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RESUME

Nous dérivons les déviations modérées de type Cramér pour des suites stationnaires de
variables aléatoires bornées. Nos résultats impliquent les principes de déviation modérée
et un théoréme de Berry-Esseen. Nous discutons les applications aux inégalités de couplage
quantile et aux fonctions de suites mélangeantes et de chaines de Markov contractantes.
© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

For the stationary sequence (X;)ijcz of centered random variables, define the partial sums and the normalized partial
sums process by

1
Jn
respectively. We say that the sequence of random variables {W,,n > 1} satisfies the moderate deviation principle (MDP)
with speed a, — 0 and good rate function I(-), if the level set {x, I(x) <t} is compact for all t € R, and for all Borel sets B,

n
5n=Zx,- and Wp,= Sn,
i=1

— inf I(x) < liminfa? InP(a, Wy, € B) < limsupaZInP(a, Wy € B) < — inf (%), (1)
xeB° n—00 n—oo xeB
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where B° denotes the interior of B, B the closure of B, and the infimum of a function over an empty set is interpreted as
oo. The MDP is an intermediate behavior between the central limit theorem (a, = O(1)) and large deviations (a, < ﬁ).

The MDP results have been obtained by several authors. De Acosta [2] applied Laplace approximations to prove the
MDP for sums of independent random vectors. Dembo [5] showed that the MDP holds for the trajectory of a locally square
integrable martingale with bounded jumps as soon as its quadratic covariation converges in probability at an exponential
rate. Gao [9] and Djellout [6] obtained the MDP for martingales with non-bounded differences and ¢-mixing sequences
with summable mixing rate. Dedecker et al. [3] derived the MDP for stationary sequences of bounded random variables
under martingale-type conditions. It is known that the MDP results for stationary sequences can be applied in a variety
of settings. For instance, Dedecker et al. [3] showed that such type of results can be applied to functions of ¢-mixing
sequences, contracting Markov chains, expanding maps of the interval, and symmetric random walks on the circle.

In this paper, we are concerned with Cramér-type moderate deviations for stationary sequences. Cramér-type moderate
deviations usually imply the MDP results; see Fan et al. [7] for instance. Furthermore, Cramér-type moderate deviations
imply Berry-Esseen bounds; see Corollary 2.2. Following the excellent work of Mason and Zhou [13] and Dedecker et al. [3],
we apply our results to quantile coupling inequalities, functions of ¢-mixing sequences, and contracting Markov chains.

Our approach is based on martingale approximation and Cramér-type moderate deviations for martingales due to Fan
et al. [7]. Cramér-type moderate deviations for martingales have been established by Rackauskas [15,16], Grama [10] and
Grama and Haeusler [11,12]. Such type of results are very useful for studying stationary sequences; for instance, Wu and
Zhao [19] applied the results of Grama [10] to establish Cramér-type moderate deviations for the stationary sequences with
physical dependence measure introduced by Wu [18], functionals of linear processes and some nonlinear time series. See
also Cuny and Merlevéde [1] (cf. Theorem 3.2 therein) for a result similar to Wu and Zhao [19], where Cuny and Merlevéde
[1] established a Cramér-type moderate deviation for an adapted stationary sequence in LP. For relationship among our
results and the last two results, we refer to point 3 of Remark 1.

The paper is organized as follows. Our main results are stated and discussed in Section 2. The applications are given in
Section 3. The proofs of the theorems are deferred to Section 4.

2. Main results

From now on, assume that the stationary sequence (X;)icz is given by X; = Xo o T!, where T : Q — € is a bijective
bimeasurable transformation preserving the probability P on (2, F). For a subfield Fy satisfying Fo € T~ (Fp), let Fi =
T‘i(fo). Our theorems and their corollaries treat the so-called adapted case, that is, Xo being Fp-measurable and so the
sequence (X;)iez is adapted to the filtration (Fj)icz. Moreover, we denote the L°°-norm by | X|~, that, is the smallest u
such that P(|X| > u) =0.

Throughout the paper, let m = m(n) be integers such that 1 <m < n. For instance, we may take m = [n*], « € (0, %),
where |x] stands for the largest integer less than x. Denote

m
SmZWHXOHoo, (2)
WF—i—iiwwwfw (3)
m/2q, — j3/2 mjl/ ol
and
02 = [eswrol| + | —5EishiA) 1] (4)
mo? oo llmog o0

where ¢, = EWZ2 > 0. The following theorem gives a Cramér-type moderate deviation result for stationary sequences.

Theorem 2.1. Assume thag I Xolloo < 00, and that Xg is Fo-measurable. Then there exists an absolute constant cg > 0 such that,
when em < %, ym <€~ 9" and 82 + ™ < ay, it holds for all 0 < x < agéey, !,

P(Wp > xon)
1-d((x)

In

m
s%@%ﬁﬁﬁ+;+mmWD

m
+( +X)(8m [Inem| + Ym!|In Y| + 6m +\/;)),

where Cy, depends only on cg. In particular, the last inequality implies that

P(Wy > xop)

—ow L Tom (5)
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uniformly for 0 < x = o(min{e, >, 5, (n/m)"/2, (Ym|In ym|)~/?}) as m — oo. Moreover, the same results hold when replacing
P(Wy > xop) P(Wp < —xoy)

—ox 2 o

Remark 1. Let us comment on the results of Theorem 2.1.

(i) Assume that

o0

Y =5 HE SalFol|_ <o, (6)

n=1

and that there exists o > 0 such that
1
lim H—E[sgpfo] —aZH —0. (7)
n—-ocolln [o¢]

The conditions (6) and (7) were introduced by Dedecker et al. [3]. Assume that m — oo and m//n — 0 as n — oc. By
Lemma 29 of Dedecker et al. [3], the assumptions of Theorem 2.1 hold with max{em, Ym, m} — 0 as n — oc.
(ii) If (Xj, Fi)iez is a martingale difference sequence, then Theorem 2.1 gives a Cramér-type moderate deviation result with

Ym=0 and 62 = ” ZE[X2|]-'0] —1”

which is similar to the main theorem of Grama and Haeusler [11] (see also Fan et al. [7]).
(iii) The range of equality (5) can be very large. For instance, if limy.o 07 = 0% > 0, |E[S;|Fol|,, = O(1) and

| LE[S2|Fol — 02|, = O(%) as n — oo, then, by taking m = [n?7], equality (5) holds uniformly for 0 < x =

o'/ //Inn) as n - oo.

For stationary processes, results similar to Theorem 2.1 can be found in Wu and Zhao [19] and Cuny and Merlevéde

[1]. Wu and Zhao [19] showed that it is possible to prove that the relative error of normal approximation tends to O for

a certain class of stationary processes represented by functions of an i.i.d. sequence as soon as the partial sum process

can be well approximated by martingales. Following the work of Wu and Zhao [19], Cuny and Merlevede (see Theorem

3.2 of [1]) proved that, under certain conditions for LP-norm, the relative error of normal approximation tends to 0

uniformly for 0 < x = 0 (+/Inn), that is (5) holds uniformly for 0 < x = 0(+/Inn). Now Theorem 2.1 shows that the last

range could be as large as 0 < x =o0(n%) for some positive constant « € (0, %) (cf. point (iii) of this remark) under the

conditions for L°-norm (instead of LP-norm).

(v) The absolute constant e—80% jg very small. However, it can be improved to a larger one, provided that the absolute
constant 80 in the inequality of Peligrad et al. [14] (cf. inequality (28)) can be improved to a smaller one.

(vi) Notice that the quantities y,; and 8, can be estimated via the quantities

(iv

—

N0 = sup [[E[Xk|Folllo and 12, := sup [[E[XiX;|Fo] — E[XiXi]lloo-

k>n k,I>n

Indeed, it is easy to see that

1
ym<m1/20 213/2(27711) m1/20 Znn];ﬂ[]—
= i (Zm,+¢—>z’7;/2') (8)
1=zm
and

2 1 i 2 = 2 2

& monz[(;m,,-) + L 1EFI0) B
m—1 m

+230 3 IELXXj1Fol — ELXiX;]los .

i=1 j=i+1

where C; is an absolute constant. Splitting the last sum as follows

22t 2+ )

1<ism/2i4+1<j<2i 1<i<m/22i+1<j<m m/2<i<m—-1i4+1<j<m
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we infer that

o7 < [(Znu) + Y imitiXole Y Ymy+m Y mi. (9)

1<i<m/2 1<i<m/2 j>2i i>m/2
where C; is an absolute constant. Moreover, if

lim o7

n—oo

=0%>0 and mfx{nln}—o(n 9!

for some constant 8 > 1, by (8) and (9), then we have y, = 0(m~1/2) and

om~12), ifg>2,
Sm=1 0m~V2{Inm), ifp=2,
om=®-D2)  ifge(,2).

(vii) Assume that limy_, o 0,2 = 02 > 0. If maxj—12{nin} = 0(n~F) for some constant B > 3/2, with m = |n?/7], then equal-
ity (5) holds uniformly for 0 < x=o0(n'/1%/4/Inn) as n — co. If max;—; 2{n;.n} = 0 (n~#) for some constant g € (1,3/2),
with m = [n'/@f=1 | then equality (5) holds uniformly for 0 < x = o(n#=1/(68-2)) a5 n — oo.

Theorem 2.1 implies the following Berry-Esseen bound.

Corollary 2.2. Assume the conditions of Theorem 2.1. Then

m
Sup [P(Wi = x07) = () | = C(yin! In Yinl + & [In ] + b+ = ). (10)
X

where C is an absolute constant.

Remark 2. Let us comment on Corollary 2.2.

(i) Assume that lim,_ oo 02 =02 > 0 and max;j—; 2{nin} = 0(n~#) for some constant 8 > 1. By point (vi) of Remark 1,
if g > 2, then, with m = [n!/3], bound (10) reaches its minimum of order n~'/%Inn. If g € (1,2), then, with m =
[n"/+1D | bound (10) gives its minimum of order n—#—1/2f+2 |np,

(ii) When (X;j)jcz is a uniformly mixing sequence, we refer to Rio [17] for a result similar to Corollary 2.2. In the paper,
Rio [17] gave a Berry-Esseen bound of order n~!/2 under the condition Y ko1 kb < oo, where (6)k>1 is the sequence
of uniformly mixing coefficients.

(iii) If (Xj, Fi)iez is a stationary martingale difference sequence, Corollary 2.2 gives the following Berry-Esseen bound

m 1 m
P(W, <x0,)— ® ’:O(—l H— E[X2|F —1” ) 11
sup (W < x0p) — @ (x) 7z Inn+ mUnZ; [X{'1Fo] . (11)

When X is LP-bounded (instead of L*°-bounded), Dedecker et al. [4] have obtained some rather tight Berry-Esseen
bounds. Notice that Dedecker et al. [4] assumed a martingale coboundary decomposition while we do not. On the other
hand, Dedecker et al. [4] worked in L? and we work in L*, so the results are of independent interest. It is worth
noticing that the best rates (for martingales) provided by Dedecker et al. [4] and us are the same.

Theorem 2.1 gives an alternative proof for the following moderate deviation principle (MDP) result, which is implied by
the functional MDP result of Dedecker et al. [3] under the conditions (6) and (7).

Corollary 2.3. Assume the conditions of Theorem 2.1. Assume that limp_, 0,12 =02 > 0, and that max{yy, m} — 0 asm — oo. Let

an be any sequence of real numbers satisfying a, — 0 and a,n'/2 — oo as n — oo. Then, for each Borel set B C R,
x? x?
— inf —<11mmfa InP{a,W, € B §limsupaglnP anWpeB ) <—inf —, (12)
xeB° 202 n—o00 xcB 202

where B° and B denote the interior and the closure of B, respectively.

The following theorem gives a Bernstein type inequality for the stationary sequences. Although such type of inequalities
are less precise than Cramér-type moderate deviations, they are available for all positive x. Moreover, they are very useful
for establishing quantile coupling inequalities; see Theorem 2.5.
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Theorem 2.4. Assume the conditions of Theorem 2.1. Then, for any x > 0,

(1= YmlIn Vm|)2X2 [In J/m|2 2
P(W, > x0,) <exp{ — + 4eexp! — ——x*}, 13
(W) p{ 2(1+ 73+ 2em(1 — yml I ym))%) P1 ™ 276172 (13)

m
where T2 =82, + o + 462,

Assume that Y, — 0 as m — oco. Then yp|Inyy| — 0 and |In y,| — oo as m — oo. Thus the second term in the r.h.s. of
(13) is much smaller than the first one for any x > 0 as m — oo. So when m satisfies m — oo and m/+/n — 0, the bound
(13) behaves like exp { — 2(%252)} for any x > 0.

Next, we apply Theorems anl and 2.4 to quantile coupling inequalities for stationary sequences. We follow Mason and
Zhou [13], where such type of inequalities has been established for arbitrary random variables under some Cramér-type
moderate deviation assumptions. Using Theorems 2.1, 2.4 and Theorem 1 of Mason and Zhou [13], we obtain the following

result.

Theorem 2.5. Assume the conditions of Theorem 2.1, and that ym + em + 8m + \/g — 0asn— oo. Let Wn = Wp/on. Then, there

exist two positive absolute constants o and Cy, a standard normal random variable Z and a random variable Y, can be constructed
on a new probability space such that Y, =4 Wy and

m
[¥n =21 =2Ca (Y3 +1) (nl In inl + e I 48+ ). (14)
n
whenever
my\-—1
¥l = (Yl 10y + m |+ + /) (15)

and n is large enough, where =4 stands for equality in distribution. Furthermore, there exist two positive absolute constants C and A
such that for n large enough, we have for all x > 0,

|Yn — Z| )
P >x)<Cexp] —Axy. 16
(Vm“nJ/ml+8m|ln8m|+8m+«/m/n_ =*)= p{ } (16)

Assume that limy—.00 02 = 02 > 0 and maxj—1 2{n;in} = O(n~F) for some constant B > 1. By point (i) of Remark 2, if
B > 2, then, with m = |n'/3], the term yp|Inynm| + &m [Inen| + 8m + \/g is of order n=/6Inn. If g € (1,2), then, with

m=[n"/®+D | the term yi|Inym| + &m [In&m| + 8m + \/% is of order n=(A—1/@F+2) |np,

3. Applications

In this section, we present some applications of our results. For more interesting applications, such as expanding map
and symmetric random walk on the circle, we refer to Corollary 18 and Proposition 20 of Dedecker et al. [3]. Under their
corresponding conditions, the conditions of Theorem 2.1 hold.

3.1. ¢-mixing sequences

Let Y be a random variable with values in a Polish space ). If M is a o-field, the ¢-mixing coefficient between M and
o (Y) is defined by

pMo(V)= sup [Pyia(a) ~Py(a) . (17)
AeB) o

For a sequence of random variables (Xj);cz and a positive integer m, denote

¢mM) = sup  $(Fo.0(Xiy. ... Xiy,)).
im>..>i1>n
and let ¢ (k) = limp— o0 ¢m (k) be the usual ¢-mixing coefficient. Under the following conditions

> k'2¢1(k) < oo and IHEO‘PZ(R):O’ (18)

k>1
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Dedecker et al. [3] obtained a MDP result for bounded random variables. See also Gao [9] for an earlier MDP result under a
condition stronger than (18), that is, >, ¢ (k) < oo.

When the random variables (Xj)iez are bounded, it holds 71 5 = O (¢1 (1)) and 72,5 = O(¢2(n)) as n — oco. By point (vii)
of Remark 1, we have the following result.

Proposition 3.1. Assume that the random variables (X;j)icz are bounded, limy_; onz =02 >0and
max{gi(m)}=0mn"*), n— oo,
i=1,2

for some constant 8 > 1.

[i] If B = 3/2, then (5) holds uniformly for 0 < x = o(n'/1*//Inn) as n — ooc.
[ii] If B € (1,3/2), then (5) holds uniformly for 0 < x = o(n#=D/®F=2)) gsn — oo0.

3.2. Functions of ¢-mixing sequences

Let (&1)iez = (€0 o T!)iez be a stationary sequence of ¢-mixing random variables taking values in a subset A of a Polish
space X. Denote by ¢.(n) the coefficient

¢e(n) =@ (o(&i,i <0),0(gi,i>n)),
where ¢ is defined by (17). Let H be a function from AN to R satisfying the following condition

(A): for any i >0, supyean_yean [H(X) — HxDy)| <R;, where R; decreases to 0,

where the sequence xy is defined by (xy); =x; for j <i and (xX'y); = y; for j > 1i. Define the stationary sequence
X = Xoo Tk by
Xk = H((ek—i)ien) — E[H((k—i)ieN)]- (19)

Dedecker et al. [3] gave a MDP result for (Xi)x>1, see Propositions 12 therein. From the proof of Propositions 12 of [3],
it is easy to see that

n
max(nin) = O (Rn + ) Rucide(D).
i=1
Notice that when o2 := 3", ; E[XoX)] > 0, it holds limp_.oc 0;? = 02. By point (vii) of Remark 1, we have the following
Cramér-type moderate deviations.

Proposition 3.2. Let (X )ez be defined by (19), for a function H satisfying condition (A). Assume
n
Ro+ ) Ruige(=0@0""), n— oo, (20)
i=1

for some constant g > 1, and o2 := > kez E[XoXk] > 0.

[i] If B = 3/2, then (5) holds uniformly for 0 < x = o0(n'/1%/+/Inn) as n — oo.
[ii] If B € (1,3/2), then (5) holds uniformly for 0 < x = o(n#=D/F=2y g5 n — oo0.

3.3. Contracting Markov chains
Let (Yn)n=>0 be a stationary Markov chain of bounded random variables with invariant measure y and transition kernel
K. Denote by | - [, the essential norm with respect to w. Let Ay be the set of 1-Lipschitz functions. Assume that the
chain satisfies the following condition:
(B): there exist two constants C > 0 and p € (0, 1) such that
sup [IK"(g) — u(&)lloo,u < Cp",
geM

and for any m > 0,
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sup
f.gem

K(FK™(®) - n(fK"@)| =< Co"

We shall see in the next proposition that MDP result holds for the sequence

Xn=f(Yn) — n(f) (21)

as soon as the function f belongs to the class £ introduced by Dedecker et al. [3]. Let £ be the class of functions f:R+— R
such that |f(x) — f(y)| < g(Jx — y|), where g is a concave and non-decreasing function and satisfies

1

/ 8O 4t - oo, (22)
0

ty/|Int|

Clearly, (22) holds if g(t) < c|In(t)|~7 for some constants ¢ >0 and y > 1/2. In particular, £ contains the class of o-Holder
continuous functions from [0, 1] to R, where « € (0, 1].

Dedecker et al. [3] gave a MDP result for (Y,)n>0, see Propositions 14 therein. From the proof of Propositions 14 of [3],
it is easy to see that

max{7in} = 0(g(Cp"),
where C is given by condition (B).

Proposition 3.3. Assume that the stationary Markov chain (Yn)n=>o satisfies condition (B), and let X, be defined by (21). Assume
feL,

o2 :=02(f)=pu((f = w(?) +2 3 w(K"(F)- (f = () > 0
n>0

and
gCphH=0m""), n— oo, (23)
for some constant 8 > 1.

[i] If B = 3/2, then (5) holds uniformly for 0 < x = o(n'/1%//Inn) as n — oo.
[ii] If B € (1,3/2), then (5) holds uniformly for 0 < x = o(n#=D/6F=2)) g5 n — .

Notice that if g(t) < D|In(t)|~# for some constants D > 0 and 8 > 1, then (23) is satisfied.
4. Proofs of theorems and corollaries

The proofs of our results are mainly based on the following lemmas, which give some exponential deviation inequalities
for the partial sums of dependent random variables.

4.1. Preliminary lemmas

Let (&, Fi)i=o,..,n be a sequence of martingale differences, defined on some probability space (€2, F,P), where & =0,
{4, Q} = Fp C ... C F, C F are increasing o -fields. Set

k
Mo=0, Mp=)» & k=1,..n (24)
i=1

Then M = (M, Fi)k—o....n iS @ martingale. Denote by (M) the quadratic characteristic of the martingale M, that is,

k
(M)g=0, (M=) E[E}|Fi1], k=1,..n. (25)
i=1

Assume the following two conditions:

(C1) there exists €, € (0, %] such that

1
‘E[g}ﬂ}}_l]‘ < SkefZEl§|Fi1]. forallk=3and 1<i<n:
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(€C2) there exists ¢, € [0, %] such that || (M); — 1]eo < 12

=tn-

Clearly, condition (C1) is satisfied for bounded martingale differences ||&j]lco < €n.
In the proof of Theorem 2.1, we need the following Cramér moderate deviation expansions for martingales, which is a
simple consequence of Theorems 2.1 and 2.2 of Fan et al. [7].

Lemma 4.1. Assume conditions (C1) and (C2). Then there is an absolute constant oo > 0 such that, forall 0 <x < «g 6;1 and 1, <,

'1 P(Mp > X)
1—@(x)

< Cao(x3en+xztﬁ + (1 +%) (€n|In€] +ln))a (26)

P(My>x)

P(Mn<—x)
T—o(x) :

where Cy, depends only on ag. Moreover, the same equality remains true when FTE)

is replaced by
In the proof of Theorem 2.4, we make use of the following Freedman inequality [8].

Lemma 4.2. Assume that &; < a for some constant a and all 1 <i <n. Then forallx > 0 and v, > 0,

2
2 X
P(anxand(M)nfvn)feXp{—m}. (27)

We also use the following exponential inequality of Peligrad et al. [14] (cf. Proposition 2 therein), which plays an impor-
tant role in the proof of Theorem 2.4.

Lemma 4.3. Let (X;)icz be a stationary sequence of random variables adapted to the filtration (F;)icz. Then, for all x > 0,

2
P mx|S-|zx)§4JEexp{— . } (28)
< i<n 2n(/| X1lloo + 803"y j3/2||ELS j| Follloo)?

1<i

4.2. Proof of Theorem 2.1

Let k = k(n, m) = [n/m] be the integer part of n/m. The initial step of the proof consists in dividing the random variables
into blocks of size m and to make the sums in each block

im n
Xim= Y, Xj, 1<i<k, and Xgpim= Y Xj.
Jj=@{-1)m+1 j=km+1

It is easy to see that S, = Y"¥"! X; ;. Define
Dim = Xim — E[Xim|Fi-1yml, 1<i=<k.
Then (D m, Fim)1<i<k is a stationary sequence of bounded martingale differences, that is

[Dimlloc < 2m||Xolco-

Notice that

E[D} | Fii—tym] = EIX} | Fi—tym] — EIXimlFi—1ymD?,
and that, by stationarity, it follows that

k
1 X 1 2
o DIPTSR | R MEC |
n i co m 00

Moreover,

k
1 2 22 n—mk ,
- < - 21: HE[Xi,mU:(,;])m] —mo, + o,
i=

o) n

k
1 2 ) 2
=Y EXE | Fi-oml = 05
i=1

1o 22 .M
§HEE[Sm|}'0]—0n ot

Consequently, it holds
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1 k 5 ,
|~ Y Bl Ficiml =02 |
i=1

k k
1 2 1
< |- B Foml — 07|+ | D EXim I FamimD?|
i=1 i=1

1 5 22 m 5 1 2
< H—E[Sm|]-'o]—an + =0+ —HE[Smlfo]”
m 00 n m 00

= (5 + )oy

and
In~"2Dimlloc < 20nem.

Denote by & = D m/(n'/?0,) and My, = Zle &. Then it is obvious that
61 <26m and My~ Tlloo <83+

Assume & < }l and 8,31 + % < o, where ag € (0, %] is given by Lemma 4.1. By Lemma 4.1, we have, for all 0 <x < ozoanjl,

P(M = X)

’ln
1-—o(x

m
< Cgyo <x3gm +x%(82 + F) + (1 +x)(emIIngm| +8m + m/n)), (29)

where C&O depends only on «g. Notice that for all x>0 and |¢| < %

Hfiw:exp{ex/ﬁ(lﬂ)lsl} (30)
and
—Xsrnl =
\/HGH frtmlloo = \/ﬁan

where |0] < 1. It is obvious that

n—km)| Xo| ., <ém.

k

1 1
M+ ——X :—(s — S E[Ximl Fie )
k \/ﬁUn k+1,m \/ﬁan n ; [ 1,m| (i l)m]

Therefore, by (29) and (30), for all 0 < x < ape;, !,

P(Sn — 31 E[Xi m|Fii—1ym] = x0un'/?)
1—-®(x)
o PMk=2x+6m) 1-@x+Em)
1-dx+em) 1-9(x)

explC 3 2,02 M
p1Cay xem+x(8m+n)+(1+x)(z—:m|ln8m|+5m+ m/n) ) t.

IA

Similarly, we have for all 0 <x < aosnjl,

P(Sn — Y% ELXi ml Fi1ym] = xoun'/2)
1—® ()

m
> exp { — Cag <x3sm + @+ =)+ (1420 (Em I &l + 8 + \/m/n)) }

The last two inequalities imply that, for all 0 <x < ozos,;l,

(P(Sn— K EIXiml F1ym] = xon'/?)

: 1—® (%)

m
< Cgp <x3gm + X282 + F) + (1 +x)(emInem| + 8m + m/n)). (31)
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By Lemma 4.3, we derive that for all x > 0,

k
P(| > ELXiml Firyml | = xoun?)
i=1

no2x?
<4./e exp{ - r;{ }
2k (|| ELSm|Fol| ., +803}—1 i—>/2I[ELS jm| Folllo)?
)
<4./ee - . 32
= fxp[ 2-(81)2%%} 52)

It is easy to see that, for all x >0,

k
P(Wnzxon) = P(sn = D ELXiml Fi-tm] = (1= ymlIn ym|>xonn”2>
i=1
k
+ P(ZE[xi,m|f<H>m] > ¥m|In ym|xann”2>. (33)

i=1
By the inequalities (31)-(33), it follows that for all 0 < x < aosnjl,

P(Wn=x0n) _1-@(1— Ym0 Ym|)X)
1—-o(x) 1-®®x)

x exp 3 C, 3 252 T m
p{Cao xsm+x(8m+n)+(l+x)(smllnsm|+8m+ n)

4./e 1 2.2
+1—d>(x) exp{—z'(gl)z(lnym) X }

Using the following two-sided bound on tail probabilities of the standard normal random variable,

1 1 2
_ P — 7% /2, 0, 34
V2r(1+x) ®) = JT(1 -‘rX)e *= G4

we deduce that for all ¥, <e~®9” and 1 <x < aos,

e—x2/2 <1-—

P(W; > xon) m m
#ﬂ)” <exp {Cao (x%m +x%(82 + -+ Vinl InYml) + (1 + %) (em [0 ml + 8 J”/F))}
+Cq x ex ! |10 Y |x?
X —_——
1 p K (81)2 J/m

3 2,02 , M m
<exp|Co| X’ em +x (8m+;+ym|lnym|)+(l+x)(sm|ln8m|+8m+ ;)

+ CaYm| Inym|x*
m m
<exp {q;o (x38m + X282+ P YmlInym)) + (14 X) (e [Ingm| + 6m + \/;)) } (35)

Notice that, for x > 0,

k
P(W,1 > xcrn) > P<s,1 = > EXim| Fi-ym) = (1 + Y| In ym|)xann1/2>
i=1

k
- P(ZE[xi,mw_l)m] < —VmlIn ym|xann”2). (36)
i=1
By an argument similar to the proof of (35), we deduce that for all 1 <x < ozos,;1,

P(Wy > xon)
1—d(x)

m m
> exp{ —Cyp <x3gm + X282 + ot YmlInymD) + (1 +x)(em |Ingm| + 8m + \/g))} (37)
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Combining (35) and (37) together, we obtain the desired equality for all 1 <x < aosn‘ﬂ. Next, we consider the case where
x € [0, 1]. Notice that (31) holds also for (—Xj)jcz. Thus, from (31), we have

k
sup [P(Sn = Y ELXinl Fi-ym] = x0un'2) = (1= @ (0) | = Cop (el el +n -+ Vin/n). (38)
M= i=1

For all x € [0, 1], we deduce that

P(Wn > xan) - (1 — 9 (x))

k
= P(Su— Y EXimlFi-ym] = = vl In ymDown'?) = (1= @ 0 )

i=1

k
= P(ZE[xi,mmi_um] > YmlIn ym|onn”2>
i=1

> —Cop (sm|lnem|+5m+\/§) ~|(1-@ = ymlinymh ) - (1- 20|

k

- P(Zﬁ[xi,mm,;l)m] > ¥m|In ym|onn”2>
i=1

> —Cop (8m|1n8m| + VYmlInym| + 6m + m/n>’

where the last line follows by (32). Similarly, we have, for all x € [0, 1],

P(Wa=x0w) = (1= @ X)) = Caq (ml Ineml + yinl In Yinl + 6 + /m/n).

The last two inequalities imply that for all x € [0, 1],

[P(Wa = x0m) = (1= ® )| = Caq (ml Inem| + Yl 0 Yl + 8+ y/m/n).

The last inequality implies the desired equality for all x € [0, 1].
Since (—X;j)ijcz also satisfies the conditions of Theorem 2.1, the same equalities remain true when %&’;@ is replaced

P(Wp<—xon)

4.3. Proof of Corollary 2.2

We only need to consider the case where max{ym, €m, 8m, m/n} < 1/10. Otherwise, Corollary 2.2 holds obviously for C
large enough. Denote

. —1/4 _—1/4 —1/4 _
Kn = oo min{yy, / , Em / ,0m / , (m/n) 1/4},

where o is the absolute constant given by Theorem 2.1. It is easy to see that

sup [P(W, < xa) — @ (x) ] < sup
X

P(W, < x0m) — @ () |

x| <kn

+ sup |P(Wy < x0m) — @ (%) ‘
|x|>kn

= sup [P(W, <x07) — @ () |

x| <kn

+ sup P(W, <xop)+ sup @ (x)
X<—Kp X<—Kp

+ sup P(W; > xo,) + sup (1 — & (x)). (39)
X>Kn X>Kn

By Theorem 2.1 and the inequality |e* — 1| < |x|e!, we have
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sup
[X|<Kn

P(Wi < x0m) — & ()|

eCag (¥ em+2° G+ +¥in| In ymD+(142) (Em 10 em|+Vin| In Yin|+8m-+v/M/) _ 1

< sup (1-a(x))

< Cato.1 (Vinl I Yinl + 6 [In&ml + 8 + y/m/m). (40)
Using the last inequality, we deduce that

sup P(Wy < xop) =P(Wp < —knoy)

X<—Kn

= Cag.2(Yinl In Yl + & 10 6| + 8 + /) + @ (=)

< Cao.3 (Yl 10 Yinl + & [In | + 8 + /). (41)
Similarly, it holds that
sup P(Wp > x03) < ca0,4(ym| I i + &m [N &l + 8 + m/n). (42)
It is obvious that
SUp(1 =@ (X) = SUp ()= () < ca0,5(ym| I Yin| + &m |10 Em| + 6 + m/n). (43)

Combining the inequalities (39)-(43) together, we obtain the desired inequality.
4.4. Proof of Corollary 2.3

Let m = v/ap+/n. Then it holds that m — oo as n — oo. Thus max{yi, §m} — 0 as n — oo.
First, we prove that

2
pr
limsupa? In P(a,1 W, e B) <—inf —. (44)
n—00 xeB 40

For any given Borel set B C R, let xo = infxep |X|. Then, it is obvious that xo > inf,_z |x|. Therefore, by Theorem 2.1,

P(aaneB)
(- 5)
o anOn
_o( X X0 3 X0 a2
S2(1 qD( )> exp{c<(an0'n) 8m+(an0'n) (8m+ n +Vm|ln)/m|)

anon
X m
+(1+ - (07 Y(em IInem| + YmlIn Y| + 8m +\/%))}_

n“n

Notice that

&m/n = ||XO||oo/\/m—> 0

as n — oo. Using (34) and the fact limy_, o 0;> = 0%, we deduce that

X2 x?
limsupa?InP(a,W,eB) < ——02 < —inf —,
n—oo 20 xeB 20
which gives (44).
Next, we prove that
2 X
. o
l%nglolgfan In P<an Wy e B) > xlean” 257" (45)
We may assume that B° # ¢J; otherwise, the last inequality holds obviously because the infimum of a function over an
empty set is interpreted as oo. For any &1 > 0, there exists an xg € B°, such that
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2 2

0<0 —inf X 4g (46)
_ X0
20’2_xeB°202 1

Without loss of generality, we may assume that xo > 0. For xg € B°, there exists small & € (0, xg), such that (xo — &2, xo +
£2] C B. Then it is obvious that xo > inf,_z x. By Theorem 2.1, we deduce that

P(aan € B) > P(Wn € (a, ' (xo — &2), a, ' (x0 + 82)])
> P(Wn > a7 (xo — 52)) - P(Wn > a7 (xo + 82)).
Using Theorem 2.1, (34) and the fact lim,_, o 0,2 = 02 again, it follows that
P 1 2
liminfa; InP{ a,W, € B ) > —— (%0 — €2)°.
n—oo 202

Letting &, — 0, we get

2 2

is 2 0 . X

liminfa; InP|{a,W, €B | >——= > — inf — —¢1.
n 2 2

n—00 20 XeB° 20

Because &1 can be arbitrarily small, we obtain (45). This completes the proof of Corollary 2.3.
4.5. Proof of Theorem 2.4

Recall the notations in the proof of Theorem 2.1. It is easy to see that
IDim/ (' 20m)lloc < 26m
and
k
1
H — ZE D7 | Fii-tym] — 1 H = H—z Y EID? | Fi—tym] — 1 H + H E[Dk+1 m|fkm]H
i=1
m
58,2,1+ E+48§1:tn21.

Applying Lemma 4.2 to & = Dj /(0nn'/?), we have, for all x > 0,

P(wn _ L %E[xi il Fi—tym] zx0n> <exp —L} .
NVl 21+ T2 + %xem)
By an argument similar to the proof of (32), we obtain for all x > 0,
k-+1 2
P(‘ > EXimlFiouml]| 2 xonn1/2> <4aeexp] — W}. (47)
i=1 m

Using (33) again, we obtain the desired inequality.
4.6. Proof of Proposition 2.5

For each integer n > 1, let
Fa(x) =P(W, <X), X€R,
be the cumulative distribution function of W,. Then its quantile function is defined by
Hy(s) =inf{x: F(x) > s}, s€(0,1).
Let Z be a standard normal random variable. Denote
Yy = Hp(®(2)). (48)

Then Y, =4 Wn; see Mason and Zhou [13]. Denote
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m
1<n=n”2(ym|lnym|+sm|1nsm|+am+,/g). (49)

By Theorem 2.1, there exist absolute constants g € (0,1] and Cg > 1 such that, when n is large enough, we have, for all
0 <x<gn'20,/m| Xolloo),

1 P(Yn > x) <Cp(1 (50)
n _—
T—o@|~ * 1/2

and

| PO == ey K (51)

nj———= X ,

@ (—x) p(1+2)
where C4 depends only on 8. By Theorem 1 of Mason and Zhou [13], then whenever n > 64C§ K? and
o} 1
ol < (B p L a2 (52)
m||Xolloo 8CpKn

<(br o )(ym|1nym|+em|1nem|+sm+\f)_], (53)

we have

m
¥n =21 =2C5 (Y2 +1) (vl Inyinl + em Il + 8+ /= ). (54)

which gives (14) with o =8 A ﬁ and Cy = Cg. Notice that there exists an integer ng such that n > 64C§ Kﬁ for all n > ng.
Next we give the proof of (16). Set, for brevity,

m
§n:Vm|anm|+8m|ln8m|+5m+\/%-

By (14), we have, for all 0 <x < tgn‘z,

P(1Ya— 21> x6n) <P(1Ya— 21 = xn IVal @ 6,1 ) + P(IVal > 6, 1)
< P(zca(Yﬁ +1) > x) T P(|Yn| _ g,;l). (55)
Notice that

1—®(x) <exp{—x?/2}, x=>0.
When 0 <x < —gn , by the inequalities (50) and (51), it holds that

(ZCO,(Y2+1)>X)<2exp{—Z(f— )}
o
X
<exp{l—— 56
_exp{ 8ca} (56)
and that

. 1
P(1¥al > gy ") = 2exp{ - s 1>2]

<2exp { - 2Caa2x}. (57)
Returning to (55), we obtain, for all 0 <x < ﬁgn‘z,

P<|Yn—Z|>xgn)§2exp{1—c’x}, (58)

where ¢’ = min{z+, 2C4?}. For x > 0, it is easy to see that

8Cy’
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P(1¥y— 21> x1) < P(I¥al > 5x60) +P(121 > 2xn). (59)

Clearly, it holds for all x > ﬁg{z.

1 1,5 5
P<|Z| > ixgn) §2exp{ — gx gn} §2exp[ - 64Cax}'

By Theorem 2.4, there exists a positive constant A such that for all x > %gn‘ 2
o

p(|y,,| > %xgn) <(1+4e) exp{ - Ax}.

Returning to (59), we have, for all x > ﬁgn—z‘

P<|Yn —Z| >X§n) < (3+4«/E)exp{ —c/’X}, (60)
where ¢” = min{A, ﬁ}. Combining (58) and (60), we get the desired inequality.
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