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We show that, among the projective planes embedded into the real projective space RP 3

endowed with the Berger metric, those of least area are exactly the ones obtained by 
projection of the equatorial spheres of S3. This result generalizes a classical result for the 
projective spaces with the standard metric.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

On démontre que, parmi les plans projectifs dans l’espace projectif réel RP 3, muni de la 
métrique de Berger, ceux qui réalisent le minimum de l’aire sont exactement ceux qu’on 
obtient par la projection des sphères équatoriales de S3. Le résultat généralise un résultat 
classique pour l’espace projectif muni de la métrique ordinaire.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

A classical result due to M. Berger [2] and A.T. Fomenko [6] is that totally geodesic projective planes are the only area 
minimizer surfaces of the real projective 3-dimensional space, in their homology class.

A Berger sphere is the Riemannian manifold (S3, gμ) where the metric gμ for μ > 0 is defined as follows: we denote 
by J the complex structure of R4 � C

2 and by H the Hopf vector field J N , where N(p) = p is the outwards unit normal of 
S3, then

* Tel.: +34 963543036.
E-mail address: olga.gil@uv.es.

1 The author was supported by Spanish Ministerio de Economía y Competitividad Project MTM2013-46961-P and by Generalitat Valenciana
PROMETEOII/2014/064 Project.
http://dx.doi.org/10.1016/j.crma.2015.12.011
1631-073X/© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

http://dx.doi.org/10.1016/j.crma.2015.12.011
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:olga.gil@uv.es
http://dx.doi.org/10.1016/j.crma.2015.12.011
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2015.12.011&domain=pdf


416 O. Gil-Medrano / C. R. Acad. Sci. Paris, Ser. I 354 (2016) 415–417
gμ(H, H) = μg(H, H) = μ, (gμ)|H⊥ = g|H⊥ , and gμ(H, H⊥) = 0,

where ⊥ means orthogonal with respect to the standard metric g . Berger spheres are one of the five classes of simply 
connected homogeneous 3-manifolds with 4-dimensional group of isometries.

In [3], the author and V. Borrelli have shown that if on the 3-dimensional sphere we consider the family of metrics gμ

and we consider, after passing to the quotient, the corresponding Berger metrics on 3-dimensional real projective space, 
then the projections of the equatorial spheres are not totally geodesic surfaces, except for the round sphere μ = 1, but they 
are always minimal surfaces. The aim of this paper is to extend the Berger and Fomenko result to projective spaces endowed 
with Berger metrics. We show that area-minimizing projective planes in (RP 3, gμ) are exactly the equatorial projective planes.
The key point for the proof is the existence of area-minimizing projective planes in 3-manifolds proved by Bray, Brendle, 
Eichmar, and Neves in [4].

2. Area-minimizing projective planes

Let π : (S3, gμ) −→ (RP 3, gμ) be the usual projection. This 2-fold covering map is a Riemannian submersion for every 
value of the parameter μ. For each v ∈ S3, we consider the equatorial sphere �̃v = S3 ∩ v⊥ determined by v , and we denote 
by �v = π(S3 ∩ v⊥) the equatorial projective plane obtained by projection.

Theorem 1. The only projective planes minimally embedded in real projective Berger space (RP 3, gμ) are the equatorial projective 
planes. Moreover, the equatorial projective planes in (RP 3, gμ) are exactly the area-minimizing projective planes.

Proof. It has been shown in [3] that for all v ∈ S3, the surface �v is minimal in (RP 3, gμ) for all μ ∈ R. Now, let us fix 
μ and let � be any minimal embedded surface homeomorphic to RP 2. We represent by �̃ the embedded surface of the 
3-dimensional sphere defined as �̃ = π−1(�). Since π is a Riemannian submersion and its restriction to �̃ is a 2-fold 
covering of the projective space �, the surface �̃ is a 2-sphere minimally embedded in the Berger sphere (S3, gμ). The 
2-fold covering �̃ is not given by two copies of � because there is no embedded projective plane in S3.

Now, the use of generalized Hopf differentials of [1] allows us to conclude that �̃ is a standard rotational sphere (see 
Theorem 4.5 of [5] for an alternative proof) and by Theorem 1 part i) in [7], �̃ must be one of the equatorial spheres �̃v

and, consequently, � is an equatorial projective plane as stated.
For the second part, let us represent by P the collection of all embedded surfaces of RP 3 that are homeomorphic 

to RP 2. Since �v ∈P the set P is nonempty and we can define

A(RP 3, gμ) = inf{areaμ(�) ; � ∈ P},
where the areaμ(�) is the area of the surface � computed in the metric gμ .

In [4], Proposition 2.3, it is shown that for every Riemannian 3-manifold, this infimum is attained by some embed-
ded minimal projective plane and, consequently, for each μ > 0, there exists at least one surface �μ ∈ P such that 
A(RP 3, gμ) = areaμ(�μ). Any area minimizing �μ must be a minimal surface and then equal to one of the equatorial 
projective planes. Consequently, A(RP 3, gμ) = areaμ(�v ), for all v ∈ S3. �
Remark. In [3] it has been shown that a Berger projective space of dimension 3 can be realized as the manifold (T r S2, g S)

of vectors of norm r on the unit sphere; more precisely, (T r S2, g S) is isometric to (RP 3, 4gr2 ). The isometry preserves the 
S1-bundle structure of both manifolds, namely the one determined by the fibers of the Hopf fibration in the projective 
space and the natural one in the tangent space.

Just by rewording the results in [3], keeping in mind this correspondence, we know that the projective planes �v are 
sections of the Hopf fibration defined in an open set of the form S2 \ {p0} and that if � is a projective plane minimally 
embedded in (RP 3, gμ) such that � = σ(U ) is the closure of a section of the Hopf fibration defined in an open and dense 
subset of S2, then � must be of the form �v .

Theorem 1 above shows that the unicity result holds without the assumption of the surface being a section almost 
everywhere.

Corollary 2. The minimum of the area is given by A(RP 3, gμ) = π A(μ) where A(μ) is the function

A(μ) =

⎧⎪⎪⎨
⎪⎪⎩

1 + μ√
1−μ

ln
(√

1−μ+1√
μ

)
if μ < 1,

1 + μ√
μ−1

arcsin
(√

μ−1√
μ

)
if μ > 1 and

2 if μ = 1.

Proof. A(RP 3, gμ) = areaμ(�v ) = (1/2)areaμ(�̃v ) for every unit vector v . Choose an orthonormal basis of R4 of the form 
{e1, e2 = J e1, e3 = − J v, e4 = v} then the map ϕ :]0, π [×]0, 2π [−→ S3 given by
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ϕ(t, θ) = sin t sin θ e1 + sin t cos θ e2 + cos t e3

is a chart of the equatorial sphere �̃v with coordinate vector fields

ϕt = cos t sin θ e1 + cos t cos θ e2 − sin t e3, ϕθ = sin t cos θ e1 − sin t sin θ e2.

Since the Hopf vector field in this chart is

H(ϕ(t, θ)) = sin t sin θ e2 − sin t cos θ e1 + cos t v,

it is easy to see that

areaμ(�̃v) = 2π

π∫

0

√
cos2 t + μ sin2 t sin t dt

and the conclusion follows by straightforward computation. �
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