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Generalized Sasakian space forms have become today a rather specialized subject, but 
many contemporary works are concerned with the study of their properties and of their 
related curvature tensors. The goal of this paper is to study the E-Bochner curvature 
tensor on generalized Sasakian space forms, and to characterize the situations when it 
is, respectively: E-Bochner symmetric (∇Be = 0); E-Bochner semisymmetric (R · Be = 0); 
E-Bochner recurrent; E-Bochner pseudosymmetric; such that Be(ξ, X) · S = 0; such that 
Be(ξ, X) · R = 0.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Les espaces formes sasakiens généralisés sont devenus aujourd’hui un sujet assez spécialisé, 
mais de nombreux travaux contemporains s’attachent à l’étude de leurs propriétés et des 
tenseurs de courbure associés. Le but de cette note est d’étudier le tenseur de courbure 
de type E-Bochner sur les espaces formes sasakiens généralisés, et de caractériser les 
conditions pour qu’il soit respectivement : E-Bochner symétrique (∇Be = 0) ; E-Bochner 
semi-symétrique (R · Be = 0) ; E-Bochner récurrent ; E-Bochner pseudo-symétrique ; tel que 
Be(ξ, X) · S = 0 ; tel que Be(ξ, X) · R = 0.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The notion of generalized Sasakian space forms was introduced and studied by Alegre et al. [1] with several examples. 
A generalized Sasakian space form is an almost contact metric manifold (M, φ, ξ, η, g) whose curvature tensor is given by
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R(X, Y )Z = f1{g(Y , Z)X − g(X, Z)Y } (1)

+ f2{g(X, φ Z)φY − g(Y , φ Z)φ X + 2g(X, φY )φ Z}
+ f3{η(X)η(Z)Y − η(Y )η(Z)X

+ g(X, Z)η(Y )ξ − g(Y , Z)η(X)ξ},
where f1, f2, f3 are differentiable functions on M and X , Y , Z are vector fields on M . In such a case, we will write the 
manifold as M( f1, f2, f3). This kind of manifolds appears as a natural generalization of Sasakian space forms by taking: 
f1 = c+3

4 and f2 = f3 = c−1
4 , where c denotes a constant φ-sectional curvature. The φ-sectional curvature of a generalized 

Sasakian space form M( f1, f2, f3) is f1 + 3 f2. Moreover, cosymplectic and Kenmotsu space forms are also considered as 
particular types of generalized Sasakian space forms. The generalized Sasakian space forms have also been studied in [2–4,
9,14,15,21,22] and many other instances.

On the other hand, Bochner [7] introduced a complex analogue to the Weyl conformal curvature tensor by purely formal 
considerations, which is now well known as the Bochner curvature tensor. A geometric meaning of the Bochner curvature 
tensor is given by Blair [6]. By using the Boothby–Wang’s fibration [8], Matsumoto and Chuman [17] introduced the notion 
of C-Bochner curvature. As an extension of C-Bochner curvature tensor, in [13] Endo defined E-Bochner curvature tensor Be

as

Be(X, Y )Z = B(X, Y )Z − η(X)B(ξ, Y )Z − η(Y )B(X, ξ)Z − η(Z)B(X, Y )ξ, (2)

where B is the C-Bochner curvature tensor defined by

B(X, Y )Z = R(X, Y )Z + 1

2(n + 2)

[
S(X, Z)Y − S(Y , Z)X + g(X, Z)Q Y

− g(Y , Z)Q X + S(φ X, Z)φY − S(φY , Z)φ X + g(φ X, Z)Q φY (3)

− g(φY , Z)Q φ X + 2S(φ X, Y )φ Z + 2g(φ X, Y )Q φ Z

− S(X, Z)η(Y )ξ + S(Y , Z)η(X)ξ − η(X)η(Z)Q Y + η(Y )η(Z)Q X
]

− τ + 2n

2(n + 2)

[
g(φ X, Z)φY − g(φY , Z)φ X + 2g(φ X, Y )φ Z

]

− τ − 4

2(n + 2)

[
g(X, Z)Y − g(Y , Z)X

]

+ τ

2(n + 2)

[
g(X, Z)η(Y )ξ − g(Y , Z)η(X)ξ + η(X)η(Z)Y − η(Y )η(Z)X

]
,

where τ = r+2n
2(n+2)

, S is the Ricci tensor, Q is the Ricci-operator, i.e. g(Q X, Y ) = S(X, Y ) for all X and Y , and r is the 
scalar curvature of the manifold. In [20], contact manifolds with a C-Bochner curvature tensor have been studied. Also, 
an E-Bochner curvature tensor for a (k, μ)-contact metric manifold has been studied in the papers [10,16]. Again, De and 
Ghosh [11] studied an E-Bochner curvature tensor on N(k)-contact metric manifolds.

In the context of generalized Sasakian space forms, Kim [15] studied conformally flat and locally symmetric generalized 
Sasakian space forms. De and Sarkar [9] studied some symmetric properties of generalized Sasakian space forms with a pro-
jective curvature tensor. In [21], Prakasha has shown that every generalized Sasakian space form is Weyl-pseudosymmetric. 
The symmetric properties of generalized Sasakian space forms have also been studied in [14] with a W2-curvature tensor. 
Also, Prakasha and Nagaraja [22] studied quasi-conformally flat and quasi-conformally semisymmetric generalized Sasakian 
space forms. As a continuation of this study, in this paper we plan to study generalized Sasakian space forms satisfying 
certain curvature conditions on an E-Bochner curvature tensor.

The paper is organized as follows: Section 2 is devoted to preliminaries. In section 3, we characterize E-Bochner 
symmetric, E-Bochner semisymmetric, E-Bochner recurrent and E-Bochner pseudosymmetric generalized Sasakian space 
forms. Section 4 deals with the study of a generalized Sasakian space form satisfying the condition Be(ξ, X) · S = 0 and 
Be(ξ, X) · R = 0. Finally, some examples of generalized Sasakian space forms with f1 = f3 and/or f1 − f3 = 1 are given.

2. Preliminaries

An odd-dimensional Riemannian manifold (M, g) is said to be an almost contact metric manifold [5] if there exist on M
a (1, 1) tensor field φ, a vector field ξ (called the structure vector field), and a 1-form η such that η(ξ) = 1, φ2(X) =
−X + η(X)ξ and g(φ X, φY ) = g(X, Y ) − η(X)η(Y ), for any vector fields X , Y on M . In particular, in an almost contact 
metric manifold, we also have φ ξ = 0 and η ◦ φ = 0.

Such a manifold is said to be a contact metric manifold if dη = �, where �(X, Y ) = g(X, φY ) is called the fundamental 
2-form of M . If, in addition, ξ is a Killing vector field, then M is said to be a K -contact manifold. It is well known that a 
contact metric manifold is a K -contact manifold if and only if ∇X ξ = −φ X , for any vector field X on M . On the other hand, 
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the almost contact metric structure of M is said to be normal if [φ, φ](X, Y ) = −2 dη(X, Y )ξ , for any X , Y , where [φ, φ]
denotes the Nijenhuis torsion of φ. A normal contact metric manifold is called a Sasakian manifold. An almost contact metric 
manifold is Sasakian if and only if (∇X φ)Y = g(X, Y )ξ − η(Y )X , for any X , Y .

In addition to the relation (1), for a (2n + 1)-dimensional (n > 1) generalized Sasakian space form M2n+1( f1, f2, f3), the 
following relations also hold [1]:

R(X, Y )ξ = ( f1 − f3){η(Y )X − η(X)Y }, (4)

R(ξ, X)Y = ( f1 − f3){g(X, Y )ξ − η(Y )X}, (5)

η(R(X, Y )Z) = ( f1 − f3){g(Y , Z)η(X) − g(X, Z)η(Y )}, (6)

S(X, Y ) = (2nf1 + 3 f2 − f3)g(X, Y ) − {3 f2 + (2n − 1) f3}η(X)η(Y ). (7)

In view of (4)–(7), it can be easily constructed that in a (2n + 1)-dimensional (n ≥ 2) generalized Sasakian space form 
M2n+1( f1, f2, f3), the E-Bochner curvature tensor satisfies the following conditions:

Be(X, Y )ξ = 2( f1 − f3 − 1)

n + 2
{η(X)Y − η(Y )X}, (8)

Be(ξ, Y )Z = η(Z)
2( f1 − f3 − 1)

n + 2
{Y − η(Y )ξ}, (9)

η(Be(X, Y )Z) = 0, (10)

by using (1) and the well-known fact that establishes that in a K -contact manifold, the sectional curvature of any plane 
section containing ξ is equal to 1.

Moreover, it is well known that any Sasakian manifold is a K -contact manifold. For a generalized Sasakian space form, 
the converse is also true.

3. E-Bochner semisymmetric and E-Bochner pseudosymmetric generalized Sasakian space forms

A Riemannian manifold M is called locally symmetric if its curvature tensor R is parallel, that is, ∇R = 0, where ∇
denotes the Levi–Civita connection. As a proper generalization of locally symmetric manifolds, the notion of semisymmetric 
manifolds was defined by

(R(X, Y ) · R)(U , V )W = 0, X, Y , U , V , W ∈ χ(M) (11)

and studied by many authors (e.g., [18,19,24]). A complete intrinsic classification of these spaces was given by Z.I. Szabó 
[23].

An almost contact manifold is said to be E-Bochner symmetric if ∇Be = 0, and it is called E-Bochner semisymmetric if

(R(X, Y ) · Be)(U , V )W = 0. (12)

Let M2n+1( f1, f2, f3) be a E-Bochner semisymmetric generalized Sasakian space form. Then from (12), we have:

R(X, ξ)Be(U , V )W − Be(R(X, ξ)U , V )W − Be(U , R(X, ξ)V )W − Be(U , V )R(X, ξ)W = 0. (13)

In view of (5) the above expression becomes

( f1 − f3)
[

g(ξ, Be(U , V )W )X − g(X, Be(U , V )W )ξ (14)

− η(U )Be(X, V )W + g(X, U )Be(ξ, V )W − η(V )Be(U , X)W

+ g(X, V )Be(U , ξ)W − η(W )Be(U , V )X + g(X, W )Be(U , V )ξ
] = 0.

Putting V = ξ in (14) and using (9) and (10), we have

( f1 − f3)
[

Be(U , X)W − 2( f1 − f3 − 1)

n + 2
{g(X, W )U − g(U , W )X}] = 0. (15)

This implies either f1 − f3 = 0, or

Be(U , X)W = 2( f1 − f3 − 1)

n + 2
{g(X, W )U − g(U , W )X}. (16)

Contracting U in the above equation, we conclude that

2( f1 − f3 − 1)
2ng(φ X, φW ) = 0. (17)
n + 2



838 D.G. Prakasha, V. Chavan / C. R. Acad. Sci. Paris, Ser. I 354 (2016) 835–841
Since g(φ X, φW ) �= 0, in general, therefore we obtain from (17) that 2( f1− f3−1)
n+2 = 0, that is,

f1 − f3 = 1. (18)

Now with the help of (18), equation (16) reduces to

Be(U , X)W = 0.

That is, M2n+1( f1, f2, f3) is E-Bochner flat. Hence we conclude the following:

Theorem 3.1. A (2n + 1)-dimensional (n ≥ 2) E-Bochner semisymmetric generalized Sasakian space form is either E-Bochner flat 
(then f1 − f3 = 1) or f1 = f3 .

It is clear that ∇Be = 0 ⇒ R · Be = 0, and from Theorem 3.1 we get:

Corollary 3.2. A (2n + 1)-dimensional (n ≥ 2) E-Bochner symmetric generalized Sasakian space form is either E-Bochner flat (then 
f1 − f3 = 1) or f1 = f3 .

Remark 3.3. A Riemannian manifold is said to be E-Bochner recurrent if ∇Be = A ⊗ Be, where A is a non-zero 1-form. It 
can be easily shown that a E-Bochner recurrent manifold satisfies R · Be = 0. Hence we immediately get the following:

Corollary 3.4. A (2n + 1)-dimensional (n ≥ 2) E-Bochner recurrent generalized Sasakian space form is either E-Bochner flat or 
f1 = f3 .

In particular, for a Sasakian space form, f1 = c+3
4 and f3 = c−1

4 . So, f1 �= f3. Hence we have the following corollary:

Corollary 3.5. A (2n + 1)-dimensional (n ≥ 2) Sasakian space form is E-Bochner semisymmetric if and only if it is E-Bochner flat.

Next, for a (0, k)-tensor field T on M , k ≥ 1, and a symmetric (0, 2)-tensor field A on M , we define the (0, k + 2)-tensor 
fields R · T and Q (A, T ) by

(R.T )(X1, ..., XK ; X, Y ) = −T (R(X, Y )X1, X2, ..., Xk) − ... − T (X1, ..., Xk−1, R(X, Y )Xk)

and

Q (A, T )(X1, ..., XK ; X, Y ) = −T ((X ∧A Y )X1, X2, ..., Xk) − ... − T (X1, ..., Xk−1, (X ∧A Y )Xk)

respectively, where X ∧A Y is the endomorphism given by

(X ∧A Y )Z = A(Y , Z)X − A(X, Z)Y . (19)

A Riemannian manifold M is said to be pseudosymmetric (in the sense of R. Deszcz [12]) if

R · R = LR Q (g, R)

holds on U R = {x ∈ M|R − r
n(n−1)

G �= 0 at x}, where G is the (0, 4)-tensor defined by G(X1, X2, X3, X4) = g((X1 ∧ X2)X3, X4)

and LR is some smooth function on U R . A Riemannian manifold M is said to be E-Bochner pseudosymmetric if

(R(X, Y ) · Be)(U , V )W = LBe Q (g, Be)(U , V , W ; X, Y ) (20)

holds on the set U Be = {x ∈ M : Be �= 0} at x, where LBe is some function on U Be and Be is the E-Bochner curvature tensor.
Let M2n+1( f1, f2, f3) be a (2n + 1)-dimensional (n ≥ 2) E-Bochner pseudosymmetric generalized Sasakian space form. 

Then, from (19) and (20), we have

(R(ξ, Y ) · Be)(U , V )W = LBe
[
((ξ ∧ Y ) · Be)(U , V )W

]
. (21)

If M2n+1( f1, f2, f3) be a (2n + 1)-dimensional (n ≥ 2) generalized Sasakian space form, from (5) and (19) we get

R(ξ, X)Y = ( f1 − f3)(ξ ∧ X)Y . (22)

In view of (21) in (22), it is easy to see that

LBe = ( f1 − f3). (23)

Hence, by taking into account previous calculations and discussions, we conclude the following:
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Theorem 3.6. Let M2n+1( f1, f2, f3) be a (2n + 1)-dimensional (n ≥ 2) generalized Sasakian space form. If M2n+1( f1, f2, f3) is 
E-Bochner pseudosymmetric, then M2n+1( f1, f2, f3) is either E-Bochner flat, in which case f1 − f3 = 1 or LBe = f1 − f3 holds on 
M2n+1( f1, f2, f3).

But LBe needs not be zero, in general and hence there exist E-Bochner pseudosymmetric manifolds which are not E-
Bochner semisymmetric. Thus the class of E-Bochner pseudosymmetric manifolds is a natural extension of the class of 
E-Bochner semisymmetric manifolds. Thus, if LBe �= 0, then it is easy to see that R · Be = ( f1 − f3)Q (g, Be), which implies 
that the pseudosymmetric function LBe = f1 − f3. Therefore, we able to state the following result:

Theorem 3.7. Every generalized Sasakian space form is E-Bochner pseudosymmetric of the form R · Be = ( f1 − f3)Q (g, Be).

4. Generalized Sasakian space forms satisfying the conditions Be(ξ, X) · S = 0 and Be(ξ, X) · R = 0

In this section, we study a generalized Sasakian space form M2n+1( f1, f2, f3) (n > 1) satisfying the conditions Be(ξ, X) ·
S = 0 and Be(ξ, X) · R = 0 as in the following subcases.

Case (i): Generalized Sasakian space forms satisfying Be(ξ, X) · S = 0.

The condition Be(ξ, X) · S = 0 is equivalent to

S(Be(ξ, X)U , ξ) + S(U , Be(ξ, X)ξ) = 0. (24)

For a (2n + 1)-dimensional generalized Sasakian space form M2n+1( f1, f2, f3), it is well known that

S(X, ξ) = 2n( f1 − f3)η(X). (25)

In view of (9), (25) gives

S(Be(ξ, X)U , ξ) = 2n( f1 − f3)η(Be(ξ, X)U ). (26)

Using (9) in the above equation, we get

S(Be(ξ, X)U , ξ) = 0. (27)

Again, in view of (9) we have

S(Be(ξ, X)ξ, U ) = 2( f1 − f3 − 1)

(n + 2)
(S(X, U ) − 2n( f1 − f3)η(X)η(U )). (28)

Substituting (27) and (28) in (24) followed by a simple calculation gives

2( f1 − f3 − 1)

(n + 2)
(S(X, U ) − 2n( f1 − f3)η(X)η(U )) = 0, (29)

which implies that either f1 − f3 = 1 or

S(X, U ) = 2n( f1 − f3)η(X)η(U ). (30)

Again, if f1 − f3 = 1 then we can easily obtain (9) that Be(ξ, X) · S = 0.
And, if the space form satisfies the relation (30), then in view of (9), we have:

Be(ξ, X) · S = −S(Be(ξ, X)Y , V ) − S(U , Be(ξ, X)V )

= −2n( f1 − f3)[η(Be(ξ, X)U )η(V ) + η(U )η(Be(ξ, X)V )]
= 0.

In view of the above discussion, we state the following:

Theorem 4.1. Let M2n+1( f1, f2, f3) be a (2n + 1)-dimensional (n ≥ 2) generalized Sasakian space form. Then M2n+1( f1, f2, f3)

satisfies Be(ξ, X) · S = 0 if and only if either f1 − f3 = 1 or the Ricci tensor satisfies the relation S(X, U ) = 2n( f1 − f3)η(X)η(U ).
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Case (ii): Generalized Sasakian space forms satisfying Be(ξ, X) · R = 0.

The condition Be(ξ, X) · R = 0 gives

Be(ξ, U )R(X, Y )Z − R(Be(ξ, U )X, Y )Z (31)

− R(X, Be(ξ, U )Y )Z − R(X, Y )Be(ξ, U )Z = 0,

which in view of (9) provides

2( f1 − f3 − 1)

n + 2

[
η(R(X, Y )Z)(U − η(U )ξ) − η(X)R(U − η(U )ξ, Y )Z (32)

+ η(Y )R(X, U − η(U )ξ)Z − η(Z)R(X, Y )(U − η(U )ξ)
] = 0.

From (32) we have either f1 − f3 = 1, or

[
η(R(X, Y )Z)U − η(U )η(R(X, Y )Z)ξ) − η(X)R(U , Y )Z + η(X)η(U )R(ξ, Y )Z (33)

− η(Y )R(X, U )Z + η(Y )η(U )R(X, ξ)Z − η(Z)R(X, Y )U + η(U )η(Z)R(X, Y )ξ)
] = 0.

Setting X = Z = ξ in (33) and using (4), we get

( f1 − f3)
[

g(Y , U ) − η(Y )η(U )
]
ξ = 0.

The above relation yields f1 − f3 = 0, since g(Y , U ) �= η(Y )η(U ) in general. Thus, we are able to state the following theorem:

Theorem 4.2. Let M2n+1( f1, f2, f3) be a (2n +1)-dimensional (n ≥ 2) generalized Sasakian space form. If M2n+1( f1, f2, f3) satisfies 
Be(ξ, X) · R = 0 then either f1 − f3 = 1 or f1 − f3 = 0.

5. Examples

In this section, we give some examples on generalized Sasakian space forms, with f1 = f3 and /or with f1 − f3 = 1.

Example 5.1. [1] A cosymplectic-space form, i.e. a cosymplectic manifold with constant φ-sectional curvature c, is a gener-
alized Sasakian space form with f1 = f2 = f3 = c

4 . Hence f1 = f3.

Example 5.2. [1] A non-Sasakian generalized Sasakian space form satisfying the equation

R(X, Y , Z , W ) = R(φ X, φY , Z , W ) + R(φ X, Y , φ Z , W ) + R(φ X, Y , Z , φW )

has f1 = f3.

Example 5.3. [1] Let N(a, b) be a generalized complex space form of dimension 4, then by the warped product M = R × N
endowed with the almost contact metric structure (φ, ξ, η, g f ), it is a generalized Sasakian space form M( f1, f2, f3) with

f1 = a − ( f ′)2

f 2
, f2 = b

f 2
, f3 = a − ( f ′)2

f 2
+ f ′′

f
,

where f = f (t), t ∈R and f ′ denotes the derivative of f with respect to t .
If we choose a = 0, b = 1 and f (t) = t with t > 0, then f1 = − 1

t2 , f2 = 1
t2 and f3 = − 1

t2 . Hence f1 = f3.

Example 5.4. [2] A Sasakian space form, i.e. a Sasakian manifold with constant φ-sectional curvature c is a generalized 
Sasakian space form with f1 = c+3

4 , f2 = f3 = c−1
4 . Hence f1 − f3 = 1.

Example 5.5. [4] Let N(c) is a complex space form, and by the warped product M = (− π
2 , π2 ) × f N endowed with the almost 

contact metric structure (φ, ξ, η, g f ) is a generalized Sasakian space form with functions

f1 = c − 4 f ′ 2

4 f 2
, f2 = c

4 f 2
, f3 = c − 4 f ′ 2

4 f 2
+ f ′′

f
,

where f = f (t), t ∈R and f ′ denotes the derivative of f with respect to t .
If we choose f (t) = cos t , then f1 − f3 = 1.
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