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r é s u m é

Nous généralisons dans cette Note la cohomologie de Hochschild d’ordre supérieur et nous 
démontrons que la cohomologie de Hochschild secondaire est un cas particulier de cette 
nouvelle construction.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Hochschild cohomology is a useful tool for studying deformation theory and it was studied extensively over the years 
(for example see [3–5,10,11,15]).

Higher-order Hochschild (co)homology was introduced by Pirashvili in [12] (see also [1] and [6]). It associated with 
a simplicial set X• , a commutative k-algebra A and an A-bimodule M , the higher-order Hochschild cohomology groups 
Hn

X•(A, M). When X• is the standard simplicial set associated with the sphere S1, one recovers the usual Hochschild coho-
mology. One important feature of these cohomology groups is that they depend only on the homotopy type of the geometric 
realization of the simplicial set X• . For more recent results about higher-order Hochschild cohomology see [2] and [8].

Secondary Hochschild cohomology was introduced in [13] where it was used to study B-algebra structures on the al-
gebra A[[t]]. It associates with a triple (A, B, ε) (where ε gives the B-algebra structure on A), and an A-bimodule M
that is B-symmetric (where the B-module structure on M is induced by ε), the secondary Hochschild cohomology groups 
Hn((A, B, ε), M). For more recent results about the secondary cohomology see [9] and [14].
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Our main goal in this paper is to show that secondary Hochschild cohomology is a certain version of higher-order 
Hochschild cohomology. More precisely, we consider a simplicial pair (X•, Y•) (where Y• is a simplicial set and X• is 
simplicial subset of Y•), a triple (A, B, ε) (where A and B are commutative k-algebras, and ε : B → A is a morphism of 
k-algebras) and M a symmetric A-bimodule. With this setting we associate the groups Hn

(X•,Y•)((A, B, ε), M). When X• =
Y• we recover the higher-order Hochschild cohomology Hn

X•(A, M). When (X•, Y•) = (S1, D2) with the natural simplicial 
structure, we recover the secondary Hochschild cohomology Hn((A, B, ε), M).

2. Preliminaries

In this paper we fix a field k and denote ⊗k by ⊗. We assume that the reader is familiar with Hochschild cohomol-
ogy, but provide some details for the discussion of higher order and secondary Hochschild cohomology. We also assume 
familiarity with simplicial sets.

2.1. Higher-order Hochschild cohomology

We follow the description in [6] (see also [12]). Assume that A is a commutative k-algebra and M is a symmetric 
A-bimodule.

Let V be a finite pointed set such that |V | = v + 1 (we identify it with v+ = {0, 1, ..., v} with 0 the fixed element) and 
define H(A, M)(V ) =H(A, M)(v+) = Homk(A⊗v , M). For φ : V = v+ → W = w+ we define

H(A, M)(φ) : H(A, M)(w+) → H(A, M)(v+)

determined as follows: if f ∈H(A, M)(w+) then

H(A, M)(φ)( f )(a1 ⊗ ... ⊗ av) = b0 f (b1 ⊗ ... ⊗ bw),

where

bi =
∏

{ j∈V | j �=0,φ( j)=i}
a j .

Take X• to be a pointed simplicial set. Suppose that |Xn| = sn + 1, we identify the set Xn with (sn)+ = {0, 1, ..., sn} then 
define

Cn
X• = H(A, M)(Xn) = Homk(A⊗sn , M).

For each di : Xn+1 → Xn we define d∗
i = H(A, M)(di) : Cn

X• → Cn+1
X• and take ∂n : Cn

X• → Cn+1
X• defined as ∂n =∑n+1

i=0 (−1)i(di)
∗ .

The homology of this complex is denoted by Hn
X• (A, M) and is called the higher-order Hochschild cohomology group. 

One interesting fact is that these groups depend only on the homotopy type of the geometric realization of the simplicial 
set X• .

Remark 2.1. When X = S1 with the usual simplicial structure one recovers the complex that defines Hochschild cohomology. 
When X = S2 with the usual simplicial structure, one has Cn

S2•
= Homk(A⊗ n(n−1)

2 , M) (see [6] for more details).

2.2. Secondary Hochschild cohomology

We recall the construction from [13]. Let A be a k-algebra, B a commutative k-algebra, ε : B → A a morphism of 
k-algebras such that ε(B) ⊂ Z(A) and M an A-bimodule that is B-symmetric.

We define Cn((A, B, ε); M) := Homk(A⊗n ⊗ B⊗ n(n−1)
2 , M) and

δε
n−1 : Cn−1((A, B, ε); M) → Cn((A, B, ε); M)

such that for f ∈ Cn−1((A, B, ε); M), we have:

δε
n−1( f )

⎛
⎜⎜⎜⎝⊗

⎛
⎜⎜⎜⎝

a1 α1,2 ... α1,n−1 α1,n

1 a2 ... α2,n−1 α2,n

. . ... . .

1 1 ... an−1 αn−1,n

1 1 ... 1 a

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠ = (2.1)
n
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a1ε(α1,2α1,3...α1,n) f

⎛
⎜⎜⎜⎝⊗

⎛
⎜⎜⎜⎝

a2 α2,3 ... α2,n−1 α2,n

1 a3 ... α3,n−1 α3,n

. . ... . .

1 1 ... an−1 αn−1,n

1 1 ... 1 an

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠+

n−1∑
i=1

(−1)i f

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

⊗

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a1 α1,2 ... α1,iα1,i+1 ... α1,n−1 α1,n

1 a2 ... α2,iα2,i+1 ... α2,n−1 α2,n

. . ... . ... . .

1 1 ... aiai+1ε(αi,i+1) ... αi,n−1αi+1,n−1 αi,nαi+1,n
. . ... . ... . .

1 1 ... . ... an−1 αn−1,n

1 1 ... . ... 1 an

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

+

(−1)n f

⎛
⎜⎜⎜⎝⊗

⎛
⎜⎜⎜⎝

a1 α1,2 ... α1,n−2 α1,n−1
1 a2 ... α2,n−2 α2,n−1
. . ... . .

1 1 ... an−2 αn−2,n−1
1 1 ... 1 an−1

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠anε(α1,nα2,n...αn−1,n),

where an element in An ⊗ B
n(n−1)

2 is represented by a tensor matrix with elements ai ∈ A arranged on the diagonal, elements 
αi, j ∈ B above the diagonal and 1 ∈ k below the diagonal. It was proved in [13] that (Cn((A, B, ε); M), δε

n ) is a complex. The 
homology of this complex is called the secondary Hochschild cohomology and is denoted by Hn((A, B, ε); M). The homology 
and the cyclic version of this theory were discussed in [9].

3. Main construction

In this section we introduce a new cohomology associated with a simplicial pair (X•, Y•) and a triple (A, B, ε) (where A
and B are commutative k-algebra and ε : B → A is a morphism of k-algebras). We start with a few notations.

Definition 3.1. We consider �2 to be the category whose objects are pairs (U , V ), where V is a finite pointed set with base 
point ∗, and U is a pointed subset of V . A morphism f ∈ Hom�2 ((U1, V 1), (U2, V 2)) is a map of pointed sets f : V 1 → V 2
such that f (U1) ⊂ U2.

Remark 3.2. The category of finite pointed sets � can be see as a full subcategory of �2 in two different ways. First we can 
take the inclusion given by V → (V , V ), second we can take the inclusion V → ({∗}, V ).

Definition 3.3. A �2-module is a functor from �op
2 to k-modules.

Example 3.4. Let A and B be two commutative k-algebras, ε : B → A a morphism of k-algebras and M a symmetric 
A-bimodule. We construct

L((A, B, ε); M) : �op
2 → k − mod

to be the �2-module determined as follows. For (U , V ) ∈ �2 such that |U | = 1 + m and |V | = 1 + m + n define

L((A, B, ε); M)((U , V )) = Homk(A⊗m ⊗ B⊗n, M).

If f : (U1, V 1) → (U2, V 2) is a morphism in �2, we define

L((A, B, ε); M)( f ) : Homk(A⊗m2 ⊗ B⊗n2 , M) → Homk(A⊗m1 ⊗ B⊗n1 , M),

for ψ ∈ Homk(A⊗m2 ⊗ B⊗n2 , M), then
L((A, B, ε); M)( f )(ψ)(a1 ⊗ ... ⊗ am1 ⊗ α1 ⊗ ... ⊗ αn1) = b0 · ψ(b1 ⊗ ... ⊗ bm2 ⊗ β1 ⊗ ... ⊗ βn2) where for i ∈ U2, we have

bi =
∏

{ j∈U1| j �=∗, f ( j)=i}
a j

∏
{k∈V 1\U1|k �=∗, f (k)=i}

ε(αk) ∈ A, (3.1)

and for p ∈ V 2 \ U2, we have

βp =
∏

{q∈V 1\U1|q �=∗, f (q)=p}
αq ∈ B.

With the convention that if the product is taken over the empty set then we put bi = 1 ∈ A and βp = 1 ∈ B .
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We say that a pair (X•, Y•) is a simplicial pair if Y• is a simplicial set and X• a simplicial subset of Y• . In other words 
we have a functor

(X•, Y•) : 
op → �
op
2 .

For a simplicial pair (X•, Y•) we define the higher-order Hochschild cohomology associated with the triple (A, B, ε)

and a symmetric A-bimodule M , to be the homology of the complex defined as follows. For every q ∈ N we consider 
(Xq, Yq) ∈ �

op
2 and take Cq

(X•,Y•) = L((A, B, ε); M)((Xq, Yq)). We construct a complex by taking the differential induced by 
the simplicial structure on (X•, Y•). More precisely if di : Yq+1 → Yq then we define

δi = L((A, B, ε); M)(di) : Cq
(X•,Y•) → Cq+1

(X•,Y•)

and take ∂(X•,Y•) : Cq
(X•,Y•) → Cq+1

(X•,Y•) ,

∂(X•,Y•) =
q+1∑
i=0

(−1)iδi . (3.2)

Definition 3.5. The homology of the above complex is called the higher-order Hochschild cohomology associated with the 
simplicial pair (X•, Y•), of the triple (A, B, ε) with coefficients in M and is denoted by Hq

(X•,Y•)((A, B, ε); M).

Remark 3.6. In the event that X• = Y• , this definition agrees with the definition of higher-order Hochschild cohomology 
Hq

X• (A, M).

4. Secondary cohomology as a higher-order cohomology

In this section, we show that when A is commutative and M is a symmetric A-bimodule, then the secondary Hochschild 
cohomology Hn((A, B, ε); M) is a particular case of the construction from the previous section.

Consider the simplicial pair (X•, Y•) = (S1, D2), where the sphere S1 is a obtained from the interval I = [01] by identi-
fying the ends of the interval, and the disk D2 is obtained from the 2-simplex 
 = [012] by collapsing the edges [01] and 
[12] (i.e. the boundary of D2 is the edge [02]).

More precisely, we take X• to be the simplicial set where the only nondegenerate 1-simplex is I = [02]. We denote by 
∗n the base point in dimension n, and by Ia

b the simplex in dimension n = a +b + 1, where we iterate the [0] vertex a times, 
and the [2] vertex b times. For example, I0

0 is the interval I with d0(I0
0) = d1(I0

0) = ∗0, and I1
0 is a 2-simplex [002] such that 

d0(I1
0) = d1(I1

0) = I0
0 and d2(I1

0) = ∗1.
For Y• , besides the above simplices, we also have a nondegenerate 2-simplex 
 = [012]. Denote it by 0
0

0 and take 
d0(

0
0
0) = d2(

0
0
0) = ∗1 and d1(

0
0
0) = I0

0. More generally, take a
b
c the a + b + c + 2-dimensional simplex obtained by 

iterating the [0] vertex a times, the [1] vertex b times, and the [2] vertex c times. For example 1
0
0 is a 3-simplex [0012]

with d0(
1
0

0) = d1(
1
0

0) = 0
0
0, d2(

1
0
0) = I1

0, and d3(
1
0

0) = ∗2.
In general we have Xn = {∗n} ∪ {Ia

b| a, b ∈ N, a + b = n − 1} and Y n = Xn ∪ {a
b
c | a, b, c ∈ N, a + b + c = n − 2}. The 

di : Y n → Y n−1 are defined as follows:

di(∗n) = ∗n−1, (4.1)

di(Ia
b) =

⎧⎪⎪⎨
⎪⎪⎩

∗a+b if a = 0 and i = 0
Ia−1
b if a �= 0 and i ≤ a

Ia
b−1 if b �= 0 and i > a

∗a+b if b = 0 and i = n = a + 1,

(4.2)

di(
a
b

c ) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∗a+b+c+1 if a = 0 and i = 0
a−1
b

c if a �= 0 and i ≤ a
Ia
c if b = 0 and i = a + 1

a
b−1
c if b �= 0 and a < i ≤ a + b + 1

∗a+b+c+1 if c = 0 and i = n = a + b + 2
a
b

c−1 if c �= 0 and i ≥ a + b + 2.

(4.3)

Notice that Ia
b is degenerate if a + b > 0, and a
b

c is degenerate if a + b + c > 0. Also, we have that |Xn| = 1 + n and 
|Y n| = 1 + n + n(n−1)

2 . In particular, we get that

L((A, B, ε); M)((Xn, Y n)) = Homk(A⊗n ⊗ B⊗ n(n−1)
2 , M).
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Next we need to make the identification with the notation from [13]. First recall that an element in A⊗n ⊗ B⊗ n(n−1)
2 was 

represented by a tensor matrix

T = ⊗

⎛
⎜⎜⎜⎝

a1,1 α1,2 ... α1,n−1 α1,n

1 a2,2 ... α2,n−1 α2,n

. . ... . .

1 1 ... an−1,n−1 αn−1,n

1 1 ... 1 an,n

⎞
⎟⎟⎟⎠ ,

where ai,i ∈ A and αi, j ∈ B .
For a, b ∈ N with a + b + 1 = n the element Ia

b ∈ Y n corresponds to the position (a + 1, a + 1) in the tensor matrix. For 
a, b, c ∈ N with a + b + c + 2 = n the element a
b

c ∈ Y n corresponds to the position (a + 1, a + b + 2) = (a + 1, n − c) in the 
tensor matrix. We also add the symbol (0, 0) to correspond to ∗n .

With the above identifications the formulas (4.2) and (4.3) become:

di((a + 1,a + 1)) =

⎧⎪⎪⎨
⎪⎪⎩

(0,0) if a = 0 and i = 0
(a,a) if a �= 0 and i ≤ a
(a + 1,a + 1) if b �= 0 and i > a
(0,0) if b = 0 and i = n = a + 1,

di(a + 1,a + b + 2) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(0,0) if a = 0 and i = 0
(a,a + b + 1) if a �= 0 and i ≤ a
(a + 1,a + 1) if b = 0 and i = a + 1
(a + 1,a + b + 1) if b �= 0 and a < i ≤ a + b + 1
(0,0) if c = 0 and i = n = a + b + 2
(a + 1,a + b + 2) if c �= 0 and i ≥ a + b + 2.

If we use the above identification, the formula for ∂(S1,D2) from equation (3.2) is the same as the formula for differential 
δε

n−1 from equation (2.1). To summarize we have the following result.

Theorem 4.1. Let A and B be commutative k-algebras, ε : B → A a morphism of k-algebras and M a symmetric A-bimodule, then we 
have

Hq((A, B, ε); M) � Hq
(S1,D2)

((A, B, ε); M).

5. Some remarks

One can see that Hq
(X•,Y•)((A, B, ε); M) is functorial with respect to all of its entries. More precisely, let (A1, B1, ε1) and 

(A2, B2, ε2) be two triples, M a symmetric A2-bimodule, and f : A1 → A2 a morphism of k-algebras such that f (B1) ⊆ B2
and f ε1(b) = ε2( f (b)), then we have the natural morphism

f ∗ : Hq
(X•,Y•)((A2, B2, ε2); M) → Hq

(X•,Y•)((A1, B1, ε1); M),

where the A1-bimodule structure on M is induced by f . Also, if g : M → N is a morphism of symmetric A-bimodules then

g∗ : Hq
(X•,Y•)((A, B, ε); M) → Hq

(X•,Y•)((A, B, ε); N).

Moreover if h : (X•, Y•) → (Z•, T•) is a morphism of simplicial sets then

h∗ : Hq
(Z•,T•)((A, B, ε); M) → Hq

(X•,Y•)((A, B, ε); M).

If we take the natural inclusion of simplicial pairs i : (S1, S1) → (S1, D2) with the simplicial structure discussed in the 
previous section, then

in : Hn
(S1,D2)

((A, B, ε); M) → Hn
(S1,S1)

((A, B, ε); M)

is nothing else but the morphism �n : Hn((A, B, ε); M) → Hn(A, M) discussed in [14].
One natural question is whether the construction in this paper depends only of the homotopy type of the geometric 

realization of the simplicial pair (X•, Y•) (or maybe invariant under a certain equivalence relation among simplicial pairs). 
We explored this problem but we were not able to prove any interesting result. The main issue is finding an equivalence 
relation among simplicial pairs that is manageable at the algebraic level.

It was pointed out to us by the referee that this construction is connected to stratified factorization homology (see [7]
and [8]). This relation could be useful in studying homotopy invariance of our construction with respect to the maps above. 
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Furthermore, in the case where Y = Dn is the n-dimensional disk and X = Sn−1 is its boundary, the construction could be 
related to a model for deformation complexes of higher swiss cheese algebras and thus of n-shifted coisotropic structures 
in derived geometry.
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