between the barrier v; and the fire front {T' (z) = 71} at the junction point P; (see Fig. 7)
satisfies

o<m<g i=1,...,v. (5.39)

Then there exists constants A\g = 1 and X\, and adjoint variables q;(t), such that all necessary conditions stated
in Theorems 3.1 and 4.1 hold, together with the following matching conditions, valid fori=1,..., v.

a(n) = (BP)+Au(R)) cost, (5.40)

Wi(r) = A (5.41)

Moreover, for each i the curves v; and v} meet tangentially at the point P;.
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FIGURE 8. Left: the two arcs 'yi,fyf produce an outward corner. Center: two arcs producing
an inward corner. Right: the angles 6, #* formed by the arcs v,7* with the normal vector n to
the level set T'(x) = 71 at P.

Remark 5.2. We recall that W;(t) is the instantanecous value of time for the boundary arc v, defined at (4.30).
This function is the same for all ¢ = 1,..., v, but can decrease in time. On the other hand, A is the constant
value of time corresponding to the free arcs. The identity (5.41) says that the value of time is continuous at
t = 11, when the junction occurs.

To motivate the identities (5.40), we observe that the Lagrange multiplier ¢;(¢) describes the increase in the
total cost produced by shifting the initial point of the boundary arc v} (¢) in the direction of the unit vector
€;(71). On the other hand (5.37) implies that, if we shift the terminal point of the free arc ~; in the direction
e;(71) = vin — vat without changing the total construction time (i.e. with p = 0), the cost related to the free
arc decreases at the rate

vaB(3(b)) + Moz (01) = (B(P) +n(P)) cosb.

Proof.

1. We begin by showing that, for every i = 1,...,v, the arcs 7; and ~; are tangent at the junction point F;.
If not, we claim that there exists at least one index ¢ such that at P; the arcs v;, v, produce an inward
corner (see Fig. 8).
Indeed, consider the portion of the arc v; which is reached by the fire during the interval [r — &, 7].
This has length

m ({ac €vi; T(x)€m—e, 7'1]}> = . + o(e),

where h(P;) is the speed at which the fire front is advancing, at the point P;, as in (2.6). Similarly,
£ h(P)

mi({z € T@)€n,n+el}) = st T OE)

By assumption, the constraint (1.10) is satisfied as an equality for ¢ > 71 and as a strict inequality for
t < 1. For € > 0 small, this yields

- eh(P;
e / Ydmy = Y b(P) (93 (o),
PA{T(z)€[r1, 1+¢]} i=1 cos
Z e h(P;)
e < / pdmy = Y(P) ——= + o(e).
PN{T(z)€[r1—e, 1]} ; cost;
If now 0 < 0; <6 <m/2foreveryi=1,...,v, and 0; < 0% for at least one j, then the two above

conditions yield a contradiction.
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FIGURE 9. If a barrier I contains an inward corner, it can be replaced by a barrier I yielding
a smaller cost.

. By the previous step, we can now assume that at least one pair of arcs, say v; and «;, form an inward

corner. We claim that this blocking strategy I' is not optimal.

Indeed, if the construction cost is strictly positive, i.e. G(F;) > 0, then a strictly better strategy I
is as follows (Fig. 9, left). Fix € > 0 small. Let A be the point along 7; at distance ¢ from P;. Let B
be the point along ~; such that the segment AB is perpendicular to the bisectrix v of the angle at P;.
Replace the portion of walls in ~; U~y between A and B by this segment. The new barrier I thus
obtained is admissible. The length of TV satisfies mq(I") < my(T") — ce, for some ¢ > 0 an all € > 0
small enough. On the other hand, the additional area burned by the fire is of order O(e?). Hence, if
B(P;) > 0, for € > 0 small the total cost associated with I is J(I'") < J(T').

On the other hand, if 3(P;) = 0 but «(FP;) > 0, then we can reduce both the total length of the wall
and the total area burned by the fire, as shown in Figure 9, right. Fix £ > 0 small. Let A be the point
along ~; at distance € from P;. Construct a segment AB’ perpendicular to the bisectrix v. Prolong
this segment to a point B such that (with obvious meaning of notation) the length of the various arcs
satisfy

Then construct an arc B’C' of length ke (with x >> 1), having constant distance to ;. Finally, connect
the point C with a point D on 7.

The new barrier IV obtained by replacing the arcs AP; and P;D with ABUBCUCD is still admissible.
Its total length is smaller, and the total burned area has also decreased. Indeed, by choosing  large
enough, the area of the region B'BCD is strictly smaller than the area of the triangle AP;B’. Hence,
for € > 0, we again conclude that J(I'") < J(T'), against the optimality of the strategy I". The above
arguments prove the last statement of the theorem: for every i =1,...,v, the arcs y; and ~; are tangent
at the point of junction.

. Toward a proof of the matching conditions (5.40), we remark that the optimality conditions for boundary

arcs in Theorem 4.1 were obtained by considering an auxiliary optimal control problem with fixed
endpoints. However, the analysis in (5.28)—(5.37) shows that, for any choice of the numbers r1,...,7,,
we can replace the free arcs v; by perturbed arcs ; ., terminating at the endpoints x;(m1,er;). Here we
use the coordinates (t, s) — z;(t, s) as in Figure 3. More precisely, the following holds.

(i) The arc v, . starts at v;(a;) and terminates at the point

'Yi,e(bi) = Ii(Tl,ETi) =P + E’I“iei(Tl) + O(E).
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(ii) The total amount of time needed to construct these arcs is the same:

ZT(’W,E) = / Pi( 716 / Yi(vi(s))ds = ZT(’)&) (5.42)

(iii) As in (5.37), the change in cost associated with these perturbed arcs is

d

d_{-: J(%‘,e)

= (B(P) + M(P;))r; cosb;. (5.43)

e=0

At this point, the conditions (5.40) become clear. For an optimal control problem with free initial point,
the initial values of the adjoint variables ¢y, . .., ¢, should equal the gradients of the cost associated with
these initial values.

To make this argument completely rigorous, however, we must clarify a technical point. Indeed, in
principle the perturbed strategies consisting of free arcs +; ., then of boundary arcs vf’s starting at the
points v; ¢ (b;) = x; (71, £;), may not be admissible. Indeed, since now we are perturbing the free arcs ;
also at points where the constraint (1.10) is saturated, the arguments used at (3.8) and (3.9) now break
down.

To take care of this difficulty, for any fixed 6 > 0 we replace the arcs v; . with free arcs ¥; . having
the same endpoints

Fie(ai) = 7ie(ai), Fie(bi) = 7i,e(bi),

but requiring slightly shorter time to construct. Namely
ZT('%& ZT % 5|€ (5'44)
i=1

According to (5.37), the cost associated with these new free arcs is

i}](%g ZJ% +szn P;) + Mb(P;)) cosb; + Adel.
1=1

Because of (5.44), for any fixed § > 0 these alternative strategies will be admissible, for € in a neigh-
borhood of the origin (possibly shrinking to zero as 6 — 0).
For (s1,...,8,) ~ (0,...,0), we now define

Vst oosy) = inf ) (%)

where the infimum is taken over all admissible v-tuples of free arcs 71, ..., 7,, with

Yilai) = vi(ai), Fi(bi) = xi(71, ).
Since § > 0 was arbitrary, the previous argument shows that

ov
65i

= (B(P;) + M\)(F;)) cosb;.

(s15---,80)=(0,...,0)

Since this partial derivative must coincide with the initial value of the adjoint variable g;, the identities
n (5.40) hold.

WbiybIH



Highlight

150 A. BRESSAN AND T. WANG

4. Finally, by (4.30) and (5.43) one finds

1 4 B _ 1 (B+Mcosti B A

cosb; ¥ cos b; P (

proving the matching condition (5.41). O

Wi(’l'l) =

6. EXAMPLES

This final section provides three examples, where the value of time and the matching conditions can be
directly computed.
Example 6.1. Assume that F(xz) = B(0,1), so that the fire propagates with unit speed in all directions.

Assume that, without barriers, the minimal time function is T'(x) = x2. We take here a(z) = 1 and f(z) = 0,
so that we simply seek to minimize the total burned area. Moreover, we assume that the construction speed
o =1/t is a constant. We consider two cases.

Case 1. At time t, the boundary of the burned region where fire is advancing is a single segment:
{(@1,22); @1 € [51(t), s2(t)], w2 =1t}

In this case, assuming that o > 2, the optimal strategy is to construct the two walls at same speed o /2. If at
time ¢ = 0 we have [s1(0), s2(0)] = [51, S2], then the time needed to block the fire is

T — So — S1 . So — S1
2¢/(c/2)2 -1 Vo2 —4
The total burned area is
Vi -5) = 2200 (6.1)
2Vo?2 —4
The adjoint variables are
oV Sg(t) — Sl(t) oV
g2(t) 95, e 951 a(t)
The angle 6 between each wall and the fire front is determined by
2 24
sinf = —, cosf =T "7
o o
The instantaneous value of time is computed as
q2(t) o?
Wi(t) = = . t) —s1(t))- 6.2
1) = 25 = L (sa(t) = (1) (62)

Case 2. Assume that at a given time ¢, the boundary of the burned set consists of two segments:
OR(t) = {122 21 € [s1(t), 52(0] U [ss(t), sa(t)], w2 =1},
We are thus constructing four walls, at the points P;(t) = (s;(t),t). Assume that o > 4 and, to fix the ideas,

let s4 — s3 < s3 — s1 (see Fig. 10). We shall reformulate the above problem as an optimal control problem with
free terminal time (the time where the walls at P3 and P, join together).
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FIGURE 10. At time ¢t = T the two walls ~3,74 join together. The angles 6; = 05 increase as
t — T—, while 03 = 04 decrease. For t > T, all resources are allocated to the construction of

the remaining barriers v1, 2. In this case, 01 (t) = 05(t) = arcsin(2/0).

151

We set y1 = so — s1, Y2 = S4 — s3, while yo will keep track of the burned area up to time ¢. It is clear that
an optimal strategy will satisfy $o = —$1, $4 = —s3. Therefore, the above variables evolve in time according to

Yo = y1+tY2

o= —Jul—4 u; € [2,0], wui+us <o,

Y2 = —\uz—4

with initial data
y1(0) = 52 — 51, y2(0) = 54 — 33, y0(0) = 0.
The terminal set is
S = {(yo,yl,yz); ¢1(Y0,Y1,92) = Yo = 0}

and the terminal payoff is
2
Y1

®0(Yo,Y1,¥2) = yOer.

(6.3)

(6.6)

Indeed, after the time where the first couple of walls join together, the problem is reduced to optimizing the
construction of the two remaining barriers. For this problem, discussed in Case 1, the corresponding optimal

value function was computed at (6.1).

Applying the Pontryagin maximum principle to the optimal control problem (6.3)—(6.6), we obtain an adjoint

vector p = (po, p1,p2) such that

po = 0
P11 = —Do
P2 = —po

with terminal conditions
(Po,p1,p2)(T) = Vo + Ve = <1, %, )\1>

for some constant A\; . Moreover, at every time t one has

i — p1y/ 2_4— A/ 2—4) = 0.
u17u26[2,rtrfj]l}nu1+u2§a (pO(yl +y2) Pyt P2tz )

(6.7)

(6.8)

(6.9)
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Since po(t) = 1, at the terminal time T this yields

2
. Vwi —4 [ 5
min —4———y1 — MJws—4] = 0. 6.10
w1,w2€[2,0], witw2<o <y1 vV 02 —4 vt ! 2 ) ( )

The three variables w1 = u1(T), we = u2(T), and A1 can be determined from the equations

w1 )\IWQ
Yy =
JZ—dor 1 21
w1 +wy = o, (6.11)
w? —4
Y1 — 21_4211*)\1 wi—4 =0

Observe that, if y1(7) = y2(7) at some time 7, then by symmetry the optimal control is u;(t) = uz(t) = 0 /2 for
all times ¢. In this case y1(t) = ya(t) for all ¢. In particular, both couples of walls terminate at the same time:
y1(T) = y2(T). Throughout the following, we shall consider the case where y;(t) > ya(t) for all ¢t.

We now study the existence and uniqueness of solutions to the system (6.11). Given p1, pa, if u1,us achieve
the minimum in (6.9) then

U1 U2
o 2 6.12
! u? —4 ? uj —4 (6:12)
At the terminal time ¢ = T, since wy = 0 — wy, from (6.12) it follows
w1 (0 —wi)?—4 P2
. = —. 6.13
w? —4 o — w1 D1 ( )

We observe that the left hand side of (6.13) is a monotonically decreasing function, for wy € ]2,0 — 2[. It
approaches +o0o as w1 — 2+ and it approaches —oo as wi — (0 — 2)—. Therefore for a given ratio pa/p; > 0,
the equation (6.13) has exactly one solution wy € (2,0 — 2).

We now observe that pi(T") is determined by y1(T"), but p2(T) = Ay still needs to be determined. At the
terminal time 7', the minimum value

- _L\/z_ _ \/2_
R (y1 V= A 4)

is a decreasing function of A;. Hence there exists unique A\; satisfying (6.9) at ¢ = T'. Together with the previous
analysis, this shows that the system (6.11) has a unique solution.

We now claim that po(T) > p1(T), i.e. Ay > \/%.

On the contrary, assume that Ay < \/;’;774. In view of (6.11),

\/%.{\/gz—mm} <0 (6.14)

Since the right hand side of (6.14) is convex w.r.t. w; and attains the minimum

7\%.{@2—_4_2 (%)2—4} >0 (6.15)

at w1 = 0/2, the above leads to a contradiction with (6.14). Hence p2(T') > p1(T).
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In turn, this implies wy > 0/2 > wy. Moreover, p1(t) = p1(T) + T —t and p2(t) = p2(T) + T — t. Therefore
the ratio satisfies p2(t)/p1(t) > 1 and is increasing in time, achieving a maximum at the terminal time ¢t = T.
By (6.12), the optimal controls satisfy us(t) > wuy(t), with ¢ — wug(t) increasing and ¢ — w;(t) decreasing, up to
time 7.

Finally, consider the value of time

o qi(t)

cos0;(t)’
where 6;(t) is the angle formed by the wall ; and the fire front. Notice that, for ¢ = 1,2, this can be well
defined also for ¢ > T'. The adjoint variables ¢ (t), g2(t) remain continuous at the time ¢t = T', while the angles
61, 65 suddenly decrease at the time T" where the walls 73 and 4 meet. Therefore, one expects that W (-) should
have a downward jump at ¢ = T". This is confirmed by the following computations:

W(t) =

@(T) = @(T) = \/y% _ SQ(TL;;SZ(T).

For t > T we have

2
01(t) = 02(t) = arcsin—,
o

hence the value of time is provided by (6.2). In particular

o2

tEr%lJr W(t) = = (s2(T) — 51(T)). (6.16)

On the other hand, for ¢ < T' we have pa(t) > p1(t), hence uz(t) > wuy(t) and

[N}
19

Hence the angles 6 (t) = 02(t) between the walls 71,72 and the fire front satisfy

4 1
sind;(t) > —, 7
ag

> .
cos;(t) — Vo2 —-16
Therefore

: _wn@) o o’
L /= SR ;i My oy P T

Comparing (6.17) with (6.16), it is clear that the value of time has a downward jump at the time ¢ = T when
the arcs v3 and 4 meet.

(52(T) = 51(T). (6.17)

Example 6.2. We again consider the problem of minimizing the total area burned by the fire, assuming that
walls constructed at a constant speed o > 2. Here we assume that at the initial time ¢ = 0 the fire occupies
the unit disc Ry = B;. Moreover, we assume that F(x) = By for all 2 € R?, so that the fire propagates at unit
speed in all directions.

As described in [4], an optimal strategy is as follows. First construct an arc of circumference I'y. Then
construct two arcs of logarithmic spirals I's, I's along the boundary of the burned region (see Fig. 11). In this
case, ['1 is a free arc, while I'y, I's are boundary arcs. Here the length of the arc I'; should satisfy

my(T) =0 -d(Q2, Ro) =0 -d(Q3, Ro),
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FIGURE 11. The burned region is enclosed by the arc of circumference I'y and by two arcs of
logarithmic spirals I'9, I's.

so that the two end-points Q2, Q3 are reached by the boundary of the burned region R (7) exactly at the time 7
when the construction of the arc I'y is completed. According to Theorem 5.1, the junctions at Q2 and at Q3
must be C!, i.e. the arcs must join tangentially. For each time 7, the above conditions determine a unique
strategy I'("). These conditions reduce the problem to an optimization problem over the scalar parameter 7.

We parameterize the boundary arcs I's, I's by the time ¢, using polar coordinates. The radius is p(t) = 1 +¢,
while the angle 6(t) is the angle between OT'; and the axis of symmetry. As shown in Figure 11, » denotes the
radius of the arc of circumstance I'y, while 6; denotes half of the corresponding angle. Moreover, 0y = 6(7) is
the angular coordinate of the point of junction @2, while

2
0, = arcsin (—)
o

denotes the constant angle between the arcs of spirals 'y, I's and the circumferences centered at the origin. At
the junction point Q2 we have the identities

0, = 06o+61
o-T7 = 2rb (6.18)
r-sind; = (1+7)-sinbp.

In (6.18), 6y and r can be written in terms of 61 from the first two equations. Inserting these values in the last
equation, the system reduces to the single equation

o(0,) = ;—Hasmol—(uﬂ-sm(ef@l) = 0. (6.19)
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We claim that under the assumption 7 < 7, = 2 ~—, the function ® has unique root 01 € [0,6,]. Indeed, the

assumption implies & < (1 4 7)sin 6, hence (I)(O) < 0. A differentiation yields

d oT cos b
d—elq)(ol) = TO%'(917ta1191)+(1+T)'COS(90-791)
0
= %2281 (61 —tandy) + (L +7) - (cos O, cos Oy + sin b, sin ;)
1
0
> % (01 —tanby) + (1 + 7) sin b, sin 64
1
oT cosf oT .
Z TO%I . (91 — tan@l) -+ 7811191
0
> %Z%Sl - (sinfy —tan ) + 0—27—sin91
ind
= % - (cosy —1+67) >0, forall 6 € (0,m/2),
1
showing that ® strictly increases
Moreover, ®(0,) = 5= - sinf, > 0, and ®(0) < 0. Hence @ has unique zero inside the interval ]0, 0, |.

If 7 is given and sufﬁ(nently small, the parameters 6y, #; and r are thus uniquely determined by the system
(6.18). From now on, we consider them as functions of 7. The terminal time T' can be determined implicitly

from the identity
Ty Vi(g/2)? =1 1+T
dt = 2)2—1-In{ —— |- 2
1+t (@/2) n<1—|—7’) (6.20)
The total area burned by the fire is Computed by

T Vo2/a—1
A(r) i/ (1+1)%- %dtJr (1+7)2-sinfgcosy —r? - (61 — sin by cos by). (6.21)

Notice that this expression can be regarded as a function of the scalar variable 7. In order to find the optimal
strategy, one could simply minimize (6.21) w.r.t. the scalar variable 7.

Alternatively, one can determine the optimal value of 7 from a matching condition. Indeed, as proved in
Theorem 5.1, the value of time must be a continuous function, constant for ¢ € [0, 7], then decreasing to zero
for ¢ € [7,T]. Along the free arc I'y, one has

W(t) = or teo,7]. (6.22)

To compute the value of time along the boundary arcs I's,I's, we need to determine by how much a small
perturbation of the data can increase the total cost. Namely, assume that at time ¢ we shift the edge of the
wall y2(t) along the boundary of the burned region. Working in polar coordinates, this means that at time ¢,
instead of being at (p,0) = (1 +t,0(t)), we move it to the point

(r.0) = (@t 0:0) = (Lot 00) — )

The rate of increase of the corresponding burned area is measured by

lim 1 / p(s) - (0(s) — 0.(s)) ds

a2 (t) e—0 &

/T1+sds (4T -1+
. 1+t 2(1+t)
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By (4.30), the value of time along the boundary arc T's is

o) o? (1+T)> 1+t
Wi = B '{2a+t)_ 2 }

t T]. 6.23
cos 0 72 — 4 €T (6.23)

Of course, the same value is valid along the boundary arc I's. It is easily checked that the above function is
monotonically decreasing and vanishes for ¢t = T.

Imposing that the value of time along the free arc and the boundary arcs coincide at the junction time,
i.e. that the right hand sides in (6.22)-(6.23) coincide at time ¢ = 7, we obtain an additional equation to
determine 7. The following table displays the various parameters of an optimal strategy, which have been
numerically computed for different values of the construction speed o. Clearly, as the construction speed
increases, the time T needed to block the fire and the total burned area A decrease.

o To T 0o r 01 T A(r)
2.2 4.76190 4.76037 1.14097 42772.4 0.00012 452.370 47126.4
2.4 2.27273 2.26594 0.98373 1973.44 0.00138 83.4908 2374.59
3.0 0.80000 0.77928 0.71676 90.1463 0.01297 14.5653 135.926
4.0 0.33333 0.30351 0.48427 15.4335 0.03933 5.04522 30.9903
6.0 0.12500 0.09588 0.26533 3.86080 0.07450 2.02972 11.5975
8.0 0.06667 0.04295 0.16528 1.96597 0.08740 1.24912 7.86743
10.0 0.04167 0.02286 0.11180 1.27599 0.08956 0.89847 6.38192
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