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RESUME

Un point frontiére d’'un domaine pseudo-convexe lisse de C" est dit h-extensible si
son multi-type de Catlin coincide avec son multi-type de D’Angelo. Le multi-poids de
Catlin définit un modéle local. Nous montrons ici qu'un domaine de C" avec un groupe
d’automorphismes non compact est bi-holomorphiquement équivalent a son modéle
associé s'il existe une suite d’automorphismes du domaine ayant une orbite convergeant
non tangentiellement dans un cone, vers un point frontiére h-extensible.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

One of the main problems in the study of weakly pseudoconvex domains is to understand the properties of domains of
finite type. There are several classes of domains of finite type that have been relatively better understood: domains of finite
type in C2, convex domains of finite type, and decoupled domains of finite type. All these domains are contained in a class
of domains called h-extendible domains [14] or pseudoconvexdomains of semiregular type [4]. In this paper, we study the
h-extendible domains with a noncompact automorphism group.

Let Q C C" be a domain, and denote by Aut(2) the group of holomorphic automorphisms equipped with the compact-
open topology. If the automorphism group is not compact, then by a theorem of Cartan (see, e.g., [9]), there are points
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p €9%, q € 2, and automorphisms f; € Aut($2) such that fj(q) converges to p as j goes to infinity. The point p is called a
boundary orbit accumulation point. If € is bounded and strongly pseudoconvexnear p, then €2 is biholomorphic to the unit
ball in C" [12,13]. When the boundary of €2 is real analytic and convex near p, Kim gave a complete description of such
domains [8]. In [1], Bedford and Pinchuk obtained the following result:

Theorem 1.1. [1, Theorem 2] Any convex smoothly bounded domain of finite type in C™t!, having non-compact automorphism group,
is biholomorphically equivalent to a domain of the form {(w, z) € C x C" : Rew + P(z) < 0}, where P(z) is a weighted homogeneous
polynomial.

If @ is smooth, convex, and of finite type 2m near p, then Gaussier proved the following result:

Theorem 1.2. [5, Theorem 1] Let Q be a domain in C"*! and p € 9. Assume that p is an accumulating point for a sequence of
automorphisms of Q. If 92 is smooth, convex, and of finite type 2m near p, then 2 is biholomorphically equivalent to a rigid polynomial
domain

D={(w,2) eC xC":Rew + P(2) <0},
where P(z) is a real nondegenerate convex polynomial of degree less than or equal to 2m.
In the above statement, “finite type” means that there is no non-trivial analytic set tangent to arbitrarily high order to
the boundary of Q at p. Accordingly, the nondegeneracy of P(z) is given by the condition that {z € C": P(z) = 0} contains
no nontrivial analytic set.

In this paper we extend the above results to the h-extendible domains under a cone convergence condition. For q € €2,
p €9 and f; e Aut(2), we say that f;(q) converges to p non-tangentially in a cone region if

fi@ eTu(p) :={zeQ:|z—q| <adp(2)}

for all j large enough for some « > 1. Here §,(z) = min{dist(z, 9Q), dist(z, Tpd)}. If © is convex near p, then 8,(2) =
dist(z, d€2). By [10, Lemma 3], the cone region can be described as

Fa(p) C{z€eQ:0< Lzpq' < arccos(1/w)}. (1.1)

We write T" for I'y (p) from now on because the value of « is not important in our proof. The following is our main result.

Theorem 1.3. Let Q@ C C"! be a smoothly pseudoconvex domain, p € 3K is h-extendible with Catlin’s multi-type (1,mq, ---, my).
If there is a point q € Q and f; € Aut($2) such that f;(q) converges to p € 92 non-tangentially in a cone region as j goes to infinity,
then Q2 is biholomorphically equivalent to a domain of the form:

{(w,2) e Cx C":Rew + P(2) <0}.

Here P(z)isa (1/my, ---, 1/my)-homogeneous polynomial with no pluriharmonic terms.
In section 2, we recall some basic definitions and preparatory results. In section 3, we give the proof of our main result.
2. Preliminaries

Let © be a domain in C" and p € Q. We first recall the definition of Catlin’s multi-type (see e.g. [3]).
Let L, denote the set of all n-tuples = (i1, -+, yn) With 1 < u; < oo such that

() 0<py <2 <+ < Uy < 00;

(ii) For each k, either g = oo or there is a set of nonnegative integers ay, - - -, ax with a > 0 such that Z?:l aj/uj=1.
An element of L, will be referred to as a list. The set of lists can be ordered lexicographically, i.e. if u' = (u},---, up)
and w” = (u1”,---, uy"), then ' < u” if for some k, u;. = ;" for all j <k, but w, < ui”. A list u € L, with rational
components is called distinguished if there exist holomorphic coordinates (z1, - --, z;) centered at p such that

n
If Zma, then D*Dfr(p)=0.
o M

Here D% and D? denote the partial differential operators
glal 98l

—— and ———.
azy' - 0zy" 35‘]"1 .9z
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Definition 2.1. [2] The multi-type M (02, p) = (iny, ---,my) is defined to be the least list M in L, such that M > u for
every distinguished list p.

The multi-type is an upper semicontinuous holomorphic invariant with rational components. If the multi-type M (32, p)
of p is finite, i.e. m, < oo, then it was shown in [2] that M (92, p) = u for some distinguished element w of L;. Since p
is a smooth point, it is easy to see that the first entry m; =1 in M. Note that if Q is pseudoconvexnear p, then each my,

2 <k <n, is an even number. We call A = (A1, -+, Ay) = (1/mq, ---, 1/m,) the multi-weight of p.
Definition 2.2. Let f(z) be a function on C" and A = (A1, ---, Ay) is a multi-weight. For any real number t > 0, set
m(2) = ({tMzy, -, thz)  VzeCM.

We say that f is A-homogeneous with weight « if f(m:(2)) =t* f(z) for every t > 0 and z € C"/{0}. If « =1, then f is
simply called A-homogeneous.

Let € be a domain in C*! n > 1. Suppose p € 92 is of finite multi-type (1, my, ---,my). Then in suitable local coordi-
nates, the defining function of € near p has the form:

r(w,z) =Rew + P(z) + R(w, 2),

where w e C, ze C", P is a (1/my,---,1/my)-homogeneous plurisubharmonicpolynomial that contains no pluriharmonic
terms, and R is smooth and satisfies

n
IR(w,2)| <C(w|+ Y _|z™)7,
i=1
for some constant ¥ > 1 and C > 0. We call D = {(w,z) e C x C": Rew + P(z) < 0} an associated model for © at p.
Now we give the definition of h-extendible domains.

Definition 2.3. Let Q& € C**! be a domain and suppose that the Catlin’s multi-type of a boundary point p is (1,my, ---,my)
with my < o0o. Set A= (1/myq,---,1/my). If Dy ={(w,z) € C x C":Rew + P(z) < 0} is an associated model of Q2 near p,
then D, is called h-extendible at p if there is a C! function a(z) on C"/{0} satisfying the following conditions:

(i) a(z) > 0 whenever z # 0;
(ii) a(z) is A-homogeneous;
(iii) P(z) — €a(z) is strictly plurisubharmonicon C" \ {0} when 0 <€ < 1.

We say that © is h-extendible at p if its associated model D, is h-extendible at p. And 2 is called h-extendible if each one
of its boundary points is h-extendible.

We call a(z) a bumping function for P(z). These conditions state that the model domain for Q at p can be approximated
from the outside by the pseudoconvex domains {(w,z) € C x C": Re(w) + P(z) — €a(z) < 0} having the same homogene-
ity as Q. The key geometric property to the applications of h-extendible domains is the following relationship between
h-extendible domains and h-extendible models.

Theorem 2.4. [15, Theorem 4.7] Let  be a smooth domain in C" and p an h-extendible boundary point of 3. Then there are local
holomorphic coordinates (z, w) and an h-extendible model Q (with the same multi-weight as p) such that in these coordinates p =0
and @\ {p} C Q near p.

For any integer n > 1, let A = (A1,---, A;) be a fixed n-tuple of positive numbers and w > 0. Denote by O(u, A) the set
of smooth functions f defined near the origin of C" such that

n
D*DPf(0)=0, whenever Z(ai + BiAi < .
i=1
If n=1 and A = (1), then we use O(u) to denote the functions vanishing to order at least w at the origin. Then we have
the following lemma.

Lemma 2.5. [15, Lemma 4.11] Let § be a domain in C"*! and p € 9 h-extendible. Suppose that the Catlin’s multi-type of p is
(1,myq, -+, my) withm, < oo and let A = (1/my, ---, 1/my). Then there are local holomorphic coordinates (Z, W), such that in these
coordinates p = 0 and 2 can be described near p as follows:
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Q={(W,2) eCxC":ReW + P@) + R1 @) + R2(Im W) + Im W)R @) < 0}.

Here PZ) is a A-homogeneous plurisubharmonicreal-valued polynomial containing no pluriharmonic terms, RieO1,A), Re
O(1/2, A) and Ry € O(2).

Remark 2.6. Assume that Q is given by {(w,z) e Cx C":r(w, z) <0} near p=(0',0) and I" C Q is a cone with vertex at p.
Convexity is not a biholomorphic invariant, but from the proof of [15, Main Theorem| and [15, Lemma 4.10, Lemma 4.11],
one easily sees that cones are preserved in both Theorem 2.4 and Lemma 2.5.

3. Proof of the Main Theorem

We first prove the main theorem in the special case where €2 is described as in Lemma 2.5. The process can be divided
into three steps by the standard scaling method (see, e.g., [7]). First we show that any compact set in € can be mapped into
some neighborhood U of p. Then we move f;(q) to the origin by complex linear maps and stretching the coordinates at the
origin. We prove that the images of U N 2 under the stretching map have a nontrivial limit. The limit is biholomorphic to
the associated model. Composing the automorphisms of Q with the stretching maps, we have a sequence from any compact
set of Q to its associated model, and we call this sequence the scaling sequence. Finally, we show that the limit of the
scaling sequence gives a biholomorphic mapping between €2 and its associated model. For the general case, we construct
biholomorphic maps of coordinates that keep the cone convergence. In the above process, we have used several different
local coordinates, which will result in different model domains. However, in [11], Nikolov showed, using a scaling method,
that all model domains in different coordinates are biholomorphically equivalent. Therefore, we can reduce the general case
to the special case.

First we need a localization lemma.

Lemma 3.1. [7, Proposition 9.2.8] For any neighborhood U of p in C", let K be any compact subset of €2, then there is a N > 0, such
that fj(K) cQNU forall j> N .

Now we define

Me(w, 2) = (tw, tV/Mzy, .tV Mz) = (tw, T (2)), t € R.

Let Q be as in Lemma 2.5 and U a neighborhood of 0 € Q. For any & = (£g,’§) € 2 N U, where '€ € C" and & € C, set
t =|r&)| and & = (§,’€) :=I1,-1(£). As £ €T, it is easy to see that || < |Re&| ~ t = [r(€)|. Here |A| < |B| means that
there is a constant C > 0 which only depends on €, U and T" such that |A| < C|B|, and |A| ~ |B] if |A| < |B]| and |B| < |A|.
Soif £ 2NT and |&| is small, then we have

n n
V€l =Ime(OISY &I S Y 74— 0 (31)
i=1 i=1

since 0 <XAj <1 forall1<i<n,and

&0l St g0l SETMEIS L. (3.2)

Thus we get that |€| <1.
Now, for any £ e QN U N T, define

Le(w,2)=(w,2) —&.

It is a holomorphic automorphism of C" that moves ¢ to the origin and Lgl = L_¢. Then consider the holomorphic mappings
De :=Tli-10Ls (2N U) and Ug :=TI;-1 0 Lg (U). Set

re(w,2z) = t’lr(L,g oIlf(w,z)) and ro(w,z)=Rew —1+ P(2). (3.3)
Then locally D¢ is defined by
D ={(w,2) e Cx C":r(L_g o IIy(w, 2)) <0} N U¢
={(w,2) €eC x C":t7'r(L_g o Tx(W, 2)) < 0} N Ug
={(w,2) e Cx C":rg(w, z) <0} N Us.

Then by the estimates (3.1) and (3.2) it is easy to see that Ug converges normally to C™*1 as £ tends to zero. One readily
checks that
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lim re(w,z) =ro(w, 2) (3.4)
QNUNC2E—0
where the convergence is uniform on compact subsets of C"*!, which means that D¢ converges normally to Do :={(w, 2) €
C"1 :ro(w, z) < 0}. (For the definition of the normal convergence, see, e.g., [7, Definition 9.2.2].)
On the other hand, by Theorem 2.4, there is an h-extendible model

Q={w,2)eCxC": p(w,z)=Rew + Q (2) <0}, (3.5)

where Q () is a A-homogeneous function on C"\ {0}, such that if U is a small neighborhood of p then QNU\ {0} c Q NU.
Furthermore, shrinking U if necessary, there is a constant C, only depending on €, U and T, such that, for all small
EeQnNuUNT, we have

D:(QNU)CQo:={(w,2)eCxC":Rew+ Q(z) — C <0}. (3.6)

Now we prove a simplified version of the main theorem.

Proposition 3.2. Let Q be a smooth pseudoconvex domain in C'*!. Assume that p € 92 is h-extendible with multi-type
(1,mq,---,my), my < oo and let A = (1/myq, ---,1/my). Suppose that, near p = (0', 0), Q has a defining function r(z, w) of the
form:

r(w,z)=Rew+ P(2) + R1(2) + Ro(Imw) + (Imw)R(2) < 0.

Here P(z) is a A-homogeneous plurisubharmonicreal-valued polynomial containing no pluriharmonic terms, and R1 € O(1, A), R €
O(1/2, A) and Ry € O(2). If there is a point q € Q2 and f; € Aut(2) such that f(q) converges to p non-tangentially in a cone region
", then 2 is biholomorphic to a domain of the form:

D:={(w,2) eCxC":Rew + P(2) <0}. (3.7)

Proof. Let U be a neighborhood of p and K be an arbitrary compact subset of 2 with q € K. By the localization principle
in Lemma 3.1, fj(K) C 2NU for all j large enough. Set

Hj(W,Z)=H\fj(q)|—1(W,Z), Lj(W’Z)szj(q)(W,Z),
rj(w,2) =rgq(W,2), Dj=Dgq-

By definition, L;j(fj(q)) = (0,’0) and ITj o L;(fj(q)) = (0,’0). Then for all j large enough, we define the following biholo-
morphic mappings:

gj:=IljoLjo fj.

In order to show that  is biholomorphic to Do = {(w, z) C C x C" : ro(w, z) < 0}, first we show that there is a limit of
o}, say o, which defines a holomorphic map from € to Do and is biholomorphic near g. Second, we construct a holomorphic
map from Dy to Q. Finally we show that they are holomorphic inverses to each other.

First we show that a limit of o; defines a holomorphic map from € to Do. Note that |k is a map from K to D; and
D; converges normally to Do (by (3.4)), and D; C Qo (by (3.6)) for all j large enough. As Qo is a taut domain, {o;} form
a normal family and let o be one of the limits. Since D; converges normally to Do, we have og : K — Do. Since K is
arbitrary, o is defined on the whole Q2. Then by the tautness of Dg, either o (2) C dDg or o (£2) C Dg. On the other hand,
oj(@ =TjoLjo fj(q) =(0,’0). But (0,’0) € Dg and Dy is open, so o (2) C Do.

Next we show that o is biholomorphic near q € 2. Since Dy is open, there is a constant § > 0 such that for all j large,
we have the ball centered at (0,’0) and with radius § such that B((0,’0),8) C Dj =1IIj o L;j(Q NU). Since 32 is of finite
type at p, it is of finite type at points p’ in 92 near p, since finite type is an open condition (see, e.g., [3]). As p is an
accumulating point, by [6, Example 3.1.2], @ is taut, hence hyperbolic. So there is a neighborhood W of q and a constant
81 > 0 so that [Fq(¢, X)| = 61|X| for any ¢ € W and X € T;Q. Then we have

811X| = Fa(q, X) = Ffo) (fj(@, df i@ X) (3.8)
< Fonu (fj(@), df j(@X) (3.9)
= FnjoLj(QmU)((O, /O),dl'IjodLjodfj(q)X) (3.10)
< Fp((0,0),8((0,’0), doj(q) X) (311)
< &ldoj(@llX], (3.12)

for all 0 # X € T¢Q. Equations (3.8) and (3.10) hold because the Kobayashi metric is a biholomorphic invariant and inequal-
ities (3.9) and (3.11) hold because Kobayashi metric decreases under holomorphic mappings. Inequality (3.12) holds by the
explicit Kobayashi metric of the ball with radius § at the origin. So we get
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51
ldoj(@)] = —.
)
The constants §; and &, do not depend on j. So letting j go to infinity, and setting §3 = §1/52, we get

ldo (q)] = 83 > 0.

This shows that o is biholomorphic near gq.
Now we construct a holomorphic map from Dy to Q. Set

el =1 g1
C()J—fj oIl olLj.

For any compact subset K C Dy, as D; converges normally to Do, so for j large enough, Kc Dj=TIljoLj(QNU), that is
L].’1 o l'Ij’l (K) CQNU. Thus the sequence wj|g : K —  is well defined. As  is taut, {w;} form a normally family and let

@ be one of the limits. Since K is arbitrary, @ is defined on D and w(Dg) C Q. But ;j(0,’0) = fj’1 o l'Ij’1 o Lj’l(O, '0) =
so w(Dg) C L.

Now we show that o is a biholomorphism. As o converges to o uniformly on compact sets of  and o is a local
biholomorphism near ¢, there exists a constant 84 > 0 and a compact set N C  with q € N, such that B((0,'0), 84) C
0;j(N) C Dy for all large j. This implies that w;(B((0,’0), 84)) C fj_l(fj(N)) = N. Thus for large j, the mapping

0} © @jlB((0,0).54) = idB((0.0).54)

is well defined. Let j go to infinity, we have o o w|p(,0),5,) = idB((0,0),5,)» and hence o o w =idp,. On the other hand, on
any compact set K C  with q € K, we have

wjoojlg =idg.

Let j go to infinity, we see that w o o |x = idg, thus w o 0 =idg. Hence o is a biholomorphic mapping between Dy and €.
By the defining functions of D¢ in (3.3) and D in (3.7), it is easy to see that € and its associated model D are biholo-
morphically equivalent. O

Now we give the proof of the main theorem (Theorem 1.3):

Proof of Theorem 1.3. Suppose that Q2 is given by {(w,z) C C x C":r(w, z) < 0} in a neighborhood U of p. By assumption,
there exist holomorphic automorphisms f; € Aut(2) and q € © such that f;(q) converge to the boundary point p non-
tangentially in a cone I' as j goes to infinity. Let (W,2) = Hp(w, 2) be the local coordinate change given in Lemma 2.5.
Then, by Remark 2.6, the image of the cone I under Hp, defined by T= Hp(T), is also a cone with vertex p = 0. So one
gets Hy(fj(q) € T. By Proposition 3.2, Q is biholomorphic to the model D = {(W,Z) : Re W + PG < 0}. By [11], all models
in different coordinates are biholomorphically equivalent. This completes the proof. O

Acknowledgements

We sincerely thank the referee, who read the paper very carefully and gave many excellent suggestions, which greatly
improved the presentation of this paper.

References

[1] E. Bedford, S.I. Pinchuk, Convex domains with noncompact groups of automorphisms, Mat. Sb. 185 (5) (1994) 3-26.
[2] D. Catlin, Boundary invariants of pseudoconvex domains, Ann. of Math. (2) 120 (3) (1984) 529-586.
[3] J.P. D’Angelo, Several Complex Variables and the Geometry of Real Hypersurfaces, Stud. Adv. Math., CRC Press, Boca Raton, FL, USA, 1993.
[4] K. Diederich, G. Herbort, Pseudoconvex domains of semiregular type, in: Contributions to Complex Analysis and Analytic Geometry, in: Asp. Math., E,
vol. 26, Vieweg, Braunschweig, 1994, pp. 127-161.
[5] H. Gaussier, Characterization of convex domains with noncompact automorphism group, Mich. Math. J. 44 (2) (1997) 375-388.
[6] H. Gaussier, Tautness and complete hyperbolicity of domains in C", Proc. Amer. Math. Soc. 127 (1) (1999) 105-116.
[7] RE. Greene, K.-T. Kim, S.G. Krantz, The Geometry of Complex Domains, Prog. Math., vol. 291, Birkhduser Boston, Inc., Boston, MA, USA, 2011.
[8] K.-T. Kim, Complete localization of domains with noncompact automorphism groups, Trans. Amer. Math. Soc. 319 (1) (1990) 139-153.
[9] S.G. Krantz, Function Theory of Several Complex Variables, Pure Appl. Math., John Wiley & Sons, Inc., New York, 1982.
[10] L. Lee, B. Thomas, B. Wong, On boundary accumulation points of a convex domain in C", Methods Appl. Anal. 21 (4) (2014) 427-440.
[11] N. Nikolov, Biholomorphy of the model domains at a semiregular boundary point, C. R. Acad. Bulgare Sci. 55 (5) (2002) 5-8.
[12] J.-P. Rosay, Sur une caractérisation de la boule parmi les domaines de C" par son groupe d’automorphismes, Ann. Inst. Fourier (Grenoble) 29 (4) (1979)
91-97 (ix).
[13] B. Wong, Characterization of the unit ball in C" by its automorphism group, Invent. Math. 41 (3) (1977) 253-257.
[14] J. Yu, Geometric analysis on weakly pseudoconvex domains, Ph.D. thesis, Washington University in St. Louis, ProQuest LLC, Ann Arbor, MI, 1993.
[15] J. Yu, Weighted boundary limits of the generalized Kobayashi-Royden metrics on weakly pseudoconvex domains, Trans. Amer. Math. Soc. 347 (2)
(1995) 587-614.


http://refhub.elsevier.com/S1631-073X(16)30127-3/bib626564666F726470696E6368756B31s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib6361746C696E31s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib4427416E67656C6Fs1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib4D5231333139333437s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib4D5231333139333437s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib676175737369657231s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib676175737369657232s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib6B696D2773626F6F6Bs1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib6B696D636F6D706C6574657363616C696E67s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib6B72616E747A626F6F6B31s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib6C696E616C656531s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib4D5231393338383232s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib726F736179s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib726F736179s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib776F6E6762756E62616C6C74686Ds1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib79756A697965746865736973s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib79756A69796532s1
http://refhub.elsevier.com/S1631-073X(16)30127-3/bib79756A69796532s1

	On h-extendible domains and associated models
	1 Introduction
	2 Preliminaries
	3 Proof of the Main Theorem
	Acknowledgements
	References


