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This paper is devoted to the study of a semilinear problem describing the downward 
displacement of a suspension bridge in the presence of a hanger restoring force h(u), an 
external force f which includes gravity, and a delay term which accounts for its history. 
The goal is to establish a well-posedness result and the existence of a finite-dimensional 
global attractor.
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r é s u m é

Cet article est consacré à l’étude d’un problème semi-linéaire décrivant le déplacement 
vers le bas d’un pont suspendu, en présence d’une force de rappel exercée par les câbles, 
une force extérieure qui tient compte de la gravité et un terme de retard qui représente 
l’historique.
Le but est d’établir un résultat bien posé et l’existence d’un attracteur global de dimension 
finie.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In 2015, Ferrero and Gazzola in [5] made a first attempt to model a suspension bridge of length π with a thin rectangular 
plate � = (0, π) × (−�, �) that is hinged on the vertical sides and free on the horizontal sides. They were able to establish 
the following fourth-order equation

utt(x, y, t) + δut(x, y, t) + �2u(x, y, t) + h(x, y, u(x, y, t)) = f (x, y, t) (1.1)
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where δ > 0 is a frictional constant, h(x, y, u(x, y, t)) is the hangers’ restoring force, f (x, y, t) is a forcing term including 
gravity and live and dead loads; while u(x, y, t) stands for the deflection of the suspension bridge in the downward direc-
tion. Since the bridge is usually simply supported on the vertical sides only, the boundary conditions in this case are given 
by

u(0, y) = uxx(0, y) = u(π, y) = uxx(π, y) = 0.

The case of a totally supported plate has been treated by Navier [8] in 1823. The plate � is assumed to be free on horizontal 
edges

u yy(x,±�) + σuxx(x,±�) = 0, u yyy(x,±�) + (2 − σ)uxxy(x,±�) = 0, ∀x ∈ (0,π),

where 0 < σ < 1
2 is the Poisson ratio. For (1.1), Ferrero and Gazzola [5] established the well-posedness and discussed several 

other stationary problems. Recently, Wang [13] carried out a different analysis on the model suggested in [5] and investi-
gated the local existence and finite-time blow-up of a solution in the presence of a source term. Also, Al-Gwaiz et al. [1]
studied the bending and stretching energies in the rectangular plate model suggested in [5]. Gazzola and Wang [7] recently 
modelled suspension bridges through the Von Karman quasilinear plate equations. Berchio et al. [2] also investigated the 
structural instability of nonlinear plates modelling suspension bridges. For more details on suspension bridge models, we 
refer the reader to the new book [6] on mathematical models for suspension bridges by Gazzola.

The above model is more reliable and gives some realistic responses compared to beam models. However, there is 
still need for some refinements. The action of any external force f on the plate � is transmitted through hangers to the 
sustaining cables and this may yield some delay. In this present work, we consider a variant of equation (1.1) in the presence 
of delay and damping together with the above-mentioned boundary conditions and initial data. Namely, we are concerned 
with the following problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

utt + �2u + h(u(x, y, t)) + δ1ut(x, y, t) + δ2ut(x, y, t − τ ) = f (x, y), in � × (0,+∞),

u(0, y, t) = uxx(0, y, t) = u(π, y, t) = uxx(π, y, t) = 0, for (y, t) ∈ (−�, �) × (0,+∞),

u yy(x,±�, t) + σuxx(x,±�, t) = 0, for (x, t) ∈ (0,π) × (0,+∞),

u yyy(x,±�, t) + (2 − σ)uxxy(x,±�, t) = 0, for (x, t) ∈ (0,π) × (0,+∞),

ut(x, y, t − τ ) = f0(x, y, t − τ ), t ∈ (0, τ ),

u(x, y,0) = u0(x, y), ut(x, y,0) = u1(x, y), in �,

(1.2)

where � := (0, π) × (−�, �) ⊂ R
2, δ1, δ2 are real constants, f ∈ L2(�) and τ > 0 represents the time delay. We shall estab-

lish the well-posedness and the existence of a global attractor. We also show that this global attractor has a finite-fractal 
dimension.

This work is organized as follows. In Section 2, we present some fundamental and basic results. In Section 3, we refor-
mulate Problem (1.2) into a semigroup setting and prove a well-posedness result. In Section 4, we show that the semigroup 
generated by the problem possesses a global attractor. Finally, in section 5, we prove that the global attractor has a finite-
fractal dimension.

2. Preliminaries

In this section we present some basic and fundamental results to be used in establishing our main results. For this, we 
impose the following assumptions on the function h{

|h(s1) − h(s2)| ≤ c0
(|s1|θ + |s2|θ

) |s1 − s2|, ∀s1, s2 ∈R, c0, θ > 0

−c1 ≤ H(s) ≤ sh(s), ∀s ∈R,
(2.1)

where H(s) =
s∫

0

h(τ ) dτ and c1 is a positive constant.

Example 2.1. The function s �→ h(s) = s|s|p−1, p > 1 satisfies (2.1).

Indeed,

|h(s1) − h(s2)| ≤ |h′(τ )| |s1 − s2|
≤ 2p−2 p(|s1|p−1 + |s2|p−1)|s1 − s2|,

where τ = κs1 + (1 − κ)s2, κ ∈ (0, 1).
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As in [5], we introduce the space

H2∗(�) =
{

w ∈ H2(�) : w = 0 on {0,π} × (−�, �)
}

, (2.2)

together with the inner product

(u, v)H2∗(�) =
∫
�

[(�u�v(+1 − σ)(2uxy vxy − uxx v yy − u yy vxx)]dx dy. (2.3)

For the completeness of H2∗(�), we have the following results by Ferrero and Gazzola [5].

Lemma 2.1. [5] Assume 0 < σ < 1
2 . Then, the norm ‖.‖H2∗(�) given by ‖u‖2

H2∗(�)
= (u, u)H2∗(�) is equivalent to the usual H2(�)-norm. 

Moreover, H2∗(�) endowed with the scalar product (., .)H2∗(�) is a Hilbert space. �
Theorem 2.2. [5] Assume 0 < σ < 1

2 and f ∈ L2(�). Then there exists a unique u ∈ H2∗(�) such that∫
�

[�u�v + (1 − σ)(2uxy vxy − uxx v yy − u yy vxx)]dx dy =
∫
�

f v, ∀v ∈ H2∗(�). � (2.4)

Remark 2.1. The function u ∈ H2∗(�) satisfying (2.4) is called the weak solution to the stationary problem

⎧⎨⎩ �2u = f ,
u(0, y) = uxx(0, y) = u(π, y) = uxx(π, y) = 0,

u yy(x,±�) + σuxx(x,±�) = u yyy(x,±�) + (2 − σ)uxxy(x,±�) = 0.

(2.5)

Theorem 2.3. [5] The weak solution u ∈ H2∗(�), given by (2.4), is in H4(�) and there exists C = C(�, σ) > 0 such that

‖u‖H4(�) ≤ C‖ f ‖L2(�). (2.6)

In addition, if u ∈ C4(�̄), then u is a classical solution to (2.5). �
Lemma 2.2 (Embedding [5]). Let u ∈ H2∗(�) and suppose 1 ≤ p ≤ +∞. Then, there exists a positive constant Ce = Ce(�, p) > 0 such 
that

‖u‖L p(�) ≤ Ce‖u‖H2∗(�). �
3. Well-posedness

In this section we establish the well-posedness of problem (1.2) using the semigroup theory. As in [9–11], we let

z(ρ, x, y, t) = ut(x, y, t − τρ), ρ ∈ (0,1), (x, y) ∈ �, t > 0. (3.1)

Then differentiation, with respect to t , gives

τ zt(ρ, x, y, t) + zρ(ρ, x, y, t) = 0, ρ ∈ (0,1), (x, y) ∈ �, t > 0.

Thus, we can rewrite problem (1.2) as follows{
utt(x, y, t) + �2u(x, y, t) + h(u(x.y, t)) + δ1ut(x, y, t) + δ2z(1, x, y, t) = f (x, y), in � × (0,+∞),

τ zt(ρ, x, y, t) + zρ(ρ, x, y, t) = 0, in (0,1) × � × (0,+∞),

(3.2)

with boundary conditions⎧⎨⎩ u(0, y, t) = uxx(0, y, t) = u(π, y, t) = uxx(π, y, t) = 0, for (y, t) ∈ (−�, �) × (0,+∞),

u yy(x,±�, t) + σuxx(x,±�, t) = 0, for (x, t) ∈ (0,π) × (0,+∞),

u yyy(x,±�, t) + (2 − σ)uxxy(x,±�, t) = 0, for (x, t) ∈ (0,π) × (0,+∞),

(3.3)

and initial conditions{
u(x, y,0) = u0(x, y), ut(x, y,0) = u1(x, y), in �,

z(ρ, x, y,0) = f (x, y,−ρτ), for (ρ, x, y) ∈ (0,1) × (0,π) × (−�, �).
(3.4)
0
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By setting U = (u, v, z)T , where ut = v , then problem (3.2)–(3.4) becomes

(P )

{
Ut + AU = F ,

U (0) = U0,

where

AU =
⎛⎝ −v

�2u + δ1 v + δ2z(1, .)
1
τ zρ

⎞⎠ , F (U ) =
⎛⎝ 0

−h(u) + f
0

⎞⎠ , U0 =
⎛⎝ u0

u1
f0(., .,−ρτ)

⎞⎠ .

Let’s define the Hilbert space

H = H2∗(�) × L2(�) × L2((0,1) × �)

equipped with the inner product

(U , V )H = (
u, ũ

)
H2∗(�)

+ (
v, ṽ

)
L2(�)

+ τ |δ2|
(
z, z̃

)
L2((0,1)×�)

, (3.5)

where

U = (u, v, z)T , V = (
ũ, ṽ, z̃

)T ∈ H.

Next, we introduce the following notation⎧⎨⎩ uxx(0, y) = uxx(π, y) = 0,

u yy(x,±�) + σuxx(x,±�) = 0,

u yyy(x,±�) + (2 − σ)uxxy(x,±�) = 0.

(3.6)

The domain of the operator A is defined as

D(A) =
{
(u, v, z) ∈ H/u ∈ H4(�), v ∈ H2∗(�), zρ ∈ L2((0,1) × �), z(0, .) = v, and (3.6) holds

}
.

Lemma 3.1. For u ∈ H4(�) ∩ H2∗(�) satisfying (3.6) and v ∈ H2∗(�), we have

(�2u, v)L2(�) = (u, v)H2∗(�). (3.7)

Proof. By using Green’s formula with some careful calculations, we obtain the result. �
Lemma 3.2. Under the assumption that δ1 ≥ |δ2|, the operator A : D(A) ⊂H −→H is monotone.

Proof. Exploiting Lemma 3.1, we obtain, for all U =
⎛⎝u

v
z

⎞⎠ ∈ D(A),

(AU , U )H =
⎛⎝⎛⎝ −v

�2u + δ1 v + δ2z(1, .)
1
τ zρ

⎞⎠ ,

⎛⎝u
v
z

⎞⎠⎞⎠
H

= − (u, v)H2∗(�) +
(
�2u + δ1 v + δ2z(1, .), v

)
L2(�)

+ |δ2|
(
zρ, z

)
L2((0,1)×�)

= − (u, v)H2∗(�) +
(
�2u, v

)
L2(�)

+ δ1(v, v)L2(�) + δ2(z(1, .), v)L2(�)

+ |δ2|
(
zρ, z

)
L2((0,1)×�)

= δ1‖v‖2
L2(�)

+ δ2(z(1, .), v)L2(�) + |δ2|
(
zρ, z

)
L2((0,1)×�)

. (3.8)

Using Young’s inequality, we obtain⎧⎪⎪⎪⎨⎪⎪⎪⎩
δ2(z(1, .), v)L2(�) ≥ −|δ2|

2 ‖v‖2
L2(�)

− |δ2|
2 ‖z(1, .)‖2

L2(�)
,

|δ2|
(
zρ, z

)
L2((0,1)×�)

= |δ2|
2

1∫
d

dρ
‖z‖2

L2(�)
= |δ2|

2
‖z(1, .)‖2

L2(�)
− |δ2|

2
‖v‖2

L2(�)
.

(3.9)
0
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Thus substituting (3.9) into (3.8), we obtain

(AU , U )H ≥ (δ1 − |δ2|)‖v‖2
L2(�)

≥ 0. (3.10)

Hence, A is a monotone operator. �
Lemma 3.3. Assume δ1 ≥ |δ2|. Then the operator A : D(A) ⊂H −→H is maximal.

Proof. Let G = (k, l, r) ∈H and consider the stationary problem

U + AU = G, (3.11)

where U =
⎛⎝u

v
z

⎞⎠. From (3.11), we obtain

⎧⎨⎩
u − v = k,

v + �2u + δ1 v + δ2z(1, .) = l,
τ z + zρ = τ r.

(3.12)

By a simple integration of (3.12)3, making use of (3.12)1, we obtain

z(ρ, .) = (u − k)e−τρ + τe−τρ

∫
0ρr(γ , .)eγ τ dγ . (3.13)

Combination of (3.12)2 and (3.13), with v = u − k, gives

δ0u + �2u = w, (3.14)

where⎧⎪⎪⎪⎨⎪⎪⎪⎩
δ0 = 1 + δ1 + δ2e−τ > 0,

w = δ0k − δ2τe−τ

1∫
0

r(γ , .)eγ τ dγ + l ∈ L2(�).
(3.15)

The weak formulation of (3.14) is then

δ0

∫
�

uφ + (u, φ)H2∗(�) =
∫
�

wφ, ∀φ ∈ H2∗(�). (3.16)

We define the following bilinear and linear forms on H2∗(�)

B(u, φ) = δ0

∫
�

uφ + (u, φ)H2∗(�), F(φ) =
∫
�

wφ.

By using Lemma 2.1 and Lemma 2.2, we can easily see that

|B(u, φ)| ≤ C‖u‖H2∗(�)‖φ‖H2∗(�)

and

B(u, u) = δ0‖u‖2
L2(�)

+ ‖u‖2
H2∗(�)

≥ ‖u‖2
H2∗(�)

.

Therefore B is bounded and coercive. Also,

|F(φ)| ≤ ‖w‖L2(�)‖φ‖L2(�) ≤ C‖w‖L2(�)‖φ‖H2∗(�).

This implies that F is bounded. Thus, Lax–Milgram Lemma guarantees the existence of a unique u ∈ H2∗(�) satisfying (3.16), 
which yields:

(u, φ)H2∗(�) =
∫

(w − δ0u)φ, ∀φ ∈ H2∗(�). (3.17)
�
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Since w − δ0u ∈ L2(�), it follows from Theorem 2.3 that u ∈ H4(�). Thus, we get that u ∈ H2∗(�) ∩ H4(�). We perform 
similar integration by part as in Lemma 3.1, to obtain:∫

�

[δ0u + �2u − w]φ +
�∫

−�

[uxx(π, y)φx(π, y) − uxx(0, y)φx(0, y)]dy

+
π∫

0

{[u yy(x, �) + σuxx(x, �)]φy(x, �) − [u yy(x,−�) + σuxx(x,−�)]φy(x,−�)}dx

+
π∫

0

[u yyy(x,−�) + (2 − σ)uxxy(x,−�)]φ(x, �)dx

−
π∫

0

[u yyy(x, �) + (2 − σ)uxxy(x, �)]φ(x, �)dx = 0, ∀φ ∈ H2∗(�). (3.18)

Now, by considering φ ∈ C∞
0 (�) (hence φ ∈ H2∗(�)), then all the boundary terms of (3.18) vanish and we obtain:∫

�

[δ0u + �2u − w]φ = 0, ∀φ ∈ C∞
0 (�). (3.19)

Hence (by density) we have∫
�

[δ0u + �2u − w]φ = 0, ∀φ ∈ L2(�). (3.20)

This implies

δ0u + �2u = w, in L2(�). (3.21)

We take

v = u − k in H2∗(�)

and obtain z ∈ L2((0, 1) × �) from (3.13) with z(0, .) = v and zρ ∈ L2((0, 1) × �).
Thus, u ∈ H2∗(�) ∩ H4(�), v ∈ H2∗(�) and z ∈ L2((0, 1) × �) solves (3.12). Again, by choosing φ ∈ C∞(�̄) ∩ H2∗(�) and 

using (3.21), we get:

S =
∫
�

[δ0u + �2u − w]φ +
�∫

−�

[uxx(π, y)φx(π, y) − uxx(0, y)φx(0, y)]dy

+
π∫

0

{[u yy(x, �) + σuxx(x, �)]φy(x, �) − [u yy(x,−�) + σuxx(x,−�)]φy(x,−�)}dx

+
π∫

0

[u yyy(x,−�) + (2 − σ)uxxy(x,−�)]φ(x, �)dx

−
π∫

0

[u yyy(x, �) + (2 − σ)uxxy(x, �)]φ(x, �)dx = 0. (3.22)

By using (3.20) and the arbitrary choice of φ ∈ C∞(�̄) ∩ H2∗(�), we obtain from (3.22) the boundary conditions (3.6). 
Therefore, there exists a unique

U =
⎛⎝u

v
z

⎞⎠ ∈ D(A)

satisfying (3.12). Thus, A is a maximal operator. �
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Lemma 3.4. The function F is locally Lipschtz.

Proof. Let U , V ∈ BR = {(u, v, z) ∈ D(A) : ‖(u, v, z)‖H ≤ R}. Using the embedding of H2∗(�) in L∞(�) and assumption (2.1)1
we obtain that

‖F (U ) − F (V )‖2
H = ‖

⎛⎝ 0
−h(u)

0

⎞⎠ −
⎛⎝ 0

−h(ũ)

0

⎞⎠‖2
H

= ‖h(ũ) − h(u)‖L2(�)

≤ C(‖u‖2θ
L∞(�) + ‖ũ‖2θ

L∞(�))‖u − ũ‖2
L2(�)

≤ C(R)‖U − V ‖2
H.

So, F is locally Lipschitz. �
Thus, by the semigroup theory (cf. [12]), we have the following existence result

Theorem 3.1. Let U0 ∈H be given and assume δ1 ≥ |δ2| and (2.1) hold. Then the problem

(P )

{
Ut + AU = F
U (0) = U0

has a unique local weak solution

U ∈ C ([0, Tm),H) ,

for some Tm > 0.

Theorem 3.2. The solution U of problem (3.2)–(3.4) given by Theorem 3.1 is global.

Proof. It suffices to show that ‖U (t)‖H is uniformly bounded. To this end, we multiply (3.2)1 by ut and integrate over �
to get

d

dt

⎛⎝1

2

∫
�

u2
t + 1

2
‖u‖2

H2∗
+

∫
�

H(u) −
∫
�

f u(t)

⎞⎠ + δ1

∫
�

u2
t + δ2

∫
�

ut z(1, .) = 0. (3.23)

Next, we multiply (3.2)2 by |δ2|z and integrate over (0, 1) × � to obtain

τ |δ2|
1∫

0

∫
�

zt z + |δ2|
1∫

0

∫
�

zρ z = 0.

This gives

d

dt

⎛⎝τ |δ2|
2

1∫
0

∫
�

|z|2
⎞⎠ + |δ2|

2

∫
�

1∫
0

d

dρ
|z|2 = 0.

Thus, we get

d

dt

⎛⎝τ |δ2|
2

1∫
0

∫
�

|z|2
⎞⎠ + |δ2|

2

∫
�

|z(1, .)|2 − |δ2|
2

∫
�

|ut |2 = 0. (3.24)

Addition of equation (3.23) and (3.24) leads to

d

dt
E(t) = −δ1

∫
�

u2
t − δ2

∫
�

ut z(1, .) − |δ2|
2

∫
�

|z(1, .)|2 + |δ2|
2

∫
�

|ut |2, (3.25)

where

E(t) = 1

2
‖ut(t)‖2

L2(�)
+ 1

2
‖u(t)‖2

H2∗(�)
+

∫
H(u(t)) + τ |δ2|

2

1∫ ∫
|z(t)|2 −

∫
f u(t). (3.26)
� 0 � �
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By using Young’s inequality, we have

−δ2

∫
�

ut z(1, .) ≤ |δ2|
2

∫
�

|z(1, .)|2 + |δ2|
2

∫
�

|ut |2. (3.27)

Substituting (3.27) into (3.25) gives

d

dt
E(t) ≤ − (δ1 − |δ2|)

∫
�

|ut |2 ≤ 0. (3.28)

Integrating (3.28) over (0, t), we obtain

E(t) ≤ E(0), ∀t ≥ 0. (3.29)

Now, for any η > 0, the following holds∫
�

f u ≤ ‖ f ‖L2(�)‖u‖L2(�) ≤ Cη‖ f ‖2
L2(�)

+ η‖u‖2
L2(�)

≤ Cη‖ f ‖2
L2(�)

+ ηCe‖u‖2
H2∗(�)

. (3.30)

Using (2.1) and (3.30), the energy functional (3.26) satisfies

E(t) ≥
(

1

2
− ηCe

)
‖u(t)‖2

H2∗(�)
+ 1

2
‖ut(t)‖2

L2(�)
+ 1

2
‖z(t)‖2

L2((0,1)×�)
− c1|�| − Cη‖ f ‖2

L2(�)
.

Choosing η < 1
2Ce

, we get

E(t) ≥ C1‖(u(t), ut(t), z(t))‖2
H − C2, ∀t ≥ 0. (3.31)

Using (3.29) and (3.31), we arrive at

‖(u(t), ut(t), z(t))‖2
H ≤ 1

C1
(E(0) + C2) ≤ C, ∀t ≥ 0. (3.32)

The calculations above are done for regular solutions. However, the result remains true for weak solutions by density 
argument. �
4. Global attractor

This section is devoted to establishing a global attractor to system (3.2)–(3.4) under the assumptions above and, in 
addition, we require δ1 >

3|δ2|
2 . The well-posedness result in Theorem 3.1 guarantees the existence of solution semigroup 

S(t) :H →H defined by

S(t)U0 = U (t), for all t ≥ 0, (4.1)

where U (t) is the unique solution to problem (3.2)–(3.4).

Definition 4.1. Let X be a Banach space. A set B ⊂ X is an absorbing set for the semigroup S(t) : X → X if, given any 
bounded set B ⊂ X , there exists a time t0(B) such that S(t)B ⊂ B, for every t ≥ t0(B).

Definition 4.2. The global attractor for a semigroup S(t) acting on a Hilbert space H is a compact subset A of H satisfying 
the following conditions.

(i) A is invariant for S(t); i.e.,

S(t)A = A, ∀ t ≥ 0.

(ii) A attracts bounded sets; this means, for any bounded set B ⊂ H , we have

lim
t−→∞dH (S(t)B,A) = 0,

where dH is the Hausdorff semi-distance defined by

dH (A, B) = sup
a∈A

inf
b∈B

‖a − b‖H .

Theorem 4.1. [3] Let S(t) be a dissipative semigroup on a metric space H. Then, S(t) has the compact global attractor in H if and only 
if it is asymptotically smooth in H.
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4.1. Existence of an absorbing set

To show the existence of an absorbing set to system (3.2)–(3.3), we first establish several Lemmas.

Lemma 4.1. The functional I1(t) =
∫
�

uut satisfies, along the solution to (3.2)–(3.3),

dI1(t)

dt
≤

(
1 + δ1

2η

)∫
�

u2
t + (

(δ1 + |δ2| + C ′
0)ηCe − 1

)‖u‖2
H2∗(�)

+ |δ2|
2η

∫
�

|z(1, .)|2 + Cη‖ f ‖2
L2(�)

+ c1|�|, ∀η > 0. (4.2)

Proof. Direct differentiation, using (3.2)1 gives

dI1(t)

dt
=

∫
�

u2
t − ‖u‖2

H2∗(�)
− δ1

∫
�

uut − δ2

∫
�

uz(1, .)

−
∫
�

uh(u) +
∫
�

u f . (4.3)

Recalling Young’s and Hölder’s inequalities, assumption (2.1) and Lemma 2.2, we have, for any η > 0, the following⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−δ1

∫
�

uut ≤ δ1η

2
‖u‖2

L2(�)
+ δ1

2η
‖ut‖2

L2(�)
≤ Ce

δ1η

2
‖u‖2

H2∗(�)
+ δ1

2η
‖ut‖2

L2(�)
,

−δ2

∫
�

uz(1, .) ≤ |δ2|η
2

‖u‖2
L2(�)

+ |δ2|
2η

‖z(1, .)‖2
L2(�)

≤ Ce
|δ2|η

2
‖u‖2

H2∗(�)
+ |δ2|

2η
‖z(1, .)‖L2(�),∫

�

|u f | ≤ ηCe

2
‖u‖2

H2∗(�)
+ Cη‖ f ‖2

L2(�)
,

−
∫
�

uh(u) ≤ c1|�|.

(4.4)

Substituting (4.4)1–(4.4)4 into (4.3), we obtain the result. �

Lemma 4.2. The functional I2(t) = τ

∫
�

1∫
0

|z|2e−ρτ satisfies, along the solution to system (3.2)–(3.4),

dI2(t)

dt
≤ −e−τ

⎛⎝∫
�

|z(1, .)|2 + τ

1∫
0

∫
�

|z(t)|2
⎞⎠ +

∫
�

|ut |2. (4.5)

Proof. Using (3.2)2, direct differentiation leads to

dI2(t)

dt
= 2τ

∫
�

1∫
0

zzte−ρτ = −2
∫
�

1∫
0

zzρe−ρτ

= −
∫
�

1∫
0

d

dρ

(
|z|2e−ρτ

)
− τ

1∫
0

∫
�

|z|2e−ρτ

= −e−τ

∫
|z(1, .)|2 +

∫
|ut |2 − τ

1∫ ∫
|z|2e−ρτ
� � 0 �
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≤ −e−τ

⎛⎝∫
�

|z(1, .)|2 + τ

1∫
0

∫
�

|z(t)|2
⎞⎠ +

∫
�

|ut |2. � (4.6)

Now, we define the functional

L(t) = M E(t) + N I1(t) + I2(t), (4.7)

where M, N > 0 are constants to be specified later.

Lemma 4.3. For N small enough and M large enough, there exist positive constants β1, β2 such that

β1‖(u, ut , z)‖2
H − C1‖ f ‖2

L2(�)
− C3 ≤ L(t) ≤ β2‖(u, ut , z)‖2

H + C2‖ f ‖2
L2(�)

+ C4, ∀t ≥ 0. (4.8)

Proof. Using (2.1), we have∫
�

|u| |h(u)| ≤
∫
�

|u| |h(u) − h(0)| +
∫
�

|u| |h(0)|

≤ c0

∫
�

|u|2|u|θ + 1

2

∫
�

|u|2 + 1

2
|�| |h(0)|

≤ c̃Ce(‖u‖θ
L∞(�) + 1)‖u‖2

H2∗(�)
+ C4. (4.9)

We then exploit (3.32) and the embedding to get ‖u‖θ
L∞(�)

≤ C . Thus by (4.9), Lemma 2.2 and Young’s inequality, we have, 
on the one hand,

L(t) ≤ M E(t) + N

2

∫
�

u2
t + NCe

2
‖u‖2

H2∗(�)
+ τ

∫
�

1∫
0

|z(t)|2

≤
(

M + N

2

)∫
�

u2
t +

(
M + (M + N)Ce

2

)
‖u‖2

H2∗(�)
+

(
(M|δ2| + 2)τ

2

)∫
�

1∫
0

|z(t)|2

+ M

∫
�

|u| |h(u)| + M

2
‖ f ‖2

L2(�)

≤
(

M + N

2

)∫
�

u2
t +

(
M + (M + N + 2Mc̃[‖u‖2θ

L∞(�)
+ 1])Ce

2

)
‖u‖2

H2∗(�)

+
(

(M|δ2| + 2)τ

2

)∫
�

1∫
0

|z(t)|2 + M

2
‖ f ‖2

L2(�)

≤ β2

(
‖u‖2

H2∗(�)
+ ‖ut‖2

L2(�)
+ ‖z‖2

L2(�×(0,1))

)
+ C2‖ f ‖2

L2(�)
(4.10)

and on the other hand, we have, for any ε > 0,

L(t) ≥ M

2
‖u‖2

H2∗(�)
+ M

2
‖ut‖2

L2(�)
− c1|�|M + M|δ2|τ

2

∫
�

1∫
0

|z(t)|2 − NCe

2
‖u‖2

H2∗(�)

− N

2
‖ut‖2

L2(�)
− εCe M

2
‖u‖2

H2∗(�)
− Cε M‖ f ‖2

L2(�)
+ τ

∫
�

1∫
0

|z|2e−ρτ

≥
(

M(1 − εCe) − NCe

2

)
‖u‖2

H2∗(�)
+

(
M − N

2

)
‖ut‖2

L2(�)
+ M|δ2|τ

2

∫
�

1∫
0

|z(t)|2

− Cε‖ f ‖2
2 − c1M|�|.
L (�)
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First, we choose ε small enough that 1 − εCe > 0. Next, we choose M large enough and N small enough that:(
M(1 − εCe) − NCe

2

)
> 0,

(
M − N

2

)
> 0. (4.11)

Thus, we obtain:

L(t) ≥ β1

(
‖u‖2

H2∗(�)
+ ‖ut‖2

L2(�)
+ ‖z‖2

L2(�×(0,1))

)
− C1‖ f ‖2

L2(�)
− C3. (4.12)

Combining (4.10) and (4.12), we obtain the result. �
Lemma 4.4. The functional L(t) defined in (4.7) satisfies, along the solution to system (3.2)–(3.4),

dL(t)

dt
+ γ1L(t) ≤ γ0, ∀t > 0, (4.13)

where γ0, γ1 are positive constants.

Proof. Using Equation (3.28), Lemmas 4.1 and 4.2, direct computations yield

dL(t)

dt
= M

dE(t)

dt
+ N

dI1(t)

dt
+ dI2(t)

dt

≤ −N (1 − (δ1 + |δ2| + 1)Ceη)‖u‖2
H2∗(�)

−
(

M(δ1 − |δ2|) − N − Nδ1

2η
− 1

)
‖ut‖2

L2(�)

−
(

e−τ − N
|δ2|
2η

)∫
�

|z(1, .)|2 − e−τ τ‖z‖2
L2(�×(0,1))

+ NCη‖ f ‖2
L2(�)

+ Nc1|�|.

We choose η > 0 small enough that

1 − (δ1 + |δ2| + 1)Ceη > 0.

Then, we choose M large enough and N small enough that (4.11) remains valid and, further,

e−τ − N
|δ2|
2η

> 0, M(δ1 − |δ2|) − N − Nδ1

2η
− 1 > 0.

Thus, there exist positive constants α0, α1, α2, α3 and α4 such that

dL(t)

dt
≤ −α1‖u‖2

H2∗(�)
− α2‖ut‖2

L2(�)
− α3‖z‖2

L2(�×(0,1))
+ α0‖ f ‖2

L2(�)
+ α4

≤ −α
(
‖u‖2

H2∗(�)
+ ‖ut‖2

L2(�)
+ ‖z‖2

L2(�×(0,1))

)
+ α0‖ f ‖2

L2(�)
+ α4. (4.14)

By using Lemma 4.3, we obtain the result. This completes the proof. �
Theorem 4.2. (Absorbing set) Under the conditions of Theorem 3.1, the semigroup S(t) of system (3.2)–(3.3) possesses a bounded 
absorbing set B1 in H.

Proof. Integrating (4.13) over (0, t), we get

L(t) ≤ L(0)e−γ1t + γ0
(
1 − e−γ1t) ≤ L(0)e−γ1t + γ0.

From (4.8), we have

‖(u, ut , z)‖2
H ≤ β2

β1
‖(u0, u1, f0)‖2

He−γ1t + 1

β1
(C1 + C2)‖ f ‖2

L2(�)
+ 1

β1
(γ0 + C3 + C4). (4.15)

Thus, for R >
√

1
β1

(C1 + C2)‖ f ‖2
L2(�)

+ 1
β1

(γ0 + C3 + C4), the ball B1 = B(0, R) is a bounded absorbing set of (H, S(t)). This 
completes the proof. �
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In what follows, we show that the semigroup S(t) generated by (3.2)–(3.3) is asymptotically smooth in H. To establish 
this, we shall make use of the following result.

Lemma 4.5. [3] Let H be a Banach space. Assume that for any B ⊂ H bounded and positively invariant and for any ε > 0, there exists 
T = T (ε, B) such that

‖S(T )y1 − S(T )y2‖H ≤ ε + �T (y1, y2), ∀y1, y2 ∈ B,

where �T : H × H →R satisfies, for any sequence {yn} ⊂ B,

lim
j→∞

lim
k→∞

�T (yn j , ynk ) = 0.

Then S(t) is asymptotically smooth.

Now for i = 1, 2, let (ui, ui
t, zi) be solutions corresponding to initial data (ui

0, ui
1, f

i
0) ∈ B , where B ⊂ H is bounded and 

positively invariant for S(t).
We set u = u1 − u2 and z = z1 − z2, u0 = u1

0 − u2
0, u1 = u1

1 − u2
1, f0 = f 1

0 − f 2
0 . Therefore, the pair (u, z) satisfies⎧⎪⎨⎪⎩

utt(x, y, t) + �2u(x, y, t) + h(u1(x, y, t)) − h(u2(x, y, t))

+ δ1ut(x, y, t) + δ2z(1, x, y, t) = 0, in � × (0,+∞),

τ zt(ρ, x, y, t) + zρ(ρ, x, y, t) = 0, in (0,1) × � × (0,+∞),

(4.16)

with boundary conditions⎧⎪⎨⎪⎩
u(0, y, t) = uxx(0, y, t) = u(π, y, t) = uxx(π, y, t) = 0, for (y, t) ∈ (−�, �) × (0,+∞),

u yy(x,±�, t) + δuxx(x,±�, t) = 0, for (x, t) ∈ (0,π) × (0,+∞),

u yyy(x,±�, t) + (2 − σ)uxxy(x,±�, t) = 0, for (x, t) ∈ (0,π) × (0,+∞).

(4.17)

The energy functional associated with (4.16)–(4.17) is given by

E0(t) = 1

2

∫
�

|ut |2 + 1

2
‖u‖2

H2∗(�)
+ τ |δ2|

2

0∫
1

∫
�

|z|2

= 1

2
‖(u, ut , z)‖2

H,

and satisfies

d

dt
E0(t) ≤ −

(
δ1 − 3

2
|δ2|

)
‖ut‖2

L2(�)
+ C B‖u(t)‖2

L2(�)
. (4.18)

Indeed, using (2.1)1, we have that∫
�

|h(u1) − h(u2)|2 ≤ C

∫
�

(|u1|2θ + |u2|2θ )|u|2

≤ C B‖u(., t)‖2
L2(�)

.

Furthermore, we multiply (4.16) by ut and (4.17) by |δ2|z, then integrate over � and (0, 1) × � respectively, thereafter, 
adding the result together we obtain

d

dt
E0(t) ≤ Cδ2

∫
�

|h(u1) − h(u2)|2 + |δ2|
2

∫
�

|ut |2 − δ1

∫
�

|ut |2 + |δ2|
2

∫
�

|ut |2

+ |δ2|
2

∫
�

|z(1, ·)|2 − |δ2|
2

∫
�

|z(1, ·)|2 + |δ2|
2

∫
�

|ut |2

≤ −
(

δ1 − 3|δ2|
2

)∫
�

|ut |2 + C B‖u(.t)‖2
L2(�)

.
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We define the following functionals

J1(t) =
∫
�

uut, and J2(t) = τ

1∫
0

∫
�

|z|2e−ρτ .

Moreover, let

L(t) = M E0(t) + N J1(t) + J2(t)

with M > 0 large enough and N > 0 small enough to be chosen appropriately later.

Lemma 4.6. There exist λ1 and λ2 positive such that

λ1 E0(t) ≤ L(t) ≤ λ2 E0(t). (4.19)

Proof. On the one hand, we have:

L(t) ≤ M

2

∫
�

|ut |2 + M

2
‖u‖2

H2∗(�)
+ Mτ

2

1∫
0

∫
�

|z|2 + N

2

∫
�

|ut |2 + NCe

2
‖u‖2

H2∗(�)
+ τ

1∫
0

∫
�

|z|2

= M + NCe

2
‖u‖2

H2∗(�)
+ M + N

2

∫
�

|ut |2 + τ (M + 1)

1∫
0

∫
�

|z|2

≤ λ2 E0(t).

On the other hand, we have:

L(t) ≥ M

2
‖u‖2

H2∗(�)
+ M

2

∫
�

|ut |2 + Mτ

2

1∫
0

∫
�

|z|2 − N

∫
�

|u| |ut | + τ

1∫
0

∫
�

|z|2e−ρτ

≥ (M − N)Ce

2
‖u‖2

H2∗(�)
+ M − N

2
‖ut‖2

L2(�)

Mτ

2

1∫
0

∫
�

|z|2.

We choose M large enough and N small enough so that M > max{1, Ce}N . Hence, there exists λ1 > 0 such that

L(t) ≥ λ1 E0(t). �
Remark 4.1. We have that

λ1

2
‖(u, ut , z)‖2

H ≤ L(t) ≤ λ2

2
‖(u, ut , z)‖2

H.

Lemma 4.7. Let δ1 >
3|δ2|

2 , then there exists ν > 0 such that

d

dt
L(t) + νL(t) ≤ C B M‖u(·, t)‖2

L2(�)
. (4.20)

Proof. Similar to (4.2) and (4.5), we have, respectively:

d

dt
J1(t) ≤

(
1 + δ1

2η

)∫
�

|ut |2 + ((δ1 + |δ2|)ηCe − 1)‖u‖2
H2∗(�)

+ |δ2|
2η

∫
�

|z(1, ·)|2, ∀η > 0

and

d

dt
J2(t) ≤ −e−τ

⎛⎝∫
|z(1, ·)|2 + τ

1∫ ∫
|z(t)|2

⎞⎠ +
∫

|ut |2.

� 0 � �



S.A. Messaoudi et al. / C. R. Acad. Sci. Paris, Ser. I 354 (2016) 808–824 821
It follows that

d

dt
L = M

d

dt
E0(t) + N

d

dt
J1(t) + d

dt
J2(t)

≤ −M

(
δ1 − 3|δ2|

2

)
‖ut‖2

L2(�)
+ MC B‖u‖2

L2(�)
+ N

(
1 + δ1

2η

)
‖ut‖2

L2(�)

+ N((δ1 + |δ2|)ηCe − 1)‖u‖2
H2∗(�)

+ N|δ2|
2

∫
�

|z(1, ·)|2

− e−τ

∫
�

|z(1, ·)|2 − τe−τ

1∫
0

∫
�

|z(t)|2 + ‖ut‖2
L2(�)

≤ −N(1 − (δ1 + |δ2|)ηCe)‖u‖2
H2∗(�)

−
(

M(δ1 − 3|δ2|
2

) − N(1 + δ1

2η
) − 1

)
‖ut‖2

L2(�)

− τe−τ ‖z‖2
L2((0,1)×�)

−
(

e−τ − N|δ2|
2η

)∫
�

|z(1, ·)|2 + MC B‖u‖2
L2(�)

We choose η > 0 small enough that

1 − (δ1 + |δ2|)ηCe > 0,

then we pick N > 0 small enough that

e−τ − N|δ2|
2η

> 0

and finally, we select M > 0 large enough that

M(δ1 − 3|δ2|
2

) − N(1 + δ1

2η
) − 1 > 0.

Therefore, we can choose � > 0 such that

d

dt
L(t) ≤ −� E0(t) + MC B‖u‖2

L2(�)
.

Hence from (4.19) we deduce that

d

dt
L(t) + νL(t) ≤ MC B‖u(·, t)‖2

L2(�)
, (4.21)

where ν = �

λ2
. �

Theorem 4.3. (Asymptotic smoothness) In addition to the conditions of Theorem 3.1, assume δ1 > 3
2 |δ2|, then the semigroup S(t) of 

system (3.2)–(3.3) is asymptotically smooth in H.

Proof. We integrate (4.21) and make use of (4.19), to deduce that

E0(t) ≤ λ2

λ1
E0(0)e−νt + MC B

t∫
0

‖u(·, s)‖2
L2(�)

ds.

Hence

‖(u(t), ut(t), z(t))‖2
H ≤ Ĉ‖(u0, u1, f0)‖2

He−νt + C̃ B

t∫
0

‖u(s)‖2
L2(�)

ds. (4.22)

Let ε > 0 and choose T large enough in (4.22) to deduce that

‖S(T )(u1, u1, f 1) − S(T )(u2, u2, f 2)‖2 ≤ ε + �T ((u1, u1, f 1), (u2, u2, f 2)), (4.23)
0 1 0 0 1 0 H 0 1 0 0 1 0
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for every (u1
0, u

1
1, f

1
0 ), (u2

0, u
2
1, f

2
0 ) ∈ B where �T :H×H → R is defined by

�T ((u1
0, u1

1, f 1
0 ), (u2

0, u2
1, f 2

0 )) = C̃ B sup
0≤t≤T

t∫
0

‖u1(s) − u2(s)‖2
L2(�)

ds.

Let the sequence {(u0n, u1n, f0n)} ⊂ B. Since B is bounded and positive invariant, the corresponding sequence of so-
lutions {(un(t), (ut)n(t), zn(t))} of problem (3.2)–(3.3) are uniformly bounded in H. Hence, {(un, (ut)n, zn)} is bounded 
in C([0, T ]; H), which implies that {un} is bounded in C([0, T ]; H2(�)). It follows that from the compact embedding 
of C([0, T ]; H2(�)) ∩ C1([0, T ]; L2(�)) into C([0, T ]; L2(�)), there exists a subsequence {unk } that converges strongly in 
C([0, T ]; L2(�)), ∀T > 0. Hence

lim
j→∞

lim
k→∞

sup
0≤t≤T

t∫
0

‖un j (s) − unk (s)‖2 ds = 0,

and therefore

lim
j→∞

lim
k→∞

�T ((u0n j , u1n j , z0n j ), (u0nk , u1nk , z0nk )) = 0.

Applying Lemma 4.5, we conclude that S(t) is asymptotically smooth in H. �
Theorem 4.4. Assume that f ∈ L2(�) and (2.1) hold. Then, the semigroup S(t) associated with problem (3.2)–(3.3) possesses the 
global attractor in H, which is compact.

Proof. In Theorem 4.2, we proved that S(t) has an absorbing set B1 in H, and in Theorem 4.3, we showed that S(t) is 
asymptotically smooth in H. The result follows by applying Theorem 4.1. �
5. Finite-fractal dimensional attractor

In this section, we show that the global attractor obtained in section 4 has a finite-fractal dimension. For this purpose, 
we present some concepts and results. For more details, readers could consult Chueshov and Lasiecka [3,4] and references 
therein.

Let X be a metric space and K ⊂ X be a compact set, then the fractal dimension of K is given by

dimX
f K = lim sup

ε→0

In(n(K , ε))

In(1/ε)
,

where n(K , ε) is the minimal number of closed balls with radius ε that cover K .
Now, given a seminorm nX (·) on a Banach space X , it is known that nX is compact whenever for any sequence xm → 0

weakly in X we have that nX (xm) → 0.
Given three reflexive Banach spaces X, V , W with X compactly embedded in V , we set H = X × V × W . We consider 

the dynamical system (H, S(t)) where

S(t)(u0, u1, f0) = (u(t), ut(t), z(t)), (u0, u1, f0) ∈ H, (5.1)

is the solution to an evolution problem, and u, z satisfies the regularity

u ∈ C([0,+∞); X) ∩ C1([0,+∞); V ), z ∈ C([0,+∞); W ). (5.2)

We have the following important definition and theorem:

Definition 5.1. The dynamical system (H, S(t)) is said to be quasi-stable on a set O ⊂H if there exists a compact seminorm 
nX on X and nonnegative scalar functions α(t) and γ (t) that are locally bounded in [0, +∞), and β(t) ∈ L1((0, +∞)) with 

lim
t→+∞β(t) = 0, such that

‖S(t)(u1
0, u1

1, f 1
0 ) − S(t)(u2

0, u2
1, f 2

0 )‖2
H ≤ α(t)‖(u1

0, u1
1, f 1

0 ) − (u2
0, u2

1, f 2
0 )‖2

H, (5.3)

and

‖S(t)(u1
0, u1

1, f 1
0 ) − S(t)(u2

0, u2
1, f 2

0 )‖2
H ≤ β(t)‖(u1

0, u1
1, f 1

0 ) − (u2
0, u2

1, f 2
0 )‖2

H

+ γ (t) sup
0<s<t

[nX (u1(s) − u2(s))]2, (5.4)

for any (u1, u1, f 1), (u2, u2, f 2) ∈O. The inequality in (5.4) is known as a stabilizability inequality.
0 1 0 0 1 0
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Theorem 5.1. [3] Let the dynamical system (H, S(t)) be given by (5.1) and satisfy (5.2). If (H, S(t)) possesses a compact global 
attractor A and is quasi-stable on A, than the global attractor A has finite fractal dimension.

The next Theorem is the main result of this section.

Theorem 5.2. The global attractor obtained in Theorem 4.4 has a finite-fractal dimension.

Proof. Let X = H2∗(�), Y = L2(�) and Z = L2((0, 1) × �). Then the dynamical system (H, S(t)) obtained from the solution 
to system (3.2)–(3.3) satisfies (5.1)–(5.2). Let B ⊂ H, be a bounded positively invariant set with respect to S(t). Setting 
U1 = (u1

0, u
1
1, f

1
0 ), U2 = (u2

0, u
2
1, f

2
0 ), it is easy to show that

‖S(t)U1 − S(t)U2‖2
H ≤ eκt‖U1 − U2‖2

H, ∀t ≥ 0, (5.5)

for any U1, U2 ∈B where κ = κ(B) > 0. Indeed, the pair (u, z) = (u1 − u2, z1 − z2) satisfies (4.16)–(4.17).
We multiply (4.16)1 by ut and (4.16)2 by |δ2|z, then integrate over � and (0, 1) × � respectively, thereafter we add the 

results and deduce that
d

dt

(
1

2
‖u‖2

H2∗(�)
+ 1

2
‖ut‖2

L2(�)
+ 1

2
τ |δ2|‖z‖2

L2((0,1)×�)

)
+ δ1‖ut‖2

L2(�)
+ δ2

∫
�

z(1, ·)ut + |δ2|
2

∫
�

|z(1, ·)|2

− |δ2|
2

‖ut‖2
L2(�)

+
∫
�

(h(u1) − h(u2))ut = 0.

It follows that
d

dt
E0(t) + δ1 − |δ2|

2
‖ut‖2

L2(�)
+ |δ2|

2

∫
�

|z(1, ·)|2

≤ 1

2

∫
�

|h(u1) − h(u2)|2 + 1

2

∫
�

|ut |2 + |δ2|
2

∫
�

|z(1, ·)|2 + |δ2|
2

∫
�

|ut |2

≤ C

(
‖u1‖2θ

L∞(�) + ‖u2‖2θ
L∞(�)

)
‖u‖2

L2(�)
+ |δ2|

2

∫
�

|z(1, ·)|2 + 1 + |δ2|
2

‖ut‖2
L2(�)

≤ κ E0(t) + |δ2|
2

∫
�

|z(1, ·)|2,

where κ = κ(B) > 0. Hence,

d

dt
E0(t) ≤ κ E0(t), ∀t ≥ 0. (5.6)

Integrating (5.6) over (0, t), we deduce (5.5). We therefore take α(t) = eκt in (5.3).
It remains to show that (5.4) is satisfied. For this, let us define the seminorm nX (.) by

nX (u) = ‖u‖L2(�). (5.7)

From Lemma 2.2, we have that H2∗(�) is compactly embedded in L2(�). Thus we get that the seminorm nX (.) is compact 
on H2∗(�). We integrate (4.21) over (0, t) and make use of (4.19), we deduce that

‖S(t)U1 − S(t)U2‖2
H ≤ 2λ2

λ1
E0(0)e−νt + 2MCB

t∫
0

e−ν(t−s)‖u(s)‖2
L2(�)

ds

≤ C0‖U1 − U2‖2
He−νt + CB

t∫
0

e
− λ

λ2
(t−s)

ds sup
0<s<t

[nH2∗(�)(u1 − u2)]2

= β(t)‖U1 − U2‖2
H + γ (t) sup

0<s<t
[nH2∗(�)(u1 − u2)]2, (5.8)

where

β(t) = C0e
− λ

λ2
t
, γ (t) = CB

t∫
e
− λ

λ2
(t−s)

ds, t ≥ 0.
0
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We can easily see that

β(t) ∈ L1(R+) and lim
t→0

β(t) = 0.

Since B is bounded, it follows that c(t) is locally bounded in [0, ∞). Thus condition (5.4) is satisfied. This implies that 
the dynamical system (H, S(t)) is quasi-stable on A. Thus, by Theorem 5.1, the global attractor A has a finite-fractal 
dimension. �
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