
Ann. Scient. Éc. Norm. Sup.,
4e série, t. 35, 2002, p. 477 à 488.

GROWTH TIGHTNESS OF FREE
AND AMALGAMATED PRODUCTS

BY ANDREA SAMBUSETTI

ABSTRACT. – We show that every nontrivial free product, different from the infinite dihedral group, is
growth tight with respect to any algebraic distance: that is, its exponential growth rate is strictly greater than
the corresponding growth rate of any of its proper quotients. A similar property holds for the amalgamated
product of residually finite groups over a finite subgroup. As a consequence, we provide examples of finitely
generated groups of uniform exponential growth whose minimal growth is not realized by any generating
set.

 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Nous montrons que tout produit libre non trivial, différent du groupe diédral infini, est à
croissance forte par rapport à n’importe quelle distance algébrique : son taux de croissance exponentielle est
toujours strictement supérieur à celui d’un quotient propre quelconque. On prouve une propriété similaire
pour les produits amalgamés de groupes résiduellement finis sur un sous-groupe fini. Comme application de
ce résultat, nous présentons une classe de groupes à croissance exponentielle uniforme, dont la croissance
minimale n’est réalisée par aucune partie génératrice finie.

 2002 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

The entropyof a finitely generated groupG, endowed with a finite generating setS, is the
limit

Ent(G,S) = lim
N→∞

N−1 · logβ(G,S)(N)

whereβ(G,S)(N) denotes the number of elements ofG which can be represented by words on
S ∪ S−1 of length smaller thanN . The growth type ofβ(G,S) does not depend on the particular
generating setS, but the numberEnt(G,S) of course does. Accordingly, thealgebraic entropy
of G is defined as the infimum

AlgEnt(G) = inf
S

Ent(G,S)

whereS runs over all finite generating sets forG. This is an intrinsic invariant ofG; one says
thatG has uniform exponential growth ifAlgEnt(G)> 0.

Let Fn be the free group of rankn� 2, and letSn = {s1, . . . , sn} be a free set of generators.
It is easily computed thatβ(Fn,Sn)(N) = 1 +

∑N
k=1 2n(2n− 1)k−1, so that

Ent(Fn, Sn) = log(2n− 1).
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On the other hand, ifG is any group onn generatorsS = {s1, . . . , sn}, one clearly has
Ent(G,S) � log(2n− 1).

A remarkable rigidity property of free groups is the following

THEOREM 1.1 (Asymptotic characterization of nonabelian free groups). –LetG be a group
onn� 2 generatorsS = {s1, . . . , sn}. If Ent(G,S) = log(2n− 1) thenG is free onS.

More precisely, letε(n, l) = 1
[l/2]+2 log

(2n−1)[l/2]+2

(2n−1)[l/2]+2−1
, where[l/2] denotes the integral part

of l/2. One then has:

THEOREM 1.2 (Growth tightness of nonabelian free groups). –For any nontrivial normal
subgroupH of a nonabelian free groupFn, one hasEnt(Fn, Sn)> Ent(Fn/H,Sn/H), where
Sn/H denotes the generating set ofFn/H induced bySn. Namely,

Ent(Fn, Sn)−Ent(Fn/H,Sn/H)� ε(n, l),

wherel is theSn-length of the smallest nontrivial element ofH .

Therefore, if a groupG onn generators has entropyε-close tolog(2n− 1), then all relators
are large compared toε. The above property is folklore; we shall give a short proof in Section 2,
by way of example (another proof may be found in [4]). The asymptotic characterization 1.1 of
free groups clearly follows from Theorem 1.2, sinceG may be identified to a quotientFn/H .

One may wonder to what extent this property carries on to more general groups, that is when
a group is characterized by its entropy among all of its quotients. In this paper we show that this
holds for free products and for a class of amalgamated products (Theorems 1.3 and 1.4). We shall
then use this result to answer an open problem about minimal growth of groups.

Let (G,d) be a discrete group endowed with a left-invariant distance. We can consider the
exponential growth rate ofG with respect tod, that is the invariant

Ent(G,d) = lim inf
R→∞

R−1 · log#B(G,d)(e,R)

whereB(G,d)(e,R) is the ball of radiusR centred at the identitye (we shall always assume, in
order that this definition makes sense, thatd has the property that balls of finite radius are finite
sets). Clearly,Ent(G,S) = Ent(G,dS) if dS denotes the word metric of(G,S). WhenH is a
subgroup ofG we shall give the left cosets spaceG/H the quotient metric, that is theG-invariant
distance

d/H(gH, g′H) = inf
h,h′∈H

d(gh, g′h′) = d
(
H,g−1g′H

)
.

We say that(G,d) is growth tight if for every infinite normal subgroupH � G one has
Ent(G,d) > Ent(G/H,d/H). Notice that this is (a priori) a property of the couple(G,d)
and not of the group itself. The term growth tightness first appeared1 in [2], with respect to
word metrics of finitely generated groups. However, it seems to be interesting to investigate
growth tightness of groups with respect to more general distances (cp. Section 3 and [6]). Here
is an algebraic motivation. LetG be any group containing a free group of finite indexFn;
since the growth of a group clearly is equivalent to the growth of any subgroup of finite
index, and sinceFn is growth tight, one would guess thatG is growth tight too; actually, for

1 Our definition is a slight modification of that given in [2], where the authors require that the same inequality holds
for everynontrivial normal subgroupH � G. However, notice that these definitions are equivalent for free products of
nontrivial groups, as any finite normal subgroup ofG1 ∗G2 is necessarily trivial (see [7]).
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GROWTH TIGHTNESS OF FREE AND AMALGAMATED PRODUCTS 479

any finite generating setS and any nontrivial normal subgroupH of G one would say that
Ent(G,S) = Ent(Fn, dS)> Ent(Fn/(Fn ∩H), dS) = Ent(G/H,S/H), asFn/(Fn ∩H) has
finite index inG/H . The problem here is that one does not know thatFn is growth tight with
respect to the distance induced bydS (which is not a word metric onFn).

We shall say that a distanced on a groupG is quasi-algebraicif G is a finite index subgroup
of a finitely generated group̂G, andd is the restriction toG of a word metric ofĜ; thus,d is a
G-invariant metric for which entropy is well-defined (the case where(G,d) = (G,dS) being a
particular one).

THEOREM 1.3. –Every nontrivial free productG = G1 ∗ G2, different from the infinite
dihedral groupZ2 ∗Z2, is growth tight with respect to any quasi-algebraic distance.

We callG=G1 ∗F G2 a nontrivial amalgamated (or free) product whenG1 �= F �=G2.
The generality of the distanced in Theorem 1.3 will enable us to conclude

THEOREM 1.4. –Let G = G1 ∗F G2 be a finitely generated group of exponential growth,
which is a nontrivial amalgamated product of residually finite groupsGi over a finite
subgroupF . Then,G is growth tight with respect to any word metric.

Actually, as we shall see in Section 3, the same property holds for every groupG which
contains a free product as subgroup of finite index (see Theorem 3.1).

Remark1.5. – For a groupG, let us setG∗ = G \ {e}. Now, for any nontrivial free product
G=G1 ∗G2 and any fixed generating setS, the method we use to prove Theorem 1.3 gives an
explicitely computable (though not accurate) lower bound for the gap

ε(G,S,H) = Ent(G,S)−Ent(G/H,S/H),

in terms of the following constants:c0 = infh∈H∗ ‖h‖S , c1 = infg∈G∗
1
‖g‖S , c2 = infg∈G∗

2
‖g‖S

and c = sups∈S �(s), where�(g) denotes the length of the normal form ofg ∈ G1 ∗ G2 (see
Section 2).

We discuss now the relationship of the above results with two fairly natural problems about
minimal growth of groups:

Question1. – Do there exist finitely generated groupsG such thatEnt(G,S)> AlgEnt(G)
for everyS?

In this case we shall say, shortly, that “the minimal growth ofG is not achieved”.

Question2. – Do there exist finitely generated groupsG of exponential growth such that
AlgEnt(G) = 0?

The first problem, which may be seen as preliminary to the second one, was recently asked by
Grigorchuk and de la Harpe [2], and the second dates back (as far as we know) to Gromov [3].
While the last question is still unsettled, growth tightness of free products allows us to answer
positively to Problem 1: we can exhibit a large class of groups of uniform exponential growth
whose minimal growth in not achieved. Namely:

COROLLARY 1.6. –Every nontrivial free product whose minimal growth is achieved is
hopfian. In particular, ifG is the free product of a non-hopfian group with any nontrivial group,
the minimal growth ofG is not achieved.

Recall that a groupG is calledhopfianif it is not isomorphic to a proper quotient of itself.
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Remark1.7. – The groupZ2 ∗ Z2 is the only nontrivial free product of finitely generated
groups which does not have uniform exponential growth (see [1]), and itis hopfian.

Proof of Corollary 1.6. –Let S be a generating set forG(�= Z2 ∗ Z2) which realizes
the minimal growth, that isEntAlg(G) = Ent(G,S). Now let φ :G → G be a surjective
homomorphism. Then,ker(φ) = (e) necessarily, otherwise we would have, by Theorem 1.3,
Ent(G,φ(S))< Ent(G,S), which is a contradiction. ✷

Example1.8. – LetG1 = 〈a, b | a−1b2a = b3〉 be the Baumslag-Solitar group (which is the
simplest finitely generated non-hopfian group). Then, the group

G=G1 ∗Z2 =
〈
a, b, c | a−1b2a= b3, c2 = 1

〉
does not admit a generating setS which realizes the minimal growthAlgEnt(G). More
precisely, letφ :G→ G be a homomorphism such thatG/ker(φ) ∼= G (for instance, we could
take φ defined byφ(a) = a,φ(b) = b−1a−1ba,φ(c) = c, see [5]). Then, for any generating
set S, one hasEnt(G,φ(S)) < Ent(G,S) (and the gap, of course, tends to zero when
Ent(G,S)→AlgEnt(G)). In particular, defining by recursionb1 = b, bn = b−1

n−1a
−1bn−1a, the

entropiesEnt(G,Sn) relative to the generating setsSn = {a, bn, c} form a strictly decreasing
sequence.

2. Growth tightness of free products

We start with a quick proof of Property 1.2. For a given metricd on a groupG, we shall denote
by ‖ ‖d (or simply by‖ ‖, when no confusion is possible) the associated norm.

Proof of 1.2. –Let h be a reduced word onSn ∪ S−1
n representing a nontrivial element ofH

of minimal lengthl. Writeh= uu′, with u= si1 · · ·si[l/2]+1 . Then, any word onSn ∪S−1
n which

containsu oru−1 as subword is not a geodesic representation of an element ofFn/H . Therefore,
if S(N) is the set of reduced words onSn ∪ S−1

n of lengthN which do not contain neitheru
nor u−1, it is clear that everyg ∈ Fn/H of lengthN can be represented by a word inS(N).
We may assume thatu= si1 · · ·siq with siq �= s−1

i1
andq = [l/2] + 2, by right multiplyingu by

si �= s−1
i1
, s−1

i[l/2]+1
. Now, for everyN � 0, let N = kq + r, 0 � r < q, and letσ(N) = #S(N).

Notice thatσ(q) = (2n(2n−1)q−1−2) exactly, and that fori > 0 there are at most(2n−1)i−1
possibilities to extend a wordw ∈ S(iq) to a wordw of S((i+1)q). Therefore

σ(N) �
(
2n(2n− 1)q−1 − 2

)(
(2n− 1)q − 1

)k−1(2n− 1)r � 2
(
(2n− 1)q − 1

)k+1

which implies that

Ent(Fn/H,Sn/H)� lim
K→+∞

1
Kq

log

(
Kq∑

N=0

σ(N)

)

� lim
K→+∞

1
Kq

log

(
2

K∑
k=0

(
(2n− 1)q − 1

)k+1

)
=

1
q
log
(
(2n− 1)q − 1

)
which is exactly equal toEnt(Fn, Sn)− ε(n, l). ✷

The above proof, though very explicit, has the main disadvantage that it cannot be easily
adapted to a general group: given some group with a finite generating set(G,S) and a normal
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subgroupN , counting efficiently the number of reduced words onS representing elements of
G/N with respect to words which represents different elements ofG is hard forS andN generic.
Moreover, the method of counting words does not apply at all when one has distances different
from word metrics. That is why we shall turn to a more flexible method (even if less sharp).

We need to introduce some terminology to deal with more general metrics on groups. Recall
that a metric space(X,d) is called alength spaceif the distance between any two pointsx1, x2

is equal to the infimum of lengths of (Lipschitz) paths joiningx1 to x2.

DEFINITION 2.1. – A metric space(X,d) is aδ-length space(andd is aδ-length distance) if
it admits an isometric immersion into some length space(X̂, d), such that for everŷx∈ X̂ there
existsx ∈X with d(x, x̂)� δ.

Examples2.2. –
(i) A 0-length space is the same as a length space. A complete metric space(X,d) which is an

ε-length space∀ε > 0 is a length space (cp. [3], Théorème 1.8).
(ii) A group G endowed with a finite generating setS is a 1

2 -length space with respect to
the word metricdS (the required isometry being the canonical immersion in its Cayley graph
C(G,S)). Similarly, if H is a subgroup ofG, the cosets space(G/H,dS/H) is a 1

2 -length space,
via its coset diagram.

(iii) More generally, let(G,d) be a group endowed with a quasi-algebraic distance, i.e.G is
a finite index subgroup of a finitely generated group(Ĝ, Ŝ) andd = dŜ |G . Then,(G,d) is a
δ-length space, forδ = 1

2 + dH(G, Ĝ), wheredH denotes the Hausdorff distance. Clearly, ifH
is a subgroup ofG, the cosets space(G/H,d/H) again is aδ-length space.

Now, the method of proof of Theorem 1.3 is the following. LetG = G1 ∗ G2 be endowed
with a quasi-algebraic distanced, letH be any nontrivial normal subgroup, and let(Γ =G/H ,
d= d/H) be the quotient space. Let(Z2, l) be the finite cyclic group of order2, endowed with
the distance defined by assigning the lengthl > 0 to its generator. Consider the groupΓ∗Z2 (that
is, essentially, the space of finite, arbitrarily long sequences of nontrivial elements ofΓ) with the
“product” metricd ∗ l: that is, the left-invariant distance associated to the norm

‖γ11γ21 . . . γn+1‖d∗l =
∑

i

‖γi‖d + nl

(notice that this is not a word metric). The idea is to show thatEnt(Γ ∗ Z2, d ∗ l) is strictly
greater thanEnt(Γ, d), and then to find a contracting immersion (i.e., an injective, Lipschitz
map of Lipschitz constant1) Φ: (Γ ∗Z2, d ∗ l) ↪→ (G,d) for l� 0. Then,R-balls of(G,d) will
contain more elements than the corresponding balls of(Γ∗Z2, d∗ l), and this suffices to conclude
that

Ent(G,d) � Ent(Γ ∗Z2, d ∗ l)> Ent(Γ, d).

We state these two main facts:

PROPOSITION 2.3. –Let (Γ, d) be a group endowed with a left-invariantδ-length distance.
Assume thatEnt(Γ, d) = h > 0. Then, for everyl > 0 one has

Ent(Γ ∗Z2, d ∗ l)� h+
log[1 + e−hL]

4L

whereL=max{l, δ}.
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PROPOSITION 2.4. –Let G = G1 ∗ G2 �= Z2 ∗ Z2 be a nontrivial free product of groups
endowed with a quasi-algebraic distanced. For any nontrivial normal subgroupH � G,
let (Γ = G/H,d = d/H) be the quotient group. Then, there exists a contracting immersion
Φ: (Γ ∗Z2, d ∗ l) ↪→ (G,d), for l� 0.

Proof of Theorem 1.3. –The quotient distanced = d/H is a left-invariantδ-length distance
(Example 2.2(iii)). Since every nontrivial free product different fromZ2 ∗ Z2 has exponential
growth, we may assume thatEnt(Γ, d) = h > 0 (otherwise the assertionEnt(G,d)> Ent(Γ, d)
is trivial). Then, Propositions 2.3 and 2.3 clearly imply Theorem 1.3.✷

We now start proving Proposition 2.3.

LEMMA 2.5. –Let (Γ, d) be a discrete group endowed with aδ-length distance. LetB(R)
denote the closed ball of(Γ, d) of radiusR centred at the identity, and let

A(R) =B(R+ 2δ) \B(R− 2δ), α(R) =#A(R).

Then:
(i) for everyR1,R2 � 0 and for everyγ ∈ Γ with ||γ||=R1+R2, there existγ1, γ2 ∈ Γ which

verifyγ1 · γ2 = γ and such thatR1 − δ � ||γ1||�R1 + δ, R2 − δ � ||γ2|| �R2 + δ;
(ii) if Ent(Γ, d) = h > 0, thenα(R) � ehR, for all R> 0.

Proof. –Let Γ ↪→ (Γ, d) be the isometric immersion which gives theδ-length structure ofΓ.
Then, simply consider a pointγ1 ∈ Γ on a geodesic joininge to γ, at distanceR1 from e; then
take forγ1 an element ofΓ such thatd(γ1, γ1) � δ and setγ2 = γ−1

1 γ. As d is Γ-invariant, this
proves (i).

Now consider the mapf :A(R1)×A(R2)→ Γ given by multiplication. Ifγ ∈A(R1 +R2),
one has||γ|| = (R1 + ε) + (R2 + ε), for −δ < ε � δ; then we can write, by (i),γ = γ1 · γ2,
whereRi + ε− δ � γi �Ri + ε+ δ. Thus,γi ∈A(Ri). This shows thatIm(f)⊃A(R1 +R2).
Thereforeα(R1 +R2) � α(R1) · α(R2), that islog(α) is a subadditive function. This implies
that limR→∞R−1 · logα(R) exists and it is equal toh. Best, by submultiplicativity we
deduce:

n logα(R)
nR

� logα(nR)
nR

which, by taking limits forn→∞, yields logα(R)
R � h, for all R> 0. ✷

Proof of Proposition 2.3. –LetB(R), A(R) andα(R) as in Lemma 2.5. Let moreoverBl(R)
denote the closed ball of radiusR centred at the identity in(Γ ∗Z2, d ∗ l), and letBl,n(R) the
subset of elements of the formγ11γ21 . . .γn1 with γi �= e. Finally, setRi = (4ki − 1)L, for
ki ∈N∗. If γ = γ11 . . . γn1 belongs to the subsetA(R1)1 . . .A(Rn)1⊂ Γ ∗Z2 and

∑
ki =N ,

then we have‖γ‖d∗l �
∑

Ri + nl� 4LN , therefore one has a decomposition:

Bl(4LN)⊃
⋃
n�1

Bl,n(4LN)⊃
⋃
n�1

⋃
k1,...,kn�1
Σiki=N

A(R1)1 . . .A(Rn)1.

Remark that these are disjoint unions, sinceRi > 0 andA(Ri) ∩A(Rj) = ∅ if i �= j. Then, by
Lemma 2.5(ii), one computes:
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#Bl(4LN)�
N∑

n=1

∑
k1,...,kn�1
Σiki=N

α(R1) · · ·α(Rn) =
N∑

n=1

∑
k1,...,kn�1
Σiki=N

e4hLN · e−hLn

= e4hLN
N∑

n=1

(
N − 1
n− 1

)
· e−hLn = e−hL · e4hLN · (1 + e−hL)N−1

and, therefore,

Ent(Γ ∗Z2, d ∗ l)� lim
N→∞

log#Bl(4LN)
4LN

= h+
log(1 + e−hL)

4L
. ✷

Coming to the second step, we need to fix some notations. LetG = G1 ∗ G2 and, for
i ∈ {1,2}, define ic = 3 − i. Any g ∈ G∗ may be written uniquely as a wordg[1] · · ·g[n]
whereg[k] ∈ G∗

1 ∪ G∗
2, and where, ifg[k] ∈ Gi, then g[k + 1] belongs toGic . We refer to

the wordg[1] · · ·g[n] on the alphabetG∗
1 ∪ G∗

2 as to thenormal formof g: thus, byg[i] we
shall always mean theith letter of its normal form. Moreover, we can associate, to every
g = g[1] · · ·g[n] ∈G∗, the length of its normal form�(g) = n (which must not be confused with
its norm||g|| with respect to some word metric). Finally, let us denote byGi·,G·i the subsets of
elements ofG whose normal form isg[1] · · ·g[n] with, respectively,g[1] ∈ G∗

i andg[n] ∈ G∗
i ,

and letGij =Gi· ∩G·j . For completeness, we set�(e) = 0 and we add the identity element to
the setsG12, G1· andG·2. We say thatg1, g2 ∈ G match well(in this order) ifg1 ∈ G·i and
g2 ∈Gic·.

LEMMA 2.6. –LetG be a nontrivial free product, endowed with a quasi-algebraic distanced.
Then, for allg, h∈G which match well, one has||g ·h||� ||g||+ ||h||−C, whereC is a constant
which does not depend ong, h.

Proof. –LetG be a finite index subgroup of(Ĝ, Ŝ) such thatd= dŜ |G , and letδ = dH(G, Ĝ).
Now let γ be a geodesic inC(Ĝ, Ŝ) from e to gh, i.e. choose an expressiongh = ŝ1 · · · ŝr of
smallest length,̂si ∈ Ŝ. Let t̂k ∈ Ĝ the points onγ given byŝ1 · · · ŝk and choose pointstk ∈G
such thatd(t̂k, tk) � δ, with t1 = e, tr = gh. Thus, settings1 = t1, sk = t−1

k−1tk ∈ G, we also
havegh= s1 · · ·sr andtk = s1 · · ·sk. Notice that

‖sk‖� d(tk−1, tk) � d(tk−1, t̂k−1) + d(t̂k−1, t̂k) + d(t̂k, tk) � 1 + 2δ.

Now, since

g · h= g[1] · · ·g[l]h[1] · · ·h[m] = s1[1] · · ·s1[n1] · · ·sr[1] · · ·sr[nr]

and sinceg, h match well, we necessarily haveg = s1[1] · · ·sk0 [j0] for somek0, j0 (notice that
this expression need not to be the normal form ofg). Then, we have

d(g, t̂k0) � d(g, tk0) + d(tk0 , t̂k0)� d
(
sk0 [1] · · ·sk0 [j0], sk0

)
+ δ � c+ δ

if c= sup{
∑

k ||g[k]|| | g ∈G,‖g‖� 1 + 2δ}. Therefore,

||g · h||= d(e, t̂k0) + d(t̂k0 , g · h)± 2d(t̂k0 , g)� ||g||+ ||h|| −C

for C = 2(c+ δ). ✷
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Proof of Proposition 2.4. –First of all, let∼ : Γ→G be a minimal transversal, that is choose
for eachγ ∈ Γ a representativẽγ such that‖γ̃‖d = ‖γ‖d. The mapΦ is defined by

Φ(γ11γ21 . . .γn+1) = γ̃1ε1γ̃2ε2 · · · γ̃n+1

(with, possibly,γ1 = e or γn+1 = e) whereεi are suitable “separators” of bounded|| ||d-norm,
which will allow to recover the sequenceγ1, . . . , γn+1 fromΦ(γ11γ21 . . . γn+1).

The separatorsεi may be defined explicitely as follows. Assume thatG1 �= Z2. Then, notice
that, asH �= (1), one hasH∗∩G12 �= ∅. In fact, givenh ∈H∗, if h ∈Giic thenh−1 ∈H∗∩Gici;
on the other hand, ifh ∈ Gii, then for anyg ∈ Gic we geth′ = ghg−1 ∈ H∗ ∩ Gicic , and
hh′ ∈H∗ ∩Giic .

Therefore, leth= h[1] · · ·h[2r] ∈H∗ ∩G12. Up to taking a sufficiently large power ofh, we
may assume that

||h||d > 2C(1)

whereC =C(G, Ĝ, Ŝ) is the constant of Lemma 2.6 (notice thathn �= 1 for all n, and remember
that the balls of finite radius ofG are finite). Then, choose an elementg1 ∈ G∗

1 such that
g1 �= h[1], take anyg2 ∈G∗

2, and set

η = (g1g2)r+1 =
r+1 times︷ ︸︸ ︷

g1g2 · · · · · ·g1g2 ∈G∗
12.(2)

Now theεi are defined as:

εi = ε(γ̃i, γ̃i+1) =




g2ηh
2 if γ̃i ∈G·1 andγ̃i+1 ∈G1·,

g2ηh
4g1 if γ̃i ∈G·1 andγ̃i+1 ∈G2·,

ηh6 if γ̃i ∈G·2 andγ̃i+1 ∈G1·,

ηh8g1 if γ̃i ∈G·2 andγ̃i+1 ∈G2·.

For anyγ = γ11γ21 . . . γn+1 ∈ Γ ∗Z2, one clearly has

||Φ(γ)||d �
∑

i

||γi||d + ln= ||γ||d∗l

wherel= ||g1||d + ||g2||d + ||η||d + 8||h||d. The lemma below concludes the proof:

LEMMA 2.7. –The mapΦ is injective.

Before proving the lemma, we shall explain the reasons leading to the expression ofεi,
and the idea of the algorithm which permits to recover theγi’s from Φ(γ11 . . .1γn+1). See
w =Φ(γ11 . . .1γn+1) = γ̃1ε1γ̃2ε2 · · · γ̃n+1 as a word onG∗

1 ∪G∗
2. The separatorsεi are chosen

so as to satisfy the following properties:
(i) They must permit to obtain from any coupleγ̃i, γ̃i+1 a coupleγ̃iεi, γ̃i+1 which matches

well, in order not to cancel part of thẽγi in the process of enchaining words: this is the reason
why they are of four different “types”, according to possible types of couples(γ̃i, γ̃i+1);

(ii) They must containh as subword: sinceh does not appear as a subword of anyγ̃i (if
‖h‖d � 0, by Lemma 2.6) this will permit to recover approximately the occurence of the first
separatorε1 in the wordw, by looking at the first occurence ofh;
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(iii) They cannot overlap overh nontrivially: that is, when two separatorsεi, εj overlap (as
subwords ofw) so that the subwordh of εi overlaps with the subwordh of εj , thenεi = εj and
the overlapping must be the trivial one. This condition determines theexactposition of the first
separatorε1 in the wordw. The simplest way to let condition (iii) be satisfied is to defineεi as
(g2)ηh(g1), whereη is a sufficiently long word which does not containh[1] (this is the reason of
the choice ofg1 �= h[1] and of (2));

(iv) Finally, the type of the couple(γ̃i, γ̃i+1) must also be coded inεi: this, in order to recover
exactly γ̃1 and notγ̃1g2. The type is given by the exponent ofh appearing inεi, that is by
the number of consecutive repetitions ofh in w (powers of2 are needed to compare possible
nontrivial overlappings, see cases 2–3 in the proof below).

Let us now give a formal proof of Lemma 2.7.

Proof of Lemma 2.7. –Let γ,γ′ ∈ Γ ∗Z2, and suppose that

w =Φ(γ) = γ̃1ε(γ̃1, γ̃2) · · · γ̃n+1 = γ̃′1ε(γ̃
′
1, γ̃

′
2) · · · γ̃′m+1 =Φ(γ′) =w′.

If γ̃i ∈Gaibi , γ̃
′
i ∈Ga′

i
,b′

i
, we have

w = γ̃1g
2−b1
2 ηh4b1+2a2−4ga2−1

1 γ̃2 · · · γ̃n+1,

w′ = γ̃′1g
2−b′1
2 ηh4b′1+2a′

2−4g
a′
2−1

2 γ̃′2 · · · γ̃m+1

and we may assume that�(γ̃′1)� �(γ̃1).
We have therefore the following possibilities:

(1) �(γ̃′1g
2−b′1
2 η) + 2r � �(γ̃1). Then,γ̃′1g

2−b′1
2 ηh⊂ γ̃1 as words. Thus, the normal form ofγ̃1

would containh as a subword and, by Lemma 2.6 and by (1),γ̃1 would not be of minimal length
in the classγ1, which is a contradiction.

(2) �(γ̃′1g
2−b′1
2 η) � �(γ̃1) < �(γ̃′1g

2−b′1
2 η) + 2r = �. Then, as�(η) = �(h) + 2, one has

γ̃′1g
2−b′1
2 ηhh[1]h[2]⊂ γ̃1g

2−b1
2 η as words. Since�(γ̃1)< � we would deduce

h[1] =w′[�+ 1] =w[�+ 1] =
{

eitherg1,
or g2

which contradicts our choice ofg1 �= h[1] or the fact thath[1]∈G∗
1.

(3) �(γ̃1)< �(γ̃′1g
2−b′1
2 η) = �. Then, as we assumed that�(γ̃′1) � �(γ̃1), we have

γ̃′1g
2−b′1
2 η ⊂ γ̃1g

2−b1
2 η;

but sincew′[�+1] = h[1] does not appear as a letter ofg2−b1
2 η, we deduce that

γ̃′1g
2−b′1
2 η = γ̃1g

2−b1
2 η

necessarily. This means that eitherγ̃1 = γ̃′1g2 or γ̃1 = γ̃′1. We shall now show that̃γ1 = γ̃′1
necessarily.

Assume that̃γ1 = γ̃′1g2: then b1 = 2 and b′1 = 1. Thus, ε(γ̃1, γ̃2) contains at leasth6 as
subword, whileε(γ̃′1, γ̃′2) contains at mosth4; therefore,

w′[�(γ̃′1g2ηh
4
)
+ 1
]
=w

[
�
(
γ̃′1g2ηh

4
)
+ 1
]
= h[1] �= g1,
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and this implies thatε(γ̃′1, γ̃
′
2) = g2ηh

2 precisely. Thus, we have

(
γ̃1ηh

2
)
hh[1]⊂

(
γ̃′1g2ηh

2
)
γ̃′2g

2−b′2
2 η

as words, i.e.hh[1]⊂ γ̃′2g
2−b′2
2 η. As γ̃′2 cannot containh (being minimizing), we should have

h[1] = (γ̃′2g
2−b′2
2 η)[2r+ 1] =

{
eitherg1,
or g2

which again gives a contradiction. Therefore,γ̃1 = γ̃′1, which clearly implies thatγ1 = γ′1.
One subsequently shows thatγ̃i = γ̃′i for all i by induction, restarting from the identity
γ̃2

∏n
i=2 ε(γ̃i, γ̃i+1)γ̃i+1 = γ̃′2

∏m
i=2 ε(γ̃

′
i, γ̃

′
i+1)γ̃

′
i+1. ✷

3. Growth tightness of amalgamated products

A direct consequence of Theorem 1.3 is:

THEOREM 3.1. –LetĜ be a finitely generated group which contains a nontrivial free product
G=G1 ∗G2 �=Z2 ∗Z2 as a subgroup of finite index. Then,Ĝ is growth tight with respect to any
word metric.

Proof. –Let Ĥ be an infinite normal subgroup of̂G, and letH = Ĥ ∩G be the corresponding
normal subgroup ofG. Thus, H and G/H are finite index subgroups of̂H and Ĝ/Ĥ
respectively; notice thatH �= (e), sinceĤ is infinite. Now let Ŝ be a finite generating set for
Ĝ, let Ŝ/Ĥ be the induced generating set ofĜ/Ĥ , and letdŜ , dŜ/Ĥ denote the associated word
metric. We shall denote byd1 the metric onG/H which is the quotient of the metricdŜ |G of G;
on the other hand, letd2 be the restriction toG/H of the metricdŜ/Ĥ of Ĝ/Ĥ , i.e.:

d1(g1H,g2H) = inf
h,h′∈H

dŜ(g1h, g2h
′) = dŜ(H,g

−1
1 g2),

d2(g1H,g2H) = inf
ĥ,ĥ′∈Ĥ

dŜ(g1ĥ, g2ĥ
′) = dŜ(Ĥ, g−1

1 g2)

(asH andĤ are normal inG, Ĝ). Clearlyd1 � d2. Conversely,d2 � d1 −M for

M = dH(H,Ĥ)<∞

(sinceH has finite index inĤ). Therefore, one hasEnt(G/H,d1) = Ent(G/H,d2). But now
Theorem 1.3 yields

Ent(Ĝ, Ŝ) = Ent(G,dŜ)>Ent(G/H,d1) = Ent(G/H,d2) = Ent(Ĝ/Ĥ, Ŝ/Ĥ)

where the first and last inequalities hold sinceG andG/H have, respectively, finite index in̂G
andĜ/Ĥ . ✷

We can now prove Theorem 1.4 by showing that any amalgamated product, over a finite
subgroup, of residually finite groups contains a nontrivial free product of finite index. The
construction is similar to that used in [7], Lemma 7.4.

Proof of Theorem 1.4. –LetG=G1 ∗F G2 be a nontrivial amalgamated product, and assume
F finite andGi residually finite,i= 1,2. Letρi :Gi → Fi be homomorphisms into finite groups,
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which are injective when restricted toF . Let X = F1/ρ1(F ) × F × F2/ρ2(F ). We can then
define a homomorphismτ of G in the permutation group of the finite setX , which moreover is
injective onF , as follows. Letfi denote the class offi moduloρi(F ), and choose transversals
∼ :Fi/ρi(F )→ Fi (that is,ϕ̃ = ϕ, for all ϕ ∈ Fi/ρi(F )). These transversals induce bijections
Ti :Fi/ρi(F ) × F

∼→ Fi. Now, one can define an action ofGi on Fi/ρi(F ) × F � Fi letting
g ∈Gi act onFi by right multiplication byρi(g): in formulas, if(ϕ, f) ∈ Fi/ρi(F )× F ,

(ϕ, f) · g = T−1
i

[
Ti(ϕ, f)ρi(g)

]
= T−1

i

(
ϕ̃ρi(fg)

)
.

Then, one obtains an action ofG1 ∗G2 on elements(ϕ1, f,ϕ2) ∈X by lettingG1 act on the
first two components andG2 on the last two. In this way,F acts in the same manner onX ,
both as subgroup ofG1 and as subgroup ofG2 (that is, simply by right muliplication on the
second component). Therefore, this action descends to an action ofG1 ∗F G2 onX . Moreover,
it is clear thatτ injectsF . By the subgroup theorem for amalgamated products (cp. [7]), the
kernelH = ker(τ) is the fundamental group of a graphG of groups which has the double
cosetsHgGi as vertices (andH ∩ gGig

−1 as corresponding groups), the double cosetsHgF
as edges (with corresponding groupsH ∩ gFg−1), and with morphisms given by the natural
inclusions. Sinceτ injectsF , we haveH ∩ gFg−1 = (e) and thereforeH is a free product.
MoreoverH is a nontrivial free product. In fact, if all vertices groups are trivial, thenH is
free. Otherwise, let us say thatH ∩ G1 �= (e). Then,H is again a nontrivial free product
unlessH ∩ G2 = (e) andHgG1 =HG1 for all g. But in this case (H being the fundamental
group ofG) we would haveH = H ∩ G1, henceH would be a normal subgroup ofG1 and
gG1 = gHG1 =HgG1 =HG1 =G1 for all g ∈G. That is,G/G1 = (e), which is not possible
asG is supposed to be a nontrivial amalgamated product. Notice that, moreover,H is different
from Z2 ∗ Z2 since it has finite index inG andG has exponential growth. One then concludes
by Theorem 3.1. ✷

Finally, remark that Theorem 1.4 holds more generally whenG1 andG2 are onlyF ∗-re-
sidually finite, that is when there exist homomorphisms into finite groupsρi :Gi → Fi which are
injective when restricted toF .
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