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RESUME

Nous généralisons dans cette Note la cohomologie de Hochschild d’ordre supérieur et nous
démontrons que la cohomologie de Hochschild secondaire est un cas particulier de cette
nouvelle construction.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Hochschild cohomology is a useful tool for studying deformation theory and it was studied extensively over the years
(for example see [3-5,10,11,15]).

Higher-order Hochschild (co)homology was introduced by Pirashvili in [12] (see also [1] and [6]). It associated with
a simplicial set X,, a commutative k-algebra A and an A-bimodule M, the higher-order Hochschild cohomology groups
H’)’(. (A, M). When X, is the standard simplicial set associated with the sphere S!, one recovers the usual Hochschild coho-
mology. One important feature of these cohomology groups is that they depend only on the homotopy type of the geometric
realization of the simplicial set X,. For more recent results about higher-order Hochschild cohomology see [2] and [8].

Secondary Hochschild cohomology was introduced in [13] where it was used to study B-algebra structures on the al-
gebra A[[t]]. It associates with a triple (A, B, &) (where ¢ gives the B-algebra structure on A), and an A-bimodule M
that is B-symmetric (where the B-module structure on M is induced by &), the secondary Hochschild cohomology groups
H"((A, B, ), M). For more recent results about the secondary cohomology see [9] and [14].

E-mail addresses: brcs@wayne.edu (B.R. Corrigan-Salter), mstaic@bgsu.edu (M.D. Staic).

http://dx.doi.org/10.1016/j.crma.2016.10.013
1631-073X/© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


http://dx.doi.org/10.1016/j.crma.2016.10.013
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:brcs@wayne.edu
mailto:mstaic@bgsu.edu
http://dx.doi.org/10.1016/j.crma.2016.10.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2016.10.013&domain=pdf

1050 B.R. Corrigan-Salter, M.D. Staic / C. R. Acad. Sci. Paris, Ser. 1 354 (2016) 1049-1054

Our main goal in this paper is to show that secondary Hochschild cohomology is a certain version of higher-order
Hochschild cohomology. More precisely, we consider a simplicial pair (X,,Y,) (where Y, is a simplicial set and X, is
simplicial subset of Y,), a triple (A, B,¢) (where A and B are commutative k-algebras, and ¢ : B — A is a morphism of
k-algebras) and M a symmetric A-bimodule. With this setting we associate the groups H(x . )((A B, ¢€), M). When X, =

Y, we recover the higher-order Hochschild cohomology HY (A, M). When (X,,Y,) = (81, D?) with the natural 51mpllc1al
structure, we recover the secondary Hochschild cohomology H”((A B, &), M).

2. Preliminaries

In this paper we fix a field k and denote ®; by ®. We assume that the reader is familiar with Hochschild cohomol-
ogy, but provide some details for the discussion of higher order and secondary Hochschild cohomology. We also assume
familiarity with simplicial sets.

2.1. Higher-order Hochschild cohomology

We follow the description in [6] (see also [12]). Assume that A is a commutative k-algebra and M is a symmetric
A-bimodule.
Let V be a finite pointed set such that |V| =v 4+ 1 (we identify it with v, ={0, 1, ..., v} with O the fixed element) and
define H(A, M)(V) = H (A, M)(vy) = Homy(A®Y, M). For ¢ : V =v, — W = w, we define
H(A, M)(¢) : H(A, M)(W.) — H(A, M)(v4)

determined as follows: if f € H(A, M)(w4) then

HA M@ (Ha1Q...0a,) =bof(h1 ®...®bw),

where

bi = 1_[ aij.
{jeV1j#0.0 ())=i}

Take X, to be a pointed simplicial set. Suppose that |X;| =s, + 1, we identify the set X, with (s;); ={0,1,...,s,} then
define

%, = H(A. M)(Xn) = Homy (A®*", M),

For each di : Xnr1 — Xp we define df = H(A, M)(d)) : C§ — C;’(J:] and take 9y : C% — C”“ defined as 9, =
Y (= Did*.

The homology of this complex is denoted by H'}(. (A, M) and is called the higher-order Hochschild cohomology group.
One interesting fact is that these groups depend only on the homotopy type of the geometric realization of the simplicial
set X,.

Remark 2.1. When X = S! with the usual simplicial structure one recovers the complex that defines Hochschild cohomology.
n(n—

When X = S? with the usual simplicial structure, one has C"2 = Homk(A® (see [6] for more details).

2.2. Secondary Hochschild cohomology

We recall the construction from [13]. Let A be a k-algebra, B a commutative k-algebra, € : B— A a morphism of
k-algebras such that ¢(B) C Z(A) and M an A- bimodule that is B-symmetric.

We define C"((A, B, €); M) := Hom; (A®" @ B® =

8¢ :C"1((A,B,&); M) — C"((A, B, &); M)

such that for f € C""1((A, B, €); M), we have:

a ®1,2 ... O1p-1 X1
1 a; ... O2p—1 O2np

O] - Ce ) ) = (2.1)
1 1 an—1 On—1,n
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a «23 ... 02p—1 o2.n
1 a3 ... o3p—1  Q3p
ae(ar2013..010)f | ®] - . . . +
1 1 an—1 Un—1,n
1 ) 1 an
a ™12 .. o1,i01,i4+1 1,n-1 o1n
1 a .. 000 i1 o2 n-1 o2
n—1 . . . . .
YD 1 1 L aigis@iip) o Gini@iviar @@ ||+
i=1 . . .
1 1 . an—1 Un—1,n
1 1 .. . 1 an
ar Q12 ... Q1p-2 Oip-1
1 a ... axp2 0O2p1
(—1)nf ® . . . . an& (1,002, 0...00n—-1,n),
1 1 . OGp—2  Op—2n-1
1 1 .. 1 an-1

nn-1

where an element in A"® B~ 2 b s represented by a tensor matrix with elements a; € A arranged on the diagonal, elements
a;j j € B above the diagonal and 1 € k below the diagonal. It was proved in [13] that (C"((A, B, €); M), 8%) is a complex. The
homology of this complex is called the secondary Hochschild cohomology and is denoted by H"((A, B, €); M). The homology
and the cyclic version of this theory were discussed in [9].

3. Main construction

In this section we introduce a new cohomology associated with a simplicial pair (X,, Y,) and a triple (A, B, &) (where A
and B are commutative k-algebra and ¢ : B— A is a morphism of k-algebras). We start with a few notations.

Definition 3.1. We consider I'; to be the category whose objects are pairs (U, V), where V is a finite pointed set with base
point %, and U is a pointed subset of V. A morphism f € Homr, ((U1, V1), (U2, V3)) is a map of pointed sets f: V1 — V;
such that f(U1) C Us.

Remark 3.2. The category of finite pointed sets I' can be see as a full subcategory of I'; in two different ways. First we can
take the inclusion given by V — (V, V), second we can take the inclusion V — ({x}, V).

Definition 3.3. A I"';-module is a functor from ng to k-modules.

Example 3.4. Let A and B be two commutative k-algebras, € : B— A a morphism of k-algebras and M a symmetric
A-bimodule. We construct

L((A, B, &); M) : I';? — k —mod
to be the I';-module determined as follows. For (U, V) € I’ such that |U|=1+m and |V| =14 m+n define

L((A, B, €); M)((U, V)) = Homp(A®™ @ BE", M).
If f:(U1,V1)— (U, V3) is a morphism in I'y, we define

L((A, B,&); M)(f) : Hom(A®™ ® B®"2, M) — Homy (A®™ ® B®™, M),
for ¥ € Homy(A®™ @ B®"2 M), then
LA, B, &)y M)(HP)@1®...Qam, ®u1 ®...Q tp,) =bo- Y (b1 ® ... ® b, ® 1 ® ... ® Bn,) Where for i € Uy, we have
b; = I1 aj I1 e(oy) € A, (3.1)
{ieUrlj#=, f(H=i}  {keV1\Urlk#x, fk)=i}
and for p € V, \ Uy, we have
Bp = 1_[ oq € B.
{geVi\U1lg#=, f(@)=p}

With the convention that if the product is taken over the empty set then we put bj=1€ A and 8, =1 B.
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We say that a pair (X,, Y,) is a simplicial pair if Y, is a simplicial set and X, a simplicial subset of Y,. In other words
we have a functor

. op
(Xe, Yo) : A% — TP,

For a simplicial pair (X,,Y,) we define the higher-order Hochschild cohomology associated with the triple (A, B, €)
and a symmetric A-bimodule M, to be the homology of the complex defined as follows. For every ¢ € N we consider
(Xq. Yq) € T3 and take C?th.) = L((A, B, &); M)((Xq, Yq)). We construct a complex by taking the differential induced by
the simplicial structure on (X,, Y,). More precisely if d; : Yg41 — Y4 then we define

8'=L((A.B.&): M)(d): Cly_y , — c;’;:fyo)

and take dx,.v.) : C?th.) — C?;lyy.),
q+1 N
dxav = (15 (3.2)
i=0

Definition 3.5. The homology of the above complex is called the higher-order Hochschild cohomology associated with the
simplicial pair (X,, Y,), of the triple (A, B, &) with coefficients in M and is denoted by H?X_’y.)((A, B,e); M).

Remark 3.6. In the event that X, =Y,, this definition agrees with the definition of higher-order Hochschild cohomology
HY, (A, M).

4. Secondary cohomology as a higher-order cohomology

In this section, we show that when A is commutative and M is a symmetric A-bimodule, then the secondary Hochschild
cohomology H"((A, B, €); M) is a particular case of the construction from the previous section.

Consider the simplicial pair (X,, Yo) = (S, D?), where the sphere S! is a obtained from the interval I = [01] by identi-
fying the ends of the interval, and the disk D? is obtained from the 2-simplex A = [012] by collapsing the edges [01] and
[12] (i.e. the boundary of D? is the edge [02]).

More precisely, we take X, to be the simplicial set where the only nondegenerate 1-simplex is I = [02]. We denote by
#p, the base point in dimension n, and by I,‘j the simplex in dimension n =a-+ b+ 1, where we iterate the [0] vertex a times,

and the [2] vertex b times. For example, 18 is the interval I with do(Ig) =d; (18) = ¢, and 1(1) is a 2-simplex [002] such that
do(1}) =d1 (1)) =15 and do(I}) = *1.

For Y,, besides the above simplices, we also have a nondegenerate 2-simplex A = [012]. Denote it by OAg and take
do(®AQ) = d2(°AY) = *1 and d1(°AY) = IS. More generally, take “A? the a + b + ¢ + 2-dimensional simplex obtained by
iterating the [0] vertex a times, the [1] vertex b times, and the [2] vertex c¢ times. For example 1A8 is a 3-simplex [0012]
with dg(1AQ) =d1 (1A =A%, da(1AY) =1}, and d5 (1 AD) = xo.

In general we have X" = {s,} U{Ijla,beN, a+b=n—1} and Y" = X" U {”A§|a,b,c eN,a+b+c=n-2}. The
di:Y" — Y"1 are defined as follows:

di(¥n) = *n_1, (4.1)
*q+p ifa=0andi=0
Igfl ifa£0andi<a

(19 —
dily) = Iy, ifb#0andi>a (4.2)
*%q1p ifb=0andi=n=a+1,
*g+btc+1 fa=0andi=0
a1 Ab ifa£0andi<a
a 1 — ) —
di(0AD) = 1t ifb=0andi=a+1 (43)

apb-1 ifb£0anda<i<a+b+1
*g+btc+1 fc=0andi=n=a+b+2
aAb ifc£0andi>a+b+2.

Notice that Ij is degenerate if a +b > 0, and "A? is degenerate if a + b + ¢ > 0. Also, we have that |X"| =1+ n and
[Y'=1+n+ @ In particular, we get that

n(n—1)

L((A, B, &); M)((X", Y™)) = Homg (A®" ® B®~ 7, M).
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. . . . . . . (=1
Next we need to make the identification with the notation from [13]. First recall that an element in A®" ® B®" T was

represented by a tensor matrix

a1 @12 ... O1n-1 ®1.n
1 a2 ... an U2
T=® . . . . s
1 1 «o Opn-1n-1 On-1n
11 . 1 nn

where g;; € A and «; j € B.

For a,b € N with a +b+ 1 =n the element I} € Y" corresponds to the position (a + 1,a+ 1) in the tensor matrix. For
a,b,c e N with a+b + c+ 2 =n the element aAf:’ € Y™ corresponds to the position (a+1,a+b+2)=(a+ 1,n—c) in the
tensor matrix. We also add the symbol (0, 0) to correspond to .

With the above identifications the formulas (4.2) and (4.3) become:

(0,0) ifa=0andi=0
i ) (a0 ifa#0andi<a
dif@+1.a+D)=1 {1 441) ifb£0andi>a
(0,0) ifb=0andi=n=a+1,
(0,0) ifa=0andi=0
(a,a+b+1) ifa£0andi<a
‘ _J@+1,a+1) ifb=0andi=a+1
di@tl,a+b+2)=1 11 04b+1) ifb£0anda<i<a+b+1
(0,0) ifc=0andi=n=a+b+2

(a+1,a+b+2) ifc#0andi>a+b+2.

If we use the above identification, the formula for 91 p2) from equation (3.2) is the same as the formula for differential
8,5_1 from equation (2.1). To summarize we have the following result.

Theorem 4.1. Let A and B be commutative k-algebras, ¢ : B— A a morphism of k-algebras and M a symmetric A-bimodule, then we
have

HY((A. B.£): M)~ H{s; 1, ((A. B.£): M).

5. Some remarks

One can see that H?x,,y,)((Av B, ¢); M) is functorial with respect to all of its entries. More precisely, let (A1, B1, &1) and
(A3, B2, &) be two triples, M a symmetric A-bimodule, and f : A; — Ay a morphism of k-algebras such that f(B1) C B>
and feq(b) =e3(f (b)), then we have the natural morphism

f*:Hix, v, (A2, B2, €2); M) = H{y_y  ((A1, B1,€1); M),
where the Ai-bimodule structure on M is induced by f. Also, if g: M — N is a morphism of symmetric A-bimodules then
g« Hiy v ((A,B,e); M) = Hly  ((A B,&);N).
Moreover if h: (X,, Ye) = (Zo, To) is a morphism of simplicial sets then
h* - H‘(ZZ.VT.)((A, B,&): M) — H?X.’y.)((A, B,&); M).

If we take the natural inclusion of simplicial pairs i: (S, S1) — (S!, D?) with the simplicial structure discussed in the
previous section, then

i H?sl, D
is nothing else but the morphism &, : H"((A, B, €); M) — H"(A, M) discussed in [14].

One natural question is whether the construction in this paper depends only of the homotopy type of the geometric
realization of the simplicial pair (X,, Y,) (or maybe invariant under a certain equivalence relation among simplicial pairs).
We explored this problem but we were not able to prove any interesting result. The main issue is finding an equivalence
relation among simplicial pairs that is manageable at the algebraic level.

It was pointed out to us by the referee that this construction is connected to stratified factorization homology (see [7]
and [8]). This relation could be useful in studying homotopy invariance of our construction with respect to the maps above.

2)((A9 Ba 8)7 M) g H’(‘lslysl)((As ng); M)
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Furthermore, in the case where Y = D" is the n-dimensional disk and X = $"~! is its boundary, the construction could be
related to a model for deformation complexes of higher swiss cheese algebras and thus of n-shifted coisotropic structures
in derived geometry.
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