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RESUME

Dans cette note, nous présentons quelques résultats sur l'action des opérateurs pseudo-
différentiels globaux sur les espaces de Besov des groupes de Lie compacts.
© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Dans cet article, nous présentons plusieurs résultats sur la continuité dans les espaces de Besov des opérateurs pseudo-
différentiels sur les groupes de Lie compacts. Plus précisé, nous présentons un analogue pour sur les espaces de Besov des
groupes de Lie compacts de quelques théorémes classiques sur la continuité des multiplicateurs de Fourier et des opéra-
teurs pseudo-différentiels sur les espaces LP(R"). Les résultats que nous généralisons ici sont les suivants : le théoréme
de Hérmander-Mihlin [12], la condition de Hérmander sur la continuité LP-L9 des multiplicateurs de Fourier [12] et un
résultat de Fefferman [8] sur la continuité LP des opérateurs pseudo-différentiels associés classes de Hérmander sur R".
Une des motivations pour ces travaux est que chacun des résultats mentionnés ci-dessus a été précédemment généralisé au
cadre des espaces LP sur les groupes de Lie compacts - voir [1], [7], [24] et [10].

1. Introduction

In this note, we investigate the mapping properties of pseudo-differential operators on compact Lie groups acting on
their corresponding Besov spaces. In order to illustrate our results, we recall some fundamental results in harmonic analysis
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on the mapping properties of multipliers and pseudo-differential operators on LP-spaces. It was proved by Marcinkiewicz
in the following multiplier theorem [14]: if (0 (£))gcz is a sequence satisfying

zuZplo(E)|<oo, sup Y loGE+1) o) <oo, (1)

IR0 yj <2 <ot

then the periodic Fourier multiplier T defined by Tf :=.Z [0(£).Z(f)] extends to a bounded operator on LP(T), 1 <
p < oo. Here T :=[0, 1] is the one-dimensional torus and .# is the Fourier transform on the torus. Later, Mihlin in [15]
established the Fourier multiplier theorem, which states that every function o (-) of class C*(R"\ {0}), x = [5]+1, satisfying

080 ()] < Ca 6171, || <k, )

generates a Fourier multiplier T defined by Tf :=.% 1[0 (£).Z(f)], which extends to a bounded operator on LP(R"), 1 <
p < oo. Here .# is the Euclidean Fourier transform. Hérmander improved the Mihlin theorem in [12] by imposing the
following condition:
sup [lo (r) [l s @y < 00, 3)
r>0

where Hj_ is the standard local Sobolev space of order s and, in this case, s > % is fixed. The case of LP-L9-multiplier

theorems also is a classical problem. In R”, Hérmander in [12] shows that if o is a function on R" satisfying
1_1
supr - [u{E eR" 1[0 (§)| >T1}]P 7 <00, 1<p<2<q<o0, (4)
r>0

then the Fourier multiplier T associated with o extends to a bounded operator from LP(R") into LY(R"). The general case of
pseudo-differential operators is very complicated. For a function o on R?", the corresponding pseudo-differential operator
T, is defined on the Schwartz space . (R") by

To f(X) = / 8o (x, £)(F f)(E)dE, (F)E)=[(E) = / e 25 £ (x)dx, (5)
RN &n
where % f is the Fourier transform of f ¢ .(R™). A multiplier is, roughly speaking, a special case of pseudo-differential
operator where the corresponding symbol depends only on &. If we denote by Sgﬁs(RZ”), 0<p,8 <1, to the class of
functions o on R%" satisfying

187920 (x,§)| < Cap(&)" PP o g e N, (6)
then we can announce a classical theorem due to Fefferman (cf. [8]) known to be one of the more sharp theorems on
the boundedness of pseudo-differential operators: for general 1 < p <oo and m < —mp = —n(1 — ,o)|% — %|, a pseudo-

differential operator with symbol o € S;,rg" (R?") is LP-bounded. An important and recent problem is the generalization of
the theorems above in the setting of compact Lie groups, when the Fourier multipliers and the pseudo-differential operators
are considered in different function spaces. It is important to mention that this problem has been solved for LP-spaces in
the recent works of Akylzhanov and Ruzhansky [1], Delgado and Ruzhansky [7], Ruzhansky and Wirth [24], and Fischer [10].
A version of the Fefferman theorem for the periodic case of the torus has been studied in [6].

The results of this paper present a version of the results mentioned above in the setting of Besov spaces on compact Lie
groups. For properties in Besov spaces of pseudo-differential operators associated with Hérmander classes on R", we refer
to Bordaud [3] and Gibbons [11].

2. Besov spaces, pseudo-differential operators on compact Lie groups and L?-boundedness

In this section, we present some basics on the theory of pseudo-differential operators on compact Lie groups. The pre-
liminaries of the theory of global pseudo-differential operators can be found in [18] and [20]. Let us assume that G is a
compact Lie group and denote by G its unitary dual, i.e. the set of equivalence classes of all strongly continuous irreducible
unitary representations of G. If A is a linear operator from C*°(G) into C*°(G) and & : G — U(H¢) denotes an irreducible
unitary representation, we can associate with A a matrix-valued symbol o4 (x, &) € C%*% (this correspondence gives rise
to the global calculus of Ruzhansky and Turunen [18]) satisfying

Af(x) = Z d:Tr[EX)oa(x, E)(F [)(E)], (F[f)E) :=7(S)sz(X)E(X)*dxeCd‘?XdS- (7)
[£1€G G

Here, for each class [£] we pick just one representative £ € [£], df = dim(Hg) and (& f)(§) is the Fourier transform at &.
We end this section with the following formulation of Besov spaces on compact Lie groups, characterized in terms of
representations in [17] and [16].
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Definition 2.1. let re R, 0 <g <oo and 0 < p < oo. If f is a measurable function on G, we say that f € B;’q(G) if the
function f satisfies

o0

1l = D020 Y deTEOf Ol | < oo (8)

m=0 2m<(g)<amt!

If g =00, B;yoo(G) consists of those functions f satisfying

Ifllgy,, ==sup2™ | Y deTHER) FE)]llir ) < oo 9)

2m§<é><2m+1

Applications of the matrix-valued calculus of Ruzhansky and Turunen can be found in [19,21,23]. The work of Fischer
[9] includes a summary of essential properties on the Hérmander classes including a version of the Calderén-Vaillancourt
theorem. The problem of classification of global operators in LP-spaces has been treated recently. The main results can be
summarized in the following theorem.

Theorem 2.1.If G is a compact Lie group and n is its dimension, x is the less integer larger than 5 and | := [n/p] + 1, under one of the
following conditions:

18D oA(. &) llop < Ca(€)~1!, forall || <, |B| <land [£] €C,
- IDE0f oAk, £)llop < Carp (€)™ PIUITIPL o] <3, 1Bl <1, m> 2 (1= p)| 3 = F1+ 6l
L IDE8Y oA, E)llop < Carp(6) VP10 e N B <LO<v <31 -p) L - L <21-p)7",

p
oAl s, = supgeycellon®llop + 104 ENT 2L s )] < 00,

AW N o~

the global operator A = Tq is bounded on LP(G), 1 < p < oo.

It is important to mention that the last condition above is a discrete analogue of the classical Hormander-Mihlin theorem
proved in [12]. Also, the condition

o~ 1 _ 1
5. supsoSIU{IE] € G : 08 oa(x, E)llop > SHPT 72 <00, 1< p1 <2< py <00, |B] <,

implies the LP1-LP2-boundedness of A. The proof of the assertions above can be found in the papers [2,7,10,22,24]. Finally, it is
important to mention that, as a consequence of the Sharp Garding inequality for global operators, it was proved in [19] that under the
condition

6. Ae W (G) with oa(x, &) >0,

the linear operator A extends to a bounded operator from L2(G) to L2(G).

In the next section, we will use the last results on LP-estimates to prove our results on Besov boundedness for global
pseudo-differential operators. In this sense, the following results can be thought of as analogues of the LP-results above in
the framework of Besov spaces. The main tool is the following result (see Cardona [4]).

Theorem 2.2. Let G be a compact Lie group and A be a Fourier multiplier. If A is bounded from LP1(G) into LP2(G), then A extends to
a bounded operator from B;,l,q(G) into B;Z_q(G),for allr e Rand 0 < q < oo. If A'is of weak type (1, 1), then A extends to a bounded
operator from quq(G), into B;’q(G)for alreR,0<g<ocoand0<p <1.

3. Pseudo-differential operators on Besov spaces, the case of compact Lie groups

In this section, we present our main results. On R", pseudo-differential operators with symbols in S?,O(RZ”) are known
to be bounded on LP(R"), 1 < p < oo (see [13]). Similar results on Besov and LP-boundedness can be obtained for the case
of compact Lie groups. Here, D is the difference operator introduced by Ruzhansky and Turunen in [24].

Theorem 3.1. If G is a compact Lie group and n is its dimension, x is the less integer larger than % andl:=[n/p]+ 1, under one of the
following conditions:
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—~

D oa(x. E)llop < Ca (€)1, forall || < x, |B| <land [£] € G,
2. Do oAtk E)llop < Carp(€) Pl a e N B <L 13 = 1< 2 —p)"L 0w < 31— p),

3. IDZ0{ oA (X, £)llop < Car p(E) ™ PP o <, 1Bl <L, m = x(1— p)| 3 — 31 +34L

the corresponding pseudo-differential operator A extends to a bounded operator from B;,q(G) into B;,’q(G) forallreR,1<p<oo
and 0 < q < oo. In particular, if oa(x, £) > 0 and A € W1(G), then A is bounded on Bqu(G) forallr e Rand 0 < q < oc.

The following is an L!'-LP-boundedness theorem of global Fourier multipliers for 0 < p < 1.
Theorem 3.2. If G is a compact Lie group and n is its dimension, x is the less integer larger than % then under the condition:
4. D% &)llop < Co(£)719), forall ja| <, and [£] € G

the corresponding multiplier A is bounded from L1(G) into LP(G) for 0 < p < 1. Also, A is bounded from quq(G) into B;,,q(G)for all
reR0<p<1land0<gq<oo.

Also, we have some conditions of type Hérmander and Mihlin-Hérmander (inspired by the recent work of V. Fischer
[8] on multipliers on compact Lie groups and by a paper of the author with M. Ruzhansky [5] where Besov spaces and
multipliers were considered in the case of graded Lie groups).

Theorem 3.3. Let G be a compact Lie group and n its dimension. Under the following condition
~ 1_1
5. sups..oSIE1 € G : 13 oa(x, )llop > SIPT 72 <00,1<p1<2<py <00, |Bl < =[] +1.
The operator A is bounded from B;l q(G) into B;Z’q(G) forallr e R and 0 < q < oo. Also, if we consider a symbol o 4 satisfying

6. maxla\gl[SUpzec,[g]ea ||(8;(<¥a)(x’ E)lx=zllop + ||(8)‘j‘a)(x, ')|x:z’](r_2[fc)||f15(6)] < 00,

the corresponding operator A is bounded on B;,!q(G)for alreR,1<p<ooand0 < q < .
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