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Dans cette courte Note, nous obtenons de nouvelles extensions d’'un théoréme classique de
Moser [8] comme application du principe bien connu du maximum généralisé de Omori-
Yau. Plus précisément, soit u une fonction lisse définissant un graphe X(u) entier, CMC,
construit sur une fibre M" d’'un espace produit de Riemann du type R x M". Nous montrons
alors que, sous des contraintes convenables sur la norme du gradient de u, cette fonction
doit en fait étre constante.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The study of the rigidity of entire minimal or, more generally, constant mean curvature (CMC) graphs in a Riemannian
space is a classical and fruitful theme into the theory of geometric analysis and it was started with Bernstein’s theorem [2]
(amended by Hopf in [7]), which asserts that the only entire minimal graphs in R3 are the planes. Later on, Simons [14]
proved a result that, together with some theorems of de Giorgi [5] and Fleming [6], yield a proof of the extension of the
Bernstein's theorem to R", for n < 7. However, Bombieri, de Giorgi and Giusti [3] astonishingly showed that Bernstein’s
theorem does not hold for n > 8.

Consequently, it turns an interesting research topic in geometric analysis has been the possible extension of Bernstein’s
result to either higher dimension or another ambient space. A very notable contribution in this direction was made by
Moser [8], who showed that the hyperplanes are the only entire minimal graphs of R" whose gradient of the corresponding
function has bounded norm. In the context of Riemannian product spaces, Rosenberg [11] showed that, when M2 is a
complete surface with nonnegative Gaussian curvature, an entire minimal graph in R x M2 is totally geodesic. Hence, in
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this case, the graph is a horizontal slice or M? is a flat R? and the graph is a tilted plane. In [1], Alias, Dajczer and Ripoll
generalized this result to constant mean curvature entire graphs immersed in a Riemannian ambient endowed with a Killing
vector field. More recently, Rosenberg, Schulze and Spruck [12] showed that an entire minimal graph with nonnegative
height function in a product space R x M", whose fiber M" is complete with nonnegative Ricci curvature and sectional
curvature bounded from below, must be a slice.

Motivated by these works, our aim in this note is to present extensions of Moser's theorem concerning entire CMC
graphs constructed over the fiber M" of a Riemannian product space of the type R x M". For this, we recall that a graph
over a domain €2 of a Riemannian manifold (M”, (,)M) is determined by a smooth function u € C*°(2) and it is given by

") ={(u(p),p):peQ}CR x M".

The metric induced on @ from the product metric on the ambient space via X (u) is

(,)=du®*+(,)m.

The graph X (u) is said to be entire if 2 = M". Moreover, according to the current literature, since the mean curvature
function H(u) of ¥ (u) will be supposed constant, it will be called an entire H-graph.

In this setting, as a suitable application of the generalized maximum principle of Omori [9] and Yau [15] jointly with the
previous mentioned Rosenberg-Schulze-Spruck result [12], we obtain the following theorem.

Theorem 1. Let M" be a complete Riemannian manifold with nonnegative Ricci curvature and sectional curvature bounded from below,
and let £(u) C R x M™ be an entire H-graph of a smooth function u € C°° (M) whose second fundamental form has bounded norm.
If IDu|p < C, for some positive constant C, then X (u) is minimal. In addition, if u is bounded from below on M™, then u =ty for some
to e R.

Here, Du stands for the gradient of the smooth function u on the fiber M" and |Du|y is the norm of Du with respect
to the metric (, )p. Proceeding, we also get the following theorem.

Theorem 2. Let M" be a complete Riemannian manifold with nonnegative Ricci curvature and sectional curvature bounded from below,
and let " (u) C R x M" be an entire H-graph over M", whose second fundamental form A has bounded norm. If |[Du|y < t|A|, for
some positive constant o, then u = tq for some ty € R.

Considering the Gauss map of X (u), which is described in equation (3.6), with aid of Proposition 7.35 of [10], we can
verify that its second fundamental form A is given by

1 DxDu, Du
AX=——1 pypu4 PxDw.Dulm
(14 |Dul3;)3/2

2
1+ [Duly,

for any tangent vector X on €2, where D denotes the Levi-Civita connection in M" with respect to the metric (, )p.

Hence, related to Theorems 1 and 2, if we assume that [u|c2(y, < +00, where [u|c2 ) 1= Maxy|<2 DY u|L (), from
(1.1), we see that the boundedness of |A| is automatically satisfied. Furthermore, from (1.1), we also get that the mean
curvature function H(u) of X(u) is given by the following equation:

(11)

Du

J1+|Dul?,

where Div stands for the divergence on M". Consequently, when M" is assumed to be compact, since X(u) is an entire
graph, it is also compact. In this case, applying the divergence theorem in (1.2), we conclude that every entire H-graph
must be minimal and, hence, a slice if M" is not flat (see, for instance, the beginning of the proof of Theorem 4 in [1] for
the reasoning in the two-dimensional case; see also [13] for the case that M" is complete noncompact with zero Cheeger
constant).

The proofs of Theorems 1 and 2 are given in Section 3.

nH(u) = Div (1.2)

2. Preliminaries

In what follows, let us consider an (n + 1)-dimensional product space M"™1 of the form R x M", where M" is an
n-dimensional connected Riemannian manifold and M™*! is endowed with the standard product metric
() =Rt + 75 m),
where 7g and 7y denote the canonical projections from R x M" onto each factor, and (,)u is the Riemannian metric
on M™. For simplicity, we will just write M1 =R x M™. For a fixed to € R, we say that M{, = {to} x M" is a slice of ML,
It is not difficult to verify that such a slice of M™! is a totally geodesic hypersurface (see, for instance, [10]).
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In what follows we will deal with an orientable hypersurface ¢ : &" — R x M", for which we will choose a unit normal
vector field N, and let us denote by V and V the Levi-Civita connections in R x M™ and X", respectively. Then, the Gauss
and Weingarten formulas for ¢ are given, respectively, by

VxY =VxY + (AX,Y)N (2.1)

and

AX =—VxN, (2.2)

for every tangent vector fields X,Y € X(XZ). Here, A: X(X) — X(X) stands for the Weingarten endomorphism (or shape
operator) of " with respect to N.

In this context, we consider two particular functions naturally attached to such a hypersurface X", namely, the (vertical)
height function h = (rr)|x and the angle function 1 = (N, 9;), where 9; stands for the unit vector field that determines on
M"t1 a codimension-one foliation by totally geodesic slices M.

A simple computation shows that the gradient of 7x on R x M" is given by

Vg = (Vr, )0 = 0. (2.3)

Consequently, from (2.3), we have that the gradient of h on X" is
Vh=(Vrg)" =9 =& —nN, (2.4)

where ()T denotes the tangential component of a vector field in X(M"t1) along =". Hence, from (2.4), we get the following
relation

n’=1—|Vh|?%, (2.5)

where || denotes the norm of a vector field on X".
Moreover, as a particular case of the Proposition 3.1 of [4], we obtain the following formula for the Laplacian on X" of
the angle function 1 (see also Proposition 6 of [1])

Ay = (Riew (N, N*) + A1) n, (2.6)

where Ricy denotes the Ricci curvature of the fiber M", N* = N — 5o, is the projection of the unit normal vector field N
onto the fiber M" and |A| is the Hilbert-Schmidt norm of the shape operator A.

3. Proofs of Theorems 1 and 2

In order to prove our Moser-type results, we will need two key lemmas. The first one gives a suitable lower estimate for
the Ricci curvature of a hypersurface immersed in R x M".

Lemma 1. Let X" be an oriented hypersurface immersed in a Riemannian product space R x M", whose fiber M™ has sectional
curvature bounded from below. If the second fundamental form A of ¥™ has bounded norm, then the Ricci curvature of " is bounded
from below.

Proof. We recall that, using the formulas (2.1) and (2.2), the curvature tensor R of the hypersurface " can be described in
terms of the shape operator A and the curvature tensor R of R x M™" by the so-called Gauss equation given by

R(X.Y)Z=(R(X,Y)Z)" 4+ (AX, Z)AY — (AY, Z)AX, (3.1)

for every tangent vector fields X, Y, Z € X(X). Here, as in [10], the curvature tensor R of a hypersurface ¥ : " — R x M"
is given by

R(X,Y)Z =Vxv1Z —[Vx, VylZ,
where [, ] denotes the Lie bracket and X,Y, Z € X(X).
Let us consider X € X(X) and a local orthonormal frame {Eq, ..., E;} C X(Z). Then, it follows from (3.1) that
Ricx (X, X) = > (R(X. E)X. E;) + nH(AX, X) — (AX, AX), (3.2)
i
where Ricy and H = %tr(A) are the Ricci curvature and the mean curvature of X", respectively.
On the other hand, we have that

(R(X, EnX, Ei) = K (X*, E))(X*, X*Im(E}, Ef)m — (X*, Ef) i), (33)

i i
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where X* =X — (X, 8;)d and E] = E; — (E;, 9;)d; are the projections of the tangent vector fields X and E; onto M",
respectively, and Ky stands for the sectional curvature of M".

Since our assumption on the sectional curvature of M" guarantees the existence of a positive constant x such that
Ky > —k, summing up relation (3.3), we get

SR EDX, Ep) = —(n = e (1= [Vh2) X2, (3.4)

1

Hence, from (3.2) and (3.4), we infer that the Ricci curvature of X" satisfies the following estimate

Rics (X, X) > —((n — Din? + |A> +n[H||A])|IX?
= —((n =Dk + AP +nlH||A])|X]? (3.5)
= —((n =Dk + (1 + V) AP) X%,
where it was used the fact that nH? < |A|? to obtain the last inequality. Therefore, since we are assuming that |A| is

bounded on X", from (3.5) we conclude that Ricy is bounded from below. O

The second auxiliary lemma is the well-known generalized maximum principle due to Omori [9] and Yau [15], which is
quoted below.

Lemma 2. Let X" be a complete Riemannian manifold whose Ricci curvature is bounded from below and ¥ : ¥ — R be a smooth

function bounded from above on X". Then, there exists a sequence of points (pk)kEN C X" such that

li’1<nl9(pk)=supz9, li’£n|Vﬂ(pk)|=O and limsup Ad(pg) <0.
= k

Now, we are in position to proceed with the proofs of our theorems.

Proofs of Theorems 1 and 2. First, we observe that X (u) is, in fact, complete. Indeed, an entire vertical graph is properly im-
mersed into the Riemannian product space R x M", which is obviously complete when the fiber M" is complete. Moreover,
with a straightforward computation, we can verify that the unit vector field

1
N=——" (3 — Du), (3.6)
J1+ Dul3,

gives an orientation for X (u) such that 0 <7 <1 on it.
Now, considering X (u) oriented by (3.6), we define a bounded smooth function ¢ : ¥ (u) — R by

¥ =—e. (3.7)

From (3.7) we have that

Vi =—elVp (3.8)

and, using formula (2.6),
A9 =e [ V0P + Ricw (N, N) + 14} (3.9)

On the other hand, from equation (2.4) it is not difficult to see that N*T = nVu and [Vu|> = (N*, N*)y. Here, we are
taking into account that the height function h of X(u) is nothing but the function u regarded as a function on X(u). Thus,
from (3.6), we obtain that

2= |Duly

Vul® = ———-.
1+ [Duly,

(3.10)

Since we are supposing that there exists a positive constant C such that |Du|y < C (in the context of Theorem 2, as it
was assumed that |A| is bounded, we can take C =& Suppex ) |A(p)|), from (2.5) and (3.10) we have that

V1+C?

Since we are assuming that the fiber M" has sectional curvature bounded from below and that suppcsy, [A(p)|? <
400, Lemma 1 guarantees that the Ricci curvature of X (u) is bounded from below. Hence, we can apply Lemma 2 to

> 0. (311)
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the function ¥, obtaining a sequence of points (pk)keN C X"(u) such that limy & (px) = supyy) 9, limg [VY(pr)| =0 and
limsup, A9 (py) <0.
Consequently, taking into account that M" has nonnegative Ricci curvature, from (3.7), (3.8) and (3.9) we have that

0 > limsup A9 (px) = limsup e”P¥) (Ricy (N*, N*) + | A|*)n(py)
k k

> eiMfrez 1(P) lim sup (RicM(N*, N*) + IAIZ)(Pk) inf 7(p) = 0. (312)
k pex(u)

Thus, since (3.11) guarantees that infycx ) 7(p) > 0, from (3.12) we get that limy [A(pk)| = 0. Hence, using once more
the algebraic inequality nH? < |A|%, we obtain that H = 0, that is, £(u) is minimal. In addition, assuming that u > g for
some constant 8, we can apply the Rosenberg-Schulze-Spruck result [12] to the function 7 :=u — 8 and conclude that
u=to for some to e R.

Finally, assuming that |[Du|y < «|A| for some positive constant «, from (3.10) we have that limy |Vu(pg)|? = 0. Hence,
from (2.5) we get that inf,ex ) 7(p) = 1. Therefore, also in this case, u =t for some tg e R. O

Acknowledgements

The first author is partially supported by CAPES, Brazil. The second author is partially supported by CNPq, Brazil, grant
300769/2012-1. The authors would like to thank the referee for his/her valuable suggestions and useful comments that
improved the paper.

References

[1] LJ. Alias, M. Dajczer, ]. Ripoll, A Bernstein-type theorem for Riemannian manifolds with a Killing field, Ann. Glob. Anal. Geom. 31 (2007) 363-373.
[2] S. Bernstein, Sur une théoréme de géometrie et ses applications aux équations dérivées partielles du type elliptique, Commun. Soc. Math. Kharkov 15
(1914) 38-45.
[3] E. Bombieri, E. de Giorgi, E. Giusti, Minimal cones and the Bernstein problem, Invent. Math. 7 (1969) 243-268.
[4] A. Caminha, H.F. de Lima, Complete vertical graphs with constant mean curvature in semi-Riemannian warped products, Bull. Belg. Math. Soc. Simon
Stevin 16 (2009) 91-105.
[5] E. de Giorgi, Una estensione del teorema di Bernstein, Ann. Sc. Norm. Super. Pisa, Cl. Sci. 19 (1965) 79-85.
[6] W.H. Fleming, On the oriented Plateau problem, Rend. Circ. Mat. Palermo 11 (1962) 69-90.
[7] E. Hopf, On S. Bernstein’s theorem on surfaces z(x, y) of nonpositive curvature, Proc. Amer. Math. Soc. 1 (1950) 80-85.
[8] J. Moser, On Harnack’s theorem for elliptic differential equations, Commun. Pure Appl. Math. 14 (1961) 577-591.
[9] H. Omori, Isometric immersions of Riemannian manifolds, J. Math. Soc. Jpn. 19 (1967) 205-214.
[10] B. O'Neill, Semi-Riemannian Geometry with Applications to Relativity, Academic Press, London, 1983.
[11] H. Rosenberg, Minimal surfaces in M2 x R, Ill. J. Math. 46 (2002) 1177-1195.
[12] H. Rosenberg, F. Schulze, ]. Spruck, The half-space property and entire positive minimal graphs in M x R, ]. Differ. Geom. 95 (2013) 321-336.
[13] L Salavessa, Graphs with parallel mean curvature, Proc. Amer. Math. Soc. 107 (1989) 449-458.
[14] ]J. Simons, Minimal varieties in Riemannian manifolds, Ann. Math. 88 (1968) 62-105.
[15] S.T. Yau, Harmonic functions on complete Riemannian manifolds, Commun. Pure Appl. Math. 28 (1975) 201-228.


http://refhub.elsevier.com/S1631-073X(15)00223-X/bib416C6961733A3037s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib6265723137s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib6265723137s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib426F6D62696572693A3639s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib43616D696E68613A3039s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib43616D696E68613A3039s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib6467693635s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib466C656D696E673A3632s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib486F70663A3530s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib4D6F7365723A3631s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib4F6D6F72693A3637s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib4F274E65696C6C3A3833s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib526F73656E626572673A3032s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib526F73656E626572673A3133s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib53616C6176657373613A3839s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib53696D6F6E733A3638s1
http://refhub.elsevier.com/S1631-073X(15)00223-X/bib5961753A3735s1

	Moser-type results in Riemannian product spaces
	1 Introduction
	2 Preliminaries
	3 Proofs of Theorems 1 and 2
	Acknowledgements
	References


