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RESUME

Dans cet article, les auteurs obtiennent la bornitude des intégrales fractionnaires avec un
noyau singulier dans des espaces de Morrey (avec exposant variable). De plus, la bornitude
des commutateurs généralisés entre ces opérateurs et la multiplication par une fonction
BMO est aussi considérée.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In this paper, we are concerned with variable Morrey spaces M), introduced in [8], which are equipped with a
Morrey weight function u and a variable exponent function p(-). The main results of this paper consist of the boundedness
of rough fractional integrals and its commutators with BMO functions together with the boundedness of the rough fractional
maximal operators on variable Morrey spaces.

Let S™! denote the unit sphere in Euclidean space R" and € € L(S™ 1) (s > 1) be homogeneous of degree zero on R".
For 0 < « < n, the rough fractional integral is defined by

Q /
To.af®) =/ |y|(ny,i fx=y)dy
Rn

and a related fractional maximal operator Mg o is defined by
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1
Mg o f(x) = Sup g / 1" f(x—y)ldy,
lyl=r

where y’ = L for any y # 0.

It is easy to see that Tq o is just the Riesz potential I, when @ = 1. The Hardy-Littlewood-Sobolev theorem (see [6, 14])
states that I is a bounded operator from Lebesgue spaces LP (R") to LI(R") when 0 <« <n, 1 < p <q < oo and 1 g= % -2,
The boundedness of Tq  on Lebesgue spaces was first introduced by Muckenhoupt and Wheeden [11]. Recently, Wang
studied the weighted norm inequalities for Tq o on Morrey spaces in [17]. It extends Spanne’s result on the boundedness
of the fractional integrals in [13]. On the other hand, moving in another direction, variable exponent function spaces theory
has attracted much attention, due to its application to partial differential equations and the calculus of variations (see [3,
4,12,18]). In many applications, a crucial step has been to show that the classical operators of harmonic analysis, such as
maximal operators, singular integrals and fractional integrals, are bounded on variable exponent function spaces. In 2007,
Capone et al. [1] established the boundedness of I, on variable Lebesgue spaces. In 2013, the Hardy-Littlewood-Sobolev
theorem was generalized in [8] by Ho to the case of variable Morrey spaces on unbounded domains. In 2015, one of the
authors and Liu in [15] showed that the Hardy-Littlewood-Sobolev theorem still held for homogeneous fractional integrals
on variable Lebesgue spaces as well as on variable Hardy spaces. These results leave open the question of the Morrey spaces
estimates for Tq o and related operators in the variable exponent setting. Before stating our results, we need some notations
and definitions on variable exponent analysis.

For a measurable subset E C R", we denote p~(E) = infycg p(x) and p*(E) = supyc p(x). Especially, we denote p~ =
p~(R") and p*t = pT(R"). Let p(:): R" — (0, 00) be a measurable function with 0 < p~ < p™ < oo and P be the set
of all measurable functions p(-) : R" — [1,00) such that 1 < p~ < p™ < oco. Let B be the set of p(-) € P such that the
Hardy-Littlewood maximal operator M is bounded on LP®),

An important subset of B is the class of globally log-Hélder continuous functions p € LH, with 1 < p~ < p* < co. Recall
that p(-) € LHR™), if p(-) satisfies

C C
PX) —pWI < —————, x=y|<1/2, |pX)—pWI<——, |yl=Ix].
—log(lx — yD / log|x|+e’

Definition 1.1. (See [8].) Let g € P. A Lebesgue measurable function u(x,r) : R" x (0, o0) — (0, o0) is said to be a Morrey
weight function Wy for LP®) if there exists a constant C > 0 such that for any x € R" and r > 0, u fulfills

| xBx,r) oo

PO RY y(x, 29 ) < Cux, 7).
i—0 ||XB(x,21'+1r)||Lfl('>

Definition 1.2. (See [2,5].) The variable Lebesgue space LPO) is defined as the set of all measurable functions f for which
the quantity [p, |€ f(x)|P®dx is finite for some ¢ > 0 and

p(x)
1f o = inf x>o:/('f(")') dx<1

A
RTI

As a special case of the theory of Nakano and Luxemberg, we see that LPO) is a quasi-normed space. Especially, when
p~ >1, LPO) is a Banach space.

Definition 1.3. (See [7].) The variable Morrey space M,y is the collection of all Lebesgue measurable functions f satisfy-
ing

I fllMp, = sup I XB@R) fllppey < 00,

zeR",R>0 U(Z, R)
for p(x) € P and u(x, 1) : R" x (0.00) — (0, 00).

Throughout this paper, C or ¢ denotes a positive constant that may vary at each occurrence, but is independent of the
main parameter, and A ~ B means that there are constants C; > 0 and C, > 0 independent of the main parameter such
that C1B < A < C3 B. Given a measurable set S C R", |S| denotes the Lebesgue measure and xs means the characteristic
function.

Now, let us formulate our main results.

Theorem 1.1. Suppose that Q e LS(S" ) with1 <s <oo. Let a > 0, p(-),q(-) € B, W € B and u € Wy(,. Suppose that

1<s'<p_<py<g ' and p(x) qu) =%, a.e. onR", then

||T9,af||Mq<.),u < ClIQl s L laty
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and

Mo fll Mgy < CUS s -1y 1l M-
Furthermore, if b € BMO and

Z(J+) Dxsecnliss o 251y < cugx. .
| XBx. 2415 Il Lae)

then
b, To.al fll Moy u < CUDINIS2N s -1y 1l My -
2. Proof of the main results

Before we prove the main results, we need some more facts on variable exponent function spaces. First we state results
concerning the boundedness of the rough fractional integrals on variable Lebesgue spaces given in [15].

Proposition 2.1. Let p(-),q() e P,0<a <n, 1 <p~ <p™* <Eand ® = gx)—%foranyxeR”.IfweB,QeLsand
1<s <p~,then

||Tgf||Lq<~)(Rn) = C”Q”LS(Sn—l)||f||]_p(4>(]Rn).

Similarly, we can obtain the boundedness of the commutators of rough fractional integral on variable Lebesgue spaces.
For the sake of brevity, here we state the result without proof.

Proposition 2.2. Let b € BMO, p(-),q() € P,0 <a <n, 1 <p~ <p* <2 and o = (——"‘foranyxe]R” fq()(” “) e B,
QelS(S"™Yand1<s <p~,then

(b, T1& f Il @my < DIl s n-1) I f 1l o) gy -
The next basic property satisfied by LP®) is given in [8].
Proposition 2.3. Let p(-) € 3, then we have a constant C > 0 so that for any balls or cubes B,
I xBllpo I XB I pey ~ IBI.
Proof of Theorem 1.1. Let f € M, . For any z€ R", r > 0 and decompose f = fo + Z;’; fj,» where fo = xB@2nf and

fi = XB@2i1im\B2in s J € N\{0}.
Since Tq ¢ is a linear operator, then we can write

T 1
o )”XB(zr) Q.o f a0 (1)
! | ! a0 =T+1 2)
= U(Z, r) XB(Z,T u(27 T) a6 = .
Notice that p(-),q(:) € P, p(x) qu) = &. Proposition 2.1 shows that |Tq q flljs0 < ClIS2ll sn-1y 1 fll Loy - Thus, we can
obtain that
C”Q”LS(Sn—l)

ITe.follae < I fxBz2n ey < CHR s g1yl Fll My - (3)

=<
u(z,r) u(z, 2r)
We now turn to deal with the term II. By Hélder’s inequality,

1/s
FIF
. _ S
ITq.ofj@)] < /|Q(X »rdy f PEWICEE dy .
Rj
where Rj = B(z,‘21'+1r)\B(z, 2/r). When x € B(z,r) and y € R}, it easy to see that [x — y| ~ |y — z| ~ 2/r. Therefore, R; C
{y :|x — y| < C2’r}. Then we can get
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1/s 1/s

/ Qx—y)Pdy | < f Q((x — y))dy

R; [x—y|=C2ir
c2ir 1/s

< / f R'™Q((x—y))FdRdo(y) | < ClIRIIs g1y @ID)M5.
sn—-1 0

Moreover,

1/s

IfFIe o
/mdy <27 /0y n+a”fXB(z,21'+1r)”L5"

R;

The generalized Holder inequality given in [10] ensures that

i1
I f Xz 2it1p sy < C2n~s I X5z 2i01m) Flleo | Xz 2i1m oo -

1

;o
50 due to 1 <s" < p~, we have

In fact, we can choose p(-) > 0 such that J = ﬁ +

1 f Xpz2ivimlls < CUf Xpz2ivin o | Xpz2iim 5o -

Moreover, observing that % =1

__:]

1
pC) 7 p'0)

- % by Lemma 2.4 in [16], we have

i_n
||XB(z,2j+1r)||Lﬁ<-> ~ (I~ ||X3(z,2j+1r)||Lp’<->~

Therefore, we get that

ITa.o fi(®) XB@n®)] < ClIQ @1 XBEn ® @D ™ Xp.20010 Fl1eo 1 X B .20 o

and the rest of the proof is the same as the proof of Theorem 2.1 in [8]. Thus, we can prove that

1T fllMge < NI s -1y 1l M-
q ( ) P

It is not hard to check that Mg « f (x) < CT|q),«(|f]) (%), so the proof of rough fractional maximal operators follows from
the boundedness of Tq o f.
Next, we prove that [[[b, Ta.alfllAy0,y < CUDI IS s 1)1 Ay

u(z,r ”XB(Z,T)[b’ TQ,a]f”Lq(-)

1 o0
I xB@n (b, Ta,alfolljao + "z ; lxB@znlb, Ta.olfilllao = J1 + J2.

<
~u(z,r)

Applying Proposition 2.2, we have J; < C||b||*||Q||L5<Sn71)||f||Mq<')'u.
Denote that fp(r = m fB(Z’r) f(y)dy. Now we consider J.

I[b, Ta,alfj() XB@r ()]
< XB(zn(®)2UTDE@men / Ib(X) — bp(z.r) + b(zry — bR x = WIIF (W) dy

B(z,2f+1r)
< Xp(er) (020FD@ DT by b / 26— IFO)Idy
B(z,2i+1r)
+ Xz (X)2UT D@D amn / by —bWIIQLE&—=WIfWIdy = J3+ Ja.
B(z,2i*1r)

It is easy to check that

J3 < ClIQlIgsen-1) X8 K RIN* " bX) = bz | Xp 2,215 100 1 X8z 20415 -
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In the other hand, we estimate J4.

Ja < @0 X502 () / 12 = PIIBG) — bagpiin | F)dy
B(z,23+1r)

+ @ID)* " X8z )b 25+ — DBn)] / [Qx—IfIdy =K1 + K.
B(z,2i+1r)

As an application of Holder’s inequality yields

K1 < CRIN* /S Q) s nty XBer) QO (b — bz 2119 f X251l
= C(er)a_n||Q||LS(SH—1)XB(z,r) (x)”fXB(z,szr) lpe II(b — bB(z,2f+1r))XB(z,2f+1r) ||Lp’(«)
< C(2jr)a_"||QIILs(Sn71) 1615 X B RS Xz 2010 o0 1 X Bz 20410 | 5o s

where the last inequality follows from the fact that b, ~ supq mn(b —bg)xqllpe holds for all b € BMO (see
o

Lemma 3 in [9]).
On the other hand, in view of |bg, j+1y) — bB(z.r)| < Cjlbll«, we can get that

Ky < C(zjr)a_nXB(z,r) ) JlIbll« €21l s gn-1y ||fXB(z,zj+1r) lLpo I X Bz 20+ Ippco -

Therefore, by Proposition 2.3, we can obtain that
b, TQ,a]fj(X)XB(z,r)(x) 1>
< CU+DEIN*TIbILNQ s -1y 1 XB@r) a6 1 f Xpz. 2041 100 | X Bz 20410 | o)

| X8z a0 i 1
ABEDTIN (2, 254 ) sup ———— | f XB(yp o
| XB(z 20417 llLae yern,R>0 U(Y, R)

j+1
u(@, 27 Fll My

< ClIbll+ €2l s gn-1) (G + 1)

| XB(z,r) Lo

< ClIblll1€2ll s (gn-1y (G + 1)
* e ||XB(Z,2J+1r)||Lq(-)

. 00 : IXBznllae)  u@z2i*'r)
Notice that } 72, (j + 1) o aitinlet  UGED <C.
Thus,

IxB@nloo  uz 29t
||XB(z,2j+1r)||L4(l) u(z,r)

o
J2 < Clbll Rl sg-1y Y G+ 1)
j=1

IF N Mpra < CHDI N2 s n-1) 1 LAty

So we have completed the proof of Theorem 1.1. O
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