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Let μ be a positive Borel measure on the unit disc and let Tμ be the associated Toeplitz 
operator on a standard Bergman space. Under some convexity conditions on a positive 
function h, we give an upper and lower bounds of the trace of h(Tμ). As consequence, 
we give some asymptotic estimates of eigenvalues of Tμ. We also apply these results to 
composition operators and give some concrete examples.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Soit μ une mesure de Borel positive sur le disque unité et soit Tμ l’opérateur de Toeplitz 
associé à μ sur un espace de Bergman standard. Pour une fonction positive h satisfaisant 
des conditions de convexité, nous donnons des bornes inférieures et supérieures de la 
trace de h(Tμ). Ceci nous permet d’obtenir quelques estimations asymptotiques des valeurs 
propres de Tμ . Nous appliquons ces résultats pour les opérateurs de composition et 
donnons ensuite quelques exemples concrets.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Toeplitz operators on Bergman spaces

1.1. Introduction

Let H(D) be the class of all holomorphic functions on the unit disc D. Let m be the normalized Lebesgue measure on D
and let dmα(z) = (1 + α)(1 − |z|2)αdm(z). The standard weighted Bergman spaces A2

α , α > −1, are given by

A2
α :=

⎧⎨
⎩ f ∈ H(D) : ‖ f ‖2

α =
∫
D

| f (z)|2 dmα(z) < ∞
⎫⎬
⎭ .

✩ Research partially supported by “Hassan II Academy of Science and Technology”.
E-mail addresses: elfallah@fsr.ac.ma (O. El-Fallah), elibbaoui@gmail.com (M. El Ibbaoui).
http://dx.doi.org/10.1016/j.crma.2016.09.012
1631-073X/© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

http://dx.doi.org/10.1016/j.crma.2016.09.012
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:elfallah@fsr.ac.ma
mailto:elibbaoui@gmail.com
http://dx.doi.org/10.1016/j.crma.2016.09.012
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2016.09.012&domain=pdf


1088 O. El-Fallah, M. El Ibbaoui / C. R. Acad. Sci. Paris, Ser. I 354 (2016) 1087–1091
Let μ be a positive Borel measure on D. The Toeplitz operator Tμ on A2
α is given by

Tμ f (z) =
∫
D

f (w)K α(z, w)(1 − |z|2)αdμ(w),

where K α(z, w) = 1/(1 − zw̄)2+α is the reproducing kernel of A2
α .

Recall that μ is said to be a Carleson measure for A2
α if the embedding operator Jμ : A2

α → L2(μ) is bounded, where 
L2(μ) denotes the space of Borelian functions f on D such that∫

D

| f (z)|2dμ(z) < +∞ .

Let dμα = (1 − |z|2)αdμ; since Tμ = J∗
μα

Jμα , then Tμ is bounded if and only if μα is a Carleson measure for A2
α , that 

means by [4],

μ(S(ζ,h)) = O (h2) (h → 0+), (ζ ∈ T),

where S(ζ, h) = {z ∈ D : 1 − |z| < h, | arg(zζ̄ )| < h}.
In the same way, Tμ is compact if and only if

μ(S(ζ,h)) = o(h2) (h → 0+), (ζ ∈ T).

Let n, j be integers such that n ≥ 1 and j ∈ {0, 2, .., 2n − 1}. The dyadic square Rn, j is given by

Rn, j =
{

z ∈D ; 2−n−1 < 1 − |z| ≤ 2−n and
2 jπ
2n

≤ arg z <
2( j + 1)π

2n

}
.

Note that a geometric characterization of positive Borel measures μ such that Tμ belongs to p-Schatten classes, namely 
Tμ ∈ S p(A2

α), has been given by D. Luecking in [7]. Indeed, he proved that Tμ ∈ Sp(A2
α) if and only if∑

n, j

22np (
μ(Rn, j)

)p
< ∞.

1.2. Eigenvalues of Toeplitz operators

First, we will give a generalization of the Luecking characterization of membership in Schatten classes. We will denote by 
(λn(T , H))n the decreasing sequence of the eigenvalues of the positive compact operator T on a separable Hilbert space H.

Theorem 1.1. Let μ be a positive Borel measure on the unit disc such that Tμ is compact on A2
α . Let h be an increasing function such 

that h(0) = 0 and satisfying one of the following conditions:

• h is convex.
• h is concave and h(t)/tε is increasing for some ε > 0.

We have

B
∑
n, j

h
(

b22nμ(Rn, j)
)

≤
∑
n, j

h
(
λn(Tμ,A2

α)
)

≤ A
∑
n, j

h
(

a22nμ(Rn, j)
)

,

where A, B, a, b > 0 are constants that depend only on α in the first case and depend on α and ε in the second case.

Note that if h(2t) 	 h(t), then the trace of h(Tμ) is finite if and only if 
∑
n, j

h(22nμ(Rn, j)) < ∞. In particular, we recover 

Luecking’s theorem, (h(t) = t p , p > 0). Note also that this result extends Theorem 1.1 of [1].
Applying Theorem 1.1 with particular functions, hδ(t) = (t − δ)+ and

hδ,ε(t) =
{

t if t ∈ [0, δ]
δ1−εtε if t ≥ δ,

we get the following.

Corollary 1.2. Let μ be a positive Borel measure on D such that Tμ is a compact operator on A2
α . Let ρ : [0, +∞] → [1, +∞[ be an 

increasing function. Suppose that ρ satisfies one of the following conditions:
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• there exists γ ∈ (0, 1) such that ρ(t)/tγ is decreasing.
• there are β ∈ (0, ∞), γ ∈ (1, ∞) such that ρ(t)/tβ is decreasing and ρ(t)/tγ is increasing.

Then the following are equivalent:

(1) λn(Tμ, A2
α) 	 1/ρ(n);

(2) an(μ) 	 1/ρ(n), where (an(μ))n≥1 is a decreasing enumeration of (22nμ(Rn, j))n, j .

2. Composition operators

We will consider composition operators on standard weighted analytic spaces on the unit disc D. For α ≥ 0, Hα will 
denote the space of analytic functions f ∈ H(D) such that∫

D

| f ′(z)|2 dmα(z) < ∞.

It becomes a Hilbert space if endowed with the norm ‖.‖Hα , given by

‖ f ‖2
Hα

=: | f (0)|2 +
∫
D

| f ′(z)|2 dmα(z).

By the classical Littlewood–Paley identity, we have H1 = H2 the Hardy space. Note also that for α ∈ [0, 1), Hα =Dα are 
the weighted Dirichlet spaces and for α > 1, Hα are the standard weighted Bergman spaces.

Let ϕ be a holomorphic self-map of D. The composition operator Cϕ acting on Hα with symbol ϕ is defined by

Cϕ f = f ◦ ϕ, f ∈ Hα.

Several papers gave some general criterion for boundedness, compactness and membership in Schatten classes of com-
position operators (see, for instance, [10,7,11,3,5,8]).

The Nevanlinna counting function, Nϕ,α , of ϕ associated with Hα is defined by

Nϕ,α(w) =

⎧⎪⎨
⎪⎩

∑
z∈ϕ−1(w)

(1 − |z|2)α if w ∈ ϕ(D),

0 if w /∈ ϕ(D).

In what follows, μϕ,α will denote the measure given by

dμϕ,α(w) = Nϕ,α(w)

(1 − |w|2)α dm(w), (w ∈D).

It is known that the composition operators Cϕ are closely related to the Toeplitz operator Tμϕ,α . More precisely, we have 
the following result.

Proposition 2.1. Let ϕ be an analytic self map of D. Then Cϕ is compact on Hα if and only if Tμϕ,α is compact on A2
α , and

K −1λn+1(Tμϕ,α ,A2
α) ≤ s2

n+1(Cϕ,Hα) ≤ Kλn(Tμϕ,α ,A2
α),

where K is a positive constant that depends only on α and |ϕ(0)|.

The asymptotic behavior of singular values of composition operators, for some particular symbols, was considered by 
several authors; see, for instance, [6,9] and references therein. The following theorem gives us a method to estimate the 
singular values in some cases, as we will see in the sequel.

Theorem 2.2. Let ϕ be an analytic self map of D and let h : [0, +∞) → [0, +∞) be an increasing function. Let h be an increasing 
function such that h(0) = 0 and satisfying one of the following conditions:

• h is convex.
• h is concave and h(t)/tε is increasing for some ε > 0.

We have

B
∑
n, j

h
(

b22nμϕ,α(Wn, j)

)
≤

∑
n

h
(

s2
n(Cϕ,Hα)

)
≤ A

∑
n, j

h
(

a22nμϕ,α(Wn, j)
)

,

where A, B, a, b > 0 depend on |ϕ(0)| and α in the first case, and depend in addition on ε in the second case.
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2.1. Composition operators with univalent symbol

Let � ⊂ D be a simply connected domain. Let ϕ be a conformal map from D onto �. Let σ be an automorphism of 
D. Since Cσ is an invertible operator on Hα , we have sn(Cϕ, Hα) 	 sn(Cϕ◦σ , Hα) (n → ∞). Then the asymptotic behavior 
of singular values depends only on �. In the sequel, we will suppose that ϕ(0) = 0. Let us first introduce the pull-back 
measure associated with ϕ . It will be denoted by mϕ and it is the positive Borelian measure defined by

mϕ(B) = m({ζ ∈ T : ϕ(ζ ) ∈ B }),
where m here is the normalized Lebesgue measure of T.

Theorem 2.3. Let � ⊂ D be a simply connected domain such that 0 ∈ �. Let ϕ be a conformal mapping from D onto � such that 
ϕ(0) = 0. Let h be an increasing function such that h(0) = 0 and satisfying one of the following conditions:

• h is convex.
• h is concave and h(t)/tε is increasing for some ε > 0.

We have

B
∑
n, j

h
(

b
(
2nmϕ(Wn, j)

)α)
≤

∑
n

h
(

s2
n(Cϕ,Hα)

)
≤ B

∑
n, j

h
(

b
(
2nmϕ(Wn, j)

)α)
,

where A, B, a, b > 0 depend on α in the first case and on α and ε in the second case.

2.2. Example

Let � be a Jordan subdomain of D that contains 0. Let ϕ be a conformal map of D onto � such that ϕ(0) = 0. By 
Caratheodory’s theorem, ϕ can be extended continuously from D onto �. The extension will also be noted by ϕ . By defi-
nition, the harmonic measure ω(., E, �) is the harmonic extension of χE , where E is a closed subset of ∂�. By conformal 
invariance of the harmonic measure, we have:

ω(0, E,�) = m(ϕ−1(E)) = mϕ(E).

Let � be a subdomain of D such that 0 ∈ �, ∂� ∩ ∂D = {1} and ∂� has, in a neighborhood of +1, a polar equation 
1 − r = γ (|θ |), where γ : [0, π] → [0, 1] is a continuous, increasing function with γ (0) = 0, and satisfying the following 
conditions

lim
t→0+

γ (t)

t
= 0, γ ′(t) = O (γ (t)/t) (t → 0+) (1)

and

γ (t) = O
(

t/ logβ(1/t)
)

for some β > 1/2. (2)

Let ϕ be a univalent map of D onto � with ϕ(0) = 0 and ϕ(1) = 1. Recall that, by Tsuji–Warschawski’s theorem, Cϕ is 
compact if and only if∫

0

γ (s)

s2
ds = ∞.

Recently, it was proved in [2] that the composition operator Cϕ on Hα is in p-Schatten class (p > 0) if and only if
∫
0

e− pα
2 �(t)

γ (t)
dt < ∞,

where

�(t) = 2

π

1∫
t

γ (s)

s2
ds. (3)

To take advantage of Theorem 2.3, we need an estimation of the harmonic measure of our domains. To this end, we will 
use a variant of Ahlfors’ and Warschawski’s theorems, which is the subject of the following lemma. For the proof, one can 
exploit the same arguments as those used in [2].
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Lemma 2.4. Under the same hypothesis and notations as above, there exist constants C, ε > 0 such that

(1) ω(0, Wn, j ∩ ∂�, �) ≤ C

2n
exp{−�

(
2π( j+1)

2n

)
}, (0 ≤ j ≤ 2n

2πγ −1(2π/2n)).

(2) Card
{

j ∈ {2k, ..,2k+1} : ω(0, Wn, j ∩ ∂�,�) ≥ ε

2n
exp−�

(
2π j+1

2n

)}
	 2k.

Combining these estimates and Theorem 2.3, we obtain

Theorem 2.5. Let γ , � and ϕ as above. Let h : [0, +∞) → [0, +∞) be an increasing function. Let h be an increasing function such 
that h(0) = 0 and satisfying one of the following conditions

• h is convex;
• h is concave and h(t)/tε is increasing for some ε > 0.

We have

B

1∫
0

h(b e−α�(s))

γ (s)
ds ≤

∑
n

h
(

s2
n(Cϕ,Hα)

)
≤ A

1∫
0

h(a e−α�(s))

γ (s)
ds

where A, B, a, b > 0 depend on α and γ in the first case and on α, γ and ε in the second case.

This can be applied to have an asymptotic behavior of singular values of this kind of composition operators. As an 
illustration, we give the following examples.

Corollary 2.6. Let γ , � and ϕ as above. We have

(1) If γ (t) = ct
log(e/t) with c �= π/α, then

sn(Cϕ,Hα) 	 1

n
αc
2π

.

(2) If γ (t) = ct
log(e/t) log log(e/t) with c > 0, then

sn(Cϕ,Hα) 	 1

logαc/π n
.

The first part of Corollary 2.6 gives, in particular, C = 2π
α , an example of composition operator on Hα which is in the 

Dixmier class without being in S1(Hα).
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