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RESUME
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1. Introduction

Let f e L'(R™, R") and consider the problem of finding estimates for u : R” — R" that satisfy:
—Au=finR". (1)

While it is well known that, without further assumptions, no inequalities of the form

IVull oy gy < €Il ey and @)

Il 2 gy < €1 F s e (3)

are possible,! in the pioneering papers [1,2] J. Bourgain and H. Brezis have shown that under the additional constraint
div f =0, (2) and (3) are indeed valid. Precisely, their Theorem 2 in [2] establishes the validity of (2) and (3) in three or
more dimensions, while their Theorem 3 shows that in two dimensions one has (2) and

ey < €l fll oy- @

A simple proof of these estimates was subsequently given by ]. Van Schaftingen in [10], who went on in [12] to show that
the estimates (2) and (3) actually hold under very general assumptions on f that we discuss in more detail in the sequel.

The purpose of this paper is to address the question of necessary and sufficient conditions to obtain estimates in this
spirit for solutions to the elliptic system

Au=f subjectto Cf=0 inR" (5)

for A: CR", V) — C(R", E) a kth-order homogeneous linear elliptic differential operator, C : C°(R", E) - C(R", F)
an Ith order homogeneous linear differential operator, and V, E, F finite dimensional inner product spaces. In particular, our
work builds upon the foundational results of J. Van Schaftingen [12] to give a complete characterization of the conditions
on A and C such that the estimates

k—j
1D ul o <y (6)

hold for j e {1,..., min{k,n — 1}} or

DY u o0 ey < I £ Iyt ey (7)
if k>n.

To this end, let us recall what can already be said in light of the literature [1,2,4,8,12]. We first consider the case of the
estimates (6). Moving beyond the preceding inequalities of ]. Bourgain and H. Brezis [1,2], J. Van Schaftingen’s work (see
Proposition 8.7 in [12]) shows that, for

A= (=02,
one has (6) if and only if C is cocanceling:
[ kerc()={0). (8)
geRM\{0}

This notion of cocanceling utilizes the convention that the homogeneous linear differential operator C, which has a
representation as

Cf=) Cud*f. forf:R"—E,

lae|=l

1 Take f to be a Dirac delta in any of its components.
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for some | € Ny and coefficients Cy € Lin(E, F), can be viewed via its image under the Fourier transform, which is a
matrix-valued polynomial defined by

CE) =) Cat” eLin(E,F), forgeR"

loe|=l

The essence of the condition (8) is found in the proof of Proposition 2.1 in [12], which shows

[ kerC(€)={e e E : C(soe) =0}. 9)
EeRn
In particular, the heuristic principle concerning the failure of the inequalities (2), (3), and (4) precisely when f contains a
Dirac mass in one of its components is captured by the necessity and sufficiency of (8) via the equivalence (9).
While cocancellation gives the complete picture in characterizing the estimates (6) for A = (—A)¥/2, it ceases to be
necessary when one has assumed an additional structure on A. In particular, with no differential constraint C, J. Van
Schaftingen has shown that the inequality (6) holds whenever A is canceling:

(| imAE) =10). (10)
£eR™\(0)

Here again, we view A via its image under the Fourier transform, while this set also has an equivalent representation in
terms of fundamental solutions to operator A, which follows from the proof of Lemma 2.5 in [8]:

(| imA@& ={e€cE: Au=dpe for someu € L, (R", V)}. (11)
£eR™\{0}

The connection of the conditions (9) and (11) here emerges, that for a canceling operator one can find a cocanceling
annihilator and therefore apply the preceding analysis.

However, while Cf =0 for some cocanceling operator C or A is canceling is sufficient to imply the validity of (6) for
je{l,...,min{k,n — 1}}, it is not necessary. Indeed, the first result of this paper is

Theorem 1.1. Let A, C be homogeneous linear differential operators on R" from V to E and from E to F, respectively. Suppose that A
is elliptic and has order k € N. Consider the system

Au=f subjectto Cf=0 inR" (12)

Let j=1,...,min{k, n — 1}. Then the estimate for u € CZ°(R", V), f € CZ°(R", E) satisfying (12)

k=iyll n <
D u”]_nTj(Rn) < C”f”Ll(Rn) (13)
holds if and only if
() imA@®N [ kerc()={0}. (CC)
§eRM\{0} §eRM\{0}

This result is in the spirit of Theorem 7.1 in [12], where the author introduces a notion of partially canceling operators.
The idea there, which we build upon here, is that, while neither (8) nor (10) is empty, the two are disjoint. While in [12]
J. Van Schaftingen treats the case where C =T € Lin(E, F) is a linear map from E to F, our result handles the case where
C is an homogeneous differential operator. Our method is ultimately to reduce the problem to his work, which is to say
that we must construct a homogeneous cocanceling operator from the pair of differential operators (A, C). One is tempted
to try and apply Van Schaftingen’s result to the operator £ := (L(D), C), which is indeed cocanceling by (CC), however it is
not homogeneous. Therefore, we give a construction for how such an operator, which is homogeneous in each entry, can be
lifted to a homogeneous operator where one can apply the results of [12], which is our Lemma 2.2 below.

Theorem 1.1, for example, shows that with V =R3, E=R#* F=R and

A := (div, curl),
Cf=01f1i+dfr+03f3,

solutions to (5) admit the estimate (13) with j =k =1 for any n > 2. Notice that C is not cocanceling because its kernel con-
tains dpe4 (which means that (8) contains the vector e4), while A is not canceling, as its image contains dpe; (which means
that (10) contains the vector eq). Here, {e j};*:] is the standard orthonormal basis of R*. The example of non-cocanceling C
may seem artificial, but its structure is actually generic, see [5, Lem. 3.10].
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Returning to the question of the validity of the embedding (7) for k > n, P. Bousquet and J. Van Schaftingen [4] have
shown that such an inequality holds whenever A is canceling, while the first author has proved in [8] that this holds if and
only if A is weakly canceling:

/A(&)’1e®k’”§d%"’1($)zo forallee (] imA(). (14)
gt £eRM\{0)

where v Q1 £ :=v @& ®...®&, where the outer product is taken j times.
The question of the validity of such an inequality for C f =0, C cocanceling, has not thus far been explicitly addressed,
save the new various compatibility conditions that we introduce. In this regime, we show Theorem 1.2.

Theorem 1.2. Let A, C be homogeneous linear differential operators on R" from V to E and from E to F, respectively. Suppose that
A is elliptic and has order k > n. Then the estimate for u € C2°(R", V), f € C2°(R", E) satisfying (12)
DX u o0 Ry < I £ It ey (15)

holds if and only if

/A(g)*le(z@"*“gd,;f"*l(g)=0foree [ imAE&) NkerC(). (CWC)
gt £eR™M\ (0}

Theorem 1.2 implies that for even-dimension solutions to (5) with

A=(—a)"?

C =div
are bounded, which is a higher-dimensional analogue of the estimate (4) to the equation (1) due to J. Bourgain and H.
Brezis when n = 2 (naturally the order of the equation must be modified to achieve an L> embedding). More generally, this

applies for any cocanceling operator C, while again one can construct C that are not cocanceling and A that are not weakly
canceling for which our result holds, e.g., in R* with V =R?%, E=R3, F=R and

A= (8] 4 85)u1, 85ua, dguz)
Cf:=0df1+02f2.

For this example, one computes explicitly that e3 € kerC(§) for all £ # 0, so that C is not cocanceling. On the other hand,
e; €imA(§) for all £ 0 and that M4 e; # 0, so that A is not weakly canceling (see (17) below and (14)).

The emergence of the integral over the sphere in (CWC) and (14) stems from the convolution formula proved in [8,
Sec. 3] building on [6, Thm. 7.1.20], namely,

D*"u=KxAu for ue CE(R", V), where K=Ho+log|-|My (16)
for
Mgye := / AlEe®“"edw" (&) forecE, (17)
Sn—l

where AT(&) := (A*(€)A &))" A*(&). Here Hg € C®(R™ \ {0}, Lin(E, V)) is zero-homogeneous and we consider a renor-
malization of the Fourier transform such that the constants are correct.

2. Proofs

We begin by recalling, for the convenience of the reader, that the kernel and image of linear maps are defined in the
standard way. In particular,

kerC(§):={e€E:C(&)e=0} and imA(¢):={AE)v:veV},

for £ e R™.

One of the main technical points of this paper is that operators that are homogeneous in each entry can be lifted to
a homogeneous operator. Therefore, we recall the definition of the former, which is quite classical, having been utilized
implicitly by K.T. Smith in [9].
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Definition 2.1. We will only work with vectorial partial differential operators on R" that have real constant coefficients and
are homogeneous in each entry. To make this precise, an operator C on R" from E to F can be written as

(C&e)j=(Cj(¢).e), ecE, £eR", j=1,...,dimF,

where C; are E-valued homogeneous polynomials. A homogeneous operator C will correspond to all C; being homogeneous
of the same degree, say [, in which case we can write

cE =Y &cy.
1B1=l
which is a Lin(E, F)-valued homogeneous polynomial (here Cg € Lin(E, F)).

The following algebraic reduction lemma will play an important role in establishing sufficiency of either (CC) or (CWC)
for the claimed estimates.

Lemma 2.2. Let C be a linear differential operator on R" from E to F, as given by Definition 2.1. Then there exists a homogeneous
differential operator C on R" from E to another vector space F such that

kerC(&) =kerC(¢) foralls e R"

and
{feCé’o(R”,E):5f=0}={feC§°(]R",E):Cf=0}.

Proof. We write (C(§)e)j = (Cj(&),e) for the rows of C, j=1,...,dimF. These define (scalar) differential operators on R"

from E to R. Let now d; be the degree of C; and consider an integer [ > max{dj}?i:“}F. Define the differential operators

Ci(5):=Cj¢)®9i&, sothat C;f=D"%C,f for f € C°(R", E).

Defining C to be the collection of all the equations given by C j» it is immediate to see that the inclusions “>” hold.
Conversely, if f € C°(R", E) is such that éf =0, we have from the above formula that D'~% C;f =0 for all j. Since

Cjf e C(RM), we conclude that Cf = 0. The other conclusion follows in a similar way, using the fact that ®=hig £0
whenever £ #0. O

Remark 1. A first relevant consequence of Lemma 2.2 is that the estimate for cocanceling operators [12, Thm. 1.4] holds for
a larger class of (inhomogeneous) operators, as given by Definition 2.1. In this case, cocancellation would be defined the
same as in [12, Def. 1.2].

We can now proceed with the proof of Theorem 1.1.

Proof of necessity of (CC). Suppose that condition (CC) fails, so there exists 0 e € imA(§) NkerC(¢) for all £ # 0. Then
C(8pe) = 0 and there exists u € L}OC(R”, V) such that Au = §pe (see the proofs of [12, Prop. 2.1] and [8, Lem. 2.5]). In
particular, u is admissible for the estimate (13). We recall from [4, Lem. 2.1] that, for v € C°(R", V), its derivatives can
be retrieved from Av by convolution. In particular, if j < min{k,n — 1}, we have that D¥-Jv = Hj_n+ Av, where Hj_, €
C°(R™\ {0}) is a (j — n)-homogeneous kernel. It follows that DX~y = Hj_ye, which contradicts the estimate if e 0. O

Proof of sufficiency of (CC). From [12, Sec. 4.2], we know that there exists a homogeneous linear differential operator L(D)
such that ker L(§) =im A (&) for all £ # 0. In particular, condition (CC) implies that the operator £ =: (L(D), C) is cocancel-
ing, so that, by Remark 1, we have the estimate

”AUHW—Lﬁ(Rn) = ||f||v'v1.n(Rn)* < C”f”]_l(Rn) (18)

for u e C°(R", V), f e CX(R", E) satisfying (12). We then write in Fourier space
Au
é) o1
€]

so that the Hérmander-Mihlin multiplier theorem implies that

P Au()
H

Dk-Tu(g) = |¢|AT (6) £,

k-1
ID* Full

= cllAull 120 - (19)

<c
LaoT (R T(R")

n_
L= (R
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Collecting estimates (18) and (19), we obtain the desired inequality for j = 1. The inequalities for j =2,..., min{k,n — 1}
follow by iteration of the Sobolev inequality. O

It remains to prove Theorem 1.2. Recall the definition (17).

Proof of necessity of (C\WC). Suppose that condition (CWC) fails, so there exists 0 # e € im A(¢§) NkerC(§) for all & # 0 such
that M g e # 0. Then C(8pe) =0 and there exists u € LI _(R", V) such that Au = §ge (see the proofs of [12, Prop. 2.1] and [8,

loc
Lem. 2.5]). In particular, u is admissible for the estimate (13). By (16),

ID*"ulle > [[|Hoell . — || log]| - [Maelli<,
which is clearly infinite (near 0) since Mge # 0 and Hy is bounded. O

To prove sufficiency of (CWC), we employ a streamlined variant of [8, Lem. 3.1], which relies on [4, Lem. 2.2] and [12,
Lem. 2.5] (see also [2,3,7,11,12]).

Lemma 2.3. Let £ be a linear differential operator on R" from E to F as given in Definition 2.1 and M € Lin(E, W). Suppose that
M (ﬂg;ﬁo kerL‘(S)) = {0}. Then, for all w € W with |w| =1, we have

/(log|x|M*w,f(x))dx <cllfllp gny for f e C(RY, E) such that Lf = 0.

n

Proof. By Lemma 2.2, we can assume that £ is homogeneous, say of order [, which we write as £ = szl Eﬂaﬂ,

where Lg € Lin(E, F). Since (Sﬁ)\m:l is a basis for homogeneous polynomials of degree I, we have that e € ker L(§)
for all £ # 0 is equivalent, with e lying in the kernel of the map T: w ~ (Lge)|g=. By assumption, we have that
imM* N mgegn—l ker £L(¢) = {0}; hence the restriction of T to imM* is injective. Equivalently, this restriction is left-
invertible, so there exist linear maps K, € Lin(F,im M*) such that

Z KgLg lim m*= ldim m~ -
|BI=l
Define now the matrix-valued field

8
PO = %K;,

I
which is essentially a right-inverse (integral) of £*, as
LP=Y L3dPP=) " L;Kj=Idimu-. (20)
1BI=l 1BI=I

Writing ¢ :=log |x|M*w and integrating by parts using £ f = 0, we have that

f (. f)dx| = f (L Plg. f)dx| = / (£*Plg — L[Pg], f)dx].

n n n

We then note that:

!
[L*Plg — L*[Pp]l=[L*Plp — [L*Plp — Y Bj(D/p, D'7IP),
j=1
where Bj; are bilinear pairings on finite-dimensional spaces that depend on £ only. Note that IDip| <c|-|7 and ID'=ip| <

c|- | for j=1,...1 (here it is crucial that j > 1), so the conclusion follows. O

Proof of sufficiency of (CWC). By (16), the triangle inequality, and Young’s convolution inequality, we have that

ID¥"Mulle < c (|Ho * fllre + [l1og | - | % [Ma f1lle)
<c(IHoll I fllt + og |- | % [Ma fllli)
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so it suffices to prove that

[[log |- [ [Ma fllle < cll It

for u € C2°(R", V). Equivalently, it remains to show that, for all v € V, n € R" of unit length, we have that

/ (log|ylv ® "0, Ma f(x— y))dy| <cll flly for £ -ae.xeR",

n

which follows from Lemma 2.3 with M = M4, £ = (C,L(D)), W =V ¥ "R" and w = v ® " (note that the estimate of
Lemma 2.3 is translation invariant). Here we wrote, as in the proof of sufficiency of (CC) for Theorem 1.1, L(D) for an exact
annihilator of A, by which we mean kerL(§) =im A (&) for all & # 0 (see [12, Sec. 4.2]). With this notation, condition (CWC)
is equivalent to the assumption on M and £ in Lemma 2.3. O
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