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INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID WITH
VORTICITY IN BORDERLINE SPACES OF BESOV TYPE

By Misia VISHIK®)

ABSTRACT. — We prove a uniqueness theorem for the Euler equations for an ideal incompressible fluid under
the condition that vorticity belongs to a space of Besov type. We also prove an existence theorem in dimension
two. © Elsevier, Paris '

RESUME. — Nous démontrons un théoréme d’unicité pour le systtme d’Euler pour un fluide incompressible idéal
sous ’hypothese que le tourbillon appartient & un espace de type Besov. Nous démontrons également un théoréme
d’existence en dimension deux. © Elsevier, Paris

0. Introduction

In this paper we study the nonstationary Euler equations of an ideal incompressible fluid

(i’j(w»t)=—zvi3ivj—3jp, 1<j<n,z€R",
=1
0.1 . =
(0-1) divv:Z(?jvj:O,
Jj=1
| v(z,0) = vo(z) .

Here v(z,t) = (v1,...,v,) is the Eulerian velocity of a fluid flow. For incompressible
fluids the key characteristic of the flow is vorticity

wij(z,t) = v, —Bw; , 1<4,j<n.

The mathematical theory of Euler equations (0.1) is an old subject. In [C1] J.-Y. Chemin
develops the theory in detail and gives an account of more recent results including his
work [C2] on the regularity of vortex patches for the two-dimensional Euler equations.

Existence and uniqueness theorems are obtained for the problem (0.1) (locally in time
for n > 3) for vorticity in various function spaces with supercritical smoothness. Here
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770 M. VISHIK

we refer to the condition s > n/p where s is smoothness of vorticity in the sense of a
particular scale of function spaces based on L*.

The papers of L. Lichtenstein [L], N. Gunther [G], Wolibner [W] that started the subject
deal with Holder classes. Some of the more recent papers include those of D. Ebin
and J. Marsden [EM], J. Bourguignon and H. Brezis [BB], R. Temam [T], T. Kato and
G. Ponce [KP] (Sobolev spaces).

In [V] we proved the global existence for n = 2 where vorticity belongs to the Besov
space B;,, ;. o

In the present paper we continue to investigate the borderline case s = n/p which
corresponds to the critical case of Sobolev (-Besov-Lizorkin-Triebel) embedding.

V. Yudovich [Y1] proved the basic uniqueness theorem for the weak solutions of (0.1)
under the condition (bounded domain in R™) w € L*°. For n = 2 he was able to construct a
weak solution in this class that exists globally in time. The existence of a weak solution in
two dimensions (possibly without uniqueness) was proved for a wider class L?, 1 < p < oo,
by V. Yudovich [Y1] and by R. DiPerna and A. Majda [DM]. D. Chae [C] proved the
existence theorem for vorticity in L log L(R?). J.-M. Delort [De] constructed a weak
solution with initial vorticity arbitrary sign definite measure. A Bourbaki talk by P. Gérard
[Ge] gives an account of this result as well as the results of [C2]. A different proof of
J.-M. Delort’s result was given by L.C. Evans and S. Miller [EvM] and by A. Majda [M].

V. Scheffer [S] and A. Shnirelman [Sh] constructed the first examples of nonuniqueness
for weak solutions with v(-,-) € L% (R? x R).

loc

Recently V. Yudovich [Y2] further improved his uniqueness theorem [Y1] allowing (case
of a bounded domain) w € (), <, <., L so that |lw||r» < C(p) and 6(p) grows moderately
in p. For example 6(p) = logp guarantees uniqueness.! More precisely, V. Yudovich
proved that for Z(a) = infee((,’po—l]{s“laeb‘(%)} the condition [~ a™'Z(a)da = oo
implies uniqueness. This result holds for arbitrary n while the existence theorem was
proved in [Y2] (see also [Y3]) only for n = 2. The proof of uniqueness in [Y2] is based
on the energy method. In case the growth condition for 6(p) fails V. Yudovich constructed
counterexamples to this method of proving uniqueness (if not to uniqueness per se). '

We introduce here a different uniqueness class which is a variant of a borderline Besov
space. To describe a particular case of the results of the paper we define

N
S 14 fllie = 0<H<N>>} .

i=—1

Bp = {f € §'(R™)

Here the increasing function II satisfies certain conditions (see (i)-(iii) below), A;f

denotes the terms in Littlewood-Paley decomposition of f. One possible choice is

I(N) = (N +2)logy(N +3), 0 < k < 1. Notice f € B means the norm || f|| g0 is

generally divergent but in a controlled way. '
We prove uniqueness for the problem (0.1), n arbitrary, under the condition

(0.2) /oo O(a) 'da =0,

1

! “Not much stronger than linear” on p. 28 of [Y2] is a misprint. Logarithmic singularities that lead to linear
in p growth of ||w|r,» are in fact not allowed but singularities of the kind loglog || that produce logp growth
of ||w||» as p — oo are covered by the results of [Y2].

4° SERIE — TOME 32 — 1999 — N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 771

w € LP, pg € (1,n) and the norm ||w|| g, is bounded. By the choice II(N) = N + 2 this
implies uniqueness for flows with vorticity in Holder space A® = Bgoyoo. As a corollary, a
solution with vorticity bounded in bmo is unique. Indeed, bmo — A°.

For II as above the (unique) solution exists globally in time (n = 2) for 0 < £ < %
and (possibly only) locally in time for % < Kk < 1. The initial vorticity belongs to the

space Br with T'(N) = logs (N + 3).
The existence theorem is proved in §9.

The proof of the uniqueness theorem given in §8 uses a “paradifferential analogue” of the
Osgood uniqueness argument and seems unrelated to the energy method. The condition (0.2)
in fact guarantees that the Lagrangian flow satisfies conditions of the Osgood uniqueness
theorem. It also looks similar to the growth condition in [Y2]. On the other hand there are
functions in Br with a compact support that fail to belong to L? for all sufficiently large
p (see §2). Therefore the growth condition for 6(p) is violated.

The main tool we use to get an a priori estimate in Br are wavelet decompositions
of vorticity. In fact we obtain a complete description of all spaces of this type in terms
of wavelet coefficients. This allows to get the information about the action of a volume
preserving homeomorphism (given by the fluid flow) on Br.

We use the method of H. Bahouri and J.-Y. Chemin [BC] to obtain the necessary
“paradifferential estimates” of the terms in Littlewood-Paley decomposition of the
vorticity w.

Some of the immediate problems left open include whether the time of existence is
indeed finite for e.g., x = 1 or this restriction is due to the weakness of the method.
Also the relation with the transport theory developed by R. DiPerna and P.-L. Lions [DL],
B. Desjardins [D1], H. Bahouri and J.-Y. Chemin [BC], J.-Y. Chemin and N. Lerner [CL],
B. Desjardins [D2], especially for the flows that are not quasi Lipschitz, seems of interest.

1. Function spaces

Let I' : R — [1,00) be a locally Lipschitz continuous monotonically nondecreasing
function satisfying the following conditions:

() I'(a) =1 for a € (—00,—1], limy—,00 ['(a) = 00.
(ii) There is a constant C' > 0 such that C~1I'(8) < I'(a) < CT(B) for a, B € [-1, 0),
o= A < 1.
(iii) There is a constant C > 0 such that

CT(a) 2/ 27E=IT(€)dé ,a € [-1,00) .
ExampLe 1.1. T(a) = (N + 2)%logh(a + 3) for a > —1, where ¢,k € [0,00), except
e =k =0
We choose radial ® € S(R") such that supp® C {¢ € R" | ¢ < 1} and
|®(¢)] > C > 0 on {¢ € R" | 1€] < 3}. We also choose radial ¢ € S(R™) with
suppp C {£ € R* | 3 < [¢] <2}, [p(€) > C >0o0n{£ R |2 <[ <3} Let
pi(z) = 2"p(2z) [ie., §;(§) = p(277¢)]. j € L.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



772 M. VISHIK

DEerFINITION 1.2. — Let for f € S’(R™)

A_1f=<i>(% %)f=(<i>‘f)v=<1>*f;

N

d
=033 g ) =i Y =sns 020
Ajf=0a jS_2;

Sef = Aif .

i<k

DeriNITION 1.3. — Let I' be the function satisfying (i)—(iii) above. Let

N
3 114sfllu~ < CT(N), N > _1} .

j=—1

(1.1) Br = {f € S'(R™)

The norm on Br is defined as the best constant in (1.1):

N
_ A -1
161 = sup (3 sl )T

i=-1

We give the characterization of Br via the wavelet expansions. For standard Besov
spaces see [FJ], [LM], [M].
Let radial ¢ € S(R") satisfy

sli<zf WEOIzo>0m{eer | F<ids])

supp@C {éeR" 5 <

Choose radial ¥ € S(R") so that supp¥ C {¢€R"||¢| <}, [¥(€)| > C > 0
on {£{ €R" | |¢] < 1}. We define the set of dyadic cubes as follows: for m € Z,
k= (k‘l,...,k'n) e 1"

Qmi = {x = (£1,...,%,) €ER" | k2 ™ <z < (ki +1)277; 0= 1,...,n} .
We set for any dyadic cube Q = Q&
Ymi(z) = Y27z — k) .
ProPOSITION 1.4. — Let f € Br. There is the following representation
(1.2) f(z) = Z ar¥(z — k) + Z Z A kP k(T) -
kezn m=0 kel

The series in (1.2) is convergent in S'(R™). The coefficients ax, am x, satisfy the following
estimate

N

(13) e < swp (3 sup lamel PV < €l
N>-1\, =7, ke1n
where the constant C > 0 does not depend on f € Br. For m = —1 we set a_1; = ag,

k ez
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INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 773
Proof. — 1t is possible to make the above choices of ¢, ®,1, ¥ so that

dOUE) + Y @O =1, E€R.

m=0

Then, following [FJ]

14 fO) =D (@xHET(C—E)+ D 27 (om * £) 27k Ym (- — 27™k)

kelm m=0

where ¥, (z) = 2™™9)(2™z), m > 0. The series in the right side of (1.4) is convergent in
S’(R™). Therefore, we define ax, = ® * f(k); amk = @m * f(27™k). By construction

|ak] < N1 * fllLe = |A-1fllLe
|am k| < llom * fllLe = [[AmfllLe

for m > 0, k € Z™. This proves the second inequality in 1.3. It remains to prove the first
inequality. We need the following estimate from [FJ].

Lemma 1.5 ([FI]). — The following two inequalities hold true forany M € Z, j,m > 0

(1.5)  [(Ajtpm i) ()| < C27m=DCHD(1 4 2z — k27 ()™ for j <m , and
(1.6)  |(Ajmi)(@)] < C27U"™ 1 4 2™z — k27™|) ™™ form < j .

The same inequalities are valid for j = —1, m > 0 in case (1.5) and for m = -1, j > 0
in case (1.6) where {_1 () = Y(- — k).

To prove Proposition 1.4 we have to estimate ||A;f||L~ where f is given by (1.2).
We have from Lemma 1.5

N A e +ZHA > it

kezn
< Z a¥(-— k)| _+ Z | S emd st
=0 kez»
<C sup |ak| - sup Z A+ |z-k)™
* ke
+C Z sup |G g - 27D sup Z(l + |z — k27™)™M
m=0* k

< Csup |ag| +C Z 2 ™1 sup |G k] -

kelm m=0

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



774 M. VISHIK

Likewise, for j > 0, applying Lemma 1.5
18, flle < || D axas e =)

kezn

SIS ]

m=0" kezr
+ Z H Z am,kAﬂ/lm,k”mo
m=j+1 ' kelr

< 027 sup |ak|” ST @+ —kl) -MH

ke~

03 2m0mm sup fan il | Y0427 k27|

m=0 kezn
+C Z 2 (=0 sup fay, k||| S (1429 —k2)" M”
m=j+1 kezn

<C277 1t sup |ak|+CZ2 G- m)sup |G k|
kezn

m=0

+C Z 2= (m=3) sup | k] -

gl keZr
Let
Sup |@m k| = bm , m>—1;
ke"
Zb,:dm, m>-1;d_,=0.
j=—1

Then, for every j > —1, N > —1

] o
18 flle < C S 276, + 0 3 27D,

m=-1 —-j+1

N N
S lAi e <C Y (Z 9-(m- a>+22 G- m>)

j=-1 m=—1 “j=-1

+C Z (Z 2*<m—f>)bm

m=N+1 “j=-1

chb +C z 2= =N(d, — dp_y)

m=N+1

< Cdy +C2V Z (27™ — 2= (m+Dyq
m=N+1

<Cdy+C Y 27mNg,

m=N+1
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INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 775

Suppose for any m > —1, d,,, < CT'(m). Then the right side of the last inequality is
< CT(N)+C / 2-E-MP(¢)d¢ < CT(N)
N
because of the conditions (ii) and (iii) describing I'. This concludes the proof of the
proposition.
We now construct the predual space to Br. Let Hr be defined as follows:

3 {d}2 .y, d;>0, ) dj<oo

j=-1

Hp = {f € S'(R™)

such that [|Ap, fll < D d;T(j)™", m > —1} :
jzm
We set

Il g = {igl”}jgl d;.
PRrOPOSITION 1.6. — The dual space to Hr is isomorphic to Br:
H{ =~ Br .
Proof. — We omit the proof which is fairly standard (cf. [P]).

ProposITION 1.7. — Let f € Hr. There is the following representation:

(1.7) F@) = ax¥(@—k)+ Y Y ams2 ™ pmi(x) .

kezn m=0 kezr
The series in (1.7) is convergent in S'(R™). Moreover there is a constant C > 0 which is
independent of f such that

18) Ol < inf > 4 <Clflg -

oo
{dj};?_-_udjzov Z d;<oo j=-1
j=-1

oo
> lamkl< Y 4 TE) T m>-1
kez™ j=m

We omit the proof which is similar to the proc.)f of Proposition 1.4.

RemArk 1.8. — In particular predual Hr of the Banach space Br is separable, and
S < Hr is a dense embedding.

ReMARK 1.9. — Since the function spaces Br and Hr do not depend upon the choice
of ®, ¢ satisfying standard conditions (see e.g., [P], [FJ]) Propositions 1.4, 1.7 provide a
complete description of these spaces in terms of wavelet decompositions with respect to
band-limited wavelets constructed by P. Lemarié and Y. Meyer [LM], [M2].

Remark 1.10. — If I'(N) = N + 2, N > —1 then obviously L> — Bp. In case I'(V)
grows slower than (N + 2), that is I'(N) = o(N + 2) as N — oo, the above embedding
is no longer valid. It means for such a I'(N) the space Br is not comparable with the
space L*°. As we mentioned in the introduction V. Yudovich proved the global existence
and uniqueness theorem [Y1] in dimension 2 for the Euler equations with vorticity in L>°
(uniqueness for arbitrary n > 2).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



776 M. VISHIK
2. A counterexample

ProposITION 2.1. — For any p € (1,00) there exists a function f such that f € Br,
f € Nye,py LP(R™) and f ¢ LP(R™) for any p > p.

Proof. — We use the following fundamental characterization of L?-spaces [LM], [M2]. To
simplify the notation we give the construction in dimension n = 1. Let ¢, ¥ be obtained
from the MRA procedure [M2]. Let

f@)=> a¥(@—k)+ > ) amsp(2mz— k) .

kez m=0 keZ
THEOREM 2.2 ([LM], [M2]). — Let p € (1,00). Then f € L? if and only if the following

two conditions are satisfied:

(2.1) {ar}rez € 7 ;

oo 1/2
(2.2) 9= (Z > lam,kIQXQm,k> el”.

m=0 k€Z

We note that the function g in (2.2) is a discrete analogue of the Littlewood-Paley quadratic
function; xq,, , denotes the characteristic function of a dyadic cube Q. k.

To construct the example in Proposition 2.1 let a, = 0 for & € Z so that (2.1) is satisfied.

Since I'(a) — oo as @ — oo there is a sequence {cn,}_, satisfying the following
3 conditions:

(2.3) tm—0 as m—0;
N
(2.4) D lem| <CT(N), N2>0;
m=0
(2.5) Z lem|? = 00 .
m=0

Indeed we proceed by induction.
We construct a strictly monotonic sequence of nonnegative integers {n;}, n; = 0 and set

— ,1:—1/2, m=n;
m = 0, m # n; for all 4 > 1.

Thus (2.3) and (2.5) are satisfied. We set C' = I'(0)~! and assume n,...,n, are already
constructed so that (2.4) is satisfied for all N < n,. Choose ngy1 > n4 so that

g+1
D T2 < CT(ng4s) -

i=1

4° SERIE — TOME 32 — 1999 — N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 777

Such a choice could be made since I'(a)) — oo. This takes care of (2.4). We fix a sequence
{em }_, satisfying (2.3)~(2.5) and let

oo 2m—1
F=>tm Y empt(@ s —k),
m=0 k=0

where ¢,,  are taking on values 0 and 1.
We now assert that we can choose €., in such a way that

(26) s ={ 3 TEGe =D

P y iL‘GQoyo.

Indeed we start with

e _ 1 s if |Co|2 S 1
0.0 0, otherwise.

Assume we constructed &, x, m < £ so that

2™ —1

I3
o —1
(2'7) Z |Cm|2 Z Em,kXQm & (:L‘) <z 2 ) T € QO,O .
m=0 k=1

To do the induction step we simply set 441, = 1 in case

£ 2m—1
-1
(2'8) Z |cm|2 Z Em,kXQm. i (.’II) + Ic€+1,n|2XQl+1,n < $_2p
m=0 k=1

for T € Q1. 0 < k < 2¢71 — 1 and e441,. = 0 otherwise.

Then (2.7) is satisfied on the (£ + 1)-st step because of (2.8) and (2.6) follows from
(2.3) and (2.5). Obviously g(x) in (2.6) satisfies the conditions g € ﬂpe(1, L7 g ¢ L
for any p > p.

We conclude from the Theorem 2.2 that f satisfies the same properties. Furthermore,
from Proposition 1.4 and (2.4) f € Br. This concludes the proof.

REMARK 2.3. — The function f in Proposition 2.1 could be chosen to have compact
support. Indeed, using sufficiently regular wavelets with compact support [D], [M2] and
repeating the same construction word for word produces such a function.

3. Estimates for the Biot-Savart law

Let the vorticity w € LP° N Br, 1 < py < n. We define the velocity as

u=Kx*w,
K being the kernel in the Biot-Savart law.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



778 M. VISHIK

THEOREM 3.1. — The function v is continuous and bounded on R™ with the following
modulus of continuity:

B.1)  |u(e) —uw(®) < CllwllLee + lwllrT(—logy |z —y)lz =y,  z#y;
(3-2) lulleee < C(llwllreo + [lwlir) , 1 <po<n.

Proof. — Forany N > -1, x # y

N 00
(33)  |u@) —u@|< Y 1A Vullielz -yl +2 D [1Aju]e

j=—1 J=N+1

N =)
<C Y A Vulelz -y +C Y 27A 0]l -

j=—1 j=N+1

We estimate the second term in the right side of (3.3) as follows. Let

= Y A5l -
j=-1

Then,
(34) > 27 )Awlle < ) 277(d; — dja)
J=N+1 J=N+1
= _o~WN+Dg. 4 Z d]-(2“j _ 2—(j+1))
j=N+1
< -7y 4 lwlle Y T(H)27
j=N+1

< C27"T(N)|lwlle

because of the conditions (ii) and (iii). We estimate now the first term in the right side
of (3.3)

N N
(35) 2 185 Vulle= < 1A Vallw +C 3 (1801
j=—1 i=0
< Cl| A1 Val|eo + CT(N)|jwllr
< Ol A—1w|lLee + CT(N)||w|r
< Cllw|lLre + CT(N)||wl|r -

Here we used Bernstein’s inequality and boundedness of the Calder6n-Zygmund operator
w — Vu in LPo. The inequalities (3.3)—(3.5) yield

|u(z) — u(y)] < C(llwlleo + lwllrT(N))]z ~ yl + C27VT(N)||wllr -

4¢ SERIE — TOME 32 — 1999 — N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 779

We choose N = [—log, |z — y|] (in case |z — y| < 2, otherwise choose N = —1). This
proves (3.1). It remains to prove (3.2). We have

oo
lullee < IA-vulle + Y 1A 0]l

3=0
S ”A_l’ll,”Loo + CZQ—j”A]‘w”Lw .
Jj=0
The second term is < C||w||r as follows from (3.4) for N = —1. To estimate the first
term we write for y € D(R™), x = 1 near the origin,
(3.6) [A_qullee < [I(XK) * AoswllLe + (1= X)K) * A_yw||Le

< IXKlle Az iw|Le + [[(1 = x)K[lLo [|A-1w]|Lro
< ClA_1w]lLro

since xK € L' and (1 — x)K € L% (qi0 + L =1). This concludes the proof.

Po
PROPOSITION 3.2. — Let w € LP° N LP* where 1 < pg < n, n < p; < oo. Then for all
z,y € R, |z —y| < 1 we have

(3.7) u(z) = u(y)| < Clz — y|' "7 |wllue
where C > 0 depends on n and p,

pPo(p1—m) p1(n—po)
(3.8) lulle < Cllwligee ™ llwllfsi =

Proof. — For any N > —1

N =]
lu(z) —u(y)] < Y 18u(@) - Aju(y)l +2 D 1Aullu~

j=-1 j=N+1
N [eS)
<Y A Vulslz -yl +C Y 27(|Aw]lpe
j=-1 j=N+1

N
<A Vull=|z =y + C Y A w]li=|e -yl

7=0
oo nj
+C > 27 A0l
j=N+1
N
< ClAwwllie o =yl + D 2P wllu |z - y]
7=0

+ Cz—N(l—%)“w“Lm
S C”W“LIM (ILE —_ yl + 2Nn/171 |$ _ yl + 2_N(1_%)) ‘

We choose N = [—log, |z — yl|]. This proves (3.7).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



780 M. VISHIK

To estimate ||u||L~ we proceed as in (3.6)

llulleee < (1 = X)K] Lo llwlleo + [XKllLa [lwllLes -
Replacing x(-) by x(-/R) and choosing the appropriate R yields (3.8).
ProPOSITION 3.3. — Let 1 < pg < n, w € LP°. Then u = K xw € Lnpo/(n=po) gpd
(3.9) llullnro/n=s0) < CllwllLro -

Proof. — Follows immediately from the Hardy-Littlewood-Sobolev inequality.

4. Action of volume preserving homeomorphisms on Br

t . . .
Let g : R* 223 R™ be a volume preserving homeomorphism. Assume there are decreasing

functions o, p : R — (0, 00), limg_,00 0(§) = 0, limg_,oo p(§) = 0, satisfying the following

(4.1) lg™'(2) = g7 ()] < cg10(=logy |z —yl) ;
(4.2) lg(z) — 9(y)| < cgp(—log, |z — yl) ;
(4.3) o) =27, p(§)=2"° for £<0;
(4.4) logy o(€) , logy p(€) are convex.

It follows from (4.3), (4.4) that
a)22"* , p€)22"*, (E€R.

We need the following technical statement which is the main ingredient of the proof of
the a priori estimate.

PROPOSITION 4.1. — Assume g, p, o satisfy the above properties and for m > —1

(4.5) fu(@) = ) ampp(2"z — k),
kezn
where
(4.6) sup |am k| <1,
keZn
[f_l(a:) = Z ar¥(z — k)] .
keZn

Then there is a constant v = ~y(n) such that for j < m

(4.7) 1A;(fm 0 97|l < C’c;‘-lc;‘+12"jp(m) .
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Proof. — We have

48)  Aj(fmog (@) =) amp2™ / e(2y)p(2mgH(z —y) - k)dy .

k

Since the statement is evident for j = m = —1,

[H zk: ap¥(z — k)”Lw < Cs%p Iak|]

we will assume that m > 0.
Let

(4.9) () = 27 / o(2y)p(@mg Nz — y) - k) dy

= / P(2™g Mz —277y) — k)p(y)dy ,

where we made a change of variables y — 277y. Then since [ (y)dy = 0,
(410) hym (2775 +g(27™F))
= / $(2"g7H 2T (x — y) + 9(27™k)) — k)e(y) dy

=< / * / )q(w—y)/olv<ﬁ(w+f(y—x))-(y—fv)dey

le—yl<lEl  |z—y>1g!

=I+J,

where
q(z) = (2" (2772 + g(27"k)) — k) .
We estimate I first.
Since ¢ € S(R™) we have for any real M

(411) < f gz — )|z ~ 4] / V(e + r(y - o)) drdy
lo—y|< 12l
<c / ()| |21 dz (1 + Ja])™ .

l2l< 2l

We substitute

(4.12) z=2(g(27™(w + k) — 9(27™k)) ;
92 ™ (w+ k) =272 +9(27"k) ;
(4.13) w=2"g" (2772 4+ g(27™k)) - k .
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Since ¢ is a volume preserving homeomorphism, for any real M;, M, and since p is a
decreasing function,

p o = 9l—mnti —m — o(2-™ ) duw
(4.14) ] </m la(2)] |#] dz = 2 /W%W(wmg(z (w+ k) — g2~ k)|d

s2<"‘"‘>"+jcg( [+ )|¢(w)|p(m-log2|wl>dw
wl<am  jwj>2m

< 9U=mnti, / () 27 ] duw

|w|>2m
)

207G, N p(m 4+ 027 (142707

b=—m
< Qe 2U=mnt)=mdMa 4 o oli=m)nti (9(0)2—(M1—n)m
+ p(1)2—(M1_")(m_1) + e + p(m)20
+p(m+1)27" 4+ p(m +2)27"
+---+p(m+E)2“"+---)
< O 2U-mn+)=md | (¢ oli=mn+i (p(0)2—(M1—n)m
+ p(1)2~Ma=—m)m=1) 4 . 4 p(m)go) .
LEMMA 4.2. — Let p be any function that satisfies (4,3),(4.4). Let M3 > My > 0. Then
p(0)Ma2mMom g p(1)Mag=Meln=D) g g p(m)Me20 < Cp(m)™
Proof. — Since log, p is convex,
p(0)Me27m M 4 p(1)Magm (DM g p(m) M2
< p(0)Me27m Mo - p(0) M p(m) M =mDMs g p(m)Me20

< p(m)M (1 - 2'M‘“p(m)_l‘”“/’")—1 :

But p(m) > 2™; therefore, p(m)'/™ > 1. This implies the statement.

ReMARK 4.3. ~ In particular,
o(0)Mag=Mam 4 5(1)Mag=Ma(m=1) 4 ... 4 5(m)Me20 < Co(m)Ms .
To continue the proof of the proposition we note that the right side of (4.14) is
< ch2(j—M)(n+1)-mMz + chz(j—m)nﬂ'p(m) < chz(j—m)nﬂp(m)
in case M, > 0.
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Choosing My = 0, M; = n + 2 we obtain from (4.11), (4.14)
1] < Ceg20™™"H p(m)(1 + |z])~™

We now turn to J in the right side of (4.10)

1
(415) I < / (@ — )| / dr|Ve(a +7(y — o) |y — 2| dy
0
Iw—ylzl—g—'
<c / (@ — )| |z — l(1 + |z — y)~* dy
Ix—ylzl;—'
since

/0 IVo(z +7(y—=))|dr < CL+ |z —y)~".

The right side of (4.15) after the substitution (4.12), (4.13) becomes

(4.16) <C / lg(2)] 2](1 + |2)M " da(1 + [2])~M

|2|> 12l
<c / la(=)[(12] + |21M) dz(1 + |a])
2> 12t
< C2G=mm / () [{27|g(2~™ (w + K)) — g(2~™k)|
+2MI|g(27 ™ (w + k) — g(27™ k)M } duw(L + [a]) M
copmmn( [ a [ )l (e otm - o o)

lwi>2m  Jw|<2m

+cM2Mip(m — log, |w|)M) dw (1 + |z)™™

< Cali=mr / () (277 eyl + 2407 e ] ) duw (1 + Ja]) =

w|>2m

o0

+ 020'—'")”( > {2‘"3(1 + 2787 Ms2ic p(m + £)

b=—m
+ 27 (1 427 Me2MI M p(m + Z)M}) (1+ |z])~™
< Cc;\/fz(j—m)(nﬂ)—Mem(l + |$D_M
+ (Ceg207mm 4 p(m) + Ol 207 +MI ()M ) (1 4 [a) =

< 02U=mm (cg2jp(m) + cf,"2Mjp(m)M)(1 +|z|)™™
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for appropriate choice of M5, Mg. Combining the estimates for I and J and using (4.10)
we obtain (m > j)

(417) 18;(fmo g ML < sup Y |am kl [hjm,x(@)|
Tk
< Kj,m SUD | k[ SUP Y (1 4+ 2|z — g(27™k)[) ™
k T &

< Kjm SUp Z(l + 29|z — g(27™k)|)™M ,
Tk

where

(4.18) Kjm = C2U~™n (cg2jp(m) + cf,”?Mjp(m)M) .

Next we have to take care of the sum in the right side of (4.17). Let z € R™ be fixed. Let
(4.19) Nz N =#{keZ"||lz—g2 k)| <A} .

Then,

; -M > .
(1200 3 (142l - g2 mR)]) = / (14 272)"MdN(z, \)
k —00
= M2 / (1+ 270 M 1N(z,\)d) .
0
We need the estimate for N(z, ).

(421)  N(z,\)<# {k €7 | g7 (&) — 27™k| < cpr0(—log, /\)}

=# {k €T |2mg (z) — k| < 2Mcg-10(—log, A) }
S C(1+2™"cy10(—logy A)?) .

Combining (4.19)-(4.21) we obtain
(4.22) > 1+ 2z - g27mk)) M
k
< Czj/ (1+ 220711+ 2™}, o(—logy A)") dA
0

<C+ ch_12m"/ 1+ X)) "M 155 —logy )" dA .
0

To estimate the integral we split
27 oo

(4.23) (/ +/ )(1 + X)"M=15(5 — log, A)™ dA
0 2i

<27 [ (4NN C Y o(G o2 (14270
27

< C27M 4 Co(j)" < Co(h)"

e=—j
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provided M is sufficiently large (M > n). From (4.17)~(4.23) and since o(j) > 277

(4.24) 1A;(fmog™) L= < G267 (c,27 p(m)+cM 2 p(m) ™ )(1427" ¢l 0(5)")
<O 20 (5) ey p(m) + 2T p(m)™) .

We now choose M = (n + 1). The right side of (4.24) is
< Cc;‘_lc’;+12(2"+1)jp(m) .

We set v = 2n + 1. This concludes the proof.

5. A priori estimate

Let T' be a function R — [1,00) satisfying the conditions (i)-(iii) above. Let
I'i(a) = (a+2)(a) for a € [-1,0), I'1(a) =1 for a € (—o0,—1). We assume

(iv) T'; satisfies the condition (iii);

(v) T'; is convex;

o) [ Ti(a)tda = .

The conditions (i), (ii) are automatically satisfied for I';. It is clear also that (ii)—(iv)
follow from one condition

lim essq ool (@)T(a)™t =0 .

Indeed, assuming this last condition, (ii) follows immediately while (iii) and (iv) are
verified using integration by parts in the right side of (iii) (also I' being replaced by I';).
For example, I'(a) = logs(a + 3), @ > —1, where k € (0, 1] satisfies all the conditions
(i)—(vi). So does I'(a) = log,(a + 3)log, logy(a + 5), etc.

We fix f € BrNLPoNLP* where 1 < pg < 2 < p; < oo and consider the Euler equation
for the vorticity of an incompressible fluid:

(5.1) Wz, t)=-(v,VIw= =Y 00w ; (z,t) € R* x [0,T1]
(5.2) v=K*w,
(5.3) w(-,0) = f(-) € BrnL» nL™

where K is the kernel in Biot-Savart law. We fix 77 > 0 and assume we are given a flow
(5.4) v(-) € K+ C([0,T}]; Br, NLP° N LPY) .

According to Theorem 3.1 the classical trajectories are well defined. Indeed, the conditions
of the Osgood uniqueness theorem are satisfied as follows from (vi). We refer to [CL] and
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[C1] for an appropriate version of the Osgood uniqueness theorem. Since divv = 0, the
corresponding flow is volume preserving.

We denote the flow by g,(t) = g(t), i.e.
(5.5) gv(z,t) = v(gw(z,1),%) ; gu(z,0) =1z, z €R%.

For any t € [0, T3], g,(-,t) is a volume preserving homeomorphism R2 25 R2,

Let A(t), t € [0,7]), 0 < T < Tj be a continuous positive nondecreasing function
defined as follows:

(5.6) =0\,

(5.7) A(0) = max(|lw(0)| 5, » 1)

The constant C' > 0 will be chosen later.

THEOREM 5.1. — Let f € Br NLPo NLP1. Let v(-) be a regular solution to (5.1)—(5.3)
satisfying (5.4). Let

(5.8) (a+2)"(a) < C forae a€[-1,00);

(5.9) | fll Bravronre: < C .

Then there is a T > 0, T < Ty such that
(5.9 lo@®llsr, <AE®), tel0,T].

Both T > 0 and the constant C in (5.6) that defines )\ depend only on the constant in (5.9)
and on T. In addition, w(t) is equimeasurable with f.

REMARK 5.2. — Obviously (5.8) implies (vi).
Proof. — We define first A(-) on the whole interval [0,T}] as follows:

)‘(t) = max( sup ““"Y(T)“Br1 ) 1) ’ te [07 Tl] .
0<r<t
Let Cy be a sufficiently large constant such that (see (3.7))

1
|lw(z) — w(y)| < Colz —y|, |z —y| > 3

for any w = K x f; where f; € LPo N LP! is equimeasurable with f. In particular

1
(5.10) [v(z,t) — v(y,t)| < Colz — 9|, |z —y| > 3 te0,T1] .
Also from (3.1) for Cy sufficiently large
1
(5.11)  |o(z,t) —o(y, 1) < CoA(®)Tu(=logalo —ylz —yl, o -yl <3
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We define
) AL, —oo<m < my
Fiim,t) =< 1+ (m+ 1) (-1+), m; <m< -1
Ty(m) , —-l1<m<oo

with m; = —1 — (1 — A(£)")T% (= 14) L.

Since '} (—14) > 1, we have —2 < m; < 1. It is clear that T'; is convex on R.
It follows from (5.10), (5.11) that

(5.12) [o(z,t) = v(y, )] < CoA®)T1(=logy |z —yl.t)le —yl,  x#y.

We estimate stretching in the flow given by the vector-field v(z,t), ¢t € [0, T3]
We denote by p(t) = p(m,t) solution to the Cauchy problem

(5.13) (m,t) = —Co(log, e) AL (u(m, t),1) , u(m,0) =meR.

The solution exists and is unique for all ¢ € [0,71] as follows easily from our construction
of Fl.

ProposiTION 5.2. — Let z,y € R, x # y. Then
|9 (t)z — gu(t)yl < 274C™D . te[0,Th]

where m = —log, |z — y|.

Proof. — Let £(t) = |go(t)x — go(t)y|. Then (5.12) yields

S(t) < lolou(07,0) ~ (g0}, 0)
< CoA(BT1(~ logy £(1), DE() -
Therefore, q i
(= logy £(1)) > ~CoA(1)(logs )T (~ o, €(¢), )

Since the right side is nonincreasing on R as a function of (— log, &(t)) it follows from
the Gronwall type of argument that

—logy §(t) = u(m,t),  t€[0,T1].

This proves the proposition.

PROPOSITION 5.3. — For any fixed t € [0,T}1] the function
m — p(m, t)

is concave.

Proof. — To simplify the notation we change time and reduce the equation (5.13) to
ﬂ(m, t) = _f‘l(u(m?t)at) ) /l'(mv()) =m.
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Let my,my € R, my # mo. For any 6 € (0,1)
(Ou(ma,t) + (1= B)u(ma, 1)) = =0T (u(ma, t), 1)
—(1=0)Ty (u(ma, 1), 1) < =T1(Ou(my,t) + (1 — 0)u(ma, t), 1) .
Hence,
—(Op(ma,t) + (1 = O)p(ma, t)) > Tr(0p(ma, t) + (1 — ) pu(ma, ), 1) -

Since the right side is a nonincreasing function of —(6u(mq,t)+(1—6)pu(me,t)) employing
the same Gronwall’s argument as before yields

—(Ou(my, t) + (1 — O)pu(ma,t)) > —p(@my + (1 — 0)ma,t) .

This completes the proof.
We now set

p(m,t) = 27#mH

It follows from Proposition 5.3 that log, p(m,t) is convex. For m < —2 u(m,t) =
m — Co(log, €)t thus p(m,t) = e“ot2™™,
We now set

|
pm.t) = SeWjm —2,1)
Co(t) = 4¢C0t

Then all the conditions for p at the beginning of §4 are satisfied for g = g,(%),
p(m) = p(m,t). In particular, (4.2) follows from Proposition 5.2.

There are similar statements concerning o. We just replace v(t) by —v(T1 —t), Iy (m,t)
by I'1(m, Ty — t), etc. Let n(m,t) solve the Cauchy problem

i(m, t) = —Co(log e)M(T1 — t)[1(n(m, ), Ty =), nm(m,0) =m .
ProposiTION 5.2'. — Let z,y € R", x # y. Then
|9—v(r ()2 = goo(z, -ty < 277t € [0,T]
where m = —log, |z — y|.
PROPOSITION 5.3'. — For any fixed t € [0,T1] the function
m +— n(m, t)

is concave.
We set

1
o(m,Th) = Ze_COTIZ"’(m_z’TI) .

Then (4.1), (4.3) and (4.4) are satisfied for g = g,(T1), o(m) = a(m,T), Cyg-1 = 4e%T1,
Replacing 77 by arbitrary ¢ € [0,77] we recover the desirable estimates for the
homeomorphism (g,(¢))~!.
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To continue the proof of Theorem 5.1 we have to estimate || fog, (t)~'||s,, fort € [0, T3].
ProposITION 5.4. — Let f, g,(t) t € [0,T}] be as above. Then

_ o (" A(r)dr
1f 0 gu(®) I, < ClIfIr2Sh X9 e o1y

Proof. — Let N > —1. We use the “wavelet” decomposition (1.2) and Proposition 4.1.
We have for arbitrary m > N (see (4.5)):

(5.14) ZIIA fogu)™H)llLe

Jj=-1

<Y Y 1A o gl

=—14=-1

N m oo
=3 (X4 X Jiton -
j=—1 M=-1 {=m+1

oo

m N
SCWN+2) Y Nfellie + Y C27 Y p(6,t) sup |ag|
=1 j=—1 t=m+1 kezr

< C(N +2T(m)|Ifllr +C2™N > p(e,1) Sup lak| -
e 4

l=m+1

We used in (5.14) that the constants cg, ()1 are uniformly bounded with respect to
t € [0,T1)].
The last sum in (5.14) requires some attention. We proceed as follows. Let

£

de = Z sup |a; x| .
keZn

j=-1
Then,
(5.15) ezgﬂ p(6,t) sup Jac
= Z p(4,t)(de — de—1)
l=m+1
= —dmp(m+1,6)+ Y (=p(l+1,t) + p(£, 1)) dy
l=m+1
< —dmp(m+1,8) +||fll0 Y (=p(L+1L,) + p(¢,8))0(E)
Z—m+1 41
< dppm 10+ [l 3 | —oestenae e
=m+1
< —dplm+ 1)+ Cllflle [ =0cp(6 OT() de
m+1
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since I' satisfies (ii). Since (5.8) is satisfied we can estimate the integral in the right side
of (5.15) as follows:

| -otenreae

m+1
<C [ Oep(€ - 2,027 HE2IT(¢) de
m+1
=C Beu(€,1)27HENT (€ + 2) d¢
m—1
<C Bep(€,£)27HEND () d¢
m—1

=0 [T (e ) du

(m—1,t)

We have from (5.13)

t
(516) O =T = Collogy) | AR (W(r)Fa(u(r). )
This combined with (5.8) yields

I() < ()28 e X9

Hence,
[e o)
(5.17) > p(e,t) sup Jag]
Panatf] kezn

< O (1528 o 2O 4 (my2-mem=1
< C||f||r2cf0 MO (m)p(m + 1,1) .

The choice of m in (5.14) so far was arbitrary. We now choose m so that (assuming N > 1)
(5.18) p(m —1,t) > YN > p(m —2,t) .
As follows from (5.17) the second term in the right side of (5.14) is
(5.19) < Ol r2° S XD ()
We have to estimate I'(m) as above

D(m) < T(u(m, )26 12O
Furthermore, in general, for all m

Omp(m,t) < 1.

4° SERIE — TOME 32 — 1999 — N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 791

Therefore, using (5.8)

(5.20) T(m) < CT(vN)2C Jo X4
< CF(N)ZC'J:)\(T)dT .

It follows from (5.14), (5.19), (5.20) that for N > 1

N t
(5.21) S 18s(f 0 g Bl < CTi (M flIr2 o X
j=-1
This concludes the proof of the Proposition.

We can now finish the proof of the Theorem. Let ;\() satisfy the following ordinary
differential equation:

(5.22) X=CX, A0)=X\0), te[0,T],

where the constant C' is sufficiently large. The time T' > 0 is chosen to be less than
the blow-up time for (5.22). Then (5.9') is satisfied because (5.21) implies A(t) < A(%),
t € [0,T]. In addition to this f o g,(t)~! is equimeasurable with f.

This concludes the proof.

We now give an a priori estimate on an infinite interval.

THEOREM 5.5. — Let f € Bp N LP° N LP* where T satisfies (i)~(v). Let v(t) be a regular
solution to (5.1)-(5.3) such that

v(+) € K % Cloc([0,00); Br, NLPO NLPY) .

Assume
(5.23) I(a)l(a) <C ae a>-1;
(5.24) 1l Brarronres < C' .

Then there exists a positive continuous nondecreasing function \(-) on [0,00) such that
(5.25) lw@®llBr, <A®),  t€][0,00)

This function depends only on the constant in (5.24) and on T'.
Proof. — We have from (5.16), (5.23)

(5.26) T(6) < T(u) + C /0 A(r)dr .

Therefore,

6 [ a0 < optm+1.0{ om0 + | A7) ar}.

m+
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This yields

[ee)

> o6, sup faeal < Clfleptm + 1,0{ Mt ) + [ Ar)ar}

=m+1

We choose m so that (5.18) is satisfied. Then the second term in the right side of (5.14) is

(5.29) < Ol {elutm, ) + [ 2w ar)
< clsliefran + [ amar}

Using (5.26), (5.28), (5.14) we get for N > 1

N t
S 185(f 0 0ul) >||stcnf||rzv(r(zv>+ / A(r)dT)

j=—1

<o(i+ [A@ar)ileri)
We fix an arbitrary 7' > 0 and choose A to satisfy the initial value problem
X=Ch, \N0O)=C, telo,T],
where C is a sufficiently large constant. Then
£ 0 gu®) B, AR <AE®),  te[o0,T].

This concludes the proof.

ExaMmpPLE 5.6. — The function
I'(a) = logs (o + 3) , a>-1

satisfies (5.23) for 0 < & < 1.

6. Commutator estimates

Let u be a vector field, divu = 0, u € L, Vu € By. Let the function II : R — [1, 00)
satisfies the conditions (i)—(iii) above. Let (e.g.) w € L°*°. We define as in [BC] for j > 1

Rj(’ll,, w) = Aj(u, V)w - (Sj_gu, V)A]w .

We use the normalization ®(¢) + Z;’;O @(279€) = 1 with the same conditions on the
support as in §1. Then —®(£/2) + ®(¢) = &(¢).
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For |j — j'| > 2 we have A;Aj; = 0. We also use the standard notation (when a and
b are functions or distributions)

Tb= Y S; 208b;

j=—1

R(a,b)= Y Ajaljb.

li—3"1<1
Then Bony’s [B] formula (see also [M1]) reads

a-b=T,b+ Tya+ R(a,b) .

THEOREM 6.1. — There is an absolute constant My so that the following inequality holds
true:

(6.1) I1B;(w,w)ll=<C " {IISy-2Vulle Azt +]1S5 -2 Vull Al }
3" —31<Mo

. / v
+02 Y 2778y Vallie [ Ajnwlle

3'2j=Mo
l5'=3"1<1

When j' = —1 the factor ||AjVul||L~ in the last sum ought to be replaced by ||A_jul|pe.

Here and below the notation Y is to indicate this convention: ||A_ju||p - instead of
[|A_1Vu|| (also for u;,w in the next section).

REMARK 6.2. — The first term in the first sum could be estimated as follows:
1Sy —2Veolle= | A ulle < OISy —awllim 1A, Vullie , 5> 1.
Notice that both the left side and the right side vanish for 5/ < 0.

Proof. — The proof will follow very closely the arguments of H. Bahouri and J.-Y. Chemin
[BC]. We have

(6.2) Rj(u,w) =Y Ri(u,w),
=1

where

r

Ri(u,w) = Z ATyt
R2(u,w) = =Y [Tu, 0k, Ajlw
(6.3) 3 k=1

R3 ’U, w) ZTuk -5;_ 2uk8kA iw

k=1

R} (u,w) = > {A;R(ug, Ow) — R(Sj_aur, A;Opw)} .

\ k=1
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Indeed,

Aj(u, V)w = Aj Z ukakw

k=1

= Aj Z {TBkw'ka + T, 0w + R(uk, ak’w)}
k=1
fu,w) + 7 (T, 08w + A R(ur, dw) )
k=1

R
Rﬁ(“» w) + Z {Ts, _yu. 0k jw + AjR(uy, rw)}

k=1

2
=1
3
=1

4 n

= Rf(u, w) + Z{Tsj_2uk6kAjw + TakAijj—2uk
=1 k=1

+ R(Sj_Q’uk, Ajakw) - TakAijj—Quk}

4 n

== Z Rg + (Sj_zu, V)A]w - Z TakA].ij_Q’u,k .

=1 k=1
We claim the last term is vanishing.
Indeed,

ZTBkAijj—2uk = ZZ Sj/_gakAj'w . Aj/Sj_guk .
k=1

k=1 j'

The second factor vanishes for j' > j. The first factor vanishes for 5/ < j. This proves
(6.2). We estimate the terms in the right side of (6.2) in L. We have

Ri(u,w) =Y A; Y Sji 20wl jrux .
k=1 g
All the terms in this sum with |j — j'| > M, vanish. Hence,

(6.4) IR} (w,w)llee <37 D0 ISi—28kwll=l|Aj uell -

k=1|j'—j|<Mo

We may assume j' > 0 in the right side of (6.4) since otherwise S; _.0,w = 0. Hence,

(6.5) 1A urllLe < C277(|Aj Val|pe
Also
(6.6) 181 —20kwllLe < C2||Sj—sw|l= -
The combination of (6.4)-(6.6) yields
6.7)  |IRj(u,w)||le < C 1S5 —2Vwl| e || A jruf| Lo
|3 —=31< Mo
<C Y Siowllie|lA Vulle , 52 -1,
|3"=71<Mo
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We now study RZ(u,w)

Rjz(u, w) = — Z Z[Sj:_zukakAj,, A]]w

7' k=1

= - zn: Z[Sj/_g’u,k, Aj]BkAj/w

k=1 j’

= — Z Z [Sv_guk, Aj]ak.A]'/w .

k=1 |j'~j|<Mo
We use as in [BC] the following explicit representation of the operator in the right side

R} (u, w)(2)

==Y Y 2jn/<P(2j(33 = Y))(Sir—2ur(x) — Sjr—2uk(y))0cAjrw(y) dy

k=11j'=j|<Mp

=— Z Z 27 (n+1) / (27 (z — ) (Sj—2ur(w) — Sj—2ur(y))Ajw(y) dy

[3'=31<Mo k=1

since divSj_ou(y) = Sj_odivu(y) = 0.
Applying the Taylor’s formula we obtain

R?(u, w)(x)

== 3 e [opie-y)

|3’ —3|<Mo k=1
nooel
S [ Sy-atmunte + (0 = ) (o = ) A7 0(0) dy
m=170
n n 1 . .
=- Z Z Z /8k<p(z)zm/3j:_28muk(x —12772)Ajw(z —2772)drdz .
15— < Mo k=1m=1 0
Minkowski integral inequality yields:

(6.8) IR (u, )l <C D D" > [1Sj—20mullie | Ajwll

m=1 k=1 |j/—j|<Mo

<C Y ISi—2Vullie |AjwllLe -

|3 —31<Mo

Next we estimate the term Rg?(u, w). The argument similar to the one used for R} leads
to the estimate

j
(6.9) IR (w,w)l| S C Y NAnVulleAjwllie ,  §> -1,

m=j—1
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except when m = —1 the factor ||A_;Vu||L~ ought to be replaced by ||A_ju||L~. We
now turn to Rj(u,w):

4,1 4,2
(6.10) R (u,w) = R} (u,w) + R} (u,w) ,
(6.11) Ry u,w) = A0k R(ug — Sj—pux, w)
k=1
(6.12) R?'Z(UJU) = Z A R(Sj-2uk, Oxw) — R(Sj-2uk, A;0kw) .
k=1
We have:

R41 u w) ZBkA z A uk - ] zuk)A inw .

k=1 13 —3"|<1

Therefore,

(6.13) IR} (w,w)fli= < C2 Y- Yo Al A wl

i'2j—Mo |j'—j"|<1

<c? Y Y 27AyVulus Al

3'2j—Mo |j'=j"|<1

except when j/ = —1 the factor ||A;/Vu|lL~ ought to be replaced by ||A_ju|lp-. We
now estimate the term R;’z(u,w):

R} (u,w) = Z > {Aj((Aj'Sj—zuk)'Aj“akw)

k=1 |j'—j"|<1

(6.14) - (A Sj guk)(AjnAjBkw)}

Z Z Z [Aj, AjiSj_aur]AjuOrpw .

k=1 j—12j'2j—-Mo |j'—j"|<1

Using the explicit integral representation as above and proceeding as with the term R?
we arrive at

(6.15) IR} (w,w)llLe <C Y 147852Vl |4 jnw]|Le

3" =31< Mo
l5'=3"1<1

/
<SC Y 1Ay Vullie 1A w]l

13" =31< Mo
l3'=3"1<1

Adding up the estimates (6.7), (6.8), (6.9), (6.13) and (6.15) and using (6.2), (6.3),
(6.10)—(6.12) yield the statement of the Theorem.
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7. Uniqueness theorem

797

Let II be a function R — [1,00) that satisfies the conditions (i)—(iii) above. In this
section the dimension n > 2 is arbitrary.

THEOREM 7.1 (Uniqueness theorem). — Let the following conditions be satisfied:

(7.1)

(7.1)

/ H(a) 'da = o0 ;
1

II(«)2™ is nonincreasing for a« > C , lim II(a)27* =0.
a—0o0

Let for t € [0,T), ui(z,t), ua(x,t) be two vector fields in R™ and wy » = curluy 5. Assume

the following:

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)

wy 2 € L=([0, T L7) , [lwr2()lln € L=([0,T7) ;

Ui2 = K w12 ;

divu; 2 =0;

111,2 = —(U1,27V)U1,2 - V1)1,2 3

w1,2(-,0) = f() € BpNnLPe R

where py € (1,n).
Then, u; = uy on [0,T).

Proof. — Let w = u; — ug, w = curlw, p = p; — pa. Then,

(7.7)

(7.8)

(7.9)

Note that w € L>(R™ x [0,77]) as follows from (7.2), (7.3) and Theorem 3.1.

w = —(u1, V)w — (w, V)us — Vp , t€0,7];
divw =0 ;

w|t=0=0.

It follows from (7.7) that for any 7 > —1

(7.10)

Aj’li) = - (Sj_g’ul, V)A]"U) - Rj(ul, w)
- (S]‘_Q’w, V)AjUz - Rj(w,’ltz)
- A]Vp .
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We have according to Theorem 6.1

(711) IR w)le <C Y {852V e l|Awll

|5"=3I<Mo
+ 18 -2 Vull 145wl }
. / »
+C2 > 2778y Vuflu= |4 jrwllL

3'2j=Mp
l3'=3"1<1

where 3’ indicates the same agreement as in Theorem 6.1.

Likewise,
IR (w,ua)lle <C > {lISj—2Vwllee||Arua|ee
1/ —31<Mo
(7.12) + 18— Vg ||Leo [| A jrw]| e }

. ’ .

+C% Z 277 ”Aj'vw”LN“Aj“UzHLoo'-
§'>j—Mo
5 =5"1<1

We have to estimate A;Vp.
Taking div of both sides of (7.10) we get

(7.12") AjAp = —divR;(u1, w) — divR;(w, us)
- tI‘(VA]”U} . VSj_gul) - tI'(VA]'UQ . VSj_Qw) .

Here A in the left side stands for Laplacian and we have used the solenoidality condition
for w and wus.

We consider two cases.

Case 1. 5 > 0. Then from (7.10), (7.8), (7.12') since

—VAp(x) = Fe_a(i€]€]72(A;Ap)"(€))

we can use a standard Littlewood-Paley argument in conjunction with the Bernstein’s
inequality and arrive at

(7.13) 14;VpllLe < C||R;j(ur, w)|[Le + C||Rj(w, uz)||L~
+ 02_j||5j_2VUI”L°0”A]‘vw”Loo
+ C277||S—a V|| || A; V|| Lo
< C||R;(u1, )|l + C||R;j(w, u2)||r=
+ C||Sj—2Vur||lLe || Ajw]|L~
+ C|Sj—2 V| |Le | Ajusl|Le
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Case Il. 5 = —1. Then from (7.7) applying the Bernstein’s inequality, choosing arbitrary

p2 € [n—"_%, o0) and using boundedness of H. Weyl projection onto gradients we get

(7.14) A1 Vp|lL= < ClJA_1Vp]|Lrs
< _
<S C” ;&A_l{ulkw + Wkuz}HLM

S C||A_1(u1 ® w)HLP;) + C||A_1(w ® UQ)HLPZ
<C Y (lAjualles + 1A uzllue)[[ A we .

|3 =3"|< Mo

We now fix an N > —1 and estimate the sum

N N
(7.15) Y IR (un, w)llie + Y 1Ry (w,ua)lee

j=—1 j=-1

N N
+ 1A VPl + D 11(Sj—0w, V)Ajus|le = Q1 + Qo + Qs + Q-

j=-1 j=-1

We will prove below that
Q; <CUWN)wllpo,,»  J=1....4.

Here the norm in Besov space BY,, is defined as follows:

B = {“’ ey ‘ lwllse , = D 14wl < oo} :

j=-1

The inequality (7.11) yields (see Remark 6.2)

N
<0y > ISy aVuillie 14wl +1S; -zl 1Ay Vur 1~ |
J==113"=j|<Mo
(7.16) N , .
+CY Y Y 27A Vurll [ Agewlly-

J==1  §'>j—Mo
i7" <1

The first sum in (7.16) can be taken care of as follows. Using (7.2), (7.3) and Proposition 3.3
we obtain:

N
717) S S {ISi—aVaulle= 1A wlle + 1Sy —swll 1A V[l }
J==1]3'—j|<Mo
N+Mj

SC’( sup I|Sj'—2VU1||L°°) Z 14wl

—1<j'<N+My ji——1
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N+My
+0(Z ||Aj'w1nw) sup (1S —qulli~
= 15 SN+ Mg
N+M,
< Cllorllarro TN + M) S 180~
jr=—1
N+M, ’

<CIN) > Ajwlee -

i'=—1

We now turn to the second sum in the right side of (7.16)

N
. / .
(7.18) Y 20 > 277 A; V[l || A w]lie

j==1 j'>j—Mo

l7'=3"1<1
oo min(N,j"" +My+1) . ,
SC Z ”Ay/ﬂ}“Loo( Z 2]_'] ) Z HA]!VU,]“Loo
= j=—1 ' —571<1
, oo
< CgmintNa) =" Z ||Aj'VU1HL°°( Z ||Aj"w“Lw> :
|j/_j/l|£1 j//:_l

We estimate the coefficient in front of Z;’?,zl |Aj#wl||L~. We consider two cases. In
case j/ < N

. .11 .r1 /
(7.19) min(NI=3" N A Ve < CTI(N)||wi]| BanLre < CTI(N)

i 3" |<1
In case j” > N
(7.20) 2N=" EI 1A V||
[37=3" <1
< C2V T |wr || e
<cavnry <o [ ovene dg
N
< CTI(N) .

The combination of (7.18)-(7.20) yields

N oo
. ! .
(721) Y2 > 27A Ve A jrwle < CTIN) D [[Ajw]lee
i==1 §'2j-Mo j=-1
i3 1s1

It follows from (7.16), (7.17), (7.21) that

(7.22) Q1 < CI(N) > ||Ajw]|L .

j=—1

4° SERIE — TOME 32 — 1999 — N° 6



INCOMPRESSIBLE FLOWS OF AN IDEAL FLUID 801

We now estimate ()». From (7.12)

N
(7.23) 2<cY 3 {ISrawliella; Vule

J==115'=j|<Mp
+ 11852 Vugllees [ Ayl }

N
. / .
+C Z 2 Z 277 ||AJ"V"U||L°°||AJ'"U2||L°° .

i==1  j'>j-Mo
li'=3"1<1

We take care of the first sum in the right side of (7.23) as follows:

N
(724) > Y ||5"—2w|lL°°||Aj'VU2HL°°+||S"—2VU2||Lm||Aj'w||L°°}

i=—11§' =< Mo
N+M,
so( sup ||Sj'—2’w||L°°> S 118y Vgl
~1< <N+ M, Pl
N+My
+C< sup ||S"—2VU2“L°°) > 1Ajwllie
—1<<N+M, =
N+M,
<CI(N) Y (18w
ii=—1

using the same argument as in (7.17). To estimate the second sum in (7.23) we notice that

N
. / »
Z 2 E 277 ||Aj’vw||L°°||Aj"u2”L°°

==l j'>j-M,
l3'=3"1<1

N
<C > 2 Y AjwlellAj -

j==1  j'>j-Mo
i =3"|<1

(7.25)

oo min(N,5' +Mo)
<cy nA,vwan( ) 2]) S A
=1 =1 g =3'I<1
oo
<C Y A wllie2™ ™) N || A gl
j=-1 [7"—=3'1<1

In case 5/ < N,
(7.26) 2mn )N | Ajeusl|ie < O 27T wsl Byries

3" =3"1<1

< CTI(N) .
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In the opposite case ;7' > N,
23T Agualliee < €2V w2l mrue

|5 =3"1<1
7.27 M o
(727) <oring)<c [ 2N
N

< CII(N) .
We conclude from (7.23)—(7.27) that
(7.28) Q2 < CTI(N) D [|Aw]|re -

=1

We turn now to (3 in the right side of (7.15). From (7.13), (7.14), (7.15), (7.22), (7.28)
[notice that the last two terms in the right side of (7.13) are already present in the estimates
(7.11), (7.12) for ||R;(u1, w)||Le, ||R;j(w,us2)||L=] We obtain:

(7.29) Qs < CI(N) > [|AjwllL= + C|IA_1 V|l

j=—1

< CI(N) Y |Ajwl|pe -
j=—1
Indeed, the factor in the right side on (7.14) is taken care of as follows:
”A]’lullle + ”Aj/Ug“Lpz S C|IU1||LP2 + C”u2||LP2 .
We choose p; = 2% Then from (3.9)

n—po
HULQHLIJQ S C“wl,QHLPo S C .
N
(7.29) Qa < Y [ISi—awlle12; Vsl
j=-1

N
< sup IS awllie Y 14 Vsl
—1<5&N

j=—1
N-2

< CI(N) Y llAjw]e~

j=-1

< CI(N) Y 1Ajw]pe -

j=—1

It follows from (7.15), (7.22), (7.28), (7.29), (7.29’) that

N N
(7.30) D IR (ur, w)llue + Y 1R;(w, )|l
j=-1 j=-1
N N
+ ) 1A Vplles + D [1(Sj—aw, V)Ajus|p
j=-1 j=—1

< OI(N) Y 14wl -

j=—1
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Solving the equation (7.10) along characteristics and using (7.9) [A;w|;~o = 0] we obtain,
for any ¢ € [0,7] and any j > —1,

(7.31) [|Ajw(t)l|lL= < C/O {”Rj(ul(T)aw(T))”L‘” + (1B (w(7), ua (7))l

18, 9p()lm -+ 1(S5-20(r), V)Aua(r) o | dr -

We have for arbitrary ¢t € [0,T], N > —1

oo N oo
(7.32) Yo IAwBlie = D 1Awd) = + D I1Ajw(t)lli=

j=—1 j=-1 j=N+1

< S A wt)le +C Y 27A; Vw(t)||L- -

j=-1 J=N+1
We estimate the second term in the right side of (7.32). Let

(7.33) dm = 3 118,V (t)]l~ .

k=—1

Then, from (7.2)

(734) S 279 A Vut) e = Y. 279(d; — dja)
J=N+1 J=N+1
=270y + N (277 — 270t g,
j=N+1
<C > 2VHG) w®)llzaner
J=N+1
< C27MII(N) .

Using (7.30)—(7.34) we get:

135 3 e < OW) [ 3 18w dr+ 02 VIN)

j=-—1 j=-1

We denote by ((t) the following function on [0, T

(7.36) () = / S 118l dr -

j=—1

Since

Ajw(- wH <CH : ” Ollwllieto.11100) < C
Uj;lu 0Ol |, o < O] _ o+ Clllimgomar < €
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¢(t) is monotonically nondecreasing absolutely continuous function. Since {(0) = 0 there
exists a o € [0,T] such that

¢(t)=0o0n[0,%] ; ((t)>0on (to,T].

If to = T then the uniqueness follows. Therefore, we assume t, < 7. Let ¢ be small
enough so that ¢y + & < T and ((¢) < 27171 on (¢, %o + ). We will choose M, later.
For any t € (to,to + €) we choose N in (7.35) as follows:

N = [~ log, ¢(t)],
where the square bracket means the entire part of a real number. Then (7.35) implies:
(7.37) C(t) < CTI(=log, (1) - ¢(1) ,  ¢(0)=0.
Notice that from (7.1)

1/2 0o
[ =105, 071 = Glogy ) [ Ti(@)H da= o0
0 1
Therefore, the Osgood uniqueness theorem applies to the initial value problem
(7.38) 0(t,6) = CI(—logymn ,  n(te,8) =6 ,
where 6 > 0 is small. The solution 1 exists on (o, %o + €) and depends continuously on
the parameter §. The simple Gronwall’s argument now works for comparison of ¢ and 7.

Then ((t) < n(t,é) for sufficiently small ¢ and for all ¢ € [tg,to + €). For otherwise let
t1 = Milyep, t04e) 1t | () = n(t,6)}. From (7.37), (7.38)

(7.39) () <C / I(— log, C())C(r) dr
<5+C /t " T(= log, 7(r, 6))n(r, 6) dr = n(t1, 6) -

We have to use in (7.39) that the function ¢ — II(— log, ) is monotonically decreasing
to 0 as ( — 0+. This is just a reformulation of (7.1").

We choose M in such a way that II(«)27 is nonincreasing for a > M;. Now (7.39)
contradicts the definition of ¢;. Passing to the limit as § — 0+ we have to conclude that
¢ = 0 on [tg,to + €). But this contradicts the definition of . The proof of uniqueness
is now completed.

COROLLARY 7.2. — Assume (7.3), (7.4), (7.5). Let, in addition to this,
wi2 € ([0, T); L) 5
llw,2(:)llbmo € L=([0,T7]) ;
wi,2(-,0) = f(-) € bmonLPe |
where py € (1,n). Then uy = us on [0,T].
Proof. — Let II(N) = (N + 2), N > —1. Then bmo — By. But

/ (N +2)7'dN = 00
1

so (7.1) is satisfied. Condition (7.1") is satisfied as well. Therefore uniqueness follows
from the Theorem 7.1.

REMARK 7.3. — The same proof works for the space A = Bgoyoo replacing the space bmo.
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8. Construction of the flow

In this section n = 2. Let I' satisfy the conditions (i)—(v).

THEOREM 8.1. — Assume (5.8). Let
(8.1) feBrnlrenlr 1<pg<2<p <o0.
Then there exists a T > 0 and a solution w(-) to the Euler equations

(8.3) u=Kxw, divu=0,

satisfying the following condition
(8.4) w(-) € L=([0,T]; L7 n L) N C+ ([0, T); Br, ) ,

where C,+([0,T); Br,) stands for the space of weak* continuous functions with values in
Br, in the sense of duality H{. = DBr,.

1

THEOREM 8.2. — Assume (5.23), (8.1). Then there exists a solution
w(-) € Lig([0, 00); L7 N L7*) N Cu» ([0, 00); Brr, )

to the problem (8.2), (8.3).

REMARK 8.3. — The solution w(-) in both theorems is unique provided (7.1’) is satisfied.
Indeed, (5.8) implies (7.1) and uniqueness follows from the Theorem 7.1 with II = I';.
Likewise (5.23) implies (7.1) with the same II.

ReEMARK 8.4. — See the definition of Hr, in Section 1 (also the Proposition 1.6).

To construct the solution in Theorems 8.1, 8.2 we use approximation by regular solutions.
We need therefore the following result.

THEOREM 8.5 ([C1]). — Let n = 2, p € (1,00), f € NusoA” N LP. Then there exists
a (unique) solution

w(+) € Nr>oLig([0,00); A" N LP)

to the problem (8.2), (8.3).
Here A", r € R denotes the Holder space. For convenience we recall the definition.

DerINITION 8.6. — Let » € R.
A" =Bl = {7 €S| Iflx = sup 274~ < oo} .
>

In particular for » > 0, A" C L*°.

ProposiTiON 8.7. — For r > 0, A" C Br.
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Proof.

N N
SoA e < 3 27 fllar < (- 27) I fllar SCT(N), N >-1.

j=-1 j=-1

Proof of Theorem 8.1. — We construct for any m > 1 the solution
(8.5) wm(+) € NrsoLige([0, 00); A" N L)
provided by Theorem 8.5 such that
(8.6) wWm(0) = Sif € NysoA” .

It follows from Littlewood-Paley theory and (8.1) that

(8.7) lwm(O)llLeo <C 5 Nwm(0)||Lrm < C .
We also have

N
(83) o (O)llr = sup 3 18500 (0) 1= L(N) ™"

But A;S,, =0for j > m+2; A;S,, = Aj for j <m —2 and in any case
(8.9) 18;Sm fllLe = 1SmA; fllL= < CllA; fllLe -

Using properties of I' we conclude from (8.8) that

(8.10) lwm(0)lIlr < Cllfllr -

In addition (8.5) together with Proposition 8.7 imply

(8.11) wm(+) € Lige([0,00); Br,)

From Theorem 5.1 using (8.7), (8.10), (8.11) we find a T > 0 and a constant C > 0
independent of m such that

(8.12) ||wm||Loo([o,T];LPmLP1) <C, “meL‘”([O,T];Brl) <C.

Let m > ¢ > 1 are two indices. We use the estimates of §7 where by abusing notation
we set II = I'y,

(8.13) U = K *w, , w=Kxwp,

(8.14) W= Uy — Up = K % (W, — wp) -

The estimate (7.31) ought to be replaced by

E15) A0 < 1800 +C [ {1y () 0(r)
IR (), el + 18,07
+ 11(85-2w(r), V)Ajue(7) |-  dr
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since Ajw(0) does not have to vanish. Combining (7.30), (8.15), (7.32)—(7.34) yields:

(8.16) ST lIAw®) e < S 1A w(0)]|L

j=-1 j=-1

t oo
+ CTI(N) / S Al dr + C2-VTI(N)
(Ot
for any N > —1.
We use the same function ((¢) as in (7.36). The estimate (8.16) implies

(8.17) () < 3 11A;w(0) [ + CT1(—log, C(£))C(2)

j=—1
for ¢ € [0,T] by making the same choice of IV as in §7.
We now observe that

(8.18) fme = Y 18wO0) Lo = D IIAK * (S = Se) fllL=
j=—1 j=-1
=) IAKx Y A flu
j=-1 q=0+1

<Y Y KA

g=t+1|j—q|<1

<O Y KA fls

q={+1

<C D 27 A fllLe -

g=(+1

Let dpy = > 1 [|A; fllL=. Then (8.18) implies

J==

(8.19) Fmg S C Y 27(dg — dgy)

q={+1

=-C27"d,+C Y 27774,

q={+1
<cy rm@so[ 2Te
q=0+1 e+l
<C2 T .

In (8.19) we used properties of I'. Integrating both sides of (8.17) and using (8.18), (8.19)
we obtain

((t) < C2T(8) + C / Ty (~ log, ¢(r))¢(r) dr .
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Using monotonicity of I';(—log() - ¢ for small { > 0 as in §8 we apply a similar
Gronwall’s argument to conclude

(8.20) ((t) <nt,C27T(0),  telo,T].
Going back to (8.17) and using again (8.18)—(8.19) and monotonicity of I';(—log() - ¢
for small {( > 0 we obtain
t
{(t) <C27T(0) + C/ I‘l(—log2 n(r, CQ'ZI‘(K)))
0
(T, C27 T (0))dr,  te[0,T].

Therefore, {un,(-)}oe—; is a Cauchy sequence in the Banach space L>([0,77]; B, ;). We
remind that the norm in the Besov space BY_ , is defined as follows

oo,1
o0
B, = {“’ €S |lwlpe , = Z |Ajw]jLe < oo} )
j=—1
Therefore, there exists a strong limit in L>°([0,T]; BY, ;)

(8.21) U — u € L([0,T); B, ;) as m — oo .

00,1
We claim now that in fact w = curlu satisfies
(8.22) llw()lIr, € L=([0,T7)

Let N > —1 be an arbitrary integer.
Consider the seminorm on L>([0,T]; BY, ;)

N
pn(@) = || D 1A00) -

= L= ((0,T1)

Obviously pn (um —u) — 0 as m — oo. On the other hand, from Bernstein’s inequality

N
(8.23) [ 2 1 =)0l e oy < 02 on = ).
Hence,

N N
(829 | 32 hson i = 32 18],

<| i | 185wm (e = 12850l |
j=-—1

Le=([0,77)

<| i 18 (@m = @)l |

= L (0.7)

< C2Y oy (U —u) = 0 as m — oo,
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where on the last step we used (8.23). From (8.12) we have

(8.25) Y lAjwm(®)lle < CT1(N),

j=—1

where the constant C does not depend on m. Passing to the limit as m — oo in (8.24)
and using (8.25) yields

N
Aje (o | < CTy(N) .
| 2 1aseOles]| o, < D)

j=-1

This implies (8.22).
In fact since {w,} is a Cauchy sequence in C([0,T}; BY, ;) this argument shows that
w(t) € Br, for all t € [0,T]. We note that (8.21) implies

(8.26) U — u strongly in L®(R? x [0,T]) N C(R? x [0,7]) .
We have in addition the following facts after possibly choosing a subsequence

(8.27) wm — w weak* in L°°([0, T); LP°) and in L>°([0, T]; LP*) ;
(8.28) Um — G weak* in L>°([0,T]; LP°) and in L*°([0, T]; L*) .

Let p € S, divp = 0 is a test function. Also let § € D([0,T')). Then, by construction

(um(o),p)9(0)+/ (um(T),p)é(T)dT+/ (U (T), (um(7), V)p)d(T)dT =0 .
0 0
We have (u,,,(0),p) — (K * f, p) as m — oo because of (8.1), (8.6). Also from (8.26)
[ twntnmpirrdr = [ i) pécryar
OT ° T
/0 (U (T), (um(7), V)p)8(7)dT — /0 (u(T), (u(1), V)p)0(r)dr as m — oo .

Therefore, the limit u satisfies the Euler equation and the initial condition

{iL: —(u, V)u— Vp ,
divu =0, uw(0)=Kx* f.

The remaining part of the proof is contained in the following Lemma.

LemMa 8.4. — The vorticity constructed above w(-) is weak* continuous with values in
B[‘l = H ]{—\1.

Proof. — Since ||u — || c(o,71;8° ) — 0asm — oo we have
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Let h € Hr,. Consider the function t — (w(t),h) = @(t) on [0,T]. Let pn,(t) =
(wm(t), h). Then, for any ty € [0,T]

(8.30) o(t) = @(to) = (¢ = om)(t) = (¢ = om)(to) + (Pm(t) — om(to)) -
For a fixed m om(t) — @m(to) — 0 as t — & since ¢ — w,,(t) is (strongly) continuous

with values in Br,. To obtain the statement of the lemma we estimate the first and the
second term in (8.30). We have

(¢ = em) ()] < K@ = wm)(t), h = B)| + [((w = wm)(8), D]

where h € Hr,.
We choose h € B! 1451 SO that

(8.31) Ih—hlg <« -
Obviously Bj, s, C Bi . C Hr,. Indeed, if
14, flls < €277 = C277T1 ()1 ()™,

this implies

Iflg<C > 27T <C

j=-1

according to (ii)-(iv). It is clear that B11 146-1 is dense in Hr, since it contains all functions
from L! with a bounded Fourier spectrum.

Since [|w(t)||ry, ||wm(¢)|lr, are uniformly bounded on [0, 7],

(8.32) [{(w = wim)(t), h — h)| < Ce .
Also, B;Ofl — B;}’Hé and thus
(8.33) [((w — wm)(2), B>| <COllw - wm”C([O,T];B;l‘l)”i"llBiHﬁ_l .

We need here the duality (B%,H—é—l)/ = BO_0171+6 (see e.g., [P], [Tr]). We now fix any § > 0
(say 6 = 1). For any € > 0 we choose h to satisfy (8.31) and using (8.29) choose m so
that the right side of (8.33) becomes < «.

Then from (8.31)—(8.33) limy_.+, |¢(t) — @(to)| < Ce. This concludes the proof of the

lemma.
Theorem 8.1 is proved.

Proof of Theorem 8.2. — We repeat the proof of Theorem 8.1 word for word except
now the choice of T > 0 is arbitrary. Here we have to refer to Theorem 5.5 instead of
Theorem 5.1. Thus condition (5.23) has to be satisfied for this argument to work. This
completes the proof.
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